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~BEJJ.EH:HE 

Mo,AeJlb O,AHOMepHoro OCU,HJJJISITOpa HHTepecHa He TOJibKO KaK O,AHa HJ nep

BblX MO,AeJleH KBaHTOBOH MeXaHHKH, OHa WHpoKO HCfiOJlbJyeTCSl B COBpeMCHHOH . 

TeOpeTH'leCKOH H MaTeMaTH'leCKOH QJHJHKe. Ilo:nOMy JIIOOOe CO,ACp)KaTeJibHOe 

o6o6uteHHe MOAeiIH KBaHTOBoro ocu,HJJJIS1ropa MO)KeT HMeTb itane1<0 HAYutHe . 

CJJe,ACTBHSl. Ba3HCHblMH OOHSITHSIMH KBaHTOBOro OCU,HJIJISITOpa SIBJISIIOTCSI onepa:

TOpbl J)O)K,Aeemi H.YHH'ITO)KeHHSl. 3TH onepaTOpbl Ae0CTBYIOT B AHCKpeTHOM 

rHJib6epTOBOM DJ)OCTpaHCTBe, 6a3HCHblM BeKropaM KOTOJ)OfO COOTBCTCTBYCT PSI.A 
,\ . . ' ,. . 

HaTypaJibHblX 'IHCeJl (1 ]. · ·. . . . ·. .. . 
B KBaHTOBOH TeopHH nOJIS1HcnoJihJYJOTCS1 ABa Tuna OCU.HJIJIRTOpa·-60JOH-:

Hblii H·q>epMH0HHblH, KBaHTOBaHnoe 6oJouttoe none eCTh 6ecKottetJHOMepHb1H 

. • 0030HHblH, a q>epMHOHHOC D0JIC - q>epMHOHHblH OCU,HJIJISITOP (2 ]. 
J(JISI. 3apSl)KeHHOfO n0JISl onepaTOp. JapSl,Aa · AaCT U,eJJOlJHCJJeHHblH cneKTp, 

. KpaTHblH JapSl,Ay 3JICKTJ)OHa, .T0r,Aa KaK AJISI omicaHHSI 3apS1,Aa KBapKOB Heo6xo;_ 

AHMO JIPH~SITb 3a CAHHHIJ,y JapSl,Aa 0AHY TpeTblO 'laCTb Jap.SI,Aa 3JieKTpoHa HJIH 

Dpe,ADOJIO)KH'fh cyuteCTBOBaHHe HH0fO MaTeMaTHl!eCK0fO q>opMaJIHJMa •. B K3l!C

CTBC TaKoro QJOPMaJIHJMa Mbl BbIABHraeM TaK HaJblBaCM)'IO MO,AeJlb OOJIHJlltHeii

HOfO OCU,HJL/UITOpa '(3-5 ]. B. (4 J 6b1JIH BBe,AeHbl nopo)K,AalOutHe oneparophl, 

CA~HraiouiHe :m]laHHOe COCTOSIHHe Ha HeU,eJIOC 'IHCJJO. TaKHe onepaTOphl pcaJIH-

3YIOTCSl_B DJ)OCTpaHCTBe KOOPAHHaT 11epeJ onepaU,HIO ,AJ)06ttoro AH<t><l>epeHI.\HPO-:

BaHHSl H He HMeJOT Mai-pu11uoro npe,ACTasJieHHSl; B ttaCTOS1uteii pa6oTe Mhl BBO-. . ' . ). . 
AHM nopo)K,AaJOutHe onepaTOphl; ACHCTBYIOill,HC B npocrpaHCTBe paU,HOHaJibHbIX 

KBaHTOBhlX l!Hce.n. OcnoBHaSI ffACSl pa6oTbl cocT0HT s TOM, iiro pau,nottaiihttoMy 

· 'l.HCJJY kl n CTaBHTCSl s cooTBeTCTBHe AHarottaJibHaSl_MaTpHu,a nx n c n-k aynH

MH u k . eAHHHu,aMH. ·a 3TOM npe,ACTaBJieHHH ApooHhle nopo)K,AalOIIJ,He onepaTo

Phl Bblpa)KaJOTCSl MaTpHu,aMH nppSl,AKa n OT 0030HHblX onepaTOpoB J)O)K,AeHH.SJ . 

HJIH yHH'ITO)KeHH». IlpeitnaraeMaR MOACJib HMCeT pll1{3aMel!aTCJibHhIX csoiiCTB. 

<l>aKTOpH3aU,H51 OOJOHHOfO onepaTOpa po)K,AeHHSl Ha ,Apo6Hble nopo)K,AalOill,He 

oneparopbl. npespam.aeT OOJOHHblH ocu,HJJJIRTOP a .OCU.HJJJISITOP c pacmHpeHHO~ 

cynepcuMMeTpHeii. 3TOT .xce <f>opMaJIHJM Mo.xceT 6b1Tb npHMCHCH AJIR nony'le..;• . 

HHSI ypaBHCHHH ABHX<eHHSl tJaCTHU, co cnHHOM. 

1. MOJJ,EJib OCUHJIJISITOPA B IlPOCTPAHC.TBE UEJiblX 

l1 IIOJIYUEJihIX KBAHTOBhIX lJ:HCEJI : 

OnepaTOpbl pokeH~jf a+. H YHHlJTO)KCHltjf a OOJOHHOro 0CU,HJIJISITOpa ~ABH-. . . . . .· . . + 
raJOT KB3HTOBOC lJHCJJO Ha e~HHHU.Y: KaK noKaJaHO B (4 ), onepaTOpbl a •,a B 
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,Ap06HOII CTCfiCHH q C,ABIIr3IOT KBaHTOB0e lJHCJJ0 Haq. IloJihJYRCb onpC,ACJICHHeM 

(Il. l) (CM. npHJIO)KCHHC), fiOJIO)KHM 

al/2=(~i). (1.1) 

KaK BHAHO, onepaTop a I12 ACHCTBYCT B paCCJIOCHH0M npoCTpaHCTBC cpyHKU,HH 

COCTOSIHlUI OOJOHHOJ'O OCU,HJIJISITOpa: 

aI/2<1> = (Ol)('P,1) = (0 l)('Pn-1)· (1.2) 
11 a0 "' n1120 <p r II II 

CpaBHHM 3TY QJOPMYJIY c attanorHtIHOii q>opMynoii HJ (4] (c.7, (13)): 
· I/2 

1/2 ( r(n + 1) ) _ 
a <1>11 = r(n + 1 - 1/2) <1>11-½- (1.3) 

CornaCHO (Il.5) HMCCM CJICAYIOill,CC COOTBCTCTBHC: 

( 
r(n+l) )I/2 (0 1) 

r(n + 1 - 1/2) <h nl/2 0 . 

Pau,HOH3JlbHOC lJHCJIO l /2 COOTBCTCTBYCT BCKTOpy 

q = u2~-;= ( b) · 
IloaTOMY 

(
'Pn-1) <l> I c,,<J> ➔= . . 

11-2 n-q 'Pn 
(1.4) 

EoJoHHbiii ocu,HJIJI.SJTOP coCToHT HJ cyMMhI ,AByx· K0MMyTHpyiom.Hx MOHO;-: 

MOB: + + 1 'I',•. ')7 :J1 1 = a a, Ti2 = aa , H B = i< J11 + ''2). (LS) 

MouoMhl 1\, '1
2 

HMCIOT u,CJIOtIHCJICHHhIC cneKTPhl '.l\ = 
= n, j(2 = n + l,n = 0, 1,2, ... C BBCACHHCM H0B0fO onepaTopa a

112 
IIOSlBJISlCT

CSl B0JMO)KHOCTb IIOCTp0CHHSl Clll,C 0,AH0ro M0H0Ma, KO~MYTHPYIOill,Cro C j(l H 

'12: 
~ = a112a+a112. 

Il03TOMY onepaTOP raMHJibTOHa Mbl onpe,ACJIHM K3K onepaTop, COCTOSllll,HH HJ 

Tpcx CJiaraeMhlX: 

H = ½ (Jl I + j(2 + '13)· (1.6) 

IlpHHHM3Sl BO BHHMaHHC onpe,ACJICHHC (I.I) H HJBCCTH0C COOTHOWCHHC 

[a, a+ ) = 1, npe,AcTaBHM H a CJJCAYIO~eii <f>opMe: 

I
" fj?!,1,.-;r,' .•'. ·· . :::·:7,Y'. 

,v,...,,,,,.,., .... . 3.,, .. ,·_. 
lt).t•·,.,.. '1~-'L;i t, ... ~, · · ·f., ,~:, ·." ., 

1 r::,;.n~ •• ... , .. , "• ? OV'l:;J)lvl-,,.-,; c-i'if'. 
·---~ -~ 



HBO l H _ _!_( -c-10), 
H=( H) +-3HF, F-2 0 l . 0 B 

(l.7) 

' ITepBOe CJiaraeMoe 3TOH CYMMbl CCTh raMH.llhTOHHaH 6030HHOf'O OCU,H.IIJISITO

pa, BTopoe CJiaraeMOC nponopu,nottaJihHO raMHJihTOHHatty cpepMHOHHOro OCU,HJI

JI51TOpa. MttO)KIITeJih nepe,!\ HF B (I. 7) HC 003BOJI51CT H,!\CHTHcpnu,npoBaTh H C 

raMHJihTOHHaHOM cyrrepcnMMCTpH4HOf'O OCU,H.IIJI51TOpa. 0,1\ttaKo, CCJIII orrpC,llC

JIHTh raMHJihTOHHaH, paBHblH MOHOMY '13, CJICJlYIOIIJ,HM o6pa30M: 

'h I/2 + I/2 
H SUSY = Jl3 = a a a ' (l.8) 

TO HCTPYJlHO npoaepuTh, 4TO OHCOBna,llaCT C cynepCHMMCTp114HhIM raMHJihTO

HJiaHOM OCU.HJIJI~TOpa '[9 ]. 04CBH.l\HO, C TCM )KC ycrrexoM Mhl MO)KCM IlOJIO)KHTh 

HSUSY ~ (a+)l/2a(a+)ll2; (l.9) 

3TO npttBe,llCT JIHillh K H3MCHCHHIO 3HaKa nepc,ll HF. PacKphIBa51 onepaTop B KO

Op,llHHaTHOM npocTpaHCTBC, IlOJIY4HM 

I 2 .' , 2 
Hsusy=}_(P +x) ±Sz, (I.IO) 

r,!\e Sz = ½ az - oneparnp cnnHa I /2. 

2. MO.LI:EJib OC~HJIJLSITOPA 

B ITPOCTPAHCTBE PAIJ,HOHAJibHblX KBAHTOBblX q11CEJI 

KaK IlOKa3aHO B_ [4 ], onepaTOpbl (a +)q, aq, rAC q < 1; CABHraIOT KBaHTOBOe 

4HCJIO Ha. q. ITpaBHJia ,lleHCTBH.11. 3THX onepaTOpOB Ha COCT051HHe C HeU,CJihIM 

KBaHTOBblM 4HCJIOM orrpe,lle:'J5IIOTC51 cpopMyJiar.rn: ' 
. 1/2 

q _ ( r(p + I) ) . , 
a <l>P - r(p + I ...:. q) <i<l?p-q' (2.1) 

+ q' ·_ r(p + q + 1) ·. '. · · ( . , . ·;·, ')' 1/2 

(a ) <l>P T r(p+ I), <l>p+i-/ , (2.2) 

3,lleCh nopo~alOIIJ,He onepaTOpbI B AP06ttoii CTeneHH onpe,llCJieHhl C OOMOIIJ,hlO 

onepau,nn ,!\po6Iioro ,llHcpcpepettu,npoaattn'si: ' 

aq ~ i-?12
exp (-x2

/2) ~-q exp (x2/2), 

(a+/= 2-q/2exp (x2/2) 5Jl exp (-x2/2). (2.3) 

BttCIIIH5151 cpOpMa 3THX cpOpMyJI npeTepneBaCT Cylll,CCTBCHHOC H3MCHCHHe, 

eCJIH IlOJih30BaTbC51 MaTpH4HblM npC,!\CTaBJieHHCM CTCneHHOH cpyHKU,HH 01' pa"

U,HOHaJibHOro IlOKa3aTeJI51. 0,llHaKO cpopMyJibl (2.l) - (2;3) HaXO,l(51TCSI B COOT-

4 
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.,. 

BCTCTBHH C MaTpH4HOH cpOPMYJIHpoBKOH. flycTh N - npoH3B0JibHOC HaTypaJih

HOC 4IICJIO. OnpCACJIIIM a11
N KaK MaTpnu,y BH,lla (fl.I) 

( I/ N) - q,O 2 4 a ii - a ' i,j+ I, ( . ) 

rAC q. = 0 AJUI i <Nu qN = l. OnpCACJIHM aeKTOP <I> ., i = 1,2, ••• , N, ace 
I nd 

KOMDOHCHTbl KOTOporo paBHbl 'f'n; ('Pu 

<I> = 
n 

I . 
'{' II 

Tor.Ila I 0 ' If "•H I O ... 0 rp
11 

0 0 I ... 0 
1/N<I> = I a II 

11 I. (2.5) 

0 00 ... I 

n I12 00 ... 0,. rp 
II 

3Ta cpopMyJia corJiacyeTCSI c (2.1). 6oJICC TOf'O, Mbl HMCCM CJie,llyIOIIJ,CC on-

pe,llCJICHUe: 

<l>n-1/N = 

'f',,_, 

'Pn 

'Pn 

(2.6) 

SlcHo, KaK OHO o6o6IIJ,aCTC51 Ha CJiy4att pau,uoHaJihHOro 4HCJia n - kl N, k < N: 

'P11-I 

J 
k 

<I> - 'P11-I 
n-k!N - I 'P,, 

(2.7) 

I ~N-k 

'P,, 
\ 
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BBOJl51 onepaTop a11N, Mbl MO)KCM onpe]lCJIHTh nOMHMO JI I = a+ a H 

j{ N+ I = aa + Clll,C MOHOMbl BHAa 

""' kl N + I -kl N I I J'k+l = a a a , k = . , ... ,N - , (2.8) 

KOMMYTHPYJOllJ.HCC '1i" j{N+t· 

TTpn 3TOM MOHOMbl j{I " ~+ I onpe]lCJl51JOT raMHJlhTOHHaH 6o30HHOro oc

U,HJIJl51TOpa (1.5), a cyMMa MOHOMOB H3 (2.8) npttBOJlHT K MO]lCJIII OCU,HJIJl51TOPa 

c pacurnpettttou cynepcnMMeTpneu: 
· N-1 

I " kl N + I -kl N 
H SUSY= N - 1 L., a a a . 

k=l 

(2.9) 

TToC./IC HCCJIO)KHbIX npeo6pa30Baiinu npaBa51 4aCTh (2.9) MO)KCT 6bITh npe.n.cTaB

JICHa KaK cyMr._ta JlBYX onepaTOpoB: 

Hsusy=·HB+Hp(s)/(N- l), (2.10) 

H / s) - .n.narottaJJhtta51 MaTpnu,a NxN c 3JJCMCHTaMtt, paBHhlMH 2s + I, r.n.c 

JlJl51 HC4CTHblX N s = 0, ±1, ±2, ... (N - 1)/2 " JlJl51 'lCTHhlX N 
s = ± l/2, ±3/2, ... , N /2. CJJe.n.oeaTCJihHO, H / s) coena.n.aeT c z-KOMnotteHTOH 

onepaTopa cnntta s: 
1:./s) = Sz. (2.11) 

3. YPABHEHJ.1E lllPE1I.J.1HfEPA 

C PAClllJ.1PEHHOi1 CYTTEPCJ.1MMETPJ.1Ei1 

qTo6bl nptt]l3Th ypaBHCHHJO lllpe.n.nttrepa cynepcttMMCTpttllHblH BHJl, tteo6-

XOJlHMO BblJlCJIHTh HOpMttpOBaHHYJO BOJIHOBYJO cpyttKU,HJO OCHOBHOro COCT051HH51 

(9,10 ): 
lJl

0 
= exp (- U(x)/2). 

3tta51 cpyHKU,HJO U( x), MO)KHO nocTpOHTh rettepaTOpbl 

Q = p - iU'(x)/2, Q = p + iU'(x)/2. 

J.1cnOJJh3Y51 COOTHOIIICHH51 

{ - +} I + -a , a = , (a , a I = az 

n onpe.n.eJJettnc 

H = ½ (QQ + QQ), 

H3XOJlHM cynepCHMMCTptt4HblH raMHJlhTOHHaH B CJICJlYJOllJ.CM BH]lC: 

6. 

(3.1) 

(3.2) 

I 

~~') 
I, 
'~,! 

t 

' 

.• ~ 
y 

1 ( 2 U'
2(x)) U"(x) · H=- 11 +-- +--S 2 2 2 z' 

BBCJlCM JlJl51 KpaTKOCTH o6o3tta'lCHUe 

P_ = p + iU'(x)/2, 
+ 

ii npco6pa3yeM (3.3) K eu.n.y 
1 H = _ pll2p pl/2 
2 - + - ' 

r.n.e P~'-r ~)· 

1 
Sz = 2az' 

. . . 112 
3aMCTIIM, 4TO p ± MO)KHO ~PCJlCTaBHTh no aHaJJOrttH C (2.3) B BHJlC 

p~2 = _ ilJIJI :IJ ll2q,~ 1 . 

(3.3). 

(3.4) 

(3.5) 

TTpe.n.cTaBJICHHe cyncpCUMMCTpU4HOro raMHJlbTOHHaHa B BHJlC (3.4)' UMCCT ec

TCCTBCHHOe o6o6u.teHHC ua c./Iy'latt .n.pyrnx pa~UOHaJihHblX CTenetteu. Ilpo~OJI

)1(351 JIO~HKY npCJlhIJlYllJ.Cro pa3,l\eJia '' B o6lll,eM c./Iylfae onpe,l\CJIUM raMHJihTO~ 

uuau KaK TT0JIUH0M BH,l\a 
N-l 

H = 1 " pklNp pl-klN 
· 2(N - 1) L., · - · · + - . 

k=l 
· (3.6) 

PacKpoeM 3T0T oneparop c y'leToM onpe]leJJeiiu51 (TT.I). IIOC/Ie Hec./I0)KHhlX npe-

06pa3oaanuu noJJy4nM 

1 2 U'2(x) U"(x) 
H = 2 (P + 2 ) + 2(N - l) Sz, <3.7> 

3JlCCh S - ;:\ttaroHaJihHhllf CilUHOBhIH onepaTop ]lJI51 cnutta s, KOTOphlii paBeH z . . . . . 
( N ..::. 1) /2 ,l\JJ51 ue4eTuoro N u s = N /2 JlJl51 'leTuoro N. TaKuM o6pa30M, c 

Il0M0lll,hJO onpe]leJJCHH51 (3.6) Mhl paCIIIUpUJIU (3.3) Ha cJiy'laH 6oJiee BhlC0KHX . 

3Ha'leuuu cnutta. 

8 33KJIJ04CHHC 3TOro pa3]leJia npuBCJlCM Clll,C OJlHO B03MO)KH0e npHMCHCHUe 

cpopMyJibl (TT. I). Mhl y6e]luJJuch B TOM, 'ITO o6o6llJ.euue (3.4) na CJiylfan AJ)yrnx 

JlPo6HhlX IlOKa3aTeJieii npHBeJIO K 3aMeHe B (3.3) oneparopa CilHHa s -~ 1/2 Ha 

s > 1/2. 3roT cnoco6 MO)KCT 6b1Th npuMeueu J:\JJ~ noJiylfeHH51 ypaaueHu51 ~JI51 

lJaCTHU. co CUHHOM s > 1/2. TTpOCTOThl pa,l\H Mhl orpaHHlJUMC51 HepeJI~THBHCT-

.CKHM ]lByMepHhlM c./IY'laeM. O6o3Ha'lU~ . 

:re+= p ± ip. 
- X. y 

3anuIIIeM raMUJibTOHUaH lllpe]lHHrepa . 

H = ! (p2 + 2) · 2 x Py 

7 



BBime 1 
H(s = J) = _!_n112n nl/2 

2 - + -

B npncyTCTBHH 3JieKTpoMarHHTHOro IlOJIR: 

e 
pk= pk - C Ak' k = x, y. 

ECJin pacKphITh (3.8) noCJie 3aMCHhI (3. 9), noJiy1111M 

I 
H( s = 2) = H + µ2S z J{ z' 

(3.8) 

(3.9). 

(3.10) 

4TO COBITaAaeT C onepaTOpoM faMHJlbTOHa AJIR 43CTHU,bl co CilHHOM s = I 12 . 
IlpeACTaBJICHHe (3.8) ua CJiy11au s ~ I 12 HMeeT 011eBHAHOe o6o6w_eune. Ilo 

auanomn c (3.6) 3annmeM 
N-I 

1 1 
H(s ~2) = (2N- I) . L n".!_Nn+n~-klN, 

k=I 

3AfCb, KaK H B (2.4) DOA CHMBOJI0M n1_! N IlOApa3yMCBaeTCR MaTpnu,a (NXN) BH

Aa 

(nl/N) .. = nq;o. ·+i 
- I/ - 1,/ 

qi = 0 AJIR i < NH q N = l. PacKphlBaR npaByIO 11aCTb (3.11), nony1111M 

H(s) = H + µ .r;: J{ , o lv'z z 

rAC 
. en eA 

µN = mc(N - 1) = 2smc 

- COOTBeTCTBYeT BeJJH4HHe ritpoMarHHTHOro OTHOlllCHHR, S - AHaroHaJibHaR . % . 

KOMil0HeHTa onepaTopa CilHHa s. 

ITPl1JIO)KEHl1E 

MaTpH11Hoe npeACTaBJieHite cTeneuuou qiyHKU.HH OT pau,noHaJI&uoro 

noKa3aTeJJR. Onepau,uR Apo6Horo AH<ti<l:iepeuu,npoBaHHR 

KaK noKa3aHo B [7,8 ], M0H0M k-u CTeneun P(x) = xk M0)KeT 6hITh npeA

CTaBJICH KaK n-R CTenCHb (n > k) MaTpHU,bl (nxn): 
A 

(X)ij = XqiOi,j+l' (fl.I) 

rAe q;, i = l, ... ,n, - KOMnoueHTbl BeKTopa q(t,.~:d ~). TaKHM o6pa3oM, 

X 11 = xkl, rAe / - e,AHHH4HaR MaTpnu,a. C Apyrou CTopoub1,(Xk/n)11 = xk. Cne-

8 
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AOBaTCJJbH0, MaTpuu,a X 3ACCb BbinOJIHHCT cpyHKU,HIO xk111 , UJIH, APYrHMH CJIO

BaMu, AaCT MaTpH4HOC npC)lCTaBJICHllC MOHOMa B pau,uoHaJJbHOH CTCDCHH. Cy.: 

w_ecrnycT O)]H03Ha4uoe cooTBCTCTB11e Me)l(Ay BCKTopoM qu 411CJI0M kl n . .lJ.eucT

BttTeJihH0, e n-H4H0M nC4HCJicuuu e cooTBCTCTBYIOW.CM pa3pRAe 4HCJio kl n co

CTOHT H3 k C)]HHHU. n n - k ttyJieii. B 3T0M npe,ACTaBJICmm xq; ecT& BCKTop c 
r 11-k . ,.../L..... 

(·~ y Q . .I. 
K0Mil0HCHTa/1-m X , ••• ,x ,x, ... ,x. MHO)KaH X , Ha u. ·+I, Il0JIY4HM MaTpnu,y 

A """°' I,) . . 

(X) .. = (xq) .. = xq;o. ·+ 1. TaKnM o6pa3oM, ncpexo)l OT pau,uottaJI&Hoii cTenett-,, I/ 1,/ A 

HOlt cpyHKU,HH . ./
1" K MaTpuu,e XQ CCTb CJIC)]CTBHC npCACTaBJICHlrn 1111pia 

q = kl n KaK BCKTopa q. B paeuoii cTcncuu Mhl 6yAeM noJI&3oBaThCR H npeA

craencuncM 4HCJia kl n )lttarottaJihHOH MaTpnu,cii 
A . 

(q);i = q'oii. m.2> 
Tcncpb Mb! M0)KCM ncpconpCJWJIHTb <pyHKU,HH H onepaT0phI, TCCHO CBR3aH

HhlC co CTem!HH0it cpyHKU,Hcit C /lp06HhlM noKa3aTCJICM. B Ka4CCTBC nepB0ro 

npnMcpa paccMoTpHM raMMa-cpynKu,mo OT p = m + kl n. B OOhl4HOM onpeACJJC-
mrn 3Ta cpyHKU,HR CCTb 00 

f(p) = f e-11 Pdt. (Il.3) 
0 

OnpC)lCJIHR f KaK MaTpuu,y . 

( p) - Ill Q.0 
. t ij - t t ' i ,j + I • 

IlOJIY4HM 
A 

(f(m + q))ij = (m + q/oi,j~I' (Il.4) 

Ilp1tBC)lCM cm.c ABa IlOCJICAHIIX CO0THOWCHIISI: 

( 
f(p + I) ) - q. 

f(p+ 1-q) ij-m'.oi,j+I' (Il.5) 

(
f(p + q + I)) - Q. . 

f(p + 1) ij - (m + I) I oi,j+I' m.6> 

. TaKnM )KC cnoco6oM Mb1 nepconpcACJIHCM oncparnp Apo6ttoro AH<pcpepcu
u,upoBanuH. Oncparnpy 1)kh,(:D = ill iJx) coorncTcrnycT MaTpnu,a 

('.D q)ij = '.{)Q; oi,j+I' m.1> 
l1HTepectto cpaBHHTl, pc3yJihTaThl )lciteTBHH MaTpH4HOro )]H<pcpcpcttll,Hpoeamrn 

c Ta6m1u,ci1 APOOHhlX npott3B0)]Hblx )]JIH HCKOTOp1>1x 3JICMCHTaptthIX cpyttKu,uii 
(CM., ttanp., I 6 I): 

n 
(j) q sin x),] = sin (x + q/2) <\i+ 

1
, 

9 



n 
cJ) q cos x)ii = cos (x + qi 2) <\i+I' 

( Tflix) .. = abx(P lnx/; o. ·+1· 
. V IJ 

TTpuse,!l.eM eme OAHY noJieJHYIO <POPMYJIY 
g}q+m(xZ) = X :I)q+mz + (q + m) :I)q+m-lz. (TT.8) 

.D.po6ttoe HHTCrpupoBaHHC CCTCCTBCHHO onpC,!1.CJIHTb KaK oncpau.nio, o6paTHYIO 

(TT. 7) . 11MCCM 
:n-q O - ( g)-Q) 

I j+ l,j - ij' 

-1 . 0 :D = f .. . dx, :D = l. . (TT.9) 
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,.sIMa.ncea P.M. P2-92-117 
KaaHTOBaSI MO.l{CJJb OCU,HJlJlSITOpa 
B npocTpaHCTBe paU,140HaJibHhIX KBaHTOBblX l{HCCJJ 

. Ope.ll.Jlo)Kcna KBaHToaasi MO.Ile.lib ocu,HJIJJSITOpa c nopo)K.llat0mHMH one pa TO-
, . -. . . ' '- ' 

paMH' C,ABHfa.lOJ.UHMH KBaHTOBOC 'IHCJIO aa,AaHHOro COCTOSIHHSI Ha paU,HOHaJJbHOe 
'!HCJJO q =· kin. IloKaaauo, '!TO npH q = l/2 nOJiyqacrcSI H3BeCTHaSI MO.lle.llh 
cyncpcHMMeTpit4ttoro ocu,HJJJJstTopa, a npn q < I /2 ~ MO.llCJlh ocu.HJJJJstropa c 
pacw11peHHOH cynepcHMMCTPHCH, 11.aHbl perymipuwe . CQOCOObl OOJIY'lCHJUI 

, • ypaanennsi .llBH)KeHHSI 'laCTHU. c BblCWHMH cnnuaMH H ypaeuettHSI KBaHTOB0H 
'MexaHHKH C pacwnpeHH0H cynepcnr.«Merpneu. Onpe,ACJJeHhl oneparopbl .llHq>
<t>epeHU,HpoBaHHSI H HHTCrpitpoaaHHSI B_ paU.HOHaJJbHOH KpaTHOCTH, 

Pa6ora a1>1nOJiueua B JI~6oparop11n ~bl'IHCJIHTCJl&Hoit rexttHKH H aeroMa-
THaau,1rn 0115111. · · · 

Coo6ute1me 00h'eJ\11HellllOl'O HIICnrryra ll)lepnblX HCCJIC.ll0113IIHH, Jly(i11a J 992 ·. 

OepesoA asTOpa 

Yamalecv R.M. 
Quantum Model of Oscillator in the Space· 
of Rational Quantum Numbers · 

P2-92-l l 7 

A quantum model of an oscillator with generators capable to exchange the 
quantum number of the given state on the rational value q :::; kin is suggested.It 
is proved, in the case q =. l /2 the inodel coincides with the known model of a -
su})ersymmetric oscillator and for q < 1/2 one gives the model of an oscillator 
with extended supersymmetry. The regular methods of receipt of the equations 
of motion for higher spin particles and quantum mechanics equations with 
extended supcrsymmetry arc given. The rational degree of differential and 
integral operators. is defined. . · · 

· The investigation has been performed at th~ .Laboratory of Computing 
Techniques and Atitomation, JINR. · · 
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