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fl.~~AaJieeB P.M. 
paBH8HH8 ~B~8HHH 

epToro ••• 
I=-460. 

\ 

RAepH.biX,HCCJieAOB&HHH ,IJ;y6Ha, 1991 

; ,'It,-,· 

BBEllEHV1E 

PemiTI.1BI.1CTCKOe COOTHOWeHI.1e MelKAY 3Hepr1.1ei/1, 1.1MnynbCOM' WMac
coi/1 ~aCTI.14bl,•eCnl.1 paCCMaTp1.1BaTb 3TO COOTHOWeHI.1e KaK 'KBaApaTI.1~
HOe ypaBHeHI.1e OTHOCI.1TeilbHO Beni.1~1.1H~ 3Hepr1.11.1, onpeAenReT·ABa · 

3Ha~~H~~ 3~epr~1.1: ·.~:·= +.~Jp2 + m2c2 , 'ff, ~· - c}::;2 .+ m~c2 • 3ro ,oo
cro~renbcTBo·: OKaJanocb EiecbMa ,BalKHbiM' AilR,KBaHTOBOI/1 ,reop1.1t-1 
1.1 npL!Iseno K '(rrKpblri-1io aHTI.1~acrl.14bl. BnepBble 'noHRTI.1·e a'H1w.tacT1.14bl 
B03HI.1KilO s' TeOp1.11.1 ll1.1paKa11~. 2/ • KaK cneAcT'st-le KBaApaTI.1Y~OCTI.1 < 

penR~~~I.1CTCKor6 coorHowe~l.1~, B pe~eHI.1e ypaBH~H~R A1.1paKa.~~pR~Y 
C COCTORHI.1RMI.1, C nonOlKI.1TeilbHOil1 3Hepr1.1ei/1. BXOART,COCTORH'L-lR' C OT~ 
Pl.14aTenbHoi/1 3Heprillei/1. llro6bl. l'lHTepnper1.1posaTb STl-1 cocroRHl'lR, 
ll1.1paK np'eAno'nolK~n, .~+o see ypoBHl-1 saKyyMa . c.· orp~4al-enbt-ioi1 
3Heprl'lei/1 JarionHeHbl 3IleKTpO~aMI.1·, a see ypOBHill 'c 'nonOlKI.1TeJlbHOI/1, 
3Heprl'lei/1 CBOOOAHbl. CornaCHO 3TOI/1 rl'lnOTe3e, :a·f1eKTPOH :C !0r'pl-14a
Tenb'Hoi11' 3Hepr.l1eil1 .MolKeT nornor~Tb l'!3ny~eHI.1e ltL nepe'L4n1 .·a 'cocroR:
HI.1e c nonolKl'!TenbHpi/1. 3Heprl'leil1., B peJynbrare Mbl 6YA.eM ti'a6n10A·arb 
3neKrpoH ,c J~~RAOM -:,1 e. I .~ 3Heprl1eli1 +,jff, 1 l1 o~cy.~c}:Bl1~·· 3ne~ipo~ 
Ha c JapRAOM -1 e 1 l'1 3Hepr1.1ell1 -1 ~I· . Ecnl'!. cpaBHl'!Tb,,nocneAHee · 
C COcTORHl'!eM BaKyyMa, TO. Mbl 06HapylKI.1BaeM, ~acl:i44y .C. JapRAOM .... · 
+I e I l1 3Heprl1eil1 +I~ 1- 3ra ~aCTl'14a Ha3b1Bae-ic~ n03l-!TpoHOM~ TaKo
Ba OCHOBa OObRCHeHl'!R npo'4ecca pOlKAeHI.1~ nap B. TeOpl-11.1 llvtpaKa. 

¢opMailbHO ypaBHeHI.1e lll'lpaKa COAeplKl'lT 803MOlKHOCTb Oni.1CaHl'lR 
KaK ~acr1.14 c orp1.14arenbHbiM 3IleKTp1.1~ecKl'!M JapRAOM, raK l'1 l'IX aH
Tl'l~acTl-14 C npOTI.1BOnOilOlKHbiM JapRAOM. nepeXOA OT BOilHOBOI/1 ~YHK-
4l1l'l ~acTl'14bl K sonHoeoi/1 -~YHK41.11.1 at-irl'!~acrl'14bl 'ocyiileci"snRel-cR c no
Mo~biO onepa41.11.1 KoMnneKcHoro conpR!KeHI.1R l'1 yHI.1TapHoro npeo6paJo-
BaHl'!R. . , . , , . ' 

B HacroRI!lei/1 pa6ore Mbl ·npeAnaraeM · ·ooo6UleHI.1e 3Toil1 tx_eM~ . 
Ha cny~ai/1, · KOrAa 3Hepr1.1R BblpaiKaercR ~epeJ l'!Mnynbc l'1 Macey ~a
CTl'14bi nonl'!HOMOM "·i'erseproi/1 creneHI.1. Bl-IA ··3roro noni.1HOMa onpeAe
nReTcR OAH03Ha~HO, ecnl.1 KOMnneKCH~e ~:.-~cna, TaK Wl-IPOKO·npl'!MeHRe
Mble B KBaHTOBOI/1 MeXaHI.1Ke' 3aMeHI.1Tb Ha MYilbTI.1KOMnneKCH~e ":-ll'lCila 
~erseproro nopRAKa. TaKl'lM cnoco6oM ~ nony~aeM HOB~i/1 ~opMaf11.13M 
1.1 ypasHetme, · ooo61!la~ee · ypasHe.HL1e' · llillpaKa.': vi • oril'lcbisa!Outee ··~eTblpe 
·~aCTl-14~, COOTHOCRUll'!eCR APYr C ApyroM KaK aHTI.1~aCTI.1~. noni.1HOM 
~erseproi/1 creneHI.1 onpeAenReT ~eTblpe JHa~eHl'!R 3Heprl-!111:. nonolKl'l.l 
renbHoe, OTPl-14aTenbHOe l'1 MHI.1MOe c nonolKI.1TenbH~M l'1 orp1.14arenb~ 

HbiM JHaKaMl-1. B paMKax Kpaccllt~e~~o_~~alo+K+Q4. cocl-oRHI.1R ·c MHI.1Mo~f 
~ f.Hn.l.;,.~ ....... wn h••:'iittJT 1· 

f u~~~:~~~~~g;:'~~~·• .---... ~--



111 OTPII11..\aTenbHO~ 3Heprll1e~ He 111Me!OT CMbiCna.· 0AHaKO B KBaHTOBOiii 
MeXaHII1Ke B paMKax npeAnaraeMoro Q!opManii13Ma Mbl nonyYaeM onll1ca
HII1e 4 YaCTII11..\ C 3apHAOM +K, -K, iK, -iK 111 C nono~II1TeflbHO~ 3Hep
rl!1e~. 3Ty rpynny YacTII11..\ M~ 6yAeM Ha3~BaTb TeTpaH1!10HaMII1. B AaH
HOM cnyyae COCTOHHII1e BaKyyMa eCTb COCTOHHII1e, B KOTOpOM BCe 
ypoBHI!1 c OTPI!11..\aTenbHO~ 111 MHI!1MO~ 3Heprll1e~ 3anonHeHbl TeTpaHII10Ha
M111. np111 3TOM YeTBepKa TeTpaHII10HOB o6pa3yeTCH B pe3yflbTaTe no
rno~eHII1H onpeAeneHHoro KOni!1YecT~a aHeprll1111 111 aTa ~e YeTBepKa 
aHHII1rl!1nll1pyeT, 111cnycKaH TY ~e nOPI..\11110•3Heprll1111 B B111Ae 1!13nyYeH111H. 
Ba~Ho noHII1MaTb, ~To,npii1HHB Teopll110 4111paKa,·M~ cosepw111n111 nepexoA 
OT OAHOYaCT111YHO~ K ABYXYaCTII1YHOI.1 TeOpll1111, Onii1Cb1Ba!Oillei.1 YaCTII11..\bl 
o6oii1X 3HaKOB 3apHAa ~ 06o6~aH 3TOT nOAXOA' Mbd·lOriyYaeM MHOro
YaCT111YHYIO Teopll110, onl!1cbiBaiOll.lYIO 'cll1cTe.My YaCTII11..\, coo-fi-locH~II1XCH 
APYf c ApyroM KaK aHTitiYaCT1111..\bl. CTe!neHb seni!1YII1Hbiai-leprvill1 B ypas
HeHII1111, Bblpa~aiO~eM. CBH3b 3Heprll1111 C 111MnyflbCOM 111 Maceo~· YaCT111t.l,bl, 
cooTEieTCTByeT Yll1cny YaCTII11..\ s AaHHO~ rpynne. HepenHTII1,BII1CTcKoe 
Bblpa!ReH~e onpeAenHeT OAHOYaCTII1YHYIO TeOpll110. PenHT111BII1CTCKOe cooT
HOWeHII1e npii1BOA111T t< on111caH11110 napbl:· YacTII11..\bl-aHTiiYacTII11..\bl. TpeTII1~ 
nopHAOK on~c~saeT CII1CTeMy 1113 Tpex aHTII1YaCTII11..\ C 1 3apH~aMiti'K, OK, 
02K , ·rAe 03 = '1 (Tpii10Hbl) 13•41• . . . ... 

06o6~aH . 3Ti CXeMy Ha npoi3BOflbHYIO CTeneHb, Mbl nonyYII1M QJOp
Manii13M KBaHTOBo~' MeXaHifiKII1 Ha MynbTII1KOMnneKCHbiX 4111Cnax, onii1Cbi
BaKl~I-1X 'rpynny "'-iaCTII11..\ c 3apHAaMII1 Oi,( , i = 1, 2, ... , '· , rAe 0 '
npii1ML<iT~BHbl~ KOpeHb ypaBHeHII1H On 1= 1. ;B HaCTOfl~e~ 'paf5oTe' Mbl' QJ111K
CII1pyeM csoe •: BHII1MaHII1e Ha· cny4ae n = 4, 111HTepecHo, 4TO' s aToM 
cny4ae Mbl 111MeeM npeAeflbHbl~ nepeXOA . K. penHTII1BII1CTCKO~ TeOpll1111," 
-aHa.nor~'iHo' TOMY, KaK penHTII1BI!1CTCKaH Teopll1fl nepexoA111T. s Hepenfl-

•:. . ' ' .. ,. : v . ' ' . 
TII1BI!1CTCKYIO, np111 - -> 0. . . c 

. (.,. 

l.;MYflb TIIIKOMnflEKCHbiE ~.lJ111CflA 4ETBEPTOronOPH4KA 

~ 

... 

~ 
.1 

4ocTaTO~Ho' rlOAP06H~ TeOpll1fl ·m·en {MYrlbTII1KOMnneKCHbiX) 4111Cen 
nopHAKa:n '111;Tpll1rOHOMeTpii1111,·-CBfl3aHHO~ C t(II1MII1, a TaK~e 6_1116n111orpa- [ 
QJ111H pa6oT,, noCBH~eHHbiX .. 3TII1M Y111CnaM', 1113flO~eHa B/~/ • nepe4111Cflii1M i 
BKpaTI..\e onpeAeneHII1e 111 OCI-fOBHble _CBO~CTBa anre6pbl me4~y111cen. 

6a3111CHbl~ 'aneMeHT me4,YA<?Bfl~TBOpHeT Y~f!.O.B11110.: ,· . 

.e 4· = ..;; 1 .. · ·.· : :: . ( 1-l) 

. :lne4-:4111~f10 onpeAenHeT.~H. :~aK cyM~a-4 He3aBII1CII1MbiX senii1YII1H: 

1. . : ... , 2' 3 ' , .. 
q=a 1 +a2e :.a3e ;a4e., ,, :'. 

{1-2) 
/(a

1 
;a

2
,a

3
, a

4
) E R_. 

2 

llaCTHOe. peweH111e e =•exp( J..l!. )·: ypaBHeHII1H (1-1) 'CBOAVlT ~;, i<' 06br4Ho-:-
, 4 ' -•. :"'(-,,-\\.f~··,,,",.,'t:"i.' 'j,:· 

My KOMnneKCHOMY "1111cny 111 He MO~eT·. criy~II1Tb 6a3111COM m~ 
4
• 

06~ee peweHVIe (1-1) 111MeeT MaTpii1"!Hoe npeAfHBneHII1e: ' 

E~e 1 0 

~} I"'f'',< 0 1 'l. 

(1-3) ' 0 0 0 
-1 0 0 

;;'_) '· ,, 

-1 fl106aH APYraH MaTPVII..\a, nony"'eHHafl nyTeM npeo6pa3oBaH111fl E'=UEU 
detU = 1, O"'eB111AHO, TO~e YAOBneTBOpfleT (1-1). 0AHa 11131TaK111X 
MaTPII11..\ eCTb A111aroHaflbHafl MaTp1114a C06CTBeHHbl~ 3HaYeHVI~ Eek ,':' 
= exp(ik77/4)o

6
k , :JR<:4 -"1111Cfla 111Me!OT 4 conpH~eHII1H:': '!; 

k 2k-1 2(2k-1) 3(2k-1) 
q=a +a e +a e +a e .. 1 2 3 4 k = 1, 2. 3. 4. (1-4) 

Y6eA111MCfl, "'TO npoii13BeAeHVIe B3aii1MoconpH~eHH~x·"'ll1cen,ecTb'Be
~ecTBeHHOe 4111Cfl0. 3aMeTII1M, "'TO 6a3111CHaH eAVIHII11..\a e2 11130MOpQJHa 
MHII1MO~ eA111HII11..\e i . 06o3Ha"!VIB z 1 = a 1 + ia3 , z 2 · =: a 2+ :ia

4 
, ,rAe 

Z1, z 2 E e ,nepen111WeM (1-4): . 
1 2 
q =Z +CZ q = Z*+iez* 1 2. 1 2. 

3 4 

q =z1 -ez2 , q = z;- iez;. 

DTCIOA~ nerKo YBII1AeTb, ~To 
1 3 
qq 2 . 2 ·' ·. . Z -lZ =X+ lY, 

1. 2. 

2.4. 2 • 2 . 
qq = z* +lZ* =X-ly. 

1 2 

TaKII1M o6pa3oM, 

" 4 2 2 
lql =X +Y 

\-

,. 
\ "t 

.o~s) 

:J J\t:~'; ;~. '\ 

(, ' ~ -. 

:·~ r : , ! "") ) ': 

., ·(1,-6) 
·., 

{ 1:-7) 
:. i .• :. ~ • 

ecTb nono~VITenbHO onpeAeneHHoe se~ecTBeHHoe Yll1cno. Benii1"!111Ha 
1 q 1 BbmonHfleT ponb MOAYnH 'lllf4 -4111cna. ,EA111HII1"1H?e )1!~4-':i111cn~ 111!'1_eeT, 
MOAYflb, paBHbl~ eA111HII11..\e. fl106 e eA111HII14H~~ me4 -:';ill1~no, M~lj<,eT_,~biTb 
npeACTasneHO B 3KCnOHeHI..\111an HO~ ~OpMe: • . . · r~~"~-

; -. ~·; .' ~. < l .: ..! • 

k 
TJ=. exp(e2k-1 ¢i.+ 8 2{~kj.l)c/>2 + 6 3(2k-:-;p ¢3},·. 

'!' 

'"·(·1.;.8) 
" ·"'' -

1 2 3 4 . 
npVI"!eM TJ TJ TJ TJ = 1. 

3 



. _ np1!1HV1MaSI 0003Ha"'eHV1e' e2 = i , nepeni.1WeM B3aV1MOConpSIH<eHHble' 
3KCnOHeHTbl cneAYIO!liVIM o5pa30M: . 

J = exp ( i ¢ + e ( ¢ + i ¢ ) ) 
. 2 1 3 

2 . 
77=exp(-i¢ +ie(¢ -i¢ )) 

.· 2 1 3 

3 
71 =exp(i¢

2 
-e(¢1 +i¢3 )) 

~~~xp(-i¢2 -ie(¢l-i¢3 )). 

PaicMoTpVIM npeo6pa3osaHV1e 

1 1 1 
q'=.71q. 

,_.., 

. nonb3YSICb npaBVInOM YMHOH<eHVISI :1Jl<::4-"'V1Cen, HaXOAVIM 

·a~= a~(a 1 ; a
2

, a 3 , a 4). 

( 1-9) . 

(1-10} 

(1-11) 

3aMeTV1M, "'TO BVIA 3TV1X ~YHK4V1~ He MeHSieTCSI npVI V13MeHeHV1V1 conpSI-
H<eHVISI B COOTHOWeHV1V1 (1-10}. 0TC~Aa cneAyeT . 

. " .. 4; 4 
I q' I ·=I q I · (1-12} 

CneAoBaTenbHO, npeo6pa3oBaHVJe (1-11} coxpaHSieT 4-~opMy lq(a) I 
HeV13MeHHoi1. 3To aHanor npeo6pa3oBaHV1SI nosopoTa Ha nnocKo~TVI. 

' .. 1 3 2 4 . . 
nocKonbKY TJTJ = exp(i2¢

2
), ·7171 = exp(-i2¢2), senV1"1V1Hbl x ,s, on-

peAeneHHble B ( 1-6} , BeAYT CeOSI KaK KOOPAVIHaTbl ABYMepHoro BeKTO
p:a np111 nosopoTe Ha yron 2 ~. 

Ha OCHOBe ( 1-6) nony"'LtlM Sl BHbl~ BLtlA MeTpl!l"'eCKOrO TeH30pa 4-,ro 
paHra, HeHyneBble KoMnoHeHTbl KOToporo paBHbl: 

gkkkk =1, k=1,2,3,4, 

g1'tsa = g2244 = g 1124 = .- g2213 = g441a = - g3324 = 1 1.3. 
. ,. 

'"',\ 

'·· 2." nEPEXO.ll OT YPABHEH~t1H .lllt1PAKA B nnoCKOCTit1 
.-:. .. HA KOMnnEKCHbiX 41t1CnAX K: YPABHEHV110 

4ETBEPTOfO nOPH.llKA HA me4 ...:41t1CflA)(: 

(1-13} 

YpaBHeHI/Ie ,ll111paKa Ha ABYMept-io£1 eBKnVIAOBO~ nnOCKOCTIII VIMeeT AO
BOribHO npocTy~ ~OPMY (c = f): 

4 

:.. 

J' 

" 

) 
I 

I 

!' 

( 

&(e) -m Px(e-) +iPy(e-).) 

p (e-) - ip (e-) &(e-) + m 
. X y . ( :: )~o." (2-1} 

rAe B npV1CYTCTBLt1111 3neKTpoMarHLt1THOro,nonSI (¢,A) onepaTop~~VIM
nynbca Lt1 3HeprLt1V1 Lt1Me~T BVIA 

- a - - a -
Px(e )=-iliax+e Ax• Py(e )=-ihay+e Ay, 

c:- f:a -
\9(e) =in-. - e ¢, at · 

(2-2) 

e - 3apSIA :~neKTpoHa. B 3TIIIX onepaTopax MH~M~SI ~AIIIHLtl~a np111cyT~ 
CTByeT B SIBHOM BLtlAe. KoMnneKCHOe conpSIH<eHVIe AaeT . 

(2-3) 

p*(e-) =-p (e+), p*(e-) =-P (e+) 
X X y y 

'&*{e-) =- &( e+) ,· 

+ -e = -e - 3apSIA no3111TpoHa. 
nocne KoMnneKcHoro conpHH<eHIIISI III_YHIIITapHoro npeo6pa3oBaHIIISI 

c noMo~b~ onepaTopa 

u = ( ~ 6) ( 2-4 }; 

ypasHeHLtle (2-1} npiiiHLtlMaeT BillA 

c~ )·o. (2.;;5) ( 
·cc + · + + ) (9 e ) - m p (e ) + i p (e ) 

X y. 

Px (e+) - ip Y (e+) &(e+) + m 

3TO ypaBHeHVJe OTnLtl"'aeTCSI OT (2-1) TOnbKO TeM, "'TO onepaTOp~ ~. 
Px, p COAepH<aT senLtl"'VIHY 3apSIAa c npoTIIIBononOIKHbiM 3f:iaKOM. · Ta-
KLtlM olipa30M, ypaBHeHI/Ie ,llLtlpaKa OniiiCbiBaeT_paBHbiM o6pa30M. KaK 
ABLtlH<eHI/Ie :~neKTPOHa, TaK Ill ABIIIH<eHI/Ie aHTIII"'aCTLt14bl -. n03111TpOHa. 
lt1MeHHO 3TO CB0£1CTBO ypasHeHVISI ,llLtlpaKa Mbl nonbiTaeMCSI OOOO~IIITb, 
nepeXOASI OT KOMnneKCHbiX "'IIICen K mt:4-"'IIICnaM •.. · 

YpaeHeHIII~ (2-1} ecTb pe3ynbTaTMaTpV1"1Ho~ n111Heap1113a4111111 .ocHos
Horo COOTHOWeHIIISI penSITVIBIIICTCK0£1 MeXaHIIIKIII: 

(& -m) (& +ID) =(P +ip) (p -ip). (2-6} 
r r r r x y x y 

3TO COOTHOWeHIIIe IIIMeeT O"'eBIIIAHOe OOOO~eHIIIe B paMK~X IE4-"1111Cen~ 

5 



nono>Kii1M 

1 2 3 
TT=TT +6TT +6 TT +6 TT 

1 2 3 4 
(2-7) 

no aH~ri6r111111 C (2-6) 
t ·-

Mhl nocTynlilpyeM COOTHOWeHI!1e: 

4 .4 1 2 3 4 
Jj,' -tn =TTTTTTTT. (2-8) 

Mo>KeT 6hlTb ycTaHOBneHO COOTBeTCTBI!1e Me>KAY (2-8) 111 (2-6) C no
MO~b~ HeKoToporo npeAenbHoro nepexoAa. BBeAeM B (2-8) 6e3pa3~ 
MepHbl~ napaMeTp e cneAY~~Ii1M o6pa3oM: 

.. . 
.22 22 c-2·2 22 1234 
(~/£ -m£ )(\!> 1£ + 1iJ £) =TrTTTr17. 

(2-9) 

3AeCb &= 'G;(f) ecTb HeKOTOpaS! QJYHKL.J,Ii1Sl OT £, aCI!1MnTOTI!14eCKOe no
BeAeHI!1e KOTopo~ np111 e .... oo Mbl 3aAaeM no <jlopMyne 

·c-2£ .... "" ·c-2 2 .2n4 
.~ - \!) -m +rn t.. r r 

np111 £ .... oo neBast 4aCTb ( 2-9) np1!1HI!1MaeT Bli1A 
'C' 2 2 
\!) - m ·2 2 · r r 2 2 1 2 · 2 2 

lim (& . - m ) ( 2 + 2m e ) -:: 2m ( ~ - m ) • 
f-ooo r r e e 2 r r 

lt1cnonb3Yst <jlopMynbl ( 1-6) , (l-7) , nony41!1M 

't"2 . 2 2 1 3 . 2' 4) 
2 (.\!> r - mr ) m = ( 17 rr ) ( 17 rr • 

nonarast 

p' ,;; (172 -17 2 + 2rr rr ) I (../2m), 
lt 1· 3 24 .. 

. 2 .2 . . . 
P y = ( ~ 4 - 17 2 + 2 "1 173 ) I ( J2 ~) ' 

' l 

. (2-10) 

(2-11) 

nony41!1M · COOTHOWeHI!1e (2-6). 
-· · · '" MaTp1!14HaSI <jlaKTOp1!13aU,Ii1Sl .. COOTHOWeHiil.Sl' ( 2-8) np1!1BOAI!1T ·HaC K ypas-

HeHI/1~ ( Aanee Mbl nonaraeM · e = 1) : · 

6 

:... 

r 

:, 
I 

I .,.. 

&-m 4 
17 

0 & -im 

0 0 

1 
0 rr 

0: 0 

3 
17· 0 

'&+Iii 
2 
rr 

0 

1 

«<ll 
1 

q,2 

1 
<t 

3 
1 

q,4 

o. (2-12) 

m m 
3Aecb 17, '<lln, ·(m, n = 1,2,3,4) S!Bnst~TCSI ~U::4-41!1CnaMI!1. KoMnoHeHTbl 
1 1 1 1 1 -
17 = rr 1 + i rr2 + 6 ( rr3 + irr4) Mbl onpeAensteM KaK A111$<PepeHU,Ii1(i~b~bl~. 
onepaTop 

1 a 1' 
rr = 6 -- + KA = 17 (K), 
k axk k k 

(2-13) 

rAe K - Be~eCTBeHHast KOHCTaHTa, 1!1Me10111ast CMbiCn 3apstAa,, Ak:- no:-: 
TeHU,1!1an BHewHero nonst, aHanor seKTOpHoro noTeHU,1!1ana 3~eKtpoMar-
Hii1THoro nonst. · 

1 
IaKI!1M o6pa30M' 17k <;; me4. OH 1!1MeeT. cneAYIOU.IIile conpst>KeHI!1Sl: 

2 ·c a c··)A) .1<.) 17 =1 6-.-k+ -lK k =117k -lK . 
k ax . . 

s a , .. 1" , 
"k =- (e ...,..lt + (-K) Ak) = -17k€;<) (2-14) 

ax 
.4; . a 1 , 
rrk =-i(e-.-+iKAk) =-iiTk(iK). 

axk 

anSI onepaTopa i 1!1MeeM aHanori!14Hhle B~pa>KeHI!1Sl: 

1 
·c . a 't" ( ) 
\!)'= e ....-- + K cp = ~ K ·, 

at · ·. 1 

rAe cf; - aHanor cKanstpHoro' 3neKTpoMarHI!1THoro nonst. CoMpst~eHI!1st'~ 

1!1Me~T Bli1A 
2 
& =f& (- iK) , 

4 
-& = -f&(iK). 

3 

&=-&(-K)' 
< 2-·1s) 

li1TaK, see sxoAS~~Iile s (2-12) seni!141!1Hbl ·ecTb·me4-Yii1cna, 3anl!1-
caHHbJe B onpeAeneHHOM conpst>KeHI/1111. ~3MeHI!1M conpst>KeHI!1e 3Tii1X 41!1-
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cen Ha eAIIIHIIIU.Y B cneAy~et1 nocneAOBaTenbHOCTIII: 1 ... 2, 2 ... 3, 
3 ... 4, 4 ... 1. B pe3ynbTaTe, ypasHeli111e' (2-12) npiiiMeT BillA ,, 

1 2: 
i17 0 0 lll1 

i&- im 
.4 2 

0 i17 0 ¢ 
2 

I (2-16) 
i&+'ID 

3 2 = o. 
0 0 i17 Ill 

3 
2 2 

i 17, .: .. ;.~ .0 0 lll4 

·carnacHo (2:.14), (2-15) 3Aecb onepaTopbl & 11117 y>Ke 3as111cstT 
OT 3apstAa K 1 = -iK. nocne YMHO>KeHIIIst ypaBHeHIIIst (2-16) Ha (-i) 
111 npiiiMeHeHIIIst yHIIITapHor~ npeo6pa3oBaHII1st c MaTplllu,et1 
i 

\• ( ) 0 1 0 0 
0 0 1 0 

0.~ o o o 1 
1 0 0 0 

(2-17) 

M~ CHOBa B03Bpa~aeMCst K.IIICXOAHOt1 ~OpM~ ypaBHeHIIIst ~(2-12), rAe K 

3aMeHeH Ha K1 = -iK: 

4 2 
&-m 17 0 0 lll2 

0 
3 : 2 

& - im 17 0 lll3 
. 3 2 I = o. (2-18) 

0 0 ·c-
lll4 ~.!i+ID 17 

1 2 
17 0 0 &+im Ill 

1 

~ 
ij 
l 

I 

tJ.anbHet1wee nOBTOpeHIIIe onepaLJ,IIIIII me4-conpst>KeHII1st 111 YHIIITapHoro npe- :~ 
o6pa30BaH111st C MaTpiiiLJ,et1 (2-17) OCTaBnsteT ~OpMy ypaBHeHIII~ (2-12) ~~ 
Heii13MeHHOt1,. ecn111 nepeo603Ha'"I~Tb 3apstAb1:. K

2,= .-K, K
3 = iK. :1 

. nycTb. ~ COCTOIIIT 1113 'Re4 -YIIICen B k-M conpst>Ke·H~III. TorAa peweHIIIe, 1 
COOTBeTCTBy~ee 3apS!AY Kk, MO>KeT 6b1Tb Hat1AeHO no ~OpMyne 

k+1 
'I'(· k) _ uk 

K ,:- I!J, k=1,2,3. (2-19) 

B· 3aKn~YeHII1e sToro ,pa3Aena npiiiBeAeM peweHIIIst ypasHeHIIISI 
(2-1?) B CIIICTeMe.noKOSI TeTpaHIIIOHa: 

8 

l,-c·· 

'I' 
1 ( 

1)··· :':· . 0 . imt 
= expl--e I 

' 0 h 
. '0 . . ' . ' 

-··· 

'1'2 "(0 exp{~t el 

W3 ~ 0 ) e~ { ;: e i 

0 mt ''(0) '1'4 = ~ exp 1- he). 

3. TPAHC$0PMAU~OHHWE CBO~CTBA YPABHEH~H 
(2-12) 

; 

j ' 

:..... t 

'} 

npasast YaCTb (2-8) eCTb MOAYnb ~ YeTBepTOt1 CTeneHIII '"IIIICna 
17 ~~}::4 , n03TOMY OHa IIIHBaplllaHTHa OTHOCIIITe~bHO npeo6pa30B~HIIIst 

k kk 
( 17 ) , = '71 TT '. 'j (3-1} 

rAe 1771 = 1. CornacHo n .1 sTo TpexnapaMeTpiiiYecKoe: npeo6pa3osa
HIIIe, aHanoriiiYHoe npeo6pa3oBaHII1~ nosopoTa Ha nnocKOCTIII'(x, y)'. 
~T06~ YCTaHOBIIITb CBSI3b C nOBOpOTOM, BOCnOnb3yeMci:COOTH6WeHIIISI-
MII1 (2-11). np111 3TOM '' .. 

1 .3 - . 2 4 r::-. 
p +ip =rrrr/(y'2m). p -ip =rrrr/(y2m). 

X y X Y 

npeo6pa30BaHII1e (3-1) AaeT 

1.3 
p' +ip' =(7777) (p +.ip ), 

X y X Y 

::}, 

(3-2) 
{ 1 8 

77 77 = exp{i2¢2). 

9 



TaK~M o6pa3oM, npeo6pa3oBaH~e (3-2) ecTb o6~YH~~ nosopoT 
s nnocKOCTII1 ( x, y ) Ha yron ( 2 ¢z) . · . ' 

PaccMOTP~M, KaK~M o6pa3oM pean~JyeTCR npeo6pa3oBaH~e (3-1) 
s ypasHeH~~ (2-12). 3an~weM 3TO ypasHeHII1e B cneAy~eM B111Ae: 

1 
(A0 +A(1r)) (<fJ) =0, (3-3) 

rAe A0 - A111aroHanbHaR MaTp1114a c aneMeHTaM~ (& ..: m, 5;.- im , 

:& + m, :& + itn) ' (A(1T) )jk = ~ 8i+1,k ' ($)-CTon6e4 l~k I' i ,k = 
= 1,2,3,4. Mbl ~~eM TpexnapaMeT~~YecKy~ MaTPII14Y npeo6pa3oBaH~R 
~. KOTOpaR KOMMYT~pyeT C A~aroHaflbHO~ MaTp~4e~ A 0 , nepeBOA111T 
A( 11) B A('7711) ~ det:J! = 1. 3T~M ycnOBII1RM YAOBneTBopReT A~aro
HanbHaR MaTp~4a cneAY~~ero B111Aa: 

·p 0 
1 

0 0 

:5: = I 0 p 0 
2 

0 

0 0 ·p3 0 

0 0 0 'P4 

rAe 

p
1 

= exp (- i t/1 
0 

- e t/11 (1 + i) ) 

p
2 

= exp(it,b
0 

- iet,b
2 

(1.+ i)) 

P 3 =·e~p(-iif;~'- + e tfo
1 

(1 + i)) 

A4 ~:e'xp(iif'o + iet,b
2

(1 + i)) 

det.~ =·p· ·p p ·p = 1. 
1 2 .3 .4 

B peJynbTaTe npeo6pa3oBaH~R 

(3-4) 

(3-5) 

Ecn~ noACTaBII1Tb c~Aa Bblpa~~<eH~R AnR ·pk (k = 1,2,3,4) 1113 (3-5);, 
nonyLt~M 

k k k 
(11), = (77) (11)' (3-~) 

k . •. 
rAe 77 ~MeeT BillA (1-9), npii1LteM 

rP2 =2tfoo, ¢1 =tfo1 -t,b2, -:/l3 =tfo1 +tfo2· · (3=-a)" 

TaKII1M o6pa3oM, M~ AOKa3an~. YTO npeo5pa3oBaH~~ (3-1):coo~-~ 
seTCTByeT npeo6pa3oBaH~e ypasHeH~H (3-3) cneAy~ero B111Aa: · · 

1 

:5:(A
0 

+A(11)) P.- 1~ <fl=O. 

. . ·. 1· . . ., : . ::: . 
3Aecb CTon6e4 !lJ RBnReTcR aHanoroM cn~Hopa B .ypasHeH~111ll111paKa 
( 2-1). MaTpL1YHble aneMeHTbl .MaTpL1.U,bl ypaBHeHL1R ( 2-1) L1Me~T COOT-

~ ' :·' - - . ' 

BeTCTBy~~ee cn~HOpHoe.npeACTaBneHL1e 

.. X ,.,. y 

( 

·& - m · · p '+ fp ) 

Px- ip~ ... & +~ ·· -+ ( 
c~ 

;.<: 
-

::;:) . (379 )· 

npeo6pa3osaHL1e nosopoTa s nnocKOCTII1 ( x, y ) Bblpa~~<aeTcR ¢opMynaMII1 

~~=·p1~1' 

~2=·p2~2' 

·p
1 

=exp(irjJ) . 
. 1 

p
2 

=exp(-i¢
2

) 

p' + ip' = exp(i¢1 + i ¢ 2) (p +iP ) • 
X ~ X ~ 

' 

CnL1.HOpHoe npeACTasneHL1e MaTPII14bl (A0 ·+ A ( ")) L1MeeT 
1 2 3 4 1 1 3 4. 0 0 

~1~1~1~1 ~1e2~2~2 

BillA 

... : .. •1' 

(3-10) 
r' 
' 

'. ~ 

-1 
A(11') =~A(11) .5: 

1 2 3 4 2 2 1 4 

(3-6) I I o ~2~2~2~2 ~2~3~3e-.3 o 
( 3-11) 

nonyLt~M 

1 -1 1 2 -1 2 
( 1T) , = (-p ·p ) 1T ( 1T ) , = ( ·p ·p ) 1T 

4 1 ' 3 4 

3 . 3 
(17) , = (·p ·p-1) 1T ' 

. 2 3 

4 4" 
(11), =(·p 'P-1) 1T. 

1 2 

10 

1 2 3 4 3 3 1 2 
0 ° ~3~3~3~3 ,,_-~3~4~4-~4 

, .. 
J 

4432 1234 
~~~~ 0 0 ~~~~ 

11_, 



3AeCb sem!JYV1Hbl 
1 

~ = r exp (- i a - e f? (1 + i) ) , n n 

2 e = r exp ( i a - i e y ( 1 + i) ) • n n 

3 
~n ""rnexp(-ia+et3(1 +i)), 

4 e = r' exp ( i a + i e y ( 1 + j) ) • n n 

(n = 1,2,3,4) 

(3-12) 

. ,.1 

V1rpa~T ponb CnV1HOpOB. B OTflV1YV1e OT (3-9), rAe KOOPAV1HaTaM BeK
TOpa conocTasneH~ 6V1nV1HeAH~e s~pa~eHV1H oT KOMnoHeHT cnV1Hopa, 
B ( 3-11) 3fleMeHTbl MaTpV1qbl A0 + A ( rr) 3aMeHeHbl Ha MOH-OMbi ,4-A CTe
neHV1 oT senV14V1H TV1na cnV1Hop, onpeAeneHH~x s (3-12). noxo~V1e 
o6beKTbl 6b1n111 BBeAeHbl pa3nV1YHbiMIII cnoco6af..t~r~- snepBble ·· s ·· pa6o-
Tax 13 

• Bl. B OAHOM cnyyae OHIII 6blflV1 Ha3BaHbl rlllnepcniiiHOpaMV1, 
B APYrOM - MeTacnV1HOpaMIII. nocKOflbKY Mbl orpaHV1"1V1BaeMCH paccMoT
peHIIIeM TOflbKO YeTsepToro nopHAKa, 6yAeM Ha~~BaTb BenV1YV1H~ 
(3-12) TeTpacniiiHOpaMIII. npeo6pa30BaHV1e TeTpaCnV1HOpOB 

k k 
(~n)'~·pkfn, 

rAe seniiiYV1Hbl pk, k = 1,2,3,4,onpeAeneHbl s (3-5), ocTaBnHeT He-
1113MeHHoA AlllaroHanbHY~ MaTpiii4Y A0, B TO BpeMH KaK MaTpV14a A ( TT) 
npeo6pa3yeTcH no npas111ny 
,:,·,,, . ' 

A ( rr') = A (-71 TT) • 

. 3HaHV1e MeTpiiiYecKoro TeH3opa 4-ro nopHAKa (1-13) no3sonHeT 
nonyYV1Tb HBHbiA BillA MeTpiiiYeCKoro TeH30pa, AeACTBYIOfllero B CniiiHOp
HOM npocTpaHcTse. HeHyneBble KoMnoHeHTbl 3Toro TeH3opa paBHbl: 

1114 4443 2221 3332 
£ . . = £ = £. = £ 

£3314 =£1244 =:'£2234 =£1213 =1. 

. • -~ . 111 112 113 114 
np111 nepecTaHO~Ke HeOAV1HaKOB~X IIIHAeKCOB CIIIMBOn £ MeHHeT 
3HaK. 
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3AKfliOYEH~E. >.,.1 

M~ npeAnO~V1nV1 o6o6~e~~e.:ypaBHeHV1H aV1paKa B ABYMepHoA·nnoc
KOCTV1 nyTeM . 3aMeHbl .: KOMnneKCH~X "'V1Cen .· Ha MYflbTV1nneKCHble 
"'V1Cna . .4-ro . nopHAKa. , : nonyYeHHOe . YP?-BHeHV1e, COOTBeTCTBy~
~ee ·· AV14J!f>epeHI.\Ii1anbHOMY · ypasHeHV1~ 4-ro nopHAKa, o6o6~aeT 
CBOACTBa ypaBHeHV1H aV1paKa V1 OnV1C~Ba~T YeT~pe aHiV1YaCTV1-
LJ.bl C 3apHAaMV1 K, iK, -K, -iK. 3Ty rpynny YaCTV14 Mbl Ha-
3biBaeM TeTpaHV10HaMV1. YpasHeHV1e 4-ro nopHAKa V1MeeT 4 peweHIIIH 
C nono~IIITenbHOA, OTP1114aTenbHOA V1 MHIIIMbiMV1 3HepriiiHMIII (B COCTOHHIIIIII 
nOKOH - MaCCaMV1). 06o6~aH rlllnOTe3y a111paKa 0 BaKyyMe, Mbl nona
raeM, "'TO COCTOHHIIIH C OTPIII4aTenbHOA Ill MHIIIM~MV1 MaCCaMIII nonHO
CTb~ 3anonHeH~ TeTpaHIIIOHaMIII. TaKV1M o6pa30M, 3AeCb M~ IIIMeeM HO
B~£1 nOAXOA K OnV1CaHIII~ YaCTIII4 C MHIIIM~MIII MaccaMV1- TaXIIIOHaMIII/?/. 
npeAnO~eHHbiA nOAXOA IIIMeeT OYeBIIIAHOe o6o6~eHIIIe Ha cnyYaA npOIII3-
BOflbHbiX CTeneHeA. anH 3Toro AOCTaTO"'HO' 3aMeHV1Tb MYflbTIIIKOMnneKc
Hoe "'V1Cfl0 4-ro nopHAKa Ha MYflbTV1KOMnneKCHOe "'V1Cfl0 npOV13BOflbHO
ro nopHAKa. 0AHaKo cneAyeT noMHV1Tb, "'TO csoAcTsa MynbTV1KOMnneKc
HbiX Ylllcen cy~ecTBeHHO 3aBIIICHT oT nopHAKa. HanpiiiMep, ecnV1 cTe
neHb ypaBHeHIIIH pasHa npOCTOMY "'IIICny, Mbl nonyYIIIM TeOpV1~, B Lie
noM nOBTOPHIO!ltY~ TeOplll~ TPIIIOHOB/4/, _eCnlll CTeneHb eCTb zn, TO Ta
KaH TeOpiiiH 6yAeT O"'eHb noxo~e~ Ha TeOplll~ !flepMV10HOB (n = 1) 
111 TeTpaHV10HOB (n = 2). B ocTanbHbiX cnyYaHx Mbl 6yAeM IIIMeTb He
KOTopy~ CMeCb TeOpllllll !flepMIIIOHOB Ill TpiiiOHOB. 

B cneAy~~eA pa6oTe M~ paccMOTPIIIM o6o6~eHV1e ypasHeHV1H aV1paKa 
B npoCTpaHCTBe Tpex V13MepeHIIIA, a TaK~e CTaTIIICTIIIKY AflH TpiiiOHOB 
Ill TeTpaHV10HOB. 

ABTOp npiii3HaTeneH npo!fl.aaBIIIAY $V1HKenbWTeAHy (TexHonoriiiYeCKIIIA 
IIIHCTV1TYT, ATnaHTa, CWA) 3a npoHsneHHbl£1 IIIHTepec K lllccneAoBaHIIIHM 
s 3To£1 o6nacTIII 111 u.eHH~e 3aMeYaHIIIH, a TaK~e 6naroAapeH KonneraM 
1113 $paH4VIIII ( r. CTpac6ypr, ~HCTIIITYT HAepHbiX IIICCneAOBaHV1£1) 
npo!f>. H .$neypV1 V1 AOKTOPY M. Payw Ae Tpay6eH6epr 3a MHOrOYV1CneHHble 
CTIIIMynV1py~~llle AV1CKYCCIIIV1 no V13flO~eHHbiM B AaHHOA pa6oTe BonpocaM. 
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