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JI06a'!eBCKHH, C03.UaBaH HeeBKJIH.UOBY reoMeTpmo, onupaJICH 

Ha npHMep C03.UaHHOH HbDTOHOM TeOpHH THrOTeHHH. OH IlHCaJI: 

"HeKOTO pue MaTeMaTHKH HeBO3MOJKHOCT b onpe.aeJieHHH JIHHHH 

llOMOlllH/0 JI'JIOB XOTeJIH npHHHTb 3a OCHOBaHHe reoMeTpHH, HO 

TaKoe OCHOBaHHe He.aocTaToqHo, llOTOMY qTo pa3HOpOJ!Hble KOJIHKHB 

MOI'JT 6blTb B 3aBHCHMOCTH .apyr OT .apyra" [1, c. 69], 
II 
... BeJIHqHHa npHTHI'aTeJibHOH CHJibl. HanpHMep, BblpaJKaeTCH 

MaCCOIO, pas,aeJieHHOH Ha KBa.apaT paccTOHHHH ••• HO Kor.aa BepHO, 

qTo CHJibl saBHCHT OT paCCTOHHHH, TO JIHHHH MOI'JT 6blTb TaKJKe B 

saBHCHMOCTH C yrJiaMH. llo Kpai1Hei1 Mepe pa3HOpO,aHOCTb 

OJ!HHaKOBa B o60HX CJiyqanx~ KOTOpblX pa3JIHqHe He 3aKJIIOqaeTCH 

co6cTBeHHO B llOHHTHH, HO TOJibKO B TOM, qTo Mb/ ll03HaeM OJ!HY 

3aBHCHMOCTb H3 OllblTOB, a .apyry10 npH HBJ!OCTaTKe Ha6JIIOJ!BHHH 

J!OJIJKHbl npe.anoJiaraTb YMCTBeHHO, JIH6o 3a npe,aeJiaMH BHJ!HMOI'O 

" MHpa, JIH6o B TeCHOH c,Pepe MOJieKJJIHpHblX npHTHJKeHHH [2, c. 

159-160]. 

CpaBHHM ycTaHOBJieHHYD JI06a'!eBCKHM 3aBHCHMOCTb 

tg 1 

2 n = exp (- * ) (1) 

yrna napaJIJieJibHOCTH n OT nepneHAHKYJIHpa p C ycTaHOBJieHHOH 

HbDTOHOM 3BBHCHMOCTbD ycKopeHHH f IlJiaHeTU OT paCCTOHHHH p .uo 

COJIHUa 

f = ; m I p 2 (2) 

t:iTo6u corJiaCOBaTb Mepy ycKopeHHH c Mepoii OTHOUJeHHH MBCCU 

COJIHI.{a m K KBa.upaTy pacCTOHHHH, HbDTOH BB8JI B TeOpHD 

THroTeHHH KOHCTaHTY ;, a 'IT06U corJiaCOBaTb Mepy yrJia C Mepoii 

paCCTOHHHH, Jio6aqeacKHH BBeJI B reoMeTpHD KOHCTBHTY k. 

Ho Jio6aqeacKHH paccMaTpHBaJI TeopHD THrOTeHHH HbDTOHa He 

TOJibKO B Ka'!eCTB~ n HMepa. 0~ _nepBUM BBeJI HeeBKJIH.UOBY 

Otn.C.li .. r•. -;:,ii.ft Kl'i:iil:ryr \ 
u~,,;1a RCf_J~aonunO 

6'1Snt-10TEHA ; ,_ _._...._.f 



reoMeTpHD B He6ecHyD MexaHHKY H IlOCTaBHR Bonpoc O TOM, KaKyD 

nepeMeHy 

TSl:rOTeHHH. 

3TO BBe.neHHe BHeCeT B 

CaM lite H OTBeTHR Ha Hero 

HbDTOHOBCKYD TeOpHD 

[2, c. 159), 3aMeTHB, 

qTo ycKopeHHe (2) MOlKHO HanHcaTb B BH.ne 

f = 4 rr 7 m I S , (3) 

H ycTaHOBHB ' qTo B HeeBKRH.IlOBOM npocTpaHCTBe nnoma.nb c~epu 

pa.nHyca p paBHa 

S = 4 rr ( k sh ~ ) 
2 

• (4) 

Ha OCHOBe 3THX pe3ynhTaTOB MHOD pemeHa 3a,naqa 0 

.IlBHlKeHHH nnaHeTU B npocTpaHCTBe Jio6aqeBCKoro [3]. no.nBe.neM 

HTOr. 

nnoma.nb (4) H .IlRHHa OKPYlKHOCTH pa.nHyca p B npocTpaHCTBe 

Jio6aqeBCKoro paBHU, COOTBeTCTBeHHO, 4 rr r
2 

H 2 rr r, r.ne 

r = k sh ..f!_ 
k 

OCHOBHaH MeTpHqecKaH ~OpMa 

d 1 2 = L d xa d x~ 
a~ 

(5) 

(6) 

·npocTpaHCTBa Jio6aqeBCKoro B c~epHqecKHX KOOP.IlHHaTax p, e, ~ 

paBHHeTCH 

d 1 2 = d p 2 + r 2 (d 0 2 + sin2 e d ~2
) • 

~YHKUHD (3) MOlKHO npe.ncTaBHTb B BH,Ile 

f = a u 
8p 

r.ne u rpaBHTaUHOHHUH noTeHUHan, nopolK.naeMUH 

MaCCOH m. nononHHTeRbHO npHHHMaeM ycnoBHe 

lim U = 0 • p -+- <XI 

2 

(7) 

(8) 

ToqeqHOH 

( 9) 

~, 
.,, 

-t 

OTCD.Ila HaXO.IlHM, qTo B npcCTpaHCTBe EBKRH.Ila 

U=-7m/p, (10} 

a B npocTpaHCTBe Jio6aqeBcKoro 

U = 7km (1 - cth ~) ( 11) 

noTeHUHan (11) y.noBneTBOpHeT ypaBHeHHD nyaccoHa 

6 U = 4 rr 7 mo (x) o (y) o (z) , (12) 

r.ne o - o6o6meHHaH ~YHKUHH nHpaKa c apryMeHTaMH 

x = r sine cos~. y = r sine cos~. z = r cos e, (13) 

6 - onepaTop Jiannaca-EenbTpaMH B npocTpaHCTBe Jio6aqeBcKoro. 

nnH CKanHpHOH ~YHKUHH u, He 3aBHCHmeH OT yrnoB 0 H ~. 

6 u = r- 2 _a __ ( 2 au 
ap rap> (14) 

KaK yKa3aJrne Ha ypaBHeHHe ( 12) MHOD 6unH IlOHHTU cne.nyDmHe 

CROBa Jio6aqeBCKoro: 

"IloJiaraeM, KaK H MHOI'He B 3TOM yBepeHbl, 'ITO CHJibl 

npHrHrareJibHble cJia6e~r or pacnpocrpaHeHHH CBoero EeflcTBHH no 

crpepe" [2, c. 159]. 

Tenepb, pacnonaraH MeTpHKOH (7) H IlOTeHuHaROM (11), 

COCTaBHM ~YHKUHD JlarpaHlKa 

1 
n. = 2 

d 1 2 

d t 2 
- u 

H 3a,naBaeMue eD ypaBHeHHH .IlBHlKBHHH nnaHeTu 

d d xa a d xµ d xv aa 
d t dt + Lµv dt dt + L aa u = o . 

3.necb aa 03HaqaeT 4aCTHYD npOH3B0.IlHYD no KoopnmiaTe 

3 

(15) 

(16) 

a 
X • 



L <X<f - KOMeTpli'-!eCKHH TeH30p, onpe.neJJHeMUH qepe3 MeTpH'IeCKHH 

TeH30p L<f/3 H e.nHHH'IHUH acpc!JHHOp o; H3 ycJJOBHH 

CX<f 
L L<t/3 = oa 

/3 

Lµ~ - KOMilOHeHTU a¢¢HHHOH CBH3HOCTH KpHCTO¢¢eJJH, paBHUe 

L a 
µv = 2.... L <X<f ( a . L + a L - a L ) . 

2 µ <fV V <fV <f µv 

(17) 

(18) 

KpoMe Toro, MU BBeJJH 3,necb a6cOJJ!OTHOe, no Hb!OTOHY, BpeMH t 

(H a6COJl!OTHO noKOHmeecH npocTpaHCTBO no6a'!eBCKoro). 

Tenepb MU MomeM npHcTynHTh K peweHH!O 3a,na'!H Kennepa B 

npocTpaHcTBe no6a'!eBcKoro. 

B CHJJY c¢epH'!eCKOH CHMMeTpHH coxpaHHeTCH MOMBHT 

KOJIH'IBCTBa .llBHmeHHH nJJaHeTU C KOMilOHeHTaMH 

.Ml = y 
d z d y 

M = z d X d z 
dt - z dt' dt - X dt' 2 

M = X ~ d X (19) 
3 d t - y dt' 

r.ne X, y, z paBHU (13). il03TOMY .llOCTaTO'IHO pacCMOTpeTh 

,UBHmeHHe ITJJaHeTU B IlJJOCKOCTH no6a'!eBCKoro, Ha KOTOpOH 

e = n 
2 

(20) 

IlpH 3TOM Ml = 0, M
2 

= 0, M J = M, r.ne 

M = r 2 d 'P 
dt (21) 

llanee, TaK KaK ¢YHKUHH narpamKa (15) He 3aBHCHT OT 

BpeMeHH, TO coxpaHHeTCH 3HeprHH nJJaHeTU, paBHaH 

1 
E= 2 

d 1 2 

d t 2 
+ u . 

B cny'!ae (20) HMeeM 

E = 1 

2 
[ ( ~ ) 2 + r2 ( ~ ) 2 ] + u d t d t . 
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(22) 

(23) 

I l 

'l ; 

i. 

HCKJJ!O'IaH d t H3 (21) H (23), nonyqaeM .llH¢¢epeHuHaJJbHOe 

ypaBHeHHe 

E = 1 

2 
M2 r-4 [ ( ~ )2 + r2] + u 

d 'P 

nepaoro nopH.nKa .llJJH TpaeKTOpHH p = p ( <p ). 

qTo6u npOHHTerpHpOBaTh ypaBHBHHe (24), o603Ha'!HM 

k th .E_ _ 
k -

1 

w 

(24) 

(25) 

-2 2 -2 -2 
TaK KaK d w = - r d "' w = r + k , TO ypaBHBHHe 

(24) npeo6pa3yeTCH K gH,ny 

E = 1 

2 
M2 [ ( ~ ; ) 2 + w2 - k - 2 ] + • m ( k-1 - w ) . ( 26) 

OTC!O,na HaXO.llHM 

k th .E,_ 
k = 1 + C COS tp 

(27) 

r.ne 

M2 
C = ✓(1 - ...E..)2 + 2 

p-E 
p = 

• m k • m 
(28) 

KOHCTaHTa HHTerpHpOBaHHH ypaBHeHHH (26) BU6paHa TaK, 'ITO 

HaH60JJbWeMy 3Ha'!eHH!O w COOTBeTCTByeT yroJJ tp = o. 3aMeTHM, 

'ITO no.nKopeHHOe BUpameHHe B ¢0pMyJJe (28) .llJIH C He MOmeT 6UTh 

OTpHUaTeJJbHUM. lleHCTBHTeJJbHO, H3 (26) cne.nyeT, 'ITO 

E 2: 
1 

2 
M2 

[ w2 
- k - 2 

] + a m ( k - l - w ) . 

TeM yaepeHHeH MOmHO CKa3aTb, 'ITO 

E 2: - ~ (1 _ ...E..)2 
2 p k I 

TaK KaK B npaBOH '!aCTH nocne.nHero HepaBeHCTBa 
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(29) 

(30) 

CTOHT 



MHHHMaJJbHOe 3HaqeHHe IlOJIHHOMa OT w, CTOHmero B npaBOH qacTH 

HepaBeHCTBa (29). CnenoBaTeJJbHO, c - qHCJIO neHCTBHTeJJbHOe. 

no onpeneneHH~, nnaHeTa HaxonHTCH B ~HHHTHOM nBHmeHHH, 

KOTOpoe BO3MOmHO JJH6o B cnyqae C = 0. 0 < p < k, JJH6o B 

cnyqae c > o, p > o, p +kc< k. B nepBoM cnyqae op6HTa 

nnaHeTU HBJJHeTCH OKpymHOCTb~, a BO BTOpOM 3JIJIHilCOM, 

HHTepeCHO, qTo Ha IlJIOCKOCTH no6aqeBCKoro, ~aK H Ha IlJIOCKOCTH 

EBKJJHna, op6HTY MOmHO onpeneJJHTb KaK MHOmeCTBO ToqeK, OT 

KOTopux no 3anaHHUX nB yx ToqeK ( ~OKYCOB) cyMMa paCCTOHHHH 

3anaHa, npHqeM B onHOM H3 ~OKYCOB HaxonHTCH COJJHUe, ECJIH 

o603HaqHTb 2 a cyMMY paCCTOHHHH OT nnaHeTU no ~OKYCOB, TO 

E = 7km (1 - cth 2ka) (31) 

PacnonaraH ~opMyJJaMH (21) H (27), MOmHo noncqHTaTb 

nepHon T o6pameHHH nnaHeTu BOKpyr ConHua: 

T = n k 

v'2 
1 

v'--::-Y 
1 ) . (32) 

v'- E + 2 -rm I k 

KaK H B eBKJJHnOBOM cnyqae, OH He 3aBHCHT OT MOMeHTa (21). 

noncTaBJJHH B (32) 3aBHCHMOCTb (31) 3HeprHH E OT 6oJJbWOH 

nonyocH a, HaxonHM cneny~mee BUpameHHe nnH KBanpaTa nepHona: 

T2 = 4 rr2 
'r m 

a J a 
( k sh k ) ch k (33) 
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