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B 3TOM ro.uy MHp 

\O.UOBIUHHY .UHl'! pom.ueHHl'! HHKOJial'! 

npa3.UHyeT 

11BaHOBI1'ia 

.UBYXCOTJieTHJOIO 

Jio6~qeBCKOro. 

i;aopeu HeeBKJIH.UOBOH' reoMeTpHH, • JI06a11eBCKHH paccMaTpHBaJI 
' . i, 

' reoMeTpHIO He TOJih KO caMy no ce6e. HH11YTh He COMirnBal'!Ch B 

nor1111eCKOH COCTOi:ITeJihHOCTH HOBOH reoMeTpHH, y6e.uHBillHCh B ee 

. ,_' 1tenpOTHBope1111_BOCTH;. OH nocTaBHJI Bonpoc 06 acTpOHOMH'1eCKOH 

npoBepKe reoMeTpHH BH.UHMOro HaMH MHpa. nonOJIHHB H3B8CTHYe B 
' ' '~' . ' 

TO BpeMi:I .uaHHh!e 0 napannaKcax 3Be3.l{ CQ6CTB8HHYX 

acTpOHOMH'18CKHX Ha6JIJO.U8HHH, OH ycTaHOBHJI, '1TO xapaKTepHal'! 

.l{Jll'! HeeBKJIH.UOBOH reoMeTpHH KOHCTaHTa k 6oJibille,, qeM 

paCCTOl'!HHl'! OT 3eMJIH .uo 6n11mafiillHX 3B83.U [ 1·, c .. , 207-210) 1 

· Ma~oyTeillHTeJihHhlH pe3yJihTaT 3TOT He noMewan eMy, 0.l{HaKo, 

nocTaBHTh_ aonpoc o TOM, KaK,oro po.ua nepeMeHa: npo113ofi.ueT oT 

BBe.UeHHl'! HOBOH reoMeTpHH B. MexaHHKy, [1, c. 261). BnpoqeM, 

BTOpOH Bonpoc HeH36emHO B03HHKaeT ,.BCJie.U 3a nepBhlM,. CTOHT 

JIHillh Ha11aTh paccMaTpHBaTh He6ec~h!e 

HeeBKJIH.UOBOH 1 reoMeTpHH. Ho BBe.Ui:I 

He6ecHy10 MexaHHK~, JI06a11eacKHH nowen 

Tena 

HOBYJO 

.uanhwe 

B YCJIOBHl'!X 

reoMeTpHIO B 

H nocTaBHJI 

Bonpoc O TOM, KaKHe H3MeHeHHl'! 3TO BHOCHT B Hh!OTOHOBCKHH. 
·, 

,3aKOH BCeMHpHoro Tl'!rOTeHHl'!. CaM me H OTB8THJI Ha Hero, yKa3aB 

cpyH.UaMe,HTaJihHOe peweHHe ypaBHeHHl'! nyaccoHa B HeeBKJIH.UOBOM 

npocTpaHcTBe [2, c.158-160). 

To 6YJIH coaepweHHO HOBhie. aonpoch!, a 11.uea JI06a11encKoro, 

" ••• • B TOM O.l{HaKO )f( H0Jlb3H COMHeBaTbCH, 'ITO CHJibl Bee 

npOH3BO.l{HT O.l{HH: .l{BH)f(0HHe, CKOpOCTb, BpeMH, Macey, .aa)f(e 

paCCTOHHHH H JI'Jlbl ••• Kor.aa BepHO, 'ITO CHJibl 3aBHCHT OT 
' . ' 

'paccTOHHHH, TO JIHHHH MOI'JT 6blTb TaK)f(e B' 3aBHCHMOCTH C 

yrJiaMH. '' [2, c. ,·'159) 

Bhl~O.UHT Hae .uaneKO 3a npe.ueny HhJOTOHOBC~OH.~exaHHKA H TeopHH 
I ! ' ' ' : :, ' 

Ti:IrOTeHirn. PyKOBO.UCTBYl'!Ch. 3TOH H.Ueefi, He.uonro BYHTH H sa 

6onee . .naneKHe npe.nem,1 · 3HHW_TefiHOBCKHX Teop11u: 

B .na~~o~ cTaTbe H3JiaraeTCl'!, HOBYH no.nxo.n K TeOpHH 

Tl'lrOTeHHl'!, ocHoBaH~hlfi Ha .reoMeTpHH JI06a11eBcKo~o .. CTaThl'! 

Ha'1HHaeTCl'! C cpparMeHTapHoro H3JI'omeHHl'! ,nHcpcpepeHUHaJihHOH 

· rec:iMeTpHH JI06a11encKoro, a sanepwaeT·ca T0'1HhlM peweHH~M sa.na11H 

WBapUillH~h,n·a, B npOCTp~HCTBe' JI06a11eBCKOrO. :•, 

I 
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1. BBEJlEHHE rEOMETPHH flOEAqEBCKoro 

reoMeTpHH flo6aqeneKoro nnonHe 3a,uaeTeH MeTpttKoA 
2 · a f3 

d 1., = L a(3 d X d X , ( 1) 

B cgiepHqeeKHX KOOp.UHHaTaX p, e, <p npHHHMaJO!UeA ene,uyJO!UHH BH.U: 

d 1
2 = d p

2 + r 2 (d e 2 + sin2 e d rp2) , (2Y 

r.ue 

r = k sh ~ . (3)'•-

IlpHMLie RHHHH B npoeTpaHeTBe flo6aqeneKoro HBnHJOTeH reo.Ue3H~e-

eKHM~ nHHHHMH OTHOettTenbHO a~~HHHOA eBH3HOeTH e KOMTTOHeHTaMH 
L a = ...!._ • L aer ( a L + a L .::. a L ) ( 4) 

aer µv 2 _ µ erv v erµ · er_ µv ' . 
r.ue L - KOMeTpnqeeKHH TeH3op, onpe.uenHeMLIH qepe3 MeTpH~e-

eKHA TeH30p Ler/3 H e,UHHHqHLIA a~~HHOp a~ H3 yenOBHH 
aer a •. 

L . Ler/3 = a /3 , . ( 5) 

aµ - qaeTHaH npoH3BO.UHaH n6 Ko~p.nnHaTe xµ reo,ue3HqeeKHe me 

nHHHH onpe.uenHJOTeH B pe3ynhTaTe peweHHH eHeTeMLI ypaBHeHHA 
d ~ xa a d xµ d xv . • 
cfT dl + L µv dl . dT = 0 , a E { 1 , 2, 3} . ( 6) 

HHT~peeHO, qTo KOMTTOHeHTLI ( 4) TTOMHHT Bee o nopomrnweA 

HX MeTpHKe (1). )leAeTBHTenbHO, eoeTaBneHHLIA H3 HHX TeH30p 
a _ a _ a + a er _ a L er 

Lµv/3 ~ aµ LV/3 av Lµ/3 Lµer LV/3 Lver µ{3 
OKa3LIBaeTeH paBHLIM 

Cne.uonaTenhHO, 

a a 
Lµv/3 = (Lµf3 av LV/3 8~) k-2 

1 2 a 
Lµ/3 = 2 k Lµa/3 . 

9TO HeTpHBHanhHO, TaK KaK B npe.uene 

k---> oo 

KOMTTOHeHTLI (4) 0 npe,uenhHOH MeTpHKe 

(7) 

( 8) 

( 9) 

(10) 

E /3 d xa d x 13 = lim L /3 d xa d x 13 (11) a k -+oo a 
MHoroe 3a6LIBalOT. B 3TOM enyqae npe,uenhHLIH T8H30p 

a a a ex er · a er _ 
E/;LV/3· = aµ EV/3 - av Eµ/3 + Eµir EV/3 -, Ever Eµ/3 , ( 12) 

~OeTaBneHHLIA no.uo6HO (7) H3 KOMTTOHeHT npe.uenhHOA eBH3HOeTH 
E ex = ...!._ Eexer ( a E + a E - a· E ) ( 13) 
. µv 2 • µ erv . v _erµ er µv • , 

paBHH~TeH Hyn10. Cne.uonaTenhHO, ~aA.uyTeH TaKHe KOOp.UHHaTLI y, 

q~pe3 KOTOpLie eBH3HOeTh (13) npe,ueTaBHTeH B BH.Ue 

· a 2 er 
E ex = ~ a Y ( 14) 

µv ayer axµ a xv 
B KOOp,UHHaTHOH KapTe y KOMTTOHeHTLI MeTpnqeeKoro TeH30pa _ Ea{3 

2 
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He 3~BH~HT OT KOOp.UHHaT. 9TO, nozanyA, nee, ~TO -MOBHO 

eKa3aT~ 0 MeTpHKe · (11), eenH H3BeeTHLI TOnhKO KOMTTOHeHTLI 

eBH3HOeTH (13) e HyneBLIM TeH30pOM KpHBH3HLI (12). 

BnpoqeM, K 3TO~Y MOBHO .uo6aBHTh, qTo M~TpHKa (11) 

3a,uaeT reoMeTpHIO EBKnH.ua, TaK KaK B e~epnqeeKHX KOOp.UHHaTax 

OHa npHHHMaeT BH.U 

Eex/3 d xa d x13 = d p
2 + p

2 (d·e2 + sin
2 

e d ,lr:· (15) 

Mez.uy _TeM, eBH3HOeTh ( 14) H1!BapHaHTHa· OTHOeHTenhHO a~(flHHHLIX 

no,ueTaHOBOK 

Yer = A~ ?" + Ber _ (16) 

H 3a,uaeT nHWh a~~HHHYJO reoMeTpHIO, a He 6cinee 6oraTy10 
I 

reoMeTpHIO EBKnn.ua. 

2. rEOMETPHH flOEAqEBCKOfO H rPYnnA flOPEHUA 

qeTLipe ~YHKUHH 

x = k sh ~ sine cos rp, 

z =. k ch ~ . cos· e 

y = k sh ~ sine-sin rp, 

u = - ch ' ~ . ( 1 7) 

e~epHqeeKHX KOOp.UHHaT p, e, <p 3a,ua10T B qeTLipexMepHOM ueHTpo

-a~~HHHOM npoeTpaHeTBe e .ueKapTOBLIMH KOOp.UHHaTaMH x, y, z; u 

TpexMepHyJO nonepxHoeTb. noene.UHHH HBnHeTeH TOH nonoeThlO 

, :rnnep6onon.ua 

k 2 2 2 2 ·- 2. k2 ( 1S) 
U - X - y - Z = . , 

Ha KOT9poA u > 0 

ypaBHeHHeM 

B ,ueKapTOBLIX K60p.UHHaT,X OHa 3a,uaeTeH 

' 
u =· /.1 + (x2 +. y 2 + z 2) / k

2
. ( 19,) 

MLI nonyqnnn B3aHMHO O.UH03HaqHoe _(J1mi, KaK Teneph. ronopHT, 

6tteKTHBHoe) oTo6pameHHe npoeTpaHeTBa flo6aqeneKoro Ha 

nonepxHoeTh ( 19) . JlH~~epeHunpy H ~YHKUHH ( 3), H ( 17) , nonyqaeM 
2 2 2· . , 2 2 '· ' 2 2 . 2 · . . 

d X + d y. + d z = d · r + r ( d a + sin e d rp ) 

k 2 d u = . r cl. p . , -d r . = u d p • ( 20) 

OTe10.ua HaXO.UHM, qTo B KQ.OJJ.UH_HaTaX x, y, z ,. _M_eTpHKa 

n~6aqeneKoro (2) paBHHeTeH 

d 1 2 = d x 2 + d y 2 + d z 2 - k 2 cl u 2 , · ( 21) 

r.ue_,·d u - .UH~~epeHuHan -~YHKUHH (19), TaK qTo 

(k2 .+ x 2 + y 2 .+ z 2) .k2 d u 2 =-(X d x +. Y· d y + Z d '.z) 2. '(22) 

cne.uoBaTenhHO, . BHyTpeHHHH •. reoMeTpHH • ·nonepXHOeTH -( 19), B 
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~eTupexMepHOM nheBnoeBKnHBOBOM npocTpaHCTBe c M8TpHK00 (21) 

COBnanaeT C reoMeTpHeA no6aqeBCKoro. no3TOMY H30M8TpH48CKHe 

,npeo6pasoBaHHH npocTpaHcTBa no6aqeBcKoro npencTaBnHIDTCH 

nHHeHHh!MH npeo6pa30BaHHHMH KOOpBHHaT x, y, z,. u, 

coxpaHHIDmHMH KBanpaTHqHyID ¢opMy, CTOSimyID B neBoA qacTH 

paBeHCTBa (18), H He M8HSIIDmHMH 3HaKa KoopnHHaTu u. no 

onpeneneHHID nyaHKape, TaKne npeo6pasonaHHSI cocTaBnSIIDT rpynny 

nopeeua. TaKHM o6pasoM, rpynna nopeHua H3oMop¢Ha rpynne 

H30M8TpHA npocTpaHCTBa no6aqeBCKoro. 

CornaCHO (21). H (22) KOMilOH8HThl MeTpHqecKoro T8H30pa 

npocTpaHCTBa no6aqeBCKoro B KOOPBHHaTax X, y, z paBHhl 
. -2 -2 

Lcx{3 = ccx{3 - k u xcx xf3 , ( 23) 
rne C0'.{3 - KOHCTaHThl (B naHHOM cnyqae paBHhl8 1 npH ex= (3 H 0 

IlpH O'. -:/. (3), 

XO'. = C er cxer x (24) 

cnenoB.aTenhHO, 
1 . -2 -2 

2 (aµ, Lerv +. av Lerµ - aer Lµv> = - k u xer Lµv (25) 

KOMilOH8HThl KOMeTpHqecKofo T8H3opa B 3THX KOOpBHHaTax paBHhl 
· Lcx(3 = ccx{3 + k- 2 xcx xf3, · (26) 

a.er - ocx no3TOMy rne c cer{3 - f3 

L cxer xer = u 2 
XO'. ( 27)· 

CnenoBaTenheo, 
L ex = 

µv 
IlpOCTOH BHB KOMilOH8HT (23) 

paBeHCTBo (8). 

-2 ·ex L . 
- k x µv (28) 

H (28) Il03BOnSieT nerKO noKa3aTh 

CornaCHO (6) H (28) B ioopaHHaTax x, y, z npSIMhle nHHHH 

B npocTpaHCTBe no6aqeBcKoro onpenenmoTcSI B 

pe111eHHSI'CHCT8Mhl ypaBH8'HH0 

pe3ynhTaTe 

d d ex a·· µ d JJ _ _·_x_ .. _ k-2 a L __ x_ __x_ = 0 d 1 d 1 . x µv d 1 d 1 ' 
(29) 

a e {1, 2, 3} • 

BuqncnSISI BTOPYD npOH3BOBHYD ¢YHKUHH (19); nonyqaeM 

d du -2 d Xµ d XJJ 
cf7. dT - k u L µv dT dT = o . (30) 

0603HaqHM Teneph 

r = {x, y,. z, u} (31) 

B8KTOP '4:8TllpexMepHoro U8HTpoa¢¢HHHoro npocTpaHCTBa, B KOTO

poM noeepxeoc1h (19) npencTaBnSieT npocTpaecTBO no6aqeecKoro .. 

.4 

j. 

I. 
I 

l 
I 

., I 

( 
' ,, 

'' 

I 

1 

J 
l. J, 

') 

j 
i! 

/, 

I 

KBanpaTHqH~ID ¢opMy (21) o6o3Ha4HM (d ·r,d r) B 3THX 
' ' 0 

o6o3HaqeHHSIX noeepXHOCTh (19) 3anaeTCSI ycnOBHSIMH 

0 (r,r)<'= - k
2

, u > 0 ,. (32) 

a ypaBH8HHSI (29) H (30) BKyne 3aTTHCh!BaIDTCSI B BHBe 
. d d r -2 d r d r 

ctT dT - k r ( dT, dT) = o . (33) 
OTcIDna cnenyeT, qTo npSIMaSI npbcTpaHcTea no6aqeBcKoro nezHT B 

nepeceqeHHH noBepXHOCTH (19) C neyMepHoA nnOCKOCThID U8HTpo

a¢¢HHHoro npocTpaHcTBa, npoxonSimeA qepe3 ueHTp r = o 

0 
3. nPOCTPAHCTBO CKOPOCTEH 

B cnEUHAflbHOH TEOPHH OTHOCHTEflbHOCTH 

B qeTupexMepHOM npocT.paHCTBeHHO-epeMeHHOM MHpe cne

UHaihHOA TeOpHH OTHOC~TenhHOCTH CKOpOCTh MaTe~HanhHOA TOqKH 

MOZHO npencTaBHTh CBSI3KOA epeMeHHnono6Hh!X napannenhHUX npSI

Mh!X. COBOKYilHOCTh ecex TaKHX CBSI30K SIBnSI8TCSI TpexMepHh!M npo

CTpaHCTBOM CKOPOCTeA. B':'J3TOM npocTpaHCTB8 peanH3Y8TCSI Ta ca-' 

MaSI a6conIDTHaSI reoMeTpHSI, KOTOpaSI OCH0Bh!Ba8TCSI Ha Bcex 

eBKnHHoeux nocTynaTax, KpoMe. 'nSIToro. 

B nop'eHU8BOM cnyqae Mhl npHXOBHM K .npocTpaHCTBY CKOpo

CTel1 no6aqeBCKoro I nonaraSI' qTQ KOHCTaHTa k paBHSI8TCSI CKO-. 

pocTH CBeTa c~ a paCCTOSIHHe p paBHSI8TCSI 6h!CTpOTe qacTHUhl s. 

B TaKOM cnyqae eenHqHHhl (17) paBHSIIDTCSI KOMilOH8HTaM 

4-CKOpOCTH qacTHUll. KOMilOH8HThl ze o6uqHoA CKOpOCTH '4:aCTHUhl B 

nopeHU8BOM cnyqae paBHSIIDTCSI 

v 
1 

·= c th ~ si.n e cos <p h 
s . • 

v 
2 

= c t k sin e sin <p , 

s 
v 

3 
= c th k cos e . c 34) 

B ranHneeBOM cnyqae C = 00 H npocTpaHCTBO CKOpOCTeA 

8BKnHnoeo. BMeCTO noeepxHOCTH ( 19) B 3TOM cnyqae B~CTynaeT 

rnnepnnoc!.{OCTh u = 1 tJTo no rpynnu ranttne_SI, TO OHa 

H30MOP¢Ha rpynne ~,oMeTpHA npocTpaHCTBa EBK~Hna. 

HTaK, CKOpOCTh CBeTa HrpaeT ponh KOHCTaHTU flo6a'4:8BCKOrO 

B npocTpaHCTB8 CKOPOCT~A. B 3TOM cyTh. cneuHanhHOA TeopHH 

OTHOCHTenhHOCTH. HHTepecHO, qTQ nnHHa OKPYZHOCTH B npocTpaH

CTBe no6a'4:eBcKoro npencTaBnSieT HMnynhc qacTHUU, a nnomanh 
' . . ~ ~ 

Kpyra - ee KHH8THqecKyID 3HeprHID. 

TaK KaK B KOCMHqecKHX nyqax ea6nIDnaIDTCSI; a Ha ycKOpHTe-. 
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RHX .nocTHraIDTCH 6NCTpOTU, HaMHOro rrpeBUWaIDmHe CKOpOCTh CBeTa 

c. I TO a ~H3HKe. aUCOKHX~ 3HeprHH o6oHTHCh 6e3 reoMeTpHH 

no6aqeacKoro Heao3MOZHO. 

4. HbIDTOHOBCKAH TEOPHH fPABHTAUHH 

B TTPOCTPAHCTBE noEAYEBCKoro 

:;-;, 

¢YHKUHH narpaHza MaTepaanhHOH TQqKH, ecnH Ha He~ .neHCT

ayeT TORbKO CHna THrOTeH_HH C ITOTeHUHanoM u '. paaHHeTCH 
1 d xµ d xv· e = - L -- -- - u (35) 0 2 , µv d t d t 

cne.noaaTenhHO, narpaHzeau ypaaHeHHH .naazeHHH TaKoaw: 

d· V . µ d xv 
dt (Lav ~) - 1 (a L ) d X --+a U=O ,(36) d t 2 cx-µv -~ d t ex 
T. e. ' V ~ P 

d a d xµ ~ + L ex ~ +Lava u = o (37) dt d t µv dt d t V 

3,necb MU ·aaena a6conIDTHO 
:,», 

noKoHmeecH, no ·HbIDTOHY' npo-

CTpaHCTao no6aqeacKoro H a6conIDTHOe, no HbIDTOHY me, apeMH t, 
. ~ 

. qTo 3K)3HaaneHTHO OTpHUaHHID noci'ynaTa EBKnH.na O napannenbHUX 

rrpHMUX a aH.nHMOM HaMH MHpe. npH 3TbM ~epHeT cany cneuHanbHUH 

npHHUHn OTHOCHTenbHOCTH, o.nHaKO npHHUHn KHHeMaTHqecKOH 

OTHOCHTenbHOCTH coxpaHHeTCH. 

B npocTpaHCTaeHHO-apeMeH~OM MHpe 'SxT C Koop.nHHaTHUMH 

KapTaMH x 1
, x2

, x3
, x4

, r.ne x 4 = t, a6conIDTHoe apeMH 3a,naeT 

.na~~epeeuHanhHYID ~opMy e = d t. 3anacuaaH 3JY ~opMy a aa.ne 

MU aao,nHM a MHpe 

01 

H ~aKTopa3yIDmyIDcH 

SxT 

0 = e d xa, 
a 

KOaeKTOpHoe none C 

(38) 

KOMIIOHeHTaMH 

= o, 02 = 0, 03 = 0, 04 = 1 

MeTpHKY 
0 d Xa d xb = 0 0 

ab 
onpe.nenHeMUH eID ~aKTOpH3yIDmHHCH TeH30p apeMeHH paaeH 

0 = 0 0 
ab a ., b 

'. ~)} 

(39) 

(40) 

(41) 

Bae.neeae reoMeTpHH no6aqea~Koro _3a,naeT a MHpe SxT KOMeTpH-

qecKHH TeH30p hab C KOMIIOHeHTaMH, paaHUMH 

TaK··KaK 

ha{3 = Laf3_, ha4 = 0, hcb = o, hcc = 1; 

hab 0 = 0, 
b 

/'\ ,:.:.,) 

(42) 

(43) 

TO_TeH30p apeMeHH H KOMeTpaqecKHH TeH30p conpHZeHU ycnoaHeM 

6 

I 
·! 

I 
.•tc 
. I·; 

1 
' I· 
.1 

l 
/, 

·, 

:) 
(\ ~l 

i, 

·, 
.l 

l 
·l 
! 
l 

e 'hsb·=·o. 
as (44) 

YpaaHeHHH .naHZeHHH (37) 3a,naIDT a MHpe SxT a~~HHHYID ·.· 

caH3HOCTh. BeHCTaHTenbHO, HX MOZHO 3anHcaTh a aa.ne ypaaHeHHH 
reo,ne3aqecKHX 

d 
crs- ~a+ r a ~m ~ = 0 

d s mn d s d s ' (45) 

aBe.nH nocTaHOBKY s = A t + B, r'.ne A. H B - ITOCTOHHHUe. OTCID,na 

Haxo.nHM 
a a 

rµv = Lµv 

l (X: 0 I 
µ4 

r ex = Lav a u 
44 ·V 

ro:=o, 
V4 

l 

r 4 = o . 
mn 

. ( 46) 

.cne.noaaTenbHO, MHpoaaH TpaeKTOpHH MaTepaanbHOH TOqKH, eaxo

_.nHmettCH a rpaaHTaUHOHHOM rrone u, HanHeTCH reo,ne3HqecKOH 

-·nHHHeH a MHpe-SxT OTHOCHTenbHO a~~HHHott'caH3~0CTH (46). 

B qacTHOCTH, MHpoaaH TpaeKTOpHH MaTepaanbHOH TQqKH, Ha 

KOTopyID HIIKaKHe CHnu He .nettcTayIDT, ,HanHeTCH reo,ne3HqecKOH 

nHHHeH OTHOCHTenbHO a~~HHHQH CaH3HOCTH C KOMnOHeHTaMH fm~ , 
paaHhlMH ( 46) npH U = canst. Mu pacnonaraeM, TaKHM 'o6pa3oM, 

.nayMH caH3HOCTHMH cpa3y . 

Kor.na HMeeTCH .nae caH3HOCTH (CKazeM, .r H f), TO .nnH~ . 
,. 

Kaz.noro TeH30pHoro IIORH COCTaanHIDT .nae KoaapHaHTHl>le IIpOH3-. 

ao.neue V H V. BnH aeKTOpHoro H KoaeKTOpHoro nonett_nonaraIDT 

V Ta = a 

V Ta = a Ta + r a T0 
, V T = a T - r a T . 

m m mn m n m n mn a 

Ta+ t'- a Tn V T = a T t'- a T 
(47) 

m m mn m n m n mn a 

Pa3HOCTb 

mn mn 
Pa=fa-r~-

mn 
(48) 

Ha3uaaeTCSI TeH30pOM a~~HHHOH .ne~opMaUHH, 

B .naHHOM 3,necb cnyqae TeH30p a~~HHHOH .ne~opMaUHH paaeH 
.,p a = - 0 0 · has a· U • ·( 49)' 

mn m n s ' 

.JlnSI Kaz.noH a~HHHOH · caH3HOCTH l · COCTaanHeTCSI TeH30p 
KpyqeHHSI 

H· Tett3op KpHaH3HU 
Ra = a ['a 

mnb m • nb 

Oqeaa.neo, qTo · 
S a + S ;a = 

mn nm 

Sa= 1 _a r a 
mn mn nm 

a r a ·+ p. a ·[' s 
n 

0 ,· 

-mb ms nb 

7 

Ra 
mnb 

+ Ra 
nmb 

r a rs 
ns mb 

= 0 

(50) 

(.51) 

(52) 



'1 

I, 
Bee paccMaT~HBaeMLie 3nec& a~~HHHLle CBH3HOCTH (udnp~Mep, 

(46)) ynoeneTBOpHIDT ycnoBHID 
r a = r a 

mn I nm 
(53) 

TaK 'ITO HX TeH30p KpytieHHH paeeu uynID, a TeH30p KPHBH3HLI 

ynoeneTBppHeT anre6paaqecKoMy TomnecTBY 
Ra +Ra +Ra =0 

mnb bmn nbm 

H na~~epeuuaan&HOMY Tomne.cTBY 
VRa+VRa+V 

k mnb n kmb m 
R a 

nkb 

· ( 54) 

= 0 • (55) 

K TOMY me, MLI 6yne~ paccMaTpHBaTh TOnhKO 3KBHa~~HHHLle CBH3-

HOCTH. BnH HHX ceepHyTuA TeH30p KpHBH3HLI 
R = R s 

mn smn 

CHMMeTpHtieH, T. e. 
. R = R 

mn nm 

BpyraH me ceepTKa TeH30pa KPHBH3HLI paBHa uynID: 

r.ne 

Rs = 0 • 
mns 

B cnyqae (46) TeH30p KPHBH3HLI paeeu 
R a = L a R a = 0 R a = 0 

µv~ µv~ µv4 ' µ4~. ' 

R a = a ua + L auµ 
µ44 µ µv • 

ua = La<T a u, 
(T 

R 
4 = 0 

mnb 

a ceepHyTLIA TeH30p KPHBH3HLI cornacuo (8) H (9) paBeH 
-2 

Rµv = - 2 ·k Lµv , R44 = 6 U , Rµ 4 = 0 , R
4
v = 0 , 

·r.ne 
6 = Lµv (a a 

µ V 
L <T a ) 

µv <T 

(56) 

(57) 

( 58) : 

(59) 

(60) 

(61) 

(62) 

/ 

3aMeTHM, 'ITO rpaBHTaUHOHHLIA TTOTeHUHan U HBnHeTCH CKanHpuoA 
cpyuKuaeA B npocTpaHCTBe Jio6atieecKoro c .·. MeTpHKOA ( 1), Ua -

-a BeKTOpOM canu THmeCTH B 3TOM npocTpaHCTBe, Rµ44 - KOBa-
pHaHTHOA IlpOH3B OnHoA BeKTopa Ua, nopomneuiwA CBH3HOCThID ( 4), 

Rµ~~ - TeH30pOM KpHBH3HLI (7) nnH CBH3HOCTH (4), 6 - nH~~e
peuuaanhHLIA onepaTop Jiannaca, nopomnenHLIA MeTpHKDA (1). 

BCilOMHHM Tenepb O CBH3HOCTH, KOTOpaH nonyqaeTCH H3 (46) 

npH U = canst H KOTOpyID MLI 0603HatIHnH fa . ByneM Ha3UBa~~ 
mn 

'ee !pOHOBOA. TeH30p KpHBH3HLI Ra ~OHOBOA CBH3HOCTH H CBepuy-
mnb 

TUA TeH30p R nonytiaIDTCH H3 (59) H (61) npH U = canst. 
mn 

8 

I 

I 
I 
l 

.lir 
' J 

;1 
; 

iA 
i •, 
1\f • 
\ 
\f 

cnenoeaTen&uo, 

R 
V 

(63~ - R = e e 6 U • 
mn mn m n 

Oqeean.~o, ypaBHeHHe 

R 
V 

(64) - R = 4 rr a M 
mn mn mn 

rne M - TeH30p MaCCLI, paBHLIA 
mn 

M = p e e 
mn m n 

(65) 

a P - nnoTHOCTh MaCCLI, - 3KBHBaneHTHO ypasHeHHID nyaccoua 

6U=4rr 0 p ( 66) 
B npocTpancTse Jio6aqeecKoro. 

YTO'IHHM, 'ITO 7 ~ 3TO rpaBHTaUHOHHaH KOHCTaHTa HhIDTOHa. 

Macca, 3aKnIDtieHHaH B o6nacTH npocTpaHcTia Jio6atieecKoro, p~B

ua HHTerpany 

m = J" f f P ~ d x
1 

d x
2 

d x
3 (67) 

no 3ToA o6nacTH, rne L - onpenenHTen& MaTpHULI (Lµv>· 

HHTepecuo 3aMeTHTh, YTO B rpaBHTaUHOHHOe ypaeHeHHe (64) 
r a 

mn 
eowen ceepnyTLIA TeH3op KpHBH3HLI. R · ~ouoeoA CBH3HOCTH 

mn · 

B. npenene (10) ypaeueuae (64) nepexonHT B ypasueuHe 

R =4rr7M 
mn mn 

(68) 

B KOTOpOM HHYTO,O ~OHOBOA CBH3HOCTH He HanoMHHaeT. Bee neno· 

e TOM~ tITO B npenene (10) ceepuyTLIA TeH30p KpHBH3HLI R pa-
mn · 

eeu uynID. KcTaTH, B 3~0M npenene paeeu uynID H nonHLIA Teujop 
KpHBH3HLI Ra 

mnb 

5. ¢YHBAMEHTAJ!bHOE PEWEHHE YPABHEHHH nYACCOHA 

B nPOCTPAHCTBE JIOBAYEBCKOfO 

B c~epe panayca p npa Manux 3HaYeHHHX p / k Momuo npH-

6n~me~uo non&30BaT&CH reoMeTpHeA EBKnana. rinoTHOC~h Maccu H, 

cocpe.noT~~e~uoA B uaqane Koop.UHHaT x, y, z (cM.(17)), paeua 

p =Ho (x) o (y) o (z), (69) 

r.ne o (x) - cpyHKUHH BHpaKa, TaK KaK B 3THX KOOp.UHHaTax 
. 1 
~ = - (70) 

u . ' ' 
a B uatiane KoopnauaT u = 1. Peweuae, y.uoeneTBopH~mee 
ypaeneHHID nyaccoua 

6 U = 4 rr 7 Ho (x) o (y) o (~) 

H ycnOBHID 
lim U = 0 

p-oo 
Ha3LIBaeM cpyu.naMeHTanbHLIM. . 

9. 

( 71) · 

(72). 



r ·-· ·----- ·/--- -

Jlo6aqeBCKl1H 1 yKa3aJI [ 2, C. • 159]; ·\"!TO "npHTllf'aT8fhHall 

c11na" HanpaBJieHa K ueHTPY 11 o6paTHO np6nopu110HaJihHa nnomam1 

ccpepu, 'np11tieM ecn11 pa.u11yc _ccpepu paaeH p, To ee nnoma.uh paBHa 

4 rr r 2
, - r.ue B8Jil1'll1Ha 

KOQp.U11HaTaX 

r paBH<!- ( 3). Cne.uoBaTeJihHO, B 

ccpep11qecK11x CflYH.UaMeHTaJihHOe peweH11e 11M88T 

cne.uy~m11e qacTHue npo113ao.uHue: 
a u -2. a u a u ap = .A r , iffJ = 0, 8<p = 0, (73) 

r.ue A~- H8KOTopall KOHCTaHTa. MHTerp11pyll (73), HaXO.U11M 
-A p 

U = - k cth k +- B, (74) 

r.ue B - KOHCTaHTa HHTerp11poBaH11ll. M3 ycJIOBl1ll (72) cne.uyeT, 
, ... • f'- '. 

'ITO B = A. TaK KaK B MaJIOH OKpecTHOCTH. HCTO"IHHKa CflYHKUl1ll 
- -1 nepeXO.U11T B Hh~TOHOBCKl111 DOT8HUHaJI U = - 0 M p _TO 

A= o M.·cne.uoBaTeJihHO, 

U = 7 k M ' ( 1 - cth ~ ) . (75) 

3aM8Tl1M, 'ITO BHe 11CTO'IHl1Ka CflYH.UaMeHTaJihHOe peweHHe 

Y.UOBJI8TBOplleT ypaBH8Hl1~ Jlannaca 

/J. U = 0. (76) 

B COOTB8TCTBl111 C (62) 

/J. ,U = 1 aµ< vT Lµva 
V U). 

vL 
(7'"0 

B ccpepl1'I8CKl1X KOOp,U11HaTax onepaTop (62) paBeH u 

1 a 2a_ 1(1 a .. a 1 - - r -· + - --- -- s1.n e -- + --
r2 ap ap r

2 sin 0 ae ae sin2 e 

a2 
-). 
arp2 

(78) 

6. TEOPMH fPABMTAUMM C BBYMH CBH3HOCTHMM 

B 3HHWTeAHOBCKOA Teop1111 rpaB11Tau1111 rnaBHUM reoMeTpH-' . "- . < 
'l8CK11M 061,eKTOM llBJlll8TCll 3a,UaHHall B npoCTpaHCTBe~apeMeHl1 X 

K?M8Tp11Ka 

ab o o (79) g a . b 

~QpMaJibHoro r11nep60Jil1'l~CKOro T11na. B 0Kp8CTHOCTH BCllKOA 

TO'IKl1 x e X MOmHO TaK no.uo6paTh KOOp.U11HaT~ 
1 2 

X = X, X = y, 3 
X = Z, 

4 
X = t, _ (80) 

'ITO B caMOH TO'IK8 x KBa.upaTl1'IHall cpopMa (79) CTaHeT paBHOA 

ab O O =· o a +·a a + a a - c-
2 a a ,: (~1) g a b 1 1 2 2 3 3 4 4 

r.ue C - CKOpOCTb CBeTa .. KaK 11 B cneu11anhHoA T80p1111 

OTHOCl1TeJihHOCTl1, CKOpOCTh CBeTa C _ HBJilleTCll KOHCTaHT!)H 

10 

,-

l 

'_( 

t 

A 

'11 
r 

i 
j 
1 

JI06atieBCKoro B npocTpaHCTBe CKOpocTeA. TOJihKO B 061UeM cny4ae 

MU .uonmnu roaop11Th Tenepb O npocTpaHCTBe CKOpOCTeA qacT11UU B 

3a,UaHHOA TO"!Ke XE x. 
T8H30p Bp8M8Hl1 B 3HHWT8HHOBCKOH T80pl111 paBHll8TCll 

-2 
eab := - C gab • 

OH conpllmeH C KOMeTp11'I8CKl1M T8H30pOM ycJIOBl18M 
e gsb := _ C-2 0b 

as a 

(82) 

(83) 

Bpyr11M np0113BO,UHUM reoM~Tp11'I8CKl1M 061,eKTOM OT KOM8TpHKl1 

(79) llBJlll8TCll aHTl1Cl1MM8Tpl1"IHUH no BC8M 3HatIKaM T8H30p Cabmn 

061,eMa 

d V = c d Xa /\ d xb /\ d xm /\ d xn 
abmn 

(84) 

nptttieM 
-1 .r----=-

c.1234 := C y - g • •(85) 

r.ue g - onpe.ueJil1T8Jlb MaTp11UU (g ). 
ab 

Tp8Tbl1M np0113B0.UHUM reoMeTp11"18CKl1M o6"heKTOM OT KOMeTp11-

Kl1 (79) llBJill8TCll acpeflHHHall CBll3HOCTb Kp11CTOCflefleJill 

r a = ·_2__ gas ( a g + a g - 8 g ) , ( 86) 
mn 2 , n:i sn n sm s mn 

qepe3 KOTopy~. B CBO~ oqepe,Uh, onpe.ueJill~TCll T8H30p PHMaHa -

Kp11CTOCflefl8Jill · (51), T8H30p P11qq11 (56), a 3aTeM - CKaJillp 

fl1Jib_6epTa 

11 T8H30p 9HHWT8HHa 

ab R 
R=, g . ab 

G 
mn 

= R 1 R 
mn 2 gmn 

nocne.UHl1H BM8CTe C T8H30pOM Maccu 

rpaB11TaU110HHUe ypaBH8H11ll. 

G' = 8 Tl o M 
mn mn 

KOTOpue npeo6pa3y~TCll K B11.UY 

r.ue 

R . = 8 Tl o (M 
mn mn 

1 

2 

M = ...:. c~ gab M 
-ab 

M e ) 
mn 

M 
mn 

(87) 

(88) 

BXO,lll1T B , 

(89) 

(90) 

(91) 

KaK 113B8CTHO; fl1Jib68pT nonyq11n rpaBl1TaU110HHU8 ypaBH8Hl1ll 

(~8) H83aBl1C11MO OT 9AHWT8AHa, B3HB Bap11au11~ 

HHTerpana 

. He 3aBl1CHIUl1H 

fl1Jib6epTa (93) He 

a~= JG o mn-~ v· 
mn g 

Di= J,R d V 

(92) 

(93) 

OT BU6opa KOOp.U11HaTHOA KapTU 11HT~rpan 

co.uepm11T, o.uHaKo, Hl1KaKol1 11HCflOpMau1111 · 06 
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I 

::rnepnrn rpaB11Tau110HHoro IlOJI5!. TT03TOMY 3f!Hll!Tefrn 3aMemrn ero 

Ha Y.llOBJieTBOp5!Dll!l1l1 He06XO.lll1MOMY ycJIOBl1D 

olE=olH ( 94) 

11HTerpan 

IE=JEdV, (95) 

r.ue 
E = mn ( r a r b - r a r s) 

g mb an sa mn 
( 96) 

11HTerpan 3ttHll!Tef!Ha (95) 3aBl1Cl1T OT Bhl6opa KOOp.ll11HaTHOH 

KapThl, qeM, KOHeqHo, HeBhlrO.llHO OTJI11qaeTC5! OT 11HTerpana 

fl1Jib6epTa, HO 3aTO. co.uepJK11T l1HcpopMaU11D 06 3Hepr1111 rpaa11Ta

Ul10HH0ro · non5!. Ha ocHoBe 3Toro 11HTerpana 3i1Hll!Tei1H onpe.ne

n11n TaK Ha3h!BaeMhltt ncea.noTeH3op 3Hepr1111 rpaB11Tau110HHoro 

IlOJI5!, KOTOphltt, KaK 11 nopO.lll1Bllll1H era 11HTerpan, 3aBl1Cl1T 

Bh!6opa KOOp.ll11HaTHOH KapThl, qTo He cornacyeTC5! C era 

Tpe6oBaHl18M cpopMya11poBaTb 3aKOHhl np11p0.llhl H83aBl1Cl1MO 

OT 

)1(8 

OT 

Bhl60pa KOOp.ll11HaT. BOKpyr 3TOro o6cT05!T8JlbCTBa 6onee 

ceMl1.ll8C5!Tl1 JieT Be.ll8TC5! HeyracaDma5! ~11CKYCCl15!. 

BBe.UeHl1e nceB.llOT8H30pa 3Hepr1111 HeJib35! onpaB.na_Th 11 C 

Toqi11 3peHl15! T8H30pHoro aHaJI113a, eCJil1 TOJlbKO He BBeCTl1 

BMeCTe C Hl1M eme O.lll1H 06'b8KT - cpOHOBYD acpcp11HHYD CB5!3HOCTb 
v a ab 
rmn He 3aBl1Cl1MYD OT KOM8Tp11qecKoro T8H30pa g BB8.ll5! 

TaKyD CB5!3HOCTh, 3aMeHl1M 11HTerpaJI 3l1Hll!T8!1Ha (95) Ha 11HTerpaJI 

D = J ~ d V, (97) 

r.ne' 
~ = 9 mn ( p a p b _ , p a p s) 

1 
( 9 8) 

mb an sa mn 

a P a - T8H30p acpcpl1HHOH .uecpopMaU1111, ( 48). Bap11au1151 11HTerpana 
mn • 

(97) np11 cp11KC11poBaHHOl1 cpoHOBOH CB5!3HOCTl1 paBHa 
1 · · · mn o D = J (S - - S g ) . o g d V , 

mn 2 mn 
(99) 

r.ue 

S = R 
mn mn 

.2....(R ·+ R ) 
2 mn nm 

(100) 

S.= ga~.sab . (101) 
( 3.lleCh no.upa3 yMeBaeTC5!;,' qTo cpoHOBa5! CB5!3HOCTb Cl1MMeTp11qHa, 

HO He o65!3aTeJibHO 3KB11acpcp11HHa). TT03TOMY rpaBl1TaU110HHhle ypaB

H8Hl15! ( 89) 11, COOTBeTCTBeHHO, ( 90) 3aMeH5!DTC5! cne.nyDll!11M11: 

.S - .2..... S g = 8 rr 7 M ( 102) 
mn · 2· , mn mn , 

11Jll1, ~TO BC8 paBHO, 

,12 

1/11 

0 '.' <), 
_,/ . 

s 8 mr- (M 1 H e ) = -
mn -mn 2 mn 

(103) 
KaK B11.UHO, OHl1 coxpaH5!DTC5! npH y CJIO B 1111, qTQ 

R + R = o , <104) mn nm 

HO qTo6u Mhl Morn11 B8PHYTbC5! K co6CTBeHHO 3l1Hll!T8HHOBCKOMY 

cnyqaD, . cpOHOBa5! CB5!3HOCTb ~ .llOJIJKHa Y.llOBJI8TBOp5!Tb 6onee 
Cl1JlbHOMY YCJIOBl1D, qeM ycn0B11e (104). Beno B TOM, qTo KaHOHl1-

qecKl1H T8H30p 3Hepr1111 rpaB11TaUl10HHOrd Il0JI5!, 3a.UaBa8Mhll1 

narpaHJKl1aHOM (98), coana.uaeT c ncea.noTeH3opoM 3flH~TettHa np11 

ycnoB·1111, qTQ B Hanepe.n 3a.naHHOH KOOp.lll1HaTH0!1 KaP,Te 
. BhlilOJIH5!eTc5! paBeHCTBO 

r 
mn 

a 
0 ' (105) 

HO Tor.ua 
V a 
R = 0 . 

mnb (106) 
Hao6opoT, 8CJil1 BhlilOJIH5!8TC5! YCJIOBl18 (106), TO Hafl.neTC5! TaKa5! 

KOOp.lll1HaTHa5! KapTa, B KOTOpofl BYilOJIH5!eTC5! paBeHCTBO (105). 

11TaK, pa3Bl1BaeMa5! 3.ll8Cb Teop115! rpaB11Tau1111 C .llBYMH 

acpcp11HHhlMl1 CB5!3HOCT5!Ml1 BKJI~qaeT 3l1Hll!T8!1HOBCKYD Teop11D KaK 

qacTHhlH cnyqai1, KOTOphltt Bhl.ll8JI5!eTC5! ycJIOBl1eM (105). 

Cq11Ta5!,' qTo .U8HCTBl1e l1CToqm1KoB rpaBl1TaU110HHOro IlOJI5! He 

3aBl1C11T OT Bh!6opa cpOHOBOH CB5!3HOCTl1, nonyqaeM paBeHCTBO 

V gsm M = 0 
s mn (107) 

TT03TOMY 113 ypaBHeHl15! (102) nonyqaeM CJl8.llCTBl18 

V. g"m (R + R - gab R g ) = 0. (108) 
s mn : ', nm ab mn . 

11H-repecHo, qTo Jl8BYD qacTb nocne.uHero paBeHCTBa MOJKHO np11-

B8CTl1 K Bl1.lly 

( lj - p ) [ sm ( R +.R ) ] ab R (109) s s g mn nm - g ab 

r.ue 

p = p a (110) s sa 

TT03TOMy, ecn11 cpoHoBa5! CB5!3HOCTb Y.llOBJI8TBOp5!eT YCJIOBl1D 

lj (R + R ).= 0, (111) 
s mn. nm . 

To cornacHo (108) 113 ypaBHeH11H (102) nonyqaeTcH cne.ucTB11e 

CR + R ) <I>m = o , c112) mn , nm 
r.ue 

<I>a = ( lj' ·_ p ) 9 s a = 9 mn p a • 
s s mn 

CJie.UCTBl1e (112) npe.ncTaBJI5!8T 6oJibll!OH 11HTepec B 
(113) 

CB5!311 C· 

.lll1CKycc11efl O rapMOH11qecKl1X KOOp.ll11HaTax, TaK KaK ycno~11e 

rapMOHl1qHOCTl1 MOJKHci 3an11caTb B B11.lle 
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I .. 

~-"} ·~. '> 

<l>a = 0 ◊ (114) 
TI03TOMY BeKTOp <l>a 6y.ueM Ha3UBaTb BeKTOpOM aHrapMOHHqHOCTH .. 

7. B~BOP <l>OHOBOA CBH3HOCTH 
•) 

B cnyqae, Kor.ua HeT rpaBHTaUHH, nonaraeM 
· a v a r = r 

mn mn 
(115) 

3TO ecTb TpHBHanbHOe peweHHe rpaBHTaUHOHHUX ypaBHeHHA (i03)~; 

Jie0CTBHTenbHO, B 3TOM cnyqae BCIOJlY ua MHOroo6pa3HH T,eH30p 
\ 

Maccu .uonzeu paBHHTbCH uyn10, a,cne)lOB~TenbHO, 3TH ypaBHeHHH 

.UOfllKHU npHHHMaTb BH.U 

S = 0 . mn '(116) 

YcnoBHe (115) 03HaqaeT, qTo ¢0HOBaH CBH3HOCTb MOlKeT 

.6UTb npencTaBneHa B BH)le CBH3HOCTH KpHCTO¢¢enH. TaKaH CBH3-

HOCTb HenpeMeHHO )lOfllKHa 6UTb 3KBHa¢¢HHH00. CnenoBaTenbHO, 

ypaBHeHHH (i16) .UOfllKHU npHHHMaTb BHi 

H3flOlKeHHil.H B pa3,Uene 

¢0HOBYIO CBH3HOCTb He 

.60.uy npH HX BU6ope .. 

R = R mn mn (117) 

6 TeopHH Ka•KHX-nH6o HHUX ycnoBHA Ha 

HaKnam,rnaeT H .uonycKaeT 6_o.JlhWYIO CBO-

Bocnonb3yeMCH 3T00 CB06o.uo0 H ycnoBHMCH, qTo B OTCYTCT-

BHe rpaBHTaUHH MeTpHKa npHHHMaeT BHJl 

g d xa d xb = c 2 
d t 2 

- L (3 d xa d x(3 , ( 118) 

r.ue KOMnOHeH;~ La(3 He 3aBHCH,T OT KOOp~HH~Tl,I :i:c
4 

= t H COCTaB

flHIOT MeTpHKY (1). cne.uoBaTenhHO, ¢0HOBYIO CBH3HOCTb nonaraeM 

paBH00 CBH3HOCT_H KpHCTO¢¢enH, 3a,UaBaeMo0 MeTpHKOA ( 118), H 

HaXO.UHM, qTo OHa paBHa 
V (X . (X 
r = L µv µv 

a .. r. = o , 
/.14 

r a= o ,. 
V4 . 

fa=O • 
44 

rv 4 = 0 '. 
liln 

( 119) 

HHTep~CHO, qTO B Hee CKOpOCT~ CBeTa C He BOWnar HeCMOTpH Ha 
''• ' ' . \ 

TO, °'.ITO OHa HBHO BXO)lHT B MeTpHKY (118). TI03TOMY ¢0HOBaH 

I .CBH3HOCTb (119) COBnana C TOA,. KOTopy10 MU yze BU6pan~ 

paHbllie, T. e. co CBH3HOCTblO (46) npH U = canst. 

• COOTBeTCTBeHHO. TeH30p KpHBH3HU ~OHOB00 CBH3HOCTH paBeH 

T~H3op~ (59) npH U = canst, T .. e. 

~4 =O, ~a·=O, ~a =O,~a =O, 
mnb 4nb . m4b mn4 

14 

\ 

11\' 

/. 
Ra = L ·a = 

µv(3 µv(3 
(L o(X -L , o(X) k- 2 • 

µv v v(3 µ (120) 
CBepHyTu0 TeH30p KpHBH3HU ¢0HOB00 CBH3HOCTH paBeH TeH3opy_ 

(61) npH U = ~anst, T. e. 
V -2 U V 

R =-2k L R =0, R = 
/.lV · /.lV 44 /.14 o , R = o 

V4 
(121) 

3aMeqa.Tenb HO, qTo KOB a pHaHTHaH npOH3B0,UHaH TeH30pHoro 

none (120) no ¢0HOB00 1 ciBH3HOCTH (119) paBHa Hyn10: 

~ R = o . < 1·22·) 
s mnb 

no3TOMY aunonHHeTcH ycnoBHe (111), n MU pacnonaraeM cne.ucT-, 
BHeM (112), B .uaHHOM cnyqae 03Haqa10mHM 

L <l>v = 0 (123) µv 
TaK KaK onpe.uenHTenb MaTpHUU (Lµv) He paBeH Hyn10, TO H3 qe-· 

_Tupex ycnOBH0 rapMOHHqHOCTH (114) TpH ycnOBHH 

<l>a = o (124) 

HBflHIOTCH cne.ucTBHHMH rpaBHTaUHOHHUX ypaBHeHHA (10~). 

8. PEWEHHE 3A)IAqH WBAPUWHflb)IA 

B TIPOCTPAHCTBE flOBAqEBCKoro 

By.ueM pewaTb ypaBHeHHH 

R = 0, 4n R m4 = 0, Rµv = - 2 k-
2 

Lµv 
.nonarae 

g d xa d xb = V2 
d t 2 

- F
2 

d p 2 
- H

2 
d Q2 

ab 
r.ue 

d Q
2 = d 0

2 + sin2 
e·ct ~

2 

a ~YHKUHH V, F, H 3aBHCHT TOflbKO OT KOOp.UHHaTU p. 

(125) 

(126) 

(127) 

B TaKOM cnyqae OTflHqHue OT HynH KOMnoHeHTU CBH3HOCTH 

(86) paI!HU 

r 4 = v-1 
41 . 

d V 
d p 

r _4 
14 

r· 1: = F-1 ~ r 1 = 
11 d p ' 22 

r 2 = H-1 dH = r 2, 
12 dp 21 

r 3 = H-1 d H = r 3, 
13 dp 31 

rt = F-2 V d V. 
44 d-p' (128) 

F- 2 H ~ r 1 = r 1 sin2 e 
d p· ' ·33 22 

r 2 = - sin e cos e 
33 

r 3 = ctg e = r 3 

23 32 

B 3THX lKe KOOp.UHHaTaX OTflJ,IqH1,1e OT Hynfl KOMnOHeHTU ~OHOBOH 
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• 
?,,,, "'•-,•' 

f" 

CBH3HOCTl1 paBHhl 

f 1 =. _:: k, sh .2_ ch .2_ 
22, ·.: k k ' t" 1 = t" 1 sin2 e 

33 22 
(129) 

f 2 = k- 1 cth .2_ = f 2 

12 k •21' 

~ 2 • 
i

33 
=-.sine cos e 

f 3 = k-
1 cth .2_ = r, 3, t" 3 = ctg e = t" 3 

13 k 31 23 32 

OTCIDJla HaXOJll1M BeKTOp aHrapMOHl1qHOCTl1 

1 [ 2 p 2 
Cl>l = k F V sh - _d_ .(~) ] 

VF H
2 -k- d p F i 

(130) 
cI>2 = 0 , cI>3 = 0 , ' 

cI>4 = 0 

corJiacHo (124) 113 ypaBHeHl1H (125) cJienyeT paBeHCTBO cI>
1 = O· I 

qTo 3KBl1BaJieHTHO paBeHCTBY 

_d_ (F- 1 V H2
) = F V k sh _?:___e__ (131) 

d p . k 
B naHHOM CJiyqae BCe Hen11aroHaJibHble. KOMnoHeHThl TeH3Opa 

R paBHU HYJIID, a n11aroHaJibHh!e YJlOBJieTBOpHIDT ycJIOBl1ID 
.. mn 

R = R 
33 22 

sin2 e. 
IlO3TOMY 113 ypaBHeHl1H ( 125) OCTaeTCH YJlOBJieTBOp11Th 

(132) 

TOJ!hKO 

CJieJlyIDm11M TpeM ypaBHeHl1HM: 

R44 = 0, 
-2 

R = - 2 sh
2 p (133) Rl 1 = - 2 k , 22 k' 

B naHHOM CJiyqae 11MeeM 
2 

R = F- 1 H- 2 V 
d . (..!!_ ~) 

44, dp F d p 

R = 1 - 1 d ( l_!!_ i!_!!_) (134) 
22 VF dp . F d p 

1 
H (R + V- 2 F2 

R ) = d H 1 d (F V) d 
2

H 

2 dp VF d p -
11 44 

di 

COrJiaCHO (133) 11 (134) noJiyqaeM CJieJlyIDmHe ypaBHeHHH: 

d
2 

H H d H 1 d (F V) (135) -- - -- = dp "'VF'" d p d p2 k2 

d H
2 

d V (136) d p (---)=O, 
F d p 

d ( l_!!_ d H 2 p (137) dp --) = F V ch -k-F d p . 

npemne, 

BeHHO, qTo 

qeM pernaTb 3TH ypaBHeHl1H, 

113 Hl1X cJienyeT ycJIOBHe 

noKameM HenocpencT

rapMOHHqHoCTH (131). 

PaCCMOTp11M KOBap11aHTHYID Jll1BepreHUHID 

V Gb = a Gb - f' s Gb + f' b Gs 
b a b a ba s bs a 

(138) 

16 

l 

TeH3Opa 3l1HWTel1Ha 

Gb = R sb - _!_ R ob. , (139) · 
a as g 2 a 

KOTopaH, KaK 113BeCTHO, paBHa HYJIID. B paccMaTp11BaeMOM cJiyqae 

TeH3Op ( 139) n11aroHaJieH 11 He 3aBl1C11T OT yrJIOB 11 BpeMeHl1. 

IlO3TOMY nepBaH KOMnOHeHTa KOBeKTOpa (138) paBHa 
_d __ Gt + 1 b GI _ 1 t Gt _ 1 2 G2 _ 1 3 G3 _ 1 4 G4 ( 140 ) 
d p 1 bl 1 11 1 21 2 31 3 41 4 ' 

a TaK KaK B paccMaTpl1BaeMOM 

V Gb = _d__ Gt + 2 f' 2 ( Gt 

. 3 2 3 2 
cnyqae r

31 
= r

21 
, G

3 
= G

2 
, To 

b 1 d p t · 21 . t 
_ G2) + 1 4 ( G 1 _ G4) 

2 41 1 4 
(141)' 

Banee, yq11TuiaH H11mecneny~mHe ~opMyJiu JlJIH JlH~~epeHUHpyeMoro 

TeH3Opa 

Gl = A - B, G
2 = - A - C, 

1 2 
rne 

II 

A = H- 1 F- 2 r H - H ( F V) -l 

B = V- 1 F- 1 H- 2 ( V H F- 1 H,) 

C = v-l F- 1 H~2 (H 2 F- 1 V
1

)

1 

H ~OpMynu 

f' 2 = H-1 H 
21 

I 

( F V) 

- H-.2 

' [' 4 -
41 -

G
4

· = - A - B, 
4 

] , 

v-1 V 

JlJIH CBH3HOCTl1, HeTPYJlHO y6eJlHTbCH, qTo KOM6HHaUHH 

(142) 

(143) 

(144) 

V Gb = (A - B)
1 

+ 2 H- 1 H
1 

(2 A - B + C) + 2 V- 1 V A (145). 
b 1 , 

paBHa HYJIID, KaK~BU 6u HH 6UJIH ~YHKU1111 F, ~. v. ECJIH me 3TH 

~YHKUH11 YJlOBJieTBOpHIDT rpaBHTaUHOHHh!M ypaBHeHHHM (.135), ( 136) 
11 (137), TO 

-2 -2 -2 2 p 
A = F . k , B = 2 H sh k C = 0 • (146) 

,noncTaBJIHH,3Tl1 BUpameHHH B (145), noJiyqaeM 

V Gb = 2 k-
2 

H-
2 F- 1 V- 1 [ ( F- 1 V H 2 ) 

1 

- k F V sh .3_E_ 
b 1 k,. ] . 

(147) 
TaK KaK MU JlOKa3aJI~~· qTo (145) paBHHeTCH HYJIIDi TO JlOKa3aJil1 11 

CJieJlCTBl1e (131). 

tJaCTHOe perneHHe CHCTeMU ypaBHeHl1H ( 135), ( 136), ( 137) 

YJlOBJieTBOpHeT ycJIOBl1ID 

F V = C (148) 
r,lle C = const. 

BeHCTBHTeJibHO, H3 ypaBHeHHH (136) CJ!e.llyeT, qTo 

17 , 



H2 ~ = B F ( 14.9_) . d p . 
rne B = const. ·noncTaBnHH cIDna ycnoa11e (148), rrony4aeM 

.E__ ( ~ V2
) = B C H- 2

. ( 150) 
d p 2 • 

.noncTaBnHH ycnoa11e (148) B ()35), rronyqaeM ypaBHeH11e 

d 2 H H = 0 
d p2 k2 

· o6mee pe~eH11e KOToporo 3arr11weM B a11ne 

H =_Pk sh p + p 
-k- ,::, 

(151) 

(152) 

rne p: 11 p - KOHCTaHThl, HHTerp11poBaHHH. 

perneHHe B (150), nonyqaeM 

noncTaBJIHH 3TO 

~ V2 = N - B C P- 2 k- 1 cth p + p 
2 " k 

, ( 153) 

rne N - eme onHa KOHCTaHTa HHTerp11poBaH11H. 

OcTaeTCH paCCMOTpeTh ypaBHeHHe ( 137), HO BMeCTO Hero 

MOmHO paCCMOTpeTh cyMMY 

~ [ (F V)- 1 i!__ ( ~ V2 H2) ] = F V 'ch ~ 
dp dp 2 k 

(154) 

ypaBHeHm1 (136) 11 '(137), 4TO yno6Hee. -noncTaBnHH cIDna 

ycnoa11e (148), rronyqaeM cnenyIDmee ipaBHeH11e: 

d2 

d p2 
( ~ v 2 H2 ) = c

2 
ch ~ 

2 k (155) · 

9To ypaBHeH11e HymHo cornacoaaTh c rrony4eH~hlMl1 aurne pe3ynhTa

TaM11 (152) 11'(153), 113 KOTOpux cnenyeT, 4TO 

.~ V2 H2 = 
2 ;o· 

= [ N P2 k'sh 
" p + p 

-k- -·BC ch p + P _] k sh 
k 

p + p 
-k-

.JlmpcpepeHu11pyH 3TY cpyHKUHID; rronyqaeM ee rrpo113aonHue: 

(156) 

( i_ V2 H2), 2 2 A 2 A 
= N P k sh_ k (p + p) - B, C ch k (p + .p), 

2 

. ( 157) 
, II ;( +i v2 !!2) = 

2 2 A - 1 . . 2 •· . , A 

= 2 H P ch k (p + p) - 2 B C k sh k (p + p). 

CpaBHl1BaH 3TOT pe3ynhTaT c ypaBHeHHeM. ( 155), Haxon11111, 4.TO· 

KOHCTaHThl 11HTerpHpoBaHHH. nonmHhl' ynoaneTBOpHTh cnenyIDUlHM 
. ' . . . 

ycnOBl1_HM: 
18 

t . -
A .. A 

2 N P
2 

ch ~ · 1- 2 B C k- 1 sh ~ 
k · k 

' = C2_ 
A A 

2 N P
2 

sh 2 kp - 2 B C k - l ch 2 p 
~ 

= 0 

OTcIDna Haxon11M 

2 B =Ck sh 2kP 2. N P2 = C
2 

ch 

noncTaBnHH 3TO B (156) ,,::rronyqaeM 
' A 

v
2 

H
2 

= c
2 k 2 sh 

C 

OTcIDna Ha ocHoBe C152) Haxon11M 

p + p 
-k-

A 

A 

sh p - p 
k 

A 

v 2 = c 2 P- 2 sh p - p I sh 
p + p 

k k 
3aTeM Ha OCHOBe (148) Hax_on11M 

A A 

iJ F2 = p?. ··sh p + p 
k I sti p - p 

k 

( 158)· 

A 

2 p 
(159) -k-

.l, ! 

(160) 

• (161) 

(162) 

HHTepecHo rrpoBepl1Th, 4TO ycnOBHe rapMOHl14HOCTl1 (131) 

BhlITOflHHeTCH .. JleACTBHT8flhHO, cornaCHO (148) OHO 03Ha4aeT 

'} 
d 2 · 2 · · dp ( V H ) = : C2 k sh '~ 

k 

·a cornacHo (160)D 
V2 H2·= ~ C2 k2 [ ch 2 kp .. - ch 2 kp ] . 

CnenoBaTenbHO, ycnOBHe (163) BhlDOflHHeTCH. 

(163) 

- ( 164) 

HTaK, MeTpHKY ( 126), ynoaneTBOpHIDUlYID ypaBHeHHHM ( 125), 
Mhl_ HarnnH,B BHne 

C
2 

P-
2 

3 d t 2
, - P

2 
k~. { ==-l d £; 2 + sh2

((; + a) d n 2 }, (165) 

rne 
_ sh((; - a) 

(;=p/k, a•= 
A 

P I k . (166) ~ - sh((;+ a) ' , 
)laneKo, OT HCT04HHKa, . T. e. ITPH 6onhlllHX 3Ha4eHHHX (;, OHa 

nonmna acHMITTOTl14eCKH rrp116n11maThCH K MeTpHKe (118), T04Hee -
. K_ MeTpl:!Ke 

c·
2 

d t 2 
- k

2 
{ d (; 2 + sh2 

(; d n 2 } . (167) 
OTcIDna cnenyeT, 4TO 

-'.::i i'i! 

C = c_, P = exp { - a }-. (168) 
OCTanocb BhlHCHHTh, 4eMy paBeH rrapaMeTp a. Ero Mhl 

HaxonHM H3 Toro ,YCflOBHH, 4TO rrpH 6onhWHX 3Ha4eHHHX € 
_CBH3HOCTb ( 128) nonmHa CTpeMHThCH K CBH3HOCTH ( 46). HHa4e, 

ro~OpH, Bee KOMITOHeHThl CBH3HOCTH ( 128) nonmHU CTpeMHTh CR K 

. KOMITOH8HTaM CIJOHOBOA CBH3HOCTl1 ( 129), KpoMe KOMDOHeHTU f 1 , 
. I 44 

KOTopaH nonmna CTpeMHTbCH He K nynID, a KU, T. e. 
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4 

1 1 • ' -2, r .:_..., u = a M (k sh I;) . .( 169)-
44 , , , -

OTMe,:irn, '!TO CIO.U~ BXO.UHT Ta caMaSI "npHTSI,aTenhHaSI cuna", 0 

KoTopoA nucan no6a'l!eacKHA a 1835 ro.ny [ 2, c.159]. 

3To ycnoaue aunonHHMO! TaK KaK 

-1 , ' -1 , 1 
F F = - H H = 2k [ cth ( € + o:)- - cth ( € - o:)], 

I ,, 

H- 1 H = k- 1 cth ( € + o:), 

H H 
' 2 = k P ~h (€ +.o:) ch(€ - o:), 

1 2 2 V, V = 
2 

k c sh 2 o: / [ k P sh ( € + o:)] . 

tpaBHHBaSI (169) H (170), HaXO.UHM 

TaK KaK 

1 T sh 2 o: = 
a M 

k c 2 

rpaBHTaUHOHHYH pa.nuyc a M 

KOHCTaHTY k, TO npu6nu~eHHO MO~HO nono~HTh 

0: = LI!__ p = 1. 
k c 2 

n H T E P A T Y P A 

-2 
C 

:;z f~ 

,-) 

MH010 

(170) 

(171) 
':I 

MeHhWe 

( 172) 
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Chernikov N .A. P2-92-192 
The Grayity Equations in the Lobachevsky Space 

The gravity equations in the Lobachevsky space are derived. The problem 
of the gravitational field of point mass in the Lobachevsky space is solved. , 
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