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1 Baeµ;eHHe 

BoJIHOBbie <l>YHK~Irn Ws(w, R) aTOMa BOAOPOAa C rapMOHll'IeCKIIM IIOTeH~IIa

JIOM Vs = -aR-1ctgx - perneHIICM ypaBHeHII.lI Jlarrnaca ( a > 0) Ha TpexMep

HOII ccJ>epe SJi(x, 11, cp) 3 w paAuyca R, B 'leTblpexMepHoM eaKJIIIAOBOM npo

cTpaHcTBe M4 ~ R4 \{0}, arrepBble 6bIJIII paccMOTpeHbl 8.IIlpeAIIHrepoM, 

a TaK)Ke JIJIHcJ>eJibAOM II A.CTIIBeHCOHOM B pa6oTax /l-3
/. IIli>eAIIHrepo

BCKIIe BOJIHOBble <l>YHK~IIH Ws( W, R) Ha s1i B npeAeJie R --4 00 MO)KHO cpa

BHHBaTb npII X ~ r/ R C H0BeCTHbIMH KYJIOHOBCKIIMII cJ>ynK~H.lIMH W~(r) 
aTOMa BOAOPOAa C rapMOHH'leCKIIM IIOTeH~IIaJIOM V.t' = -ar-1 

- perne

JUieM ypaaueml.ll Jlannaca ( a = e2 Z > 0) B TpexMepnoM eBKJIHAOBOM rrpo

cTpaHCTBe lvh ~ R3
\ {O} B cTaHAapTHOII ccJ>epnqecKou cucTeMe KOOPAHHaT 

f' = ( r, 11, cp ). 8TH cJ>yHK~IIII HHTepeCUbl TeM, 'ITO IIX MO)KHO IICnOJib0OBaTb 

B P.lIAe KBaHTOBOMexaHH'leCKUX 0aAa'I, UMeJO~IIX rrpaKTII'leCKIIII IIHTepec. 

B 'laCTHOCTH, rrpn IIOCTpoeHIIH uepeJI.lITHBHCTCKOH MOAeJIII KBapKOHH.lI /
4

/ 

II/III MOAeJieII 6onee CJIO)KULIX OK0OTH'leCKIIX TpexqacTII'IHbIX CIICTeM. OAHaKO 

CBOIICTBa w5(w, R) AO nacTo.lI~ero apeMeHII Mano IIOy'leHi.1, HeCMOTp.lI Ha To, 

'ITO OHII paccMaTpIIBaJIIICb HeOAHOKpaTHO P.IIAOM aBTOpOB, narrpnMep/
5

•
6

•
7 
/. 

Han6oJibllIIIH IIHTepec rrpeAcTaBJI.lleT nccJieAoBaHne pa0JIH'IHbIX aciIMIITOTIIK 

Ws(w, R), a TaK)Ke HX paonmKeiinu no IIOBeCTHbIM cne~IIaJibHhIM <l>YHK~II.IIM. 

IlocneAHee oco6e1rno Ba)Kuo AJI.II IICCJieAoBaun.11 acnMnTOTII'lecKHX cocTO.IIHIIH 

Tpex'IaCTII'IHOII 0aAa'III pacce.lIIIIl.lI /S/ II IIOCTpoeHII.II HOBbIX ocJ>cJ>eKTHBHbIX 

anropIITMOB ee perneHII.II /
9
/. 

B HaCTO.II~eu pa6oTe HaHACHbl pa0JIO)KCHII.II llIPCAIIHrepoBCKHX <l>YHK~UII 

Ws(w, R) aTOMa BOAOPOAa c rapMOHII'ICCKIIM IIOTCH~IIaJIOM Vs no cao6o

AHhIM a = 0 perneHII.IIM Ws(w, R) ua s1i II ycTaHOBJICHO IIX COOTBCTCTBHe 

rrpH R/r --4 00 C HOBCCTH,LIMH w~(r) <l>YHK~H.!IMH AHCKpCTHOro wd(r) 1i 
nerrpepbIBHOro w~(r) CIICKTpOB o6hl'IHOro aTOMa BOAOPOAa c KYJIOHOBCKIIM 

noTeH~HaJIOM ½°' II CB060AHhIMH a = 0 perneHII.!IMII '1! 0
( r) H M3 . . Ilp1rne

ACHbl .!IBHhle Bbipa)KeHH.II AJI.II KBaonpaAIIaJibHbIX llIPCAIIHrepoBCKHX cJ>ynK~Hll 

aTOMa BOAOPOAa II HCKOTOpbIX KoocJ>cJ>n~HCHTOB paoJIO)KCHH.II no CB060AHbIM 

KBatJHpaAHaJibHbIM pellICHll.lIM Ha SJi IIpll 0Ha'ICHII.!IX op6HTaJibHOrO MOMCHTa 

l = n -1, n - 2. 

2 Cao6oµ;Hble KBaOHpaµ;HaJibHbie pemeHH.H Ha Tpex
MepHOH c<pepe 

KoopAIIHaTbl x = { x1, x2, x3, x4} rrnocKoro eBKJIIIAOBoro npocTpaucTBa M4 ~ 



R4
\ {O} J23.lIDaHbI c K00PAlIHaTaMn w = {x, rJ, <p} Bnm1<eHH011 TpexMep110II 

cqiepbl M4 ~ s~ paAnyca O < R < 00 COOTHOilleHJl.l!Mll: 

x1 = Rsin x sin rJ cos <p , x2 = Rsin x sin rJ sin <p, 

X3 = RsinxcosrJ, .x4 = Rcosx, (1) 

0 ~ X ~ 1r , 0 ~ rJ ~ 1r , 0 ~ <p ~ 21r. 

YrJIOBa.ll ';laCTb 'ieTblpexMepHoro onepaTopa Jlannaca CJ ll ;meMCHT o6'bCMa 
dM4 · B M4 HMeIOT BHA · 

1 - 1 [ 1 a . 2 a 1
2 

] 
R2 □ = R2 sin 2 X 8x sm X 8x - sin 2 X ' 

- 2 3 -dM4 ~ sin xdxR dM3, 

rAe 

2 · [ l a . a 1 a2 
] 

l = - sin rJ 8{) sm ,{J 8{) + sin2 rJ 8<p2 ' 

dM3 = sin rJdrJd<p 

- 2 - onepaTop KBaApaTa yrnonoro Mo~i:eHTa.Ha M3 ~ S ( rJ, <p ). 
CooTHOllleHne x ~ r / R npn Rf r ---+ oo o6ecrre'l:nnae'I'. cooTBeTCTBHe one

pa.Topa Jlarrnaca a Ha s~ ~ M4 06bl'l:HOMY TpexMepHOMY onepaTopy D,. 
uaM3: 

. . 2 
1 8 28 l 2 -6=---r --- , dM3=r drdM3 
r2 8r 8r r2 

n cTaHAapTHoiI cqiepn'ieCKOH napaMeTp1113aQ11n M3. 
YpaBHeHne illpeAlIHrepa C rapMOHll'l:CCKHM IIOTeHQllanoM Vs Ha SY1, rrpn 

Ka)KAOM 13Ha'l:emrn R E B = Ri MO)KHO 13arr11caTb B cneAYIOUJei'1 qiopMe 

[ 
li,2 - °'] O< • - 2µR2 D + Vs '11 s(w, R) = E°'(R)'115(w, R). · (2) 

Pe1UeH11e ypanHeHn.ll An.ll cno6oAHOro ABH)KeHH.ll Ha M.t , T.e. rrp11 a = 0 u 
Vs = 0, llMeeT BllA . 

'l!'}f;;(w,R) = SJR(x,R)Yim(rJ,ip), (3) 

rAe 

SJ1(x,R) = 21+1[! 
R 

(J + l)(J - l)' . ( · )ICl+l 
21rR(J+l+l)! smx J-1(cosx), (4) 

a 0HepreTn'l:ecKni'1 cneKTp onpeAen.lleTCJI qiopMynoII 

a-o 1i2 

EJ- (R) = 2µR2J(J + 2). 

3AeCb ci~~ ( cos X) - nonnHOMbl rereH6ay0pa, J = l, l + 1 ... - rnrrepMOMCHT' 
2 - --. 2 Yim(rJ,<p) EL (M3,dM3) - lllapoBbie q>yHKQllll Ha S (rJ,cp) 

l
2
Yim(rJ,ip) = l(l + l)Yim(rJ,<p). 

BonHOBble q>yHKQIIll (3) HOpMHponaHbI ycnOBlleM 

71' 

R
3 j sin

2 
xSJ1(x, R)SJ11(x, R)dx = hJJ1 • 

0 

CooTH01Uem1e nonHOTbI 'AJI.ll q>yHKQHH (3) 

00 · cc ') 3 1 u x-x 
R L SJ1(x)SJ1(x) = ( _ 2 ) 1/

2 
, x = cos X 

J=l 1 X 

cneAyeT 1113 ycnon11.ll nonH0Thl An.ll rron11HoM0B reren6ay0pa 

rAe 

00 1 2: -C~(x)C~(x') = h(x - x') 
n=O hn (1 - x2)v-1/2, 

1 

hn = j(l - x2)"-112[C~(x)]2dx 
-1 

(5), 

- HOpMllpOBO'l:HblH llHTerpan. . 

---- 3 IlepexoA OT HCKp11nneHHoro rrpocTpaHCTBa M4 ~ SR K rrnocKoMy M3 
ocymecTBJI.lleTCJI np11 npeAene R ---+ oo. ,[(n.ll 6onblllllX J, cpaBHUMblX c R: 
J ~ koR, rAe ko - q>11Kc11ponaHHa.ll nen11'l:11Ha, 1113 (4) uMeeM Eo = 1ik5/2µ. 
,[(anee, BCilOMllHa.ll Ul3BeCTHOe _COOTHOllleHHe Ail.ll rronUHOMOB JlK0611 /lO/ 

2 ( )-°' lim [n-°' PA°'•13
>(cos .:_ )] = lim [n-°' pJa,/3)(1- ~

2
)] :=: -

2
z Ja(z), 

n-+oo n n-+oo 2n 

r-Ae Ja(z) - <pyHKQH.ll Beccen.ll, n 13aMeH.ll.ll n (5) 

hJJ, ⇒ !h(ko - k~), 

2 3 

,-f'·_. ~~:. ! ); .... ~~~-'\ 



MO:lKHO ycTaHOBIITb cooTBeTCTBHe Me:lKAY BOJIHOBhIMII q>yHKUirnMII (3) B M,i 
II B0JIHOBbIMll q>yHKUll.!IMII CB060AHOro ABII:lKeHil.11 B 1v1£

111 

lim 
R-oo 

'1RSJ1(x, R) = ~J1+112(kor). (6) 

J/R-ko 

IIocneAHee CO0THOUieI!lle AaeT 0CHOBaHIIe HruJbIBaTb <J>ynKUHII (3) cao6o-

AHbIMll KBruJIIpaAIIanhHbIMII pernemrnMn na Sli. · 

3 Kaaoupaµ;ua.TihHhie peweHHH aToMa aoµ;opoµ;a Ha 

Tpex.Mepaou ccJ>epe 

IIepeMeHHbie B ypaaneHllll illpeAIIHrepa (2) c rapMOIIll'ICCKIIM IIOTClll\ll<L/IOM 

Vs = -aR-1ctgx npn a= e2 z > 9 TaK)Ke P=AeJUIIOTOI 

\Ji~(w, R) = \Ji~(X, R) Yim( 1?, <p) , 

II AJIJI q>yHKUllll '1is(x, R) n eAHHIIUaX e = 1i = µ = 1 nMeeM ypaanenne 

{ 
1 [ 1 8 . 2 8 l(l + 1)] a } "'( ) "'( )ff•°'( R) 

-2R2 ----2-a sm x-8 - . 2 - Rctgx Ws x,R = E R '¥:S X, . 
sm X X X sm X (7) 

3aAa'la illTypMa-JlIIyBIIJ!Jlji AJIJI ypaBHeHllll (7) Ha KoHe'!HOM llHTepaane x E 

[0, 1r] IIMeeT TOJibKO AIICKpeTHhIH cneKTp npn Bcex RE (0, oo ). 8.illpeAIIHrep 

BnepBbie narnen BblpO:lKAeHHbIH ( no I n m) :,rnepreTn'leCKIIH cneKTP a To Ma 

BOAOPOAa B llCKpIIBJieHHOM npocTpaHCTBe (1), IIOJ!b3Yl1Cb MeTOAOM q>aKTOpU-

3aUilll /l/: 
Eo(R) = 1i2(n2 - 1) - µa2 . (8) 

n . 2µR2 21i2n2 

3AeCb_ n = 1, 2, · · · -·rnaBlloe KBaIITOBOe 'lllCilO. ·. PernenIIe ypaBHemrn (7) HMeC'l' 

BIIA ' 2•5•61 , '1is(X, R) = '1in1u(x,R) : 

Wn1u(X, R) = Cn1u(sin xi exp[ ..:...ix( n - l - 1 - ia )] x 

X2Fi(-n + l + 1,l + 1 + ia,21 + 2, 1- e2ix) , (9) 

rAe 
µa R . R 1i2 

2 
_a= 2 -=-, a=-, a=e Z>O. 

1i n an µa 

4 

BoJIHOBble q>yHKUIIll (9) B pa60Taxf5,6 / 11op1,.111poBaHbl pru3Hb!MII CIIOC0-

6aMII TaK, 'ITO IIOJIY'leHHble pe3yJibTaTbl pru3Jill'!aIOTCJI. IIrn:noMy Mbl C'lll

TaCM HY:lKHbIM B AaHHOII pa6oTe eiue pru:3 BepnyThCJI K 3TOMY aa;,1rn0My B0-

npocy. OnepaTop H(R) B neaoi"i '!acTn ypaanemrn (7), ca1,.10conpJ1:lKeHHhIH 

na KOHe'!HOM nHTepBane x E [0, 1r], l!MeeT AIICKpeTHhIII aeiuecTBeHHO - aHa

m1TII'!ecK11ii cneKTp npn R E ( 0, oo ). Ero co6cTBeHHble q>yHKUm1 TaK:lKe 

BeJUeCTBeHHO-aHanIITll'!eCKI!e II YAOBJieTBOplllOT ycnOBIIJIM opToroHanbHOCTII 

II IIOJIHOTbl: 
,r 

R3 j sin2 x'1i~1u(X, R)Wn•tu•(X, R)dx = hnn', 
0 

3 ~ * , h(x - x') 
R L.J Wnzu(x, R)lltnzu(x, R) = ( _ 2 )_ l/2, 

n=l+l -. 1 X 

;t• = cosx, 

(10) 

IIocKOJihKY o6nacTb II3MCHeHnll apryMeHTa r11nepreoMeTpn'-!ecKoi'1 q>yHKUIUI 

(9) Ha AeiicTBI1Tenb11oii ocn naXOAUTCll Ha oTpe3Ke [0, 2], YA06110 nepeHTII 

K rnnepreoMeTpU'IeCKOtt <l>YHKUIUI OT apryMCHTa e2ix' o6naCTb 113Menemrn 

KOToporo na AeHCTBUTeJibHOII ocn Jie)l<IIT na o-i:pe3Ke [0, 1]. Ilonb3Yl1Ch 1m

BeCTHbIM COOTHOllleHHeM AJIJI rnnepreoMeTpll'-leCKIIX q>yHKUHII 

· f(c)f(c - a - b) 
F(a,b,c,z) = f(c- a)f(c- b)F(a,b;a + b ::- c + 1; 1- z)+ 

f(c)f(a + b + c)( )c-a-b ( b b ) 
+ f(a)f(b) 1-z Fc-a,c- ,c-a- +1,1-z , 

MO:lKHO nepenncaTb (9) B CJieAYIOJUeM Bl!Ae 

(21 + l)!f(n - ia) . 1 
Wn1u(X, R) = Cnlu (n + l)!f(l + 1 _ ia) (sm X) · 

•exp[-ix(n- l-1- ia)] -2 F1(-n + l + 1,l + 1 + ia, -n + 1 + ia,e
2ix). (11) 

Tenepb, IIOACTaBJIB B (10) q>yHKUllll (11 ), 3am1rneM rnnepreoMeTpH'IeCKlle 

q>yHKUllll B BHAe MHOrO'-IJiel!OB, npolmBeAeM IIHTerpI!pOBaHne cornacHO qiop
Mynel12I 

fir • a i/3t 11" f( 1 + a )ei(1r/2)/3 
(sm t) e dt = ----'--~,--'-----=--

0 2" r( 1 + "'!13 )f( 1 + 0 ;/3) 
(12) 

5 



npn Reo > 0 11 BocnonhoyeMc.ll m:rnecTHhIM cooTHorne1111ei./
12

/ 

f(z) =(-lff(-z+n+l)_ 
f(z - n) r(-z + 1) 

Torµ;a µ;n.ll n = n 1 
uMeeM 

1rR3
. (21 2)' ( (21 + l)!lr(n -ia)I )

2
1c· 12 -1ru_ 

221+2 + . . (n + l)!lf(l + 1 - ia)I nlu e 

n'f,l (-lf(-n+l+l)s(l+l+ia)s 
s=O ( -n + 1 + ia )sf( l + 2 - s - ia )f(l + 2 + s + ia) 

-l - 1 - s - ia I } 1 = 1 z;, { -n + l + 1, l + 1 - ia, 
•3r2 • · -n + 1 + ia, l - 2 - s - ia 

Teneph,µ;Ba:lK/];hI no~Wy.llcb cooTHorneuneM /I
3

/ 

(13) 

F {a, a',_. -Nll}=(a+b)N F {a, 
3 2 b', 1-N-b '(b)N 3 

2 
b', 

bl I -a, 

a+b 
-NI 1} 

(14) 

nonyqnM, 'ITO 

F { -n + l + 1, · l + 1:... iu, -l - 1 .:.. s + iu I } _ 
3 2 +1 . l 2 . 1 --n - iu, - - s - iu , 

= (-s)n-1-t -(-n-'l-1) F {-n+l+l, -l-1-s-iCT, -11} 
(l+l+iu).(s-n+iu)n-1-/ 2 

-s, -n-l-1 
1 

' 

II cneµ;oBaTeIIhHO, 

1rR3 (n+l+l)f(n-ia)[(2l+1)!]
2 

-1rulC 12 _ 
221+2 (n + l)!f(l + 1- ia) e nlu 

n'tl (-1)9(-n + l + l)s(l + 1 + ia)s 
s=O s!(-n + 1 + ia)sf(l+ 2 + s + ia)f(n + 1 - s - ia) 

. --'----~ + ..,___--~------" --'----~ = 1. 
{ 

f( n - 1 - l - s) ( n - l - 1 )(l + 1 + s + ia) f( n - 1 - l - s)} 
f(-s) n+l+l f(l-s) 

Ho nocneµ;Hero Bblpa:iKeHH.ll oaMe'IaeM, 'ITO nepaoe cnaraeMoe OTIIII'IHO oT 

HynJI TOlibKO npu s = n - l - 1, a BTopoe npn s = 0 n s = n - l - 1.· Torµ;a 

/];11.ll HOpMllpOBO'IHOrO MHO:lKHTelIJI IIMeeM Bbipa:lKeHIIe 

2l+Ilf(l + 1 - ia)le1ru/2 
Cn1u = R(2l + 1)! 

6 

(n2 + a2)(n + l)! 
21rnR(n - l -1)!' 

(l5f 

; 

KOTOpoe coanaµ;aeT C peoynhTaTaMH pa60Tbl / 4/. Ilonh3Y.l!Cb COOTHOllleHIIeM 

F(a,b,c; z) = (1- zt F ( a,c - b;c; z ~ 
1

) , 

nerKO y6eµ;HTbC.ll a aernecTBeHHOCTll BOlIHOBbIX iJ>YHKQIIll (9). 
PaccMoTpIIM oc11OBHbie acnMTTTOTII'IecKne cBottcTBa !J>YHKQIIH (9) c Hop

MnpoBo'IHbIM Ko04>4>11QI1eHTOM (15). ,I1;n.ll 0TOro IIX yµ;o6Ho npeµ;cTaBl!Tb B 

Bnµ;e 

3µ;ecb 

'Pn1u(x, R) = Dn1u(R)(2asin x/exp(-ix(n - I'- 1 - ia))x 

X2F1(-n + l + 1,1 + l + ia; 21 +2, 1....:. e2ix). 

Dn1u(R) = {(21r)-t/2jf(l'+ 1...: ia)ie,ru/2;,.1/2:-(l+t)}x, 

(n+l)! :'1 

( n - l - 1 )! (21 + 1 )! 

(9a) 

(16) 

HOpMnpoBO'IHhIH Ko04>4>nQnenT, KOTOpbilI npn 4>11KcupoBannoM n B npeµ;ene 

R - oo nepexo,n;nT B 

lim Dn1u( R) = 2
2 R-+oo n 

(n+l)! 1 
a3(n - l - 1)! (21 + 1)! = Dnl 

(17) 

HOpMHpOBO'IHbIH Ko04>4>uQIIeHT Dn1 paµ;itanbHOll 'BOlI~OBOll 4>YHKQIIII wd ( r) 
,ll;IICKpeTnoro cneKTpa aTOMa Boµ;opoµ;a B IlIIOCKOM npocTpaHCTBe M3 /ll/ 

(2r) 1 

Rn1(r) .= Dn1 an exp(-r/an)x 

X1Fi(-n + l + 1, 2/ + 2, 2r/an). (18) 

Ilpeµ;enbHOe COOTHOllleHne (17) IIMeeT MeCTO 6naroµ;ap.ll TOMY, 'ITO Bbipa,Ke

HIIe B !J>urypHbIX CK06KaX /t3
/ 

lim {(21r)-112if(x + iy)ie1rlyl/2jyj1/~-x} = 1 
IYl-+oo · 

(19) 

B nopMnpoBO'IHOM Ko04>4>nQnenTe (16) B npeµ;ene R __., oo pam10 1. JJ:anh

neiirnee ynpornemie HOpMIIpOBO'IHOrO KOa!J>!J>nQiJe,HTa' ( 16) /];OCTIIraeTC.ll C ITO-

MOillbIO CTanµ;apTHOH noµ;cTaHOBKII 

. I 

jf(l + 1 - ia)I = ✓ h1fCT IT Js 2 + a 2 , 
S 11'CT · 

· · s=l 

(20) 

7 



KOTOpa.H Il03B0ll.lieT npep,cTaBUTb ero B Bll,JJ,e 

{ 

-I I } 
Dn1u(R) = ✓ a IT Js2 + a

2 
X 

1 - e-2,ru s=l 

x2 
(n + l)! 1 

(n-l-1)!(2l+i)!" 
(16a) 

licnonhOYJI npHBep,emn~e cooTH011Iemrn n 

lim 2Fi(a,b,c,z/b) = 1Fi(a,c, z) 7 
b-+oo 

MO)KHO ycTaHOBHTb npep,ElilbHOe C_OOTHOllleHHe npn Rf r :-+ 00 
' .i 

lim '11n1u(x;R) = Rn1(r), 
R/r-,+oo ' · . 

); ,, 

COOTBeTCTByIOmee npH qnIKCHpOBaHHOM n npeBpameHMIO cneKTpa (8) B 

lim E~(R) = __ l_µo:
2 

R-+oo 2n2 ,li,2 • 

(21) 

(22) 

p,ncKpeTHhIH cn~KTP aToMa Bop,opop,a B nnocioM npo~Tpa1;~TBe M3, a TaK)l<e 

nony'IHTb JIBHble Bblpa)KeHHJI ,[1,ilJI q>yHKll;lIH (9a): .. 
• . ·~ : ! 

'11nn....:~u(X,R) = Dnn-1u(R)(2asinxr-
1
·exp(-ax) => 

R/r-+oo (2r)n-l 
=} Dnn-1 an exp(-r/an), (23) 

'llnn-2,u(X, R) = Dnn-2u(R)(2a sin xr-
2 

exp(-ax)x 

{ 
2a . } 

x cos x -
2

n _ 2 sm X => 

R/r-+oo (2r )n-
2 

. { 1 2r} 
=} Dnn-2 - exp(-r/an) 1- -2 2 - , 

~ . n- ~ 

'11nn-3u(x,R)= Dnn-3~(R)(2asinxt;_
3

exp(-ax)x , 

{ [ 
2( n - 1) . 2 ] . cos X . 1 · . , 2} 

X 1-
2
n_

3 
sm x - n- 2 (211smx)+ (2n- 4)(2n- 3)(211smx) =} 

R/r-+oo (2r)n-3 
•. { I 2r l (2r) 2

} 
~ Dnn-3 -;;- exp(-r/an) 1- n-2an + (2n -4)(2n - 3) ~ . 

8 

;, 

CooTBeTCTBy10m11e rpaq>11K11 q>yHKu;uii (23) npu pamm'IHhIX nHa'-lemrnx n, R 
11 r = xR, x E [O,rr], nonBonJ110m11e npocnep,11Tb npep,enhHhIII nepexop, (21 ), 
npep,cTaBneHhl na p11c. 1-4. llx cnep,yeT cpanmmaTb c cooTneTCTBy10m11M11 
rpaq>11KaM11 /l4/. 

,UnJ1 6onhw11x m1a•1e1111ii n ,cpan111IMhIX c R --+ oo, TaK, '-!TO n ~ kR(k 
- IlOCTOJIIIHa.H BenJl'-llllla), llMCCM a = ( ak )-1 11 ,Il0ilbt3YJ!Cb COOTIIOllleHirnMn, 

aHaJIOrll'-IHbIMll npImep,eHHblM BbIWe, a TaK)KC naMCHJIJI 

1 ' Dnn' =} Rh(k - k ), 

nony'-l11M pap,11anbllh1C nonHoBue !J>ynKu;1111 '11~ ( r) 

Jim v'Rilln1u(X, R) = Rk1(r), 
R-oo 

n/R-+_k 

COOTBCTCTBy10m11e nenpepbIBIIOMY cneKTPY aTOMa B0,[1,0pop,a B nnocKOM 

TpexMepnoM npocTpa11cTne M3, np11 n11a•Ie11111I onepr1111 

lim E~( R) =· 1.:2 li
2

• 
R-+oo 2µ-

3p,ecb Rk1( r) 11MeeT cTa11p,apTHhIH m1p,l14/ 

R ( ) C, (2k )I -ikr 
kl r = kl T e X 

i . . 
x1Fi(-k +l+l,2/+2,2ikr). a. 

HopM11pOBO'-lllblii K0::>1J>q'mu;11e11T onpep,eJl.llCTCJI COOTHOJlleHIJeM 

. fi i 1r/(2ak) 1 
ckl = V ;kif(/+ 1 - ka)le (2/ + I)! 

11 cornacno (20): 

{24) 

(25) 

(26) 

(27) 

C 2~ IT 
kl'= Jl - c-:-21r/(ak) ( 

1 )
2 

1 
s

2 
+ ak (21 + 1)!" 

(27a) 
s=l 

Pemcmrn (9) II ( 11) C nopMnpono•mhIM KOO(J>1J1m~11eHTOM ( 15) II IlOClIC,[l,HCM 

npep,enhHOM cnriac (24) nepcXO,[l,.IIT B pap,11aJ11,lll,IC BOilHOBbie q>ym:u;1111 '11~(1·) 
11enpcp1,nrnoro cneKTpa (25) 061,1•moro a.Tol\la Bop,opop,a n IrnocKOM Tpex

McpnoM npocTpa11CTUC 1\13, OOHTOI\IY IIX MmKIIO 11annaTh Knau11paA11am,I1bIMII 
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BOJIHOBhlMH <PJIIKUH.l!Mlf aTOMa BO)l;Opop;a C rapMOIIIl'ICCKIIM llOTCHl~llanoM lfs 
Ha Sll, '-· M4. CooTBCTCTBYJOlUIIC rpacp11Kn np11 I = 0 npep;cTaBneHLI Ha 

pHc.5. 

J].n.ll )l;aJibHeiirnero m:mo:a<emrn 11aM nonap;o6nTc.ll emc op;Ho Ba,Knoe npc

p;enbHoe COOTHOllICHIIC 

'11n1a(x, R)lu=O = SJ1(x, R), (28) 

KOTOpoe )l;Ofl)KHO llMCTb .MCCTO npII BhlKfllO'ICHllll B13al!MO)l;CIICTBll.ll Vs = 0, 

T.e. npn a= 0 mm u = 0. B :JTOM cnyqae MLI UMeeM ypaB11e1111e illpcp;1111repa 

)l;JI.ll CBo6op;Horo )l;BH)KCHH.ll ua S1l,, pernemrn KOToporo onpegen.l!IOTCJI BL1pa

)KCHll.l!Mll (3) u ( 4), T.e. KBaoupap;uanbHbIC pernemrn aTOMa BOp;opou,a '11 nlu 
)l;OJI)KHLI nepeXO)l;llTb llpll O' = 0 B CBo6op;HbIC KBa1311pap;11anbHLIC perneHH.ll 

SJ1 npn oaMeue n -+ J + 1. 8ToT nepexop; npmue npocnegHTb B. noirnonux 

q>yHKUII.llX (11) C HOpMllpOBO'IHLIM. Koaipqi{1uuenTOM (15) npn (j = 0: 

21+1[! 

'11n1u(X, R)lu=O = R(2/ + 1)! 
n(n+l)! 

----"----'--X 
21rR(n - I - 1)! 

( 21 + 1) ! r( n) ( . )I { . ( } 
X (n+l)! r(l+l) smx exp -ix n-l-1) x 

F ( 2ix 
X2 1 -n + l + l,I + l, 1- n,e ~), 

(29) 

HCllOJib13J.ll )l;JI.ll IlOJIHHOMOB reren6ayapa B npaBot '!aCTII (28) 1113BCCTHOC 

npep;cTaBnenue B Bnp;e Mnoroqneual12/ 

C~(cosip) = [r(v)]-2 ~ r(m + v)r(n - m + v) -i(n-2m)cp 
L., . '( )' e . m=O m. n-m. 

(30) 

Bblpa)Ka.ll rllnepreoMeTpH'ICCKYIO <PYHKUHIO B (29) TaK,KC B BH)l;e MHOrO'IJICHa 

C 13aMenoii n-+ J + l, nony'laeM Tpe6yeMOe npep;eJibHOe COOTIIOUJCIIHC (28). 

4 PaoJimKeHHe BOJIHOBbIX <f>YHKD;HH aToMa BOAOPOAa 

no cBo60AHbIM peweHH.HM Ha TpexMepHoii c<flepe 

IlocKOJibKY BOJIIIOBblC <pyHKUlIH aTOMa BO)l;Opop;a (7) lI CB06ognoro )l;BIDl(CHll.ll 

(3) na S1l, op;unaKoBhlM o6paooM oaBIIC.llT OT yrnon tJ 11 i.p, ucKoMoe paoamKe

HHe )l;OCTaTO'IIIO oanucaTb )l;JI.ll KBa13IIpap;IIaJibllblX pernenuii 

00 

'11ntu(X, R) = L Wji(R) · SJ1(x, R). (31) 
J=I 

10 

i 

\1 

l 
l 

I 
\.i ''i r· 
/l ~, 

Ilonb13J.llcb opTonopMnpyeMocTbIO (5) <pynKuuii SJ1(X, R), nony'IHM 

11" 

Wjt(R) = R3 J sin
2 xSJ1(x, R)'11n1u(X, R)dx. (32) 

0 

Jlop;cTaBn.ll.ll B (31) Bbipa)KeHH.ll ( 4) n (9) u oamrchlBa.ll runepreoMeTpnqe

cKyIO <l>YHKUHIO B Bll)l;C MHOrO'IJICHa, a )l;JI.ll llOIUIIIOMOB reren6ayapa HCllOJib-

13J.ll npep;cTaBJICHHC (30), nocne llHTerpnpoBaHII.ll C llOMOlUbIO <popMJJihI (12) 

nonyqaeM 

Wjt( R) = A'.r, '°' Bnu ·p. -n + l + l, l + iu + l 2/ + 3 
L., Jls3 2 J ' . 
J-1 { 

s=O 21 + 2, 2/ + 8 _ + n - iu - 3 

rp;e 

2 

Ajf = (-l)1e-if (J+n-l)(l + l)lr(l - iu + 1)1 X 

X {.(J + i)(n
2 

+ u
2
)(J - l)!(n+ /)!}

1
/
2 

n(J + l + l)(n - l - 1)! 

1}' (33) 

(34) 

Bnu _ (l + l).(J - s)! (-1)8 
Jls - s!( J - l - s )! r ( J + n ~ iu + 3 _ 

8
) r (21 + 3 _ J + n ~ iu - 5) . 

Tenepb,llOJib13J.llCb <pop~1yn01'i: (14), nerKO 13aMCTIITh, '!TO 

{

-n + l + l, l +iu + 1, 
3F2 21 + 2 , 2i + 

8 
_ J + n ~ iu - 5 

2/ + 311} = 

(
J - n - iu - l ) X 
-------l-s 

2 n-1-1 

(
J - n + iu + l _ s) 

2 n-1-1 

x{l- (n-l-l)(l+iu:l) }·· 
(2l+2)(s- J-n~iu+l)) 

J].anee npHMCH.ll.ll COOTIIOllICHIIC (13) )l;JI.ll raMMa-<pyHKUIIJI, MLI TIOJIJ'IHM 

cnep;y101Uee Bbipa)KeHne 

· Anu JI JI Dn<T 
nu(R) · . +3 ) JI, W JI = ( J _ [)! T ( J + n ~ iu · 
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rge 

Dnu _ ~ (-J + l)s(/ + l)s 
JI - L., '(-J) X 

s=O s. s 

_ (- J + n ~ ia + 1) s r (s _ J - n ~ ia - 1) 
X f (z + s - J + n ~ ia - 3) f (z + s - J - n ~ ia - 3) X 

x{l- (n-l-l)(l+ia:l) }· 
(2l+2)(s- J-n+ia+l)) 

2 
Ilocnegnee, KaK HCTPYAHO y6egHThCll, MO)KHO oanncaTb B Bnge cyMMhI 1\BYX 

06061qen11hlx rnnepreoMeTpII'lecKnx <J>ynKQIIII 4F3 mm og11011 1J>y11K11,n11 5 F1 
OT egnHH'IHbIX apryMeHTOB, a HMCHHO, 

HJllI 

rge 

JI 
Wj,(R) = (-1r-l-lAj, (J _.:. l)! 

r ( J + n ~ ia - 1 ~ 1) 
--- - --- ---- - X 

r ( J + n ~ ia + 3) r ( 1 _ J - n ~ ia - 3) r ( J - n ~ ia + 3) 

{ 
J- - n + ia + 1 [ I ] X 

2 
4F3 -N,a,_b,c;e,f,g 1 + 

( n - l - 1 )( l + ia + 1) [ j ] } + 
21

+
2 

4F3 - -N,a,b,c- l;e,f,g 1 , (3.5) 

-i1!.(J+n-1) 

Wj{(R) = (-l)'e ;l + 2 . 

[(J - l)(l + 1) + ina]J!f ( J + n ~ ia - 1 - e) Aj1 --- ---._--,-_____ -~~- --~x 

2r (i _ J - n ~ ia - 3) r ( J + n ~ ia + 3) r ( J - n ~ ia - 3) 
F. [

-N, a, · b, c, d] 
Xs 4 f d 1 ' e, ' g, -

N=J-1, a=l+l, b= 
J + n - ia + 1 

2 

12 

'c= 
n - .I - ia - 1 

2 

{36) 

d = 1- J - l ina 2 - 21 + 2 ' e = -J , f = l + n - J + ia + 3 2 

g = l - J - n + ia - 3 
2 

(37) 

Ilonhoy11ch ycnomrnMn nopMnpoBKII BOJlllOBhIX <J>ynKQIIII cBo6ognoro gBII)Ke

mrn (5) II aTOMa BO/:\OPO/:\a (10) Ha Sh_ II paDJlO)KCllllCM (31), MO)KHO DOl1Y'IHTb' 

cnegy101qee ycnom1e opTOIIOpMllpOBKII Al111 Koa<p<pIIIJ,IICHTOB 

00 
~ n'u' nu 
L., WJ1_ (R)WJ1 (R) = Onn'· (38) 

J=I 

IIccnegyeM Teneph npegenh!Ihle cny'lall. Ilp11 R _,. oo, KaK aTo ya.:e oT

Me'lanocb Bbnue, 11cKp1mne1111oe npocTpancTBO Sh nepexognT B nnocKoe M3. 
Tlpc)iCJlbilblll nepeXO/i npomJBC}\CM B lllITCrpallhllOM Bblpa)KeHIIII (32). 

a) PaccMoTpnM cny'laii R•-,, oo II J / R _,. ko. T'orga cor11ac110 <J>opMynaM 

(6) H {21) IIMCCM -
00 

lim v'RW,:'
0
'j(R) = W,:'

0
1(00) = $kof- r

312
J1+112(kor)Rn1(r)dr, 

R-+oo 0 

IlogcTaB111111 B aTo Bb1pa)Kem1e pag1rn11h11y10 1IiynK11,1110 ( 18) 11 nonhDy11cb 

1111TerpanaM11, npnnegellllhIMII B MaTCMil-Tll'ICCKOM gonoIIHCHIIII /ll/, 110-

ny'IIIM 

Wki(oo) = (-lr-1-1 2v'a(4anko)
1+1

n! (1- ikoan)n-2/-3 
J(n - l - l)!(n + /)! (1 + ikoan)71

+1 x 

xF [-n + l_+ 1 l +1 1 - (1 + i/.'.oan)21 ' ' n, 1 - ikoan · 

6) Ilp11 R -+ oo II npll 6onhlll11X 11- n J, cpau1111Mb1X c R, nocTynaJI auano

rll'IHbIM o6paooM, DOJIY'-IHM 

'-Vk ( ) _ ~ ,ir/(2~k)t!lf(/ - i/(ak) + 1)1 
t kol oo - a< (21 + 1 )! X 

1+1 (k + ko)if(ak)-1 
x(4kko) (ko - k)2l+i/(ak)+3 X 

[ 
i 4kko ] 

xF l+ ak +l,l+l,2l+2,-(k-ko)2 , 

KoTopoe connagaeT c peoym,TaTOM /ts/. 
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B Ka'lecTBe rrpl!Mepa yi..:a:-i..:eM HeKoTopue npocTe11111ec nupa;i.;cunc grrn 

Ko3<f><f>uu;11e11T0B }V]0(R) npn ::ma'lemrnx op611Tam,noro Mo~1enTa I= 0, l : 
a) 1=0,n=l 

mtu - 1rc2-:--- iaJI 

oo - /r (2- i;)(' 
wtu _ a 1rc2 - ia)I 

10 - /r (~ - i;) r 
w.tu _ a2 lf(2 - ia)I . 

20 - I ( . ) l2, 2 r 3- ~ 
2 

6) i=o; n=2 

wJg= alf(l-ia)I~ 

/r (~ _ i;)/2 ' 
wfg = _ lf(l - ia)I (2 - a 2

)~ 

/r (3 - i;)j2 ' 
wJg =_a lf(l - ia)I (31-,--- 3a2)v'T+? 

4/r(f-i;)r . 
B) i=l,n=2 

Wff = 2 lf(3 - ia)I 

/r (3 _ i;)r 
Wi{ = av'6)f(:3 - ia)I 

- /r (f- i;)t' 
7 a2 lf(3 ~ ia)); 

w,i; = Y5jr (• _ ;;)j' 

14 

r) l=l,n=3 

wff = I; (f-iSi' ✓•(9 + u'), 

3u_ 3)f(2-ia)I (4 -a2)✓9+a2, W21 - jr (4 _ i;)j2 

W.3" _ a lf(2 - ia)I (62 _ a2)✓~(9 + a 2 ). 

31 - I (9_ ia) 
1

2 5 2 r ---
2 2 

5 3aK.inoqeeue 

B )],aHHOH pa6oTe paccMoTpeHhI ocH0BHhle CBOIICTBa B0JIH0DhIX <f>YHKIJ;IIH 

aT0Ma Bogopoga C rapM0HH'lCCKHM IJ0TCHIJ;HaJI0M Vff Ha TpexMepHOH cq>epe 

Sil,, Heo6xog11Mhle )],ffll ux 11c11onb1J0Bamrn B npaKTH'leCKHX pac'!eTax. Pac

'ICThI B0JIH0BhIX q>YHKIJ;IIH no <f>opMynaM (9a, 16-16a, 23) n l!X rpaq>H'ICCKOe 

1mo6pa,KeH11e (p11c.l-4) BhmonHeHhI B cucTeMe PAW/15/, a)],anTHpoBaHHOH 

Ha PC/AT-386 B paMKax npoeKTa KOHTPACT/CIIHC/17/_ 

u 

u 

u .. 

Puc. 1. Ksai:mpaAHa.JlbHLle som;OBLie 4>yHKUHH aToMa BOA0P0AB (9a) npll 

1=0, cooTBeTCTBy10mne npu R --+ oo sonnosL1M 4>ynxunJ1M AHcs:peTnoro 

cnexTpa (21). 
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+., 

Pnc. 2. Ksaanpa11HMLHL1e B0IJII0BLle 'PYIIKI.IHH RT0Ma B011opo11a {9a) npH 

l=l, C00TBeTCTBYK>ll.lHe npH R --+ oo so11110BL1M q>yHKI.IH.IIM 11ncKpeT11oro 
cneKTpa (21). 

u 

... 

.... 

Puc. 3. Ksaanpa11n11JJLHL1e B0IJH0BLle <PYHKI.IHH RT0Ma so11opo11a (9a) npn 

1=2, cooTBeTCTBy1<>11.1ne npn R --+ oo sonHoBLIM <f>YHKI.IH.IIM 11ncKpeTHoro 
cneKTpa (21). 

16 

0.8 

o., 

0.4 

0.2 

0.4 

Pnc. 4. Ksaa11pa1111MLHLle nonnonLie <f>ynKI.IIIII aToMa so11opo11a (9a) npn 

1=3, cooTBeTCTBYK>ll.lHe npn R --+ oo no1111on1,1M q>yHKl\11.IIM 11ncKpeTnoro 

cneKTpa (21 ). 

6 

0 
4 

-1 n=10, R=10 n=15,R=10 
2 

-2 
0 

-J 
-2 

0 2 J 0 2 J 

Pnc. 5: Knaa11pa111111JJLHL1e nonnonLie 4>y11K111111 aToMa no11opo11a (9a) npn 

1=0, cooTBeTCTBy1<>11.1ue npn n ~ R -> oo BonnonLIM ,PYHKl\H.IIM nenpepLI· 

nuoro cneKTpa. (26). 

BonpocbI, cmma1111ue C reoMeTpll'lCCKOii IIIITepnpeTa.l.UICII nony'ICHIIblX 

paonO)l{CHllll B TepM1rnax rpynnhI ronoHOMIIII g ritnb6epTOBOl'O pa.cc11oeHil.ll 

1t(:FR,rr,B), FR~ L2(M4,dM4), acc01~1111pona.mwro co cneKTpa.111,11011 oa

Aa'leii (2), ( 10), a TaK)l{e nonpochl nocTpoemrn onepaTopa cn.11onocT11 A : 
dlV = WA, W(O) = 1 u ncc11eAOBamie a.cm,ITITOTHK ero ~ta-Tpn•rnux one

MCHTOB cocranmuor npe1'MCT Aa.1JhHCll!llllX IICC1JCAOBaH1111. 
Il oaKntO'lenne Bbipa)l{aeM 6naroAapuocTh A.A.lloMeCTheBy, IO.JI. Ka

mmoncKoMy, B.H.Ilepny!ll1rny, ILil.Ilynu111111y 11 Il.M.Tep-A11To11.1111y oa. 110-

11erim,1e o6cy)l<ACHll.ll. 
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811Hl1UKl1i1 C.111. 11 AP-
ATOM BOAOPOAa s 11cKp11sneHHOM npocTpaHcrne. 
Pa3JlO>Kefrne no CB060AHblM peweHl1AM 
Ha TpexMepHoi1 ccf:>epe 

P2-92-302.-

PaccMoTpE!Hbl L.LipeAHHreposcK11e cpyHKu,1111. aToMa BOAOPOAa 
C rapMOH114e<:K11M noTi:mu.'11anoM - peweHl1E!M ypasHeHl1A nannaca, 
Ha TpexMepHoi1 ccf:>epe· paA11yca R, K0Topb1e a npeAene 6onbw11x R • 
COOTBeTCTB'{IOT KyJlOHOBCKl1M cpyH KU,11AM o6b14HOro aTOMa B0AO· 
POAa B nnoCKOIVI ipexMepHOM npocTpaHCTBe. nocrpoeHbl pa3JlO>Ke'. 

. Hl1A 3Ti;ix cpyHKUl1H no CB060AHblM peWeHl1RM Ha TpexM_epHOH ccPepe 
11 yCTaHOBJleHbr npas11na 11X COOTBeTCTBl1A 113BOCTHblM, . pa3JlO>Ke: 
Hl1AM KynoHOBCKl1X cpyHKU.11i1, no . cso60AHblM s nnocKOM · Tpex

. MepHOM npOCTpaHCTBe. 

Pa6oTa sbinonHeHa a . na6opaTOp1111 rnopern4ecKoi1 cf:>11J11K11 
OIIIAIII. 

•,• < •, C ••, - ' 

. l~penpHHT O(n,e~in1e1rnornn11c;HT)'Ta 11:ICl)llbl.X ucc.,e;ioaaHHH. Jly6Ha i_992 

ne'peBOA r.r.CaHAYKOB_CKOH. 

Vinitsky S.I. et al. 
-. , .. A Hydrogen Atom in the Curved Space. 

Expansion Over Free Solutions 
on the Three-Dimensional Sph~re 

- P2-92-302 

The Schrodinger wave functions of the hydrogen atom with the 
. . , . , .. 

harmonic potential_ are considered. The harmonic potential is the 
solution of the Laplace equation on the 3-sphere of radius R. For large. 
R the wave functi~ns correspond to the Coulomb wave func_tioris of 

· the hydrogen atom in the flat three-dimensional space. The decompo
sitions of the Schrodinger wave functions in free solut.ions are con° 
structed arid their correspondence with the known e~pansions of the 
Coulomb functions over free ones in the, three-dimensional space 
is established. · · 

The investigation has been performed at"the Laboratory of Theore-
tical Physics, JINR. · · - - · 
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