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I. BeeoeHue 

06W'IHO B mo6oii: peaKIUIH H3Mep.IIIOTC.II HMnynLCW BTO· 
. pR'IHWX · 'laCTH~. OT R3Mepeuuwx RMnynLcos MO)KJIO nepeii:TH 

K CKOPOCT.IIM 'laCTR~ B, AaHHOB CRCTeMe OTC'IeTa. TorAa 
COBOKYUHOCTL CKOpOCTeii BCeX 'laCTR~ R3MepeHHOrO C06W
TR.II npeACTaBRTC.II HCKOTOpO:i CRCTeMOH MaTepRanLHWX TO· 
'ICK B TpexMepHOM npOCTpaHCTBe CKOpOCTeii. 

UeuuocTL TaKoro npeAcTaBneHRJI KBHeMaTBKB o6ycnos
neaa cneAYJOU(BM cllaKTOM. KaK noKa3aHo B pa6oTax A.ll.Ko
TenLBRKOBa /1/, B.A. ~oKa/2/ a H.A.llepaaKoBa/3/, B pe
nJITBBBCTCKOM CJly'lae npOCTpaHCTBO CKOpOCTeii: o6naAaCT 
reOMCTpBe:i Jlo6a'leBCKOrO. llo:HOMY npB auana3e KBHeMa· 
TRKB B npOCTpaHCTBe CKOpOCTeii UOJIBnJieTCJI B03MO)KJIOCTL 
acnonL30BaTL annapaT reoMeTpRH Jlo6a'leBcKoro. 

B pa6oTe noKa3wsaeTCJI npaKTB'ICCKoe npaMeueuae reo
weTpaa Jlo6a'ICBCKOrO K aHanB3Y MHOrO'IaCTB'IHWY. peaK~Bii. 
B uaqane pa6oTw npRBOA.IITCJI ueo6xoAUMWe CBeAeHBJI no 
aHanBTB'IeCKOB reoMeTpBR Jlo6a'leBCKOrO B MOAenB JienLTpa
wa. MoAenL lienLTpaMB YA06ua TeM, 'ITO npJIMWe a nnoc
KOCTB Jlo6a'leBCKoro BWpa>KaiOTCJI nBHCHHWMB ypaBHCHHJIMB 
B 6enLTpaMRCBWX KOOPABHaTaX. 

3Ta MOACnL niBpOKO BCUOnL30BanaCL lJepHBKOBWM, Bnep
BLie cc)opwynaposasnmM npeACTasneuae KBHeMaTHKB B npo
cTpaucTBe cKopocTeii Jlo6a>iescKoro /3 • 4/ . HeKoTopwe ac
neKTW penJITBBRCTCKoii KBHe:MaTBKH B MOAenu lienLTpaMH 
paccwaTpHBan BaK /9/ *. B AaHHO,ii · pa6oTe npaseAeHw 
KOHKpeTHWC aHanBTB'ICCKHC c)opwynw TCX reoMCTpH'ICCKBX 
o6pa3oB, KoTopwe npaMeHJinBCL AnJI auana3a peaK~BB 11-p ... 
... p11+ ri- "- npu 5 T3B/c. 

*reoMeTpH'ICCKHB CMWCn npeo6pa30BaHBH JlopeH,I.(a/ B 
MOACnB lienLTpaMH 6wn yKa3aH li.B.OnneneHACPOM/10 • 
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II. M~oe.llb .DeA~»•paMu npoc•paHc•ea cKopoc•eil 
Jlo6a~e6CKOZO ' 

B pa6oTax11 - 31 noxa3aHo, 'ITO B peJIJITBBBCTCKOM 
c.nyqae npocTpaHCTBO cxopocTeii o6na.ttaeT reoMeTpBeii Jlo-
6aqescxoro C KpBBB3HOH, paSHOH - 1/C.2, r.tte C- CKOpOCTb 
cseTa. B npocTpaucTse cxopocTeii Jlo6aqescxoro, no aua
norB_B C 3SKJIB,ItOSLIM npOCTpaHCTSOM, MO)I(HO SSeCTB pa3-
JIB'IHLie KOOp,ItBHaTHLie CBCTeMLI. HaB6one·e npOCTOH B y,Ito6-
HOH ,ItJIJI B3JIO>KeHBJI aHaJIBTB'Iecxoii reoMeTpBB Jlo6aqes
cxoro. JISJIJieTCB CBCTeMa KOOP.ItBHaT JieJILTpaMH. Koop,ItBHa
TLI JieJILTpaMB Henocpe,ItCTSe~HO CSJI3aHLI C B3MepJieMLIMB 
CKOpOCTJIMB 'laCTB~ B SSO,It.JITCJI CJie,ItYJOUUIM o6pa30M. 

IlycTL sexTop Voa npe,ItcTasnJieT cxopocTL qacTB~LI 
"a" :u cBcTeMe oTC'IeTa "0". B npocTpaucTse cxopocTeii 
Sld6epeM npOB3BOJILHYIO TO'IKY "0" 3a Ha'laJIO ,14eKapTOSOH 
CBCT~MLI xoop.ttBHaT XYZ. B :JToii cBcTeMe xoop.ttBHaT sex
Top Voa xapaxTepB3yeTCJI Tpoiixoii xoop,ItBHaT I xa , y a , 
z a I, JISJIJIID~Bxc.H ero · opToroHaJILHLIMB npoex~BJIMB ua ocB 
0 X , 0 Y , 0 Z I puc. 1 a/. · 

OpToroHaJILHLie xoMnoHeHT~ cxopocTH / x a , y a , z a l 
B Ha3LISaiOTCJ! 6eJILTpaMBeSLIMB KOOp,ItBHaTaMB 'laCTB~LI 

"a" s npocTpaucTse cxopocTeii. · B .ttaJILHeiiweM 6y.ttyT 
BCUOJIL30SaTLCJI CJie,ItyrollUie BLipa>KeHBJI ,ItJIJI 6eJILTpaMBeSLIX 

KOOpJIIIHaT: a p• p: /1/ 
P 

y ---, x ----,Za- a Xa - a ___ , Ya - Ea E 
E 

a pa pa a . r.tt.e P x , Y , z , . E - xoMnoueHTLI BMnynLca B noJIHaJI 
:JHeprBJI 'laCTB~LI "a" S CHCTeMe OTC'IeTa "0" * • 

IlOCKOJILKY CKOpOCTB 'laCTB~ orpaHB'IeHLI CKOpOCTLIO 
CSeTa, B 6eJILTpaMBeSidX KOOp,ItBHaTaX see npocTpaHCTBO 
CKOpOCTeii Jlo6a'leSCKOrO 3aUOJIHJieT 3SKJIB,ItOS map x2 + 
+ y 2 + z2 < 1. 3TOT map Ha3LISaeTCJI MO,IteJILIO JieJILT;. 

* 3.tteCL B ,ItaJiee CKOpOCTL CS.eTa npBHJITa paSHOH . 1. 
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Puc. ·1. a - cuc•eMa KoopouHa• .DeA~»•paMu; 6 - Mooe.llb 
.Deilr,•paMu npoc•paHc•ea Jlo6a~eecKozo. 
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paMH DpOCTpaHCTBa CKOpOCTeH· Jlo6a'leBCKOro/~/; rpaHH'I

HaJI ccllepa x2 + y2 + z 2 = 1 Ha3wBae.fcx a6comoToM npo

cTpaHCTBa Jlo6a'leBCKOrO B MO,D;eJlll lienLTpaMH. 

llacTL npocTpaHCTBa, ne:>Kama~ BHe a6comoTa, Ha3WBa

eTCJI H,D;eanLHOH o6naCThiO DpOCTpaHCTBa Jlo6a'leBCKOrO. 

cl>opMan:bHWM o6pa30M TO'IKH H,D;eam.HOH o6naCTH -MO)I(HO 

TaK:>Ke onpe.u;enxTL TpoiiKoii 6enLTpaMHeBwx Koop.u;HHaT I A , 
p., 1.1 I, y,u;oBneTBopxromux ycnoBHIO A2 + p. 2 + 1.1 

2 > 1 *. 
Ba)I(HWM CBOHCTBOM _ MO,D;eJlll lienLTpaMH JIBnJieTCJI TO, 

'ITO DpJIMaJI Jlo6a'leBCKOrO B :noii MO,D;eJlll. H306pWKaeTC11 

TaK>Ke npxMoii /xop.u;a a6comoTa, puc. 16/. PaccTOJIHHe 

Me>K,D;y TO'IKaMH "a"/ Xa, y a, Za / H "b" / x b• y b' 
z b I B.u;om. :noii npxMoii B reoMeTpHH · Jlo6a'leBcKoro Bw

pa>KaeTCJI COOTHOWeHHeM/5/ 

·Pab= ~·fna = ~fn(---=.--
1-y1-r2 

/2/ 
1 

y( 1- xi ..:.y~- zi) ( 1- x~ -y~ -z~) 
T 

ch Pab 1-xaxb-YaYb-zazb 

PacCTOJIHHe Pab. _Me>K,D;y TO'IKaMH. "a" H "b" B npocT-, 

paHCTBe CKOpOCTeH Jio6a'leBCKOrO JIBnJieTCJI HHBapHaHTOM' 

npeo6pa3oBaHHii llopeu:u;a. 

KaK BH.D;HO H3~Bwpa>KeHHJI /2/, TO'IKH a6comoTa Haxo,u;JIT

cx Ha 6eCKOHe'IHO ,)',D;aneHHOM paCCTOJIHHH OT mo6oii TO'IKH 

DpOCTpaHCTBa Jio6a'leBCKOrO. ll03TOMY a6comoT JIBnJieTCJI 

reoMeTpH'IeCKHM MeCTOM 6eCKOHe'IHO y,u;aneHHWX TO'IeK 

npocTpaHCTBa Jio6a'leBcKoro. 

* BHyTpeHHHe TO'IKH a6comoTa i + l + z
2 = 1 H3o6pa

>KaiOT CKOpOCTH ,D;OCBeTOBWX: 'laCTHI{ C ,D;eHCTBHTenLHOH 
MaCCOH DOKOJI. TO'IKH a6comoTa H306pa>KaiOT CKOpOCTH 
CBeTOB:biX 'laCTHI{ C HyneBLIMH MaCCaMH DOKOJI. BHemHHe. 
TO'IKH a6comoTa H306pa>KaiOT CKOp-OCTH CBepXCBeTOB:biX qac-
THI{ C MHHMOH MaCCOH DOKOJI. , - , , . , . 

- EcJlll o.u;ua H3. TO'IeK /"b" I coBna.u;aeT c uaqanoM Koop

.D;HHaT, TO BWpa>KeHH~ /2/ ,D;ae~ paCCTOJIHHe p O TO'IKH "a" 

,D;O Ha'lana KOOp,D;HHaT. C yqeTOM BWpa>KeHHH /lf ero MO)I(HO 

3aDHCaT:b B BH,D;e 

- - 1 Ea+ pa 
P Oa = 2 fu ~ _pa 

B ciiH3HKe · BeJlli'IHHY p 0 a Ha3WBaiOT 6wcTpoToii qacTH:u;w 

"a" B,D;OnL ee HMnynLca pa. AuanorH'IHO MO)I(HO BLI'IHCnHTL 

paccT<fJIHHe oT uaqana Koop,u;Hua T .u;o TO'IKH "ax "I ocuoBa

HHJI nepneH,D;HKynxpa, OD}'!I{eHHOrO H3 TO'IKH "a" Ha OC:b 0 X /: 

P =·Len Ea+P:. 
Oax 2 -~_pa 

X 

EcnH ocL OX C'IHTaTL 3a OCL peaK:u;HH, TO BenH'IHHa Po ax 
JIBnJieTCJI npo.JionLHOH 6:biCTpOTOH 'laCTHI{:bl "a" /puc. 16/. 

,l(nJI :,D;anLHeiimero H3nO>KeHHJI He06XO,D;HMO BBeCTH DOHJI

THe paCCTOJIHHJI Me>K,D;y peanLH:biMH H H,D;eanLHLIMH- TO'IKaMH 

npocTpaHCTBa Jio6a'leBcKoro. B cnyqae, ecnH ToqiCa "a" 

/ xa, _ y a , z a / ne)I(HT BHYTPH, a TO'IKa "b" / A b, p. b , 
1.1 b I - .BHe a6comoTa, TO Bwpa>KeHHe /2/ ,u;nJI paccTOJIHHJI 

CTaHOBHTCJI KOMneKCH:biM 'IHCnOM. ,l(eHCTBiiTenLHO, KOOp

,D;HHaT:bl H,D;eanhHOH TO'IKH "b" y,u;oBneTBOpJIIOT · ycnOBHIO 

A~ + fl.~ + J.l; > 1. llo3TOMY BenH'IHHa a B B:blpa>KeHHH /2/ 
BCer,u;a OTpH:u;aTenLHa. 

JiorapHciiM OTpH:u;aTenLHOH BenH'IHH:bl a 6y,u;eT- KOMD-

neKCHLIM 'IHCnOM 

R 1 n 1 n I· 1/ · TT • TT 
b ·=-tna = -r.n a + 1- = p b' + 1-, 

a 2 2 2 a 2 
/3/ 

KOTOpoe npe,D;CTaBnJieT paCCTOJIHHe Me>K.D;y H,D;eanLHOH TO'I

KOH '~b" H peanLHoii TO'IKoii "a" B reoMeTpHH Jio6a'leBCKo

ro. Ero MHHMaJI qacTL nocTOJIHHa H paBHa "I 2. PeanLHax 

qacTL Ko:MnneKcHoro paccTOJIHHJI /3/ npe,u;cTaBnJieT pac

CTOJIHHe OT TO'IKH "a" ,D;O HeKOTOpOH peanLHOH TO'IKH "t/". 
f 

QqeBH,D;HO, .'ITO DOno>KeHHe TO'IKH "b" O,D;H03Ha'IHO CBJI3aHO 

C nono>KeHHeM H,D;eanLHOH TO'IKH"b ". 
.. , ' - '' 

HMeHHO TO'IKa "b" JIBnxeTcx nonJipHo conpx>Keuuoii 

TO'IKe "b" OTHOCHTenLHO a6comoTa. llOHJITHe DOnJipHOH 

CODpJI>KeHHOCTH COCTOHT B cne,u;yromey/6/. Jlro6oii TO'IKe 

"b"· BHe a6comoTa O,D;H03Ha'IHO COOTBeTCTByeT DnOCKOCTL, 

nepeceKaro~aJI a6comoT /Ha3LJBaeMax nonJipHoii/. reoMeT-



pH:<IeCKH .. 3TY nnOCKOCT:b MO>KHO llOCTpOHT:b TaKHM •o6pa30M. 
H3 TO:<IKH "b" npoBO.JVIM KOHYC xaca Ten~:.Hwx npJIMWX K a6co-:
moTy. IlnocxocT:b I<pyra, rpaHH..fHWMH TO:<IKaMH KOToporo 
cny>KaT TO:<IKH KacaHHJI, JIBnJieTCJI nongpHOH nnOCKOCT:bW 
TO:<IKH "b"~ CaMa TO:<IKa "b" Ha3wuaeTcJI nonrocoM nnocxo
CTH 3Toro xp_yra I puc. 16/. 

To:<~Ka "b" ne>KHT B non.apHoi nnocxocTH u.u.ean~:.Hoi TO:<IKH 
"b", 0Ha JIB.JiJieTCJI TO:<IKOH nepece:<leHHJI ;npJIMOH "ab" C :)TOH 
nnocxocT~:oro I puc. 16/ • 0TMeTHM, :<ITO uce npJIMWe, KoTopwe 
CXO,IJ.JITCJI B HeKOTOpOH B,IJ.ean:bHOH TO:<IKe "b", B reoMeTpHH 
llo6aqeucxoro ucer.u.a nepneH.u.uxynspHw nonspHoi nnocxo
CTH 3Toi TO:<IKH. Ilo3TOMY pean~:.Ha.R :<~aCT:b paccTOBHHJI /3/ 
npe,D.CTaBnBeT paCCTOJIHHe TO:<IKH "a" .IJ.O nonJipHOH nnOCKO
CTH H,IJ.ean:bHOH TO:<IKH"b". 

[Jr. TeoMe111pU'IeCKUe o6pa3bl 6 npoclfpaHC1!1Be 
Jlo6a1.1eBCKOZO 

3.n.ec~:. npnBO.IJ.HTCJI aHanBTH:<~ecxoe npe.n.cTaunenHe oc
HOBHWX reOMeTpH:<IeCKHX o6pa30B B npocTpaHCTBe llo6a
:<leBCKOrO 

1. ITpsMaJI 
ITpsMaJI llo6a:<~eucxoro onpe.n.enseTcs 3a.n.anueM 6en~:.T

paMHeB:biX xoop.n.una1; napw To:<~eK "a" H "b". Ona npe.u.
CTaBnJieTCJI CHCTeMOH ypaBHeHHH /5f: 

X- X a Y - Ya z - za 
/4/ -e m n 

r.u.e X , y , z - .6en:bTpaMHeBW KOOp,D.HHaTW npOH3BOn:bliOH 
TO:<IKH npJIMOH llo6a:<leBCKOrO, a K03iWJHu;HeHTW f , m , n 
MO:>KHO HaRTH H3 peweHHJI CHCTeMW ypaBHeliHH 

f:m: n =(xb- xa):(yb- ya) :(zb- za). 

KaK BH,IJ.HO H3 ypaBHeHHJI /4/, B MO,IJ.enH IJen:bTpaMH npJIMag 
llo6a:t~eBCKOro H3o6pa:>KaeTCJI :<laCT:bW 3BKnB.D.OBOH npJIMOH, 
ne>Ka~ei BHYTPH a6conroTa I puc. 16/. 
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2. IlnoCKOCT:b 
IlnOCKOCT:b llo6a:t~eBCKOro onpe.n.enJieTCJITPOHKOHTO:<IeK 

, a", ,;b". H , d ". 0Ha npe,D.cTaBnJieTCJI nHHeHHWM · ypaBHeHHeM 
BH,IJ.a / 5/ 

Ax + p.y + vz = o, /5/ 

r.u.e X, y, i - .6en:bTpaMHeBW KOOp,D.HHaTW npOH3BOn:bHOH 
TO:<IKH nnOCKOCTH, a K03iWJHu;HeHTW A ;11 , v . HaXO,IJ.JITCJI 
H3 peweHH.si CHCTeMW ypaBHeliHH 

AXi+ 11Yi +vzi= o, i = a,b,d. /6/ 

3na:<~enue BenH:<IHHW r'l paimo Hynro /e.D.HHHu;e/, ecnu nnoc
KOCT:b npOXO,IJ.HT /He npoXO,IJ.HT/ qepe3 Ha:<lanO KOOp,D.HllaT. 

B cHny nimeinocTii ypaBHeHHJI /5/ B Mo.u.enu lien~:.TpaMH 
nnoCKOCT:b.ll06a:<leBCKOrO H306pa:>KaeTCJI :<laCT:bW 3BKnB,IJ.OBOH 
nnocKOCTH, ne>Ka~ei BHYTPH a6conroTa /xpyr, puc. 16/. 
Koop.IJ.HHaTw nonroca ( ,\, 1i, v) 3Toro _xpyra H JIBn.s:roTcs 
K03iWJHu;HeJITaMH nnOCKOCTH /5/. 

3. Yron Me>K.u.y .D.BYMJI nnocxocTJIMH 
B npocTpaHCTBe llo6a:t~eBcxoro cTaH.n.apTHWM o6pa3oM 

onpe.u.enseTCJI yron 0 · Me:>K,IJ.y nnocxocTBMH ( ,\ a• 11 a , "a ) H 
( A b, 11 b, J1 b ) , KOTOpWH MO:>KBO BW:<IHCnBT:b no !lJopMyne 
/puc. 16/ 

o o b - ,\ a,\ b - 11a 11 b - "a "b a . 
cosO = B --=::::==::;===============- . /7 I 

..j(,\2+ 11 z +v2_ 0 2)(,\2+l12+v2-o2) a a a a b b .b b 

Ecnu npgMas nepeceqenug 3THX nnocxocTei Haxo,IJ.HTCJI BHe 
a6conroTa, TO llOHJITHe yrna He HMeeT CMWCna. II03TOMY 
nnocKOCTH, nepecexaro~ecg no.u. .u.eicTBHTeni:.HWM yrnoM 
() B npocTpaHCTBe llo6a:<~eBcKoro, .u.on>KBw y.u.oBneTBopJIT:b 
ycnoBHro I Bl ~LB. cnyqae, ecnu IBI >·1, TO yron 0 cTaHo
BHTCJI MHHMWM. 

4. IIOBepXHOCT:b Bpa~eHHJI 

IIOBepXHOCT:b Bpa~eHHJI BnpOCTpaHCTBe ~o6a:<leBCKOrO, 
aHanOrB:<IHO llOBepXHOCTH Bpa~eHHB B 3~KnB,IJ.OBOM npOCTpaH-
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CTBe, xapaKTepH3YCTCJI DOCTOJIHH.WM paCCTOJIH;HCM mo6oii ee 
TO'IKH "a" ·I x., y , z. I .zto . uexoToporo :o;euTpa BpaiD;eHHJI 
"c':l.xc,_ Yc• z c 1~ Ho, B OTJIH'IHe oT.3BKJIH,ztoBoro, B npo
cTpaucTBe Jlo6a'ICBCKOrO CYID;CCTB}'lOT DOBCpXHOCTH BpaiD;e_
HHJI, D;CHTp KOTOpWX HaXO,ItHTCJI B H,IteanLHOH o6naCTH /He 
npuua,ztne>KHT peanLHOMY npocTpaucTBY .. Jlo6aqeBCKoro/. 
Il03TOMY pa.ztHYC BpaiD;eHH.II R B 06ID;CM cnyqae JIBHJICTCJI 
KOMnneKCHWM 'IHCHOM. IlpH DOMOID;H B.Wpa)KCHHH /2/ H /3/ 
MO:lKHO nony'IHTL B.Wpa)KCHHC ,ItHJI runep60JIHtiCCKOrO KOCH· 
uyca xoMnnexcuoro pa,lluyca R B BH.zte 

1 - X X c - yy c - ZZc 

ch R == /8/ 
- 1(1.:._x 2-y2 -z2)(l-x2-y2- z2) v . c c c 

B 3aBHCHMOCTH OT nonO)KCHBJI D;CHTpa,, C, OTHOCHTCHL
HO · a6coniOTa noBepXHOCTL BpaiD;eHHJI B npocTpaHCTBe Jlo-
6aqescxoro ua3WBaiOT ctllepoii ( x ~ + y ~ + z ~ < 1 ) , opu
ctilepoii (xi+ y~ + Z~ == 1) B nOBCpXHOCTLIO paBH:WX paCCTOJI• 
uui ( x ~ + y~ + z~. > 1) • Qqesu,ItHo, . ctllepa xapaKTepu3yeTCJI 
,ItCHCTBHTCHLH.WM, OpHC~epa - 6eCKOHC'IBO 6onLWHM H no
BepXHOCTL paBHLIX paCCTOJIIIHH - KOMnHCKCH.WM 3Ha'ICHHJIMH 
pa,ztuyca npaiD;eHHJI * . 

B 6enLTpaMBCBLIX KOOp.ztHHaTaX noBepXHOCTL BpaiD;CHHJI 
nwpa>KaeTcJI anre6pauqecKHM ypasueuuew: BToporo nopJI.ztKa. 
3TO nerKO YBH,ItCTL, ecJIH B03BeCTH B KBa,ztpaT o6e 'laCTB 
nwpa:lKeHHJI /8/. 3To ypanueuue npe.ztcTaBnJleT 3BKJIH.ztOB 
:1nnancou,zt BpaiD;eHHJI. OcL npaiD;eHB.ll 3Toro 3nnuncou,~ta 

cosna.ztaeT c Manoii nonyocLro u Bcer.zta uanpaBneua x·uaqa
ny KOOP.ztHHaT. 3nnuncoH.ztLI, ue xacaroiD;HecJI a6comoTa, xa
CaiOID;HeCJI ero B O,ItHOH TO'IKe H Kai::aiOID;HCCJI no OKpy)KHOCTH, 

* PeanLHaJI qacTL xoMnnex.cuoropa,ztuyca spaiD;eHHJI npe.zt
cTann.lleT paCCTOJIHHe mo6oii TO'IKH noBepXHOCTH BpaiD;eHHJI 
.zto nonJipuoi nnocxocTH H.zteanLuoro :u;euTpa npaiD;eHHJI• 

' Il03TOMY BCe TO'IKH noBepXHOCTH BpaiD;eHHJI BOKpyr H,IteanL
HOrO :o;eHTpa HaXO,ItJITCJI Ha O.rtHHaKOBOM paCCTOJIHHH OT 3TOH 
nnoCKOCTH /OTCIO,Ita H ee Ha3BaHHe - nosepXHOCTL paBH.WX 
pacCTOJIHHH/~ . ·., . . 
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H3o6pa>KaiOT, cooTBeTCTBeuuo, ctllepw opuccllep.w H noBepx-
HOCTH paBHWX paCCTOJIHHH /puc. 2a/*. . 

B. 3aKJUOqeuue 3TOro pa3,ztena. YKa>KeM. 'ITO . Bee wopwynw 
,ItByMepHOH reoMeTpHH Jio6a'leBCKOrO nony'laiOTCJI H3 WOp· 
MYH npocTpaHCTBeHHOH reo:YeTpHH' DpH Z == v :: 0 :· Co:.. 
OTBeTCTBeHHO Be3,zte BMeCTO .. CHOBa ~'DnOCKOCTh" HY)KHO 
ucnonL3oBaTL cnoBo "npJIMa.l:". HanpB:Mep, iiwecTo yrna 
Me)I(,Ay nnoCKOCTJIMH. wopl.lyna /7 I npu. Va == v b == (} .ztaeT 
BeHH'IHHY yrna we)I(Jiy napoii npJIMWX ua DJIOCICOCTil Jlo6a
'leBCICOro. 

lV .JipuMenenue zeo.Me•puu Jlo6at~eacKozo K ana.11uay 
KUHeMa.UKU MHOZO'IQC.U'IHI>IX peaK~UU 

PaccwoTpHM pea:K:u;uro BH.zta 

a+b ->A+B 
·L· L__,3+4 + 5. 

1 + 2 

/9/ 

0pTOrOHaHLH:We ICOMnOHeHTW CICOpOC-Teii 'laCTHD; peaJCD;HH 
/9/ B uexoTopoii cucTewe · oTc'leTa /uanpuMep, c.i.l.w. 
pe_aK:o;HH/ MO:>KHO Bblpa3HTL COOTHOWeHHJIMH 

pi . pi pi 
X .. Y· · Z • 

xi == --. '·Y i == ;--- , z 1 == --- , 1 == a, b, A,B, 1,2,3,4,5. /10/ 
Et ·E.t E• 

* CxonL>KeHHJI TO'IJCH "a". no noBepxuocTH BpaiD;eHHJI B 
npocTpaucTne cxopocTeii Jlo6aqescxoro o6pa3}'10T rpynny 
Jlopeli:o;a. ,l.J;eiiCTBHTenLHO, CICOHL>Keuue no cwepe npe,ztcTaB
nJieT 06LI'IHOe 3BKJIH,ItOBO BpaiD;eHHe, CICOHL>KeHHe no opucwe
·pe '- _BpaiD;eullec· 6ecxoilequo 6onLWHM pa.zt:Hycow u·cxonL
)I(euue·_ no_noBepxuoci'u · panuwx···paccTOJIHHii• ·.:.'· c.ztBHr B.ztonL 
iiomipuoii niiocxoci'u u.zteanl.uoro :o;eu'ipa Bpa~eHHJI~ · Taxoe 
npe,zici-asneuue · .ztBH)KeHHii · npocipauci'na•··no6a'leBcxoro B 
:Bu,[{e BpaiD;eHHii HCJlOJII~3oBanocL II;.A.illB:poKO~LIM ~ Mo,zteJIH 
Kneiiua-Uyauxape/77:· ···· · · .. · · · ., 

II 

' 



& 

6) J 

i X 

a) 

1----1-----.1 c . 

Puc. 2. a - ce'leHUJi 3Muncouoo6 6paUieHuii, U3o6paxa~a
U1UX pa3AU'IHble. •unbl no6epxHocllieii 6paUieHUJi npoc•
paHc•6a Jio6a'le6CKozo 6 Mooe.lzu .beA~>•paMu /nAocicocJiJIMu, 
npoxoOJiUIUMU 11epe3 MaAble noAyocu 3Muncouoo6/; 6 -
KUHeMa•uKa MHOZO'IQC.U'IHOU peaKJIUU 6 MOOeAU lJeAb,;,paMU 
npoc•paHc•6a cKopoc•eii Jio6a'le6cKozo. 
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Bwpa>KeHHJI 1101 JIBJIJIIOTCJI 6eJILTpaMHCBLlMHxoop,IUIHaTaMH 
qacTHU peaxnuu 191 :8 npocTpaucTBe cxopocTeii Jlo6a'lea
cxoro I puc. 261. B ,l{aJILueiime:M qepe3 rni 6y.l{eM o6o3ua
qaTL Maccw qacTun peaxnuu 191. 

06Ll'IHO napy 'laCTHU 1 H 2 xapaKTCpH3YJOT HX 3cWJCKTHB
HOH Maccoii rnA" O'leBHAHO, 'ITO BMe~To Maccw rnA napy . 
'laCTHU MO>KHO xapaKTCpH30BaTL paCCTOJIHHCM p 

12 
MC)K.l{y 

TO'IKaMH 1 H 2 B npOCTpaHCTBe CKOpOCTCH Jlo6a~ICBCKOrO 
/puc. 261 •. PaccTOJIHHe p 12 Mo)Kuo BLliJ:HCJIHTL no cllopMyne 
12/, UO,l{CTaBJIJIJI B uee 6eJILTpaMHCBLIC KOOp.l{HHaTLI 'laCTHU 
1 H 2. C MaCCOH rnA OHO CBJI3aHO COOTHOWCHHCM 

2 2 2 . 
rnA = rn1 + rn2 + 2m 1 rn 2 ch p 12 • 

,[J;ng xapaxTepucTHKH pacceJIHHJI qacTHULI A o6LI'IHO 
HCUOJIL3YCTCJI KBa,l{paT nepe,l{aHHOrO 'ICTLipCXHMUYJILCa t OT 
qacTHULI "a" x qacTune A. Tax xax nepe.l{a'la t 3aBHCHT oT 
6eJILTpaMHCBLIX xoop.l{HHaT napLI qacTun"a" H A, TO oua 

. .l{OJI)I(Ha 6LITL CBJI3aua c .l{JIHHoii OTPC3!Ca PaA I puc. 261. 
Bwpa>KCHHC ,l{JIJI nepe,l{a'IH t. HMCCT BH,l{/8/ 

t . 2 . 2 2( E aE A _.pap-> A) =rna+rnA- - . 1111 

HCUOJIL3YJI BLipa>KCHHJI 1101 H 1111, nepe,l{a'ly t MO>KHO 
3anucaTL B BRAe 

' 2 2 . . . 
t = rna + mA - 2rna rnA ch p a A • 

Ilo3TOMY, uapJIAY c nepe.l{a'leii t , pacceJIHHe qacTHULI A 
MO>KHO xapaKTepH30BaTL ,l{JIHHOH OTpC3Ka PaA • 

Tpoiixy 'laCTHU 3, 4 ll. 5 xapaxTepH3YJOTHX 3cWleKTHBHOii 
Maccoii rn 8 . Macca rn 8 CBJI3aua c .l{JIHHaMH oTpe3KOB p a4 , 
Pas u p45 a npocTpaucTae cxopocTeii Jlo6a'leacxoro co-
oTuowellueM/a/ · · · ·. . . . . 

2 . 2 2 . 2 . ,· 
rnB =rna+ rn4 + ~s,+2(IDarn4chpa4 +rna rn5 chpa5 + rn4 rn5 ch p 45 ) • 

Ilpu auanu3e cnuua qacT:HULI A o6LI'IHO uccneAYIOT yrno
aoe pacnpe,l{CJICHHe BLIJICTa qaCTHULI 1 B CHCTCMC ro~cllpu
,l{a-;l];>KeKCOHa. reoMeTpHJI Jlo6a'leBCKOrO U03BOJIJICT BLl'IHC
JIHTL yrJILI ·On ,lJ;>KexcoHa u cJ!T-.H Tpe·iiMaua-Jiura 6e3 
nepexo.l{a a cucTeMy noxoa qacTHULI A. ITo onpe):{eneuHIO, 
yron On JIBJIJieTcJI ·YrnoM TpeyronLuuxa aAl a npocTpaH-

'13 



CTBe cxopocTei, npoTBBOIIe)IUlll{eu cTopoue al I puc. 26/. 
,IJ;mi Tpeyrom.HHKa. aAl B reo:weTpHH Jlo6aqeBCKOro' CYil{eCT· 
syeT Teopeua xocmlycos /5/ · · . . . · 

chpal = chpa.A chpAl ·- shpaA • shpAl cos(JD • /12/ 

H3 swpa>KeHHJI /12/ nerxo BLI'IHCJIBTi.' yron (}n. 
. Yron tfJ T- .H JIBII!ICTCJI yrnou 'MCJ«AY MOCICOCTLIO po>K· 

~eHHJI H HIIOCKOCTLIO pacna~a 'laC THULl .. A. flnOCICOCTL po>K· 

~eHB.II (A R' fla , vR) B npocTpaHcTBe cxopocTei Jlo6aqes

cxoro HaXOJ,tHM H3 peWCHB.II CHCTCMLI ypaBHCHHH/HIIOCICOCTL 

TpeyrOIILHBKa aAc , puc. 26/: 

A Rx + fla y + v z = o , n = a, A, c. ·n l1 R n R 

IIIIOCKOCTL pacna,~ta (A r, fL r , vf ) HaXO,ltBM H3 

CHCTCMLI ypaBHCHBI /HIIOCICOCTL TpeyrOIILHBKa 
puc. 26/:. · 

Atxn+ fL.rY n+ vr:zn = or' n = 1, a, 2. 

peweHB.II 

la2 

Yroii MC)I(Ay 3THYB HIIOCKOCTJIMB MO)I(HO BW'IBCIIBTL HO 
cllopuyne /7 I. 

TaKBY o6pa3oY, reoweTpHJI Jlo6aqenc~eoro no3BOIIJICT 

ynpOCTHTL BLI'IBCIICHHC CTaH,~t&pTHLIX xapaKTCpHCTHK MHO· 

ro'laCTH'IHL.!X pe&I<UBI. HYCHHo: HX YO>KHO BLil.JHCIIJlTL, 

He ,~tenaJI HBKaxux npeo6pa3oB&HH:i Jlopeuna. ,IJ;ocTaTO'IHO 

TOIILKO 3H&HHJI 6eiiLTp&YHCBLIX KOOPAHHaT 'I&CTHUpC&KUHH 

/9/ B HCICOTOpoi CBCTCMC OTC'ICTa /BL16paHHOB HpOH3· 
BOIILHO/. 

V. 3aKIJIO'IeHue. 

KBHeMaTHKa peaxnui nonyqaeT uarnJI,~tHoe nopeu~~HH
sapuaHTHoe npe,~tcTasneuue B npocTpaucTse cxopocTei )Io.,. 

6a'leBciCoro. Taxoe npe~cTasneuue,. ynpoll{a.n BLI'IHcneHHJI, 

ICpOMC TOro .. H03BOIIJICT BCHOIIL30BaTL reOMCTpH'ICCICHB CHO· 

C06 BBC,ltCHHJI HOBLIX HHBapHaHTOB I'pyHHLI JlopeHna. HYCHHO, 

MO)I(HO. CTpOHTio HHBapHaHTLI. Ka~ xapaiCTepHCTHICH reOYCT· 

PH'ICCKHX o6pa30B. B npocTpaHCTBe CICOpocTeii Jlo6a'ICBCICO· 
' ~ ~ .}• . . ' . 

ro_. 
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B 3aiCJIIOqeuue JI rny6oKo 6naro.~tapeu 3.r .:Sy6enesy 3a 

uay11uoe PYKOBOACTBO B B.M.IIorioBoii · 3& KPHTH'IecXHe 3a
we'laHBJI •.. 
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