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3.u.ecJ. nocTpoeua CTaTHCTB'IecKaJI uo.u.enJ. ccllepaqecKoro 
UBpa ~pB,D.MaHa, reoMeTpB'IeCKBe CBOHCTBa kOTOpOrO on
pe.u.enJIIOTCJI ueiTpBHHWM ra3ou. Auanoraqua.a 3a.u.aqa .u.n.a 
ra3a 6e3uaccoawx cKan.apuwx qacTHll 6wna peweua B ua
wei pa6oTe ' ' 

OnepaTop ueiTpauuoro non.a 'I' DO.U.'IHH.ReTC.R ypaaueHHIO 

~apaKa 
I' 

II 'I' 1, = 0, 
I' 

r.u.e II - ua T panw: 

(" 0 0-1) (" II I II) II o = 0 0 I 0 u' = 0 0 () -1 
0 -1 0 0 I 0 0 0 
I 0 0 0 0 -f 0 0 

c 0 i 0) n 
0 0 

;, ) 112= 0 0 0 i ll:l = 0 

-i 0 0 0 0 0 

0 -i 0 0 , 0 0 0 I 

'I' 
1 

,. 
1 

'I' ~1 1 . 'I' - KoaapaauTnwe npoa3ao.u.uwe B opToro-
uanJ.HOM 6a3Bce (' 1, • 

1 a I; 
U I' ~ (JJ a fj r, II . II . 

,., a{")r- k034IciiBIUieHTial CBJI3HOCTB B OpTOFOHaHJ.BOM 6a3BCe. 
Teu3op 3Bepraa-aunynLca ueiTpauuoro nonJI B opTo

rouanLBOM 6a3BCe paBBJieTCJI 
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Conp.lllKeHHblii cnBHOP llJ fiO~'IBHJieTCJI conp~eHHOMY 

ypaaHeHBID~BpaKa: 
WHv=O. 

v 
B pa6oTe /2/ ~oKa3aHa KoHcllopMHaJI HHaapBaHTHOCTJ. 

fiOBe~eHBJI HeiiTpBHO, 03H&'I&ID~aJI, 'ITO HeiiTpHHO Be~eT 
ce6.11 O~BH&KOBO B ~BYX MBpax, H&XO~JIUUIXCJI B KOHcllOpMHOM 

COOTBeTCTBHB ds·' 2= 8 2ds 2.3~eCJ. ds 2a ds '2- Me.TpH'IeCKBe 

cllopMbl· ~ayx rMBpoa. 8.- cKan.llpHa.ll cllYHKUBJI. B 'I&CTHOCTB, 

eCJIB ds 2 ,. CT&TH'IeCKaJI MeTpBKa, TO B JIID60M MBpe C 

MeTpBKOB ds' 2 = fl 2ds 2 HeiiTpBHO He po~aiDTCJI B He 

yHH'ITOlK&IDTCJI. OcHoBaHBeM ~· TaKoro 3&KJIID'IeHB.JI JIB· 

JIJIIDTCJI TPB TeopeMbl, ~oKa·3aHHble B /'2/, llepaa.il roaopaT 

0 TOM, 'ITO onepaTOp 1fJ' HeiiTpBHHOrO flOJIJI B MBpe C MeT

pBKOB ds'~aBH.IIeTCJI 

3 
IJI<= B-2w 

' 
/2/ 

r~e 'I' - onepaTop HeiiTpBHHoro non.11 a Mape c MeTpHKoii 
·) . 

ds-. BTopa.ll TeopeMa CBB~eTeJIJ.CTByeT 0 TOM, 'ITO TeH30p 

T ~v, nocTpoeHHblii B3 IJI' TaK lKe, K&K 'ftv 83 \jl , paBH.IIeTCJI 

T' = 8-4 T /3/ 
f.LV /lV 

HaKOHeiJ;, B CBJIY TpeTJ.eii TeopeMbl ~.II BCeX MBpOB, Haxo

~JI~BXCJI B KOHcllOPMHOM COOTBeTCTBBH CO CT&TB'IeCKBM 

MHpOM, C~eCTByeT O~BH H TOT lKe opepaTOp 3HeprBB 

H '= H. HHlKe . OH 6y~eT BblnacaH ~· BHTepecyro~ero Hac 

cnyqaJI ccllepH'IecKoro MBpa cl>pH~MaHa. 
CcllepaqecKHii MBP cl>pH~MaHa HMeeT MeTpHKy 

ds' 2= r2B 2(8) (-dO 2+ sin 2(d~2+ cos2(dry2 + d( 2), 

r~e r - HeKOTOpa.ll KOHCT&HT&, BMeiD~&JI CMbiCJI pa~Byca 

MBpa; ~, 1], ( - 6accllepB'IeCKBe KOOp~BH&Tbl, H3MeHJIIDIJUie• 

c.11 a npe~enax: 

0 <' < .!!. 
- - 2 0 ~ ,. ~ 217 ' . 0 ~ 1] ~,217. 
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.,. 

r~e 

YnoM.IIHYTJ.Iii BbiWe onepaTop 3HeprBB paBH.IIeTc.ll 

H = r 3 f T 0 0 dO = ih cr 2 f 'Jlll 0 ~~~ dn , 

dO =sin( cos( d~d17 d(. 

/4/ 

MeTpBKa cl»pB~MaHa ~oiDKHa no~'IBHJITLCJI ypaaHeHBID 

3iiHWTeiiHa: 

p , I R , 877y T, 
' t.).-- 17 r..; = - -- <: ,. : >' 

a 1-' 2 at-' c 4 af; 
/5/ 

r~e<: T~/:3:>. TeH30P 3Hepraa-aMnyn~oca HeiiTpHHHoro ra3a, 

paBHbiB CT&TBCTB'IeCKOMY cpe~eMy TeH30pa 3HeprHB· 

HMfiYJIJ.Ca fiOJIJI. ~BOeTO'IBJI 03H&'I&IDT HOpMaJihHble npOB3-

ae~eHBJI onepaTopoa po~eHBJI B yHH'ITOlKeHBJI qacTBIJ;. 

~JIJI nro6oro onepaTopa A cTaTBCTH'IecKoe cpe~Hee 
paBHJieTCJI , 3( 

H -11N 

kt 
SpAe 

<A> -----
-~~ 

Spe kt 

r~e H - raMBJILTOHBaH, paBHblii /4/, fl. - XBMB'IeCKBii no

TeHu;Ban, k - nocTOJIHHaJI lion~~tnMaHa, t - rno6aJILHa.ll TeM

nepaTypa ra3a. lloKaJILHa.ll TeMnepaTypa ra3a paBH.IIeTCJI 

t .~OK. 
t --. 0 JIOK&JILHOB B rno6aJILHOB TeMnepaTypaX 

8(0) 

cM/4/. 

B CBJIY ypaBHeHBJI ~BpaKa CJie~ TeH30pa 3HeprBB-BM • 

nyJILCa /1/ paBHJieTCJI HyJIID. fio:noMy Ha OCHOBaHHB ypaa· 

HeHHB 3iiHWTeiHa /5/ CKaJI.IIpH&JI KPBBB3Ha R 'TOlKe ~OJI)I(Ha 
paBHJITLCJI HYJIID. ECJIB ~Ba MBpa H&XO~JITCJI B KOHclK>PMHOM 

COOTBeTCTBHB, TO BX CK&JI.IIpHble KPBBB3Hbl CBJI3&Hbl COOT

HOWeHBeM B 3 R ' = BR + 6 o B • H3 3Toro paaeHcTaa cne-
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.D.YeT cnoco6 uaxo~eHBJI TaKoi ueTpBKB, .D.JIJI-·KoTopoi CKa
JIJipHaJI KPBBB3Ha R '= 0 .A BMeHHO, BW6BpaeM npOB3BOJI&HYJO 
ueTpBKY ds2a pewae:M ypaaueuae 

R oB+ -B =0. 
6 

HcKouoii MeTpBKoii 6y,D,eT MeTpBKa ds' 2= B 2ds 2 • HuTepecuo 
OTMeTBT&, qyo ypaaHeHBe ,D,JIJI B COBDa,D,aeT C KOH~Op:MHO 
auaapaauTHWM ypaaueuaeu .D.JIJI cKanJipuoro noJIJI. B pac
cuaTpaaaeuou cnyqae peweuaeu 3Toro ypaaueuaJI JIBJIJI
eTCJI B =cosO. 

TaKBM 26pa3ou, TeHJop 3Hepraa-aunyn&ca ueiiTpBH
uoro nonJI a cTaTaqecKoM uape paauJieTcJI, cornacuo /3/, 

T = cos 4e T' 
JW JlV 

Hl ypaaueuaii /5/, aueeu ycnoBBJI, uaKna,D,waaeuwe ua 
TeHJop 3Hepraa-aunyn&ca ueiiTpauuoro raJa B cTaTaqec
KOM MBpe 

<:Too=> 
3c 4 

2 
r 8rry 

<: Ta(J : > 0, npa u I= p , 

' c 4 
< : T II : > = < : T 2 2 : > = < : 1 3 3 : > = ---

2 r 8rry 

/6/ 

Hao6opoT, rips 3TBX ycnoaBJIX ypaaueua~ 3iiuwTeiiua Y.D.OB
neTaopJIIOTcJi. Hau ocTanoc&, cne.D.OBaTeJI&uo, npoaepBT&, 
qyo TeHJop 3Hepraa-aw:nyn&c~, nocTpoeuuwii B3 onepaTopa 
DOiiJI 11' , B CTaTaqecKOM MBpe Y.D.OBJieTBOpJieT 3TBM ycno
BBJIM. 

B pa6oTe /S/ nonyqeuo peweuae ypaaueHBJI )J;apaKa 
B · w:ape .D.e CBTTepa B 6a3ace dx DJITBMepuor.o ncea,D,o
eBKJIB.D.OBa npocTpaucTaa. Map .D.e CaTTepa "Baxo.D.BTcJI 
B KOH~Op:MHOM COOTBtnCTBBB CO CTaTaqecKBM C~epH"'eCKBM 

MBPOM 

6_-

l . 
c B = --Jl03T.OMY' 

cosO 
uaii.D.JI peweuae ypaaHeHBJI' 

I 

-~ 
~ 

)J;BpaKa B 6a3BCe f MBpa ,D,e CBTTepa C DOMOUU.IO yKa3aH
HOB a/6

/ MaTpB~hl S, Mhl C DOMOIQ&JO /2/ Haii,D,eM peweHBe 
ypaaueuaJI )J;apaKa a 6a3ace f CTaTaqecKoro c~epaqecKo
ro MBpa. fiO.D. 6a3BCOM f DOHBMaeTCJI 6a3BC: 

r.D.e 

npa 

f a == I rdO, r sin( dcf, r cos(; dT] , rd( I . 

Peweuae ypaaueHBJI )J;apaKa ecT& 

oo I I I* I s+- s+- · s+- s+-
IJI = ! ! lA 2u 2+ r: 2 v _ 2 I, 

s=--oo m,n mn ·- mn mn mn 

s+! 
u 2 

mn 

x l ( z
2 

+ 

-i(s+l)(} i(m+nll; i(n-n)1/ 
2 e x e e 

2rrr3/2 

·' 0 i z 
1 

) e-
1

y( ~ ) ·' I-

-t-(z1+iz2)e 
2 

0 
( o) I 

0 
0 I 

s == p + 1, \m\ < __t_:l- I 
2 

\nj<X, p=0,1,2, ... ; 
2 

J p+l ~ p+l p + 2 -2 - . p + 2 --2-
z 1 = ---nP 

1
(cos2(};z 2 =\--+nP 1 (cos2Q; 

2 -m n -- 2 -m n + -

I s-t--
U 2 

mn 

' 2 ' 2 

l i(s-t-.!)(J.( )t:'( ) 
----e 2 ei m+n sci m-n T/ , 
2rrr 3/2 

-~ 0 
I-

,1; -1 
-I- 0 

x [ ( z 4 - iz 3 ) e 2 ( 0 ) + (iz4-z3)e 2 ( 6 ) 1 

0 0 

npa 

s =-p-2, \m\::: ~· \n.\ ,/ p + 1 
'-2- p=0,1,2, ... 
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p+l p+l 

J n + 2 -2- rp + 2 -2--
z = .c_;__+mP 1 (cos2~);z =y..l:.. -mP 1 (cos~); 3 2 -nm+- 4 2 -nm--

' 2 ' 2 
l I 

s+- -s--
v 2 ( 0, ,; , Tf, 0 = iH 

0 
u 2 (- 0, (, 11, ~) • 

mn nm 

l.fHCJia m, n H3MeHJIIOTCJI B yKa3aHHWX npe.IJ.eJiaX C e.IJ.H
HH'IHWM HHTepsanoM. IIpoH3Be.IJ.JI xsaHTOBaHHe cornacaol 4/, 
nonyqaeM CJie.IJ.YIOUUie KOMMyTal{HOHHWe COOTHOWeHHJI: 

~-" 

I I 
s+- a+-

A 2 ,B 2]=0; 
mn /LV + 

s+L 
[ A 2 

mn 

I* 
a +2 

A . -
' !L!' J+-

l * 
( A6 +Z 

mn 

I 
(J+-

f l ') ' 
' ) .... J 

/LV + 

s+l (J +l* 

= 0; 

2 2 
B B 1 =b o o 

mn' !LV"+ asm!Lnl'' 

/7/ 

r.IJ.e cxo6KH o6o3Ha'laiOT aHTHKOMMyTaTop. TaKHM o6pa3oM, 
onepaTopw A* H A ecTb onepaTopw po>K.IJ.eHHJI H YHH'ITo
>KeHHJI aeiiTpaao, a onepaTopw B* H 8 - onepaTopw po>K
.IJ.eHHJI H YHH'ITO>KeHHJI aHTHHeiiTpaao. 

OnepaTopw :meprHH /4/ H 'IHcna 'laCTHU pasaw 

:H: 

I* I I* I s+- s+- s+- s+-
h l 2 2 2 2 

l _c_ j s + -I (A A + B B 
s,m,nr 2 mn mn mn mn 

/8/ 

:N: 

I* I s+- s+-
l (A 2 A 2 + 

I* I 
s+- s+- l 

B 2 B 2 
s,m,n mn mn mn mn 

CTaTHCTH'Iecxae cpe.IJ.HHe npoH3Be.IJ.eHHi onepaTopos po>K
.IJ.eHHJI H YHH'ITO>KeHHJI 'laCTHI.{, llO.IJ.'IHHJIIOUUIXCJI KOMMyTa
l{HOHHWM cooTaomeHHJIM /7 I, cornacao /3/, paBHJIIOTCJI 

I * I s+- a+-

< Amn2 'B !LV 2 > = 0; 

8 

h I 
s+- a+-

2 2 
<Bmn ,A/LV > =0; 

1* 1 I* I s+- a+- s+- a+-
<A 

2 
A 2 >=<B 2 B 2 >=A 8 8 

mn ' !LV · mn ' /LV I I I as ffi/L 

r.IJ.e 

J\ 
Is + !.I 

2 

s+-
2 

h l -I I l + exp [ _c __ I s + -I - L I 
rtk 2 tk 

0 fi/L • 

CTaTHCTH'Iecxae cpe.IJ.HHe onepaTopos /8/ ecTb: 

H "" 3 <: II : > = 4h~ l ( p + l) ( p + -
2 

) ( p + 2) A 3 
r p =0 p +-

2 
00 

N = <: N : > = 4 l ( p + l) ( p + 2) A 3 
' p=O p+-

2 

llepsoe H3 HHX - 3HeprHJI ra3a, BTOpOe - 'IHCJIO 'laCTHI.{ 
ra3a. 

l.fTo6w nposepHTb YCJIOBHJI /6/, Ha.IJ.O llO.IJ.C'IHTaTb CTa
THCTH'IeCKOe Cpe.IJ.Hee TeH30pa 3HeprHH-HMllYJibCa /1/t KO~ 
TOPWH nponopl{HOHaJieH .IJ.eBCTBHTeJibHOH 'laCTH CHMMeTpH-
30BaHHOrO TeH3opa i : WH IL 'I' v : 

B 6a3Hce f HMeeM: 

w 
0 

= 2_ aw 
r ao-; \}II 

I aw 1 
rsin (- + ~ctg~HIH3 \}1; 

w2 = _I_ a'P I 
r cos~ a; - 2r tg~H2 H3 'II; '113 = 2._ a'P 

r a~. 

IIoJib3YJICb npase.IJ.eHHWM BbUUe peweHHeM ypasaeHBJI ,D;apaxa 
B 6a3HCe f, HeTpy.IJ.HO llOJIY'IHTb CJie.IJ.YJOUUie Blalpa>KeHHJI: 
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I 

i < : 'I' H 'I' 0: > = 0 DPB 11 .;, 0 ; 
/! 

i < : 'I' 11
0 

'11 : > = o npa 11 .;, o ; 
I' 

1 
- 2 1 - s+2 

i<:'l'lf o'~'o:> = r ~ ls+2!A 1 "mn 
><,m,n Is+-! 

1 
s+2 

H 0 u mn 

21 s+l - s+-
i < : 'I' II 'I' : > = 2i ~ A, 1 -;;-

2 

/! '' s,m,n Is +zl mn 
ll(u 2 ) 

11 mn II 

npu 11 , v =I 0 r&-1 

0CHOBWBaJICb Ha COOTHOWCHBJIX ,AnJI CDCI.{HanbHWX ci>YHI< • 
IUIB P ( cos20, npuae,Aeuuwx a/7 /,npBXO.ABM 1< cne,AYJO· mn · 
II.{IIM pe3ynLTaTaM: 

j <:\)I Jl IJI : > = 0 DpH /! f I' ' 
ll ,, ' 

- -
i-..:::'11 11 1 '11

1 :>=i<:'11 llz'11
2 :· =, i<:'I'II:~'V:~: > 

1 - -2 "" 
=-i<:IJIII

0
1J1

0
:>= • ~ (p+l)(p+1.)(p+2)A 3 • 

3 3r1rr2 p=O 2 p+2 

0TCJO,Aa cne,AyeT, 'ITO 

< ·T ·'>- '•hc<·IJ1 11 '11 ·'· ' 'Jl.l' '. -- . /! I'' .. ' 
B, ,Aanee, 

< : T : > = 0 npa /l f. 0 ; 
/11' 

< · 'I' · > = 3 < · 1· · ':· = 3 < · ,,. · ' = 3 < · 'I' • > -· oo· · 11.. · 22·/ · 3:1· -

2h c 00 3 =-- ~ (p+ l)(p+ -)(p+2)A 3. 
r4 7T 2 p=O 2 P + 2 

TakBU o6pa3oM, ,AnJI Toro, '1To6w Y.AOBneTBOPBTb ypaa
ueuB.aM 3iBWTCBHa, He06XO,ABMO DOTpe6oBaTb, 'IT06W 

2 16h y 
r = --

00 l 
I. q(q+-)(q+l)A 

1
• 

q=l 2 q+-
2 

3rrc3-
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3To e,ABHCTBeuuoe ycnoaae, Hai<na,AwaaeMoe ypaaueHB.KMB 
3iBWTeiua ua pa,AByc MBpa. ' 

B 3ai<nto'leuue aaTop BWpWkaeT 6naro,AapuocTb npo
~eccopy H.H.Boronto6oay /Mn./ 3a DOCTO.KHHOe BHBMaHBe 
I< pa6oTe u none3uwe 3aMe'lauu.a:. 
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