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BBEJlEHLIB 

TpeXMepHYe 8BKJIH~OBCKHe H nceB~OeBKJIH.ll.OBCKHe npOCTPBHCTBB 

C IlOCTOHHHOtt ueTpHKOtt, 8 TBKJ:8 CBH38HHli8 C HHMH meCTHnapaueTpH-, ·. 

qecKH8 rpynnY .ll.BHX8HHtt, 0CTBBJIHKl!llH8 HHBBpHBHTHW KBB.ll.PBT pacc-ro­

HHHH Y81:.ll.Y .ll.BYYH TOqKaYH 8THX npocTpBHCTB, HrpallT B qJH3HK8 qpea­

BliqattHo BBEHYD ponh. Uenutt PH.ll. qJYH.ll.8Y8HT8JlhHliX qJHSHqeCKHX 38.ll.Bq -

CBH38H C 8THUH npocTpBHCTBBMH H COOTB8TCTBYll~IDIH rpynnauH 1U3H­

E8HHtt. Ilpez,l(e Bcero BCH HepenHTHBHCTCKBH qJH3HK8 MaTepHBJihHOtt 

TOqKH CTpOHTCH B TpexuepHOM.eBKJIH.ll.OBCKOY npOCTPBHCTBe, .l(OnycKa­

Kl!ll8V mecTh CTeneHett CB060.ll.li (TPH TpaHCJIHUHH H TPH Bpa~eHHH). 

IlpH onHCBHHH qJHaHqecKHX CHCTeu, KBK npaBHJIO, Mli HCilOJlhSyeu C ca­

voro Haqana OpT9rOH8JlhHble CHCT8Yli KOOP.ll.HHBT, H noaTOMY IlOCTOHH­

HaH ueTpHKB .ll.BHHOrO npOCTPBHCTBB HueeT .ll.HBrOH8JlhHlitt BH,1(. nuaro-
' H8RH38UHH, KBK 8TO xopomo H3B8C~HO, Bcer.ll.B 03HaqaeT nepexo,1( B 

HeKOTOPYD cneuHBJihHYll CHCTeuy KOOp.l(HHBT. EcnH NH B HCCJie,ll.OBBHHHX 

rpynnOBHX npocTpaHCTB H8KOTOpHX HenpepliBHHX rpynn npeo6paaOB8HHI 

XOTHY nocJie,l(OBaTeJibHO HCilOJlh30B8Th H3B8CTHlitt TeHaOpHHtt annapaT, 

TO CHaqana UH .ll.OREHH xopomo npO.ll.JMBTh, HB KBKOY 8Tane BlilllfCJie­

HHtt cne.ll.YeT o6pa~aThCH K .ll.HarOH8JIH38UHH, TBK KBK npH .ll.HBrOH8JIH-

38UHH T8pH8TCH T~H30pHaH aanHCh YHOrHX (ecJIH He BCex) BeJIHqHH. 

nanee Uli 6y.ll.eY Il0Jlh30B8Tl>CH CTporo T8H30pHott aanHChD BCex 

qiopuyn, npHqey B8JIHqHHH C HH.ll.8KCOY 11HOJII, 11 6Y.ll.YT np8.ll.CT8BJIHTb HJIH 

HHBBPHBHTH, HJIH KOHCTBHTH. B CT8Tb8 MY 6y.ll.8Y Il0Jlb30B8TbCH 06HqttH­

lffl KOHTPBBBPHBHTHWH H KOBBPHBHTHWH HH,1(8KC811H,B no 0,l(HHBKOBWI 

B8pXHHM (KOHTp8B8pH8HTHliU) H HHEHKJI (KOBBPHBHTHWI) HH.ll.8KC8Y 6y.ll.8T 

BliilOJIHHThCH cywHpOB8HH8 OT e.ll.HHHUH .ll.0 Tpex. 



rPYilllA mIBAPlllHTHOC:T0 fil!TEPBAJIA 
IlycTh TOtlRa B HeKOTOpov Tp6XM6PHOM .11.e~CTBHTeJihHOII npoCT-

paHCTB6. R_ 3 onpe,11,8JIH8TCH KOHTpaBapH8HTHWI BeKTOpOil X~ ( i = I, 2; 3). 

IlycTh .11.anee B R3 CYlll8CTByeT nOCTOHHHH~ .11.BBK.11.H· KOB8PHBHTHU~ TeH-

aop Si.le. , onpell;eJIHll!llHlt veTpHKy aToro npocTpaHCTBa. Tor.11.a KBa~-

paT paccTOHHHH ~;(x,y) ve:1,11,y .11.BYMH TOtlK8VH C KOOp,11,HHBTaJIH x~ a 

yk onpe,11,eJIH8TCft $0PVYJIOI 
2. • 

qo(x,y)= ~ik.(X'--y )(xk-y"-). (I) 

llpH 8TOV npezmonaraeTCH, tlTO veTpHKB 9.~ He HBJIH8TCH CHHryJIHpHO~, 

T. e., _tlTO aueeT 11ecTo ~ = de! I 9i1z. l '=/:- O. · Ot1eBH.1lHO, tlTO pac­

CTOHHHe-11e:1,11,y .ztBYMH TO'IK8MH npe,11,CT8BJIH8T co6o~ HHBBpHaHT. KoHeq­

HO, nOCTOHHH~lt Jl6TpH'l8CKHM T6H80p 'jik npH IIOIIOlllH II0,11,XO.llH!llero 

U8HTpOaifxl>HHHOro npeo6paaOB8HHH MOlt6T 6HTD Bcer,ll;a .11._HarOHBJIH8HpOB8H. 

CneicyeT, 0,11,H8KO, HM8Th B_BH.11.Y, 'ITO 3H8K onpell;eJIHT8Jlfl ueTpHKH npa 

JID6WC U8HTpoaifxl>HHHWC npeo6pa~OB8HHHX OCT88TCH H8H3V8HHWI, T. e. 

OH HBJIH8TCH HHB8pH8HTOM. neMCTBHT8JlhHO, paCCMOTpHII B R3 H8KOTOpOe 

Heoco6eHH06 U6HTpoaifxl>HHH08 npeo6paaOB8HHe C 8ifxl>HHOPOM A~ ; 

x'i- R" 1r.. IE -It •t Ai. R-k. ~i. A ..1A• I Ai I ..LO 
- ll. X ' )(. = A t X ' It t = 0 t ' 0 = ~~ It T ' (2) 

r,lle qepea A~ o6oaHB'lleH aifxl>HHop, o6paTHHii K aifxl>HHOpy Ai • 
- 'IlpH_npeo6paaOB8HHHX (2) M8TPHK8 9.1c. KBK llBBE}ij,I KOBBPH8HTHbli-l T6H­

aop npeo6paayeTcH cornacHo ~OpJfYJiaJI 
I -p-q- " It / 

~~rt = Ai. A k. '1-"f- , <},,, = A p At 'fik , 2.. I 
~ :e. Ao io, (3) 

H,. CJ18,11,0B8T8JlhHO, B8JlHtlHH8 £.0 , paBHBH 3HBKY onpe,11,8JIHT8JIH ~ , 

coxpaHH8TCH, TBK KBK HM86T 11eCTO 

~= }O ~,5• = A!g~ Ofl:~1Y1 
= 9-1 c1~~1r1 = £~. (4> 

PaccvOTPKM Teneph npeo6pa30B8HHfl npocTpaHCTBB 'R.3 
, KOTOpue 

coxpaHflllT KBB.11.PBT pacCTOflHHH ll8E.1J.Y .11.BYMH TO'IKBIIH (I). KaK H3B8CTHO, 

T8RHMH npeo6p830B8HHHVH HBJIHIOTCR aiixliHHHHe npeo6paaOB8HHft BH.11.B 
2 

' -l 

,, 

i 

i 

:1 
i, 
! 

ii 

l .. 
l 
'1 

. Cl :x'i = -l ~ (u) xk + S' ,, (5) 

r.21e MBTPHUH t~ (tt) Y.110BJ18TBOplrnT COOTHOW6HHD, BHT8KBIXll8MY He­

nocpe.21cTB8HHO Ha ~opvyJIU {I): 

gilt l~(u)t:(1t) =7-11-, f. 0 (-,.,)= d.el /-Li('ZL) I =±1. (6) 

IlpH STOW o6paTH08 npeo6pa30B8HH8 KM88T BK.It 

xk= I:(u)(x•l-fl), 

r.11e t1epea l; (1t.) o6oaHa'leiia o6paTHaH 11aTpHua K 11aTp.iue -f. ~ ( 1t.) ;. , 
. Ii. Lt r-i. 

ynoBJI8TBOpfll011(8H r.~OTHOmeHHI> OpTOrOHBJihHOCTR -Z: 1,._ (u.) -z: t (1t-) ,::: 0 e,. • 
~opvyJia (6) .Ha lt8BHTD sneueHTOB uaTpHttHoro »Horoo6paaHH. Lt, (u) 

HaJiaraeT 6 CBH38~ H, CJ18,210B8T8JlhHO, MHOroo6pa3H8 ('u .. ) onpe.zteJIH-

8TCH Tpeua H888BHCKMWIR B6JlHttHH811H (napaueTpBMH rpynnu) ~- Ta­

KHM o6paaou,atM>HHHBH rpynna B lJ onpe.nenHeTcH mecThD napaveT­

pa11H, KOTOPhl6 CHYBOJIH'l8CKH 6y,11,e11 0603H8'l8Th qepea (' U. ,J ) • 
IlycTh y HBC H1188TCfl .11B8 nocne.110BaT8JlbHHX ait$(HHWC npeo6p830B8HHH 

C napaMeTpauH ( tl. ~ f ) H ( uJ •. f 1 ) t KOTOphle IIOllHO 38118HHTD 0.llHl4V 

8tpglHHHWI npeo6paa_OB8HH8M C napaueTpBMH ( u..", f">· Ka~ H~TPY.11HO 

y6enHThCH, B peayJihT~Te HeCJIOZHHX Bl:itIHCJl8HH~ nonyt1HII CJle.1J.YIOlllYIO 

CHCT8MY 38KOHOB K0Mfl03HUHH napaMeTpOB na11HOR rpynnu: 

-t.~(u..f{).::: t.i(,L') -1:.: (u), (7) 

fui· = £ ~ (ttt) f k f fi. 
lliecTHnapaMeTpHtteCKYIO 8tpgJHHHYIO rpynny C aaKOHOM l:WMfl03HUHH napa-

118TPOB B BH,11,6 (7) 6y.neu H83hlB8Th rpynno~ HHBBpiaHTHOCTH HHT8pBa­

Jl8 npocTpaHCTBa R3 H 06oaHa1.1aTh 1.1epea 1\ [6]. 

* KOHKpeTH8H napaM8Tp1rnamrn M8TPHUhl t~ ('Ji,) 6yii;eT IIIJHB8,11,8H8 HHl!le. 
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ila 4>op11y.11 (7) BHllHO, 'ITO U8HTpoa4)if)KHHble npeo6pa30B8HKR. 

( f/.= 0 ) ' 0CT8BJIHIJ!D.K8 HHBapHaHTHO~. TpexwepHyD npOK3B01IbHYD 

(H8CKHryJIHPHYD) O]lHOpOJlHYD KBa11paTK'IHYD ff)opuy B TpexuepHOU npo-
~ , ' .. . 

CTpaHCTB8 

~ (:c) = CJ•"- t::" ck, ~ = dei. I Cjile I =I: 0 , (8) 

o6paayDT no:nrpynny rpynnbl KHBapHaHTHOCTK KHT8pBaJia B 1GJ C 88KO­

HOII KOIITI03KUKK napayeTpOB, 38Ill/JC.8HHbDI B MaTpK'IH0'1 4>op11e 

t. i ( 1l-'' ) = -l ~ ( 1L1
) i: 1 (,u.) • 

KoHe'IHO, KBBJlPlllKY (8) MOXHO BC6r]la npK nOMOlllK COOTB8TCTBy-

'D!l{ero H80COCl8HHOrO U8HTpOa4)if)l/JHHOrO npeo6pa30BaHKH ]lKarOH8JlK3K­

p0B8Tb~. B !pK3KK8 HMeHHO 'faK K ~e1I88TCH, H Il08TOMY pacc11aTpHB88M, 

KBK npaBKJIO, rpynnu npeo6pa30B8Hll~ yze 11KBrOH8JlK3KpOB8HHblX ueT­

PKK,TBKHe KBK, HarrpJ1J11ep, xopomo KaBeCTHBH irpexrrapaueTpHt1ecKaa 

,rpyrrna BP8lll8HHtt TpexuepHOr; 8BKJIK]l0BCKOro rrpOCTpaHC~Ba S0(3). 

B R 3 nocne JlK8I'OHa~~38UKK YOJ:HO paccwaTpKB8T:b B OCllllell p83Hble 

rpynnu SO ( p , f ) , rJJ;e p , 'r 06oaHa1rnm cOOTBeTCTBeHHO irKcno 

IlJlJOCOB H MKHYCOB B Cl.frHaType KBBJlPHKK (8). TaKliM o6paaou, B Tpex­

uepHOY 118~CTBKTeJI:&HOM npOcTp8HCTB8 MOJ:HO paccMaTpHBBT:b CJI8JlYD!llKe 

THilbl 11Karoilan1,ttblX KBalipaTl/J'IHblX ipop11 K 

pKt1ecKHX rpynn npeo6paaoBattKi: 

COOTB8TCTBYDlllHX TpexrrapaueT-

1ot-c}= (c1)'"+(-l-2.Y-+-(2.!)2-

~(~) = ('i:.1)'-+(-'t..t)'-- (~.J)'-

. 

- rpyrrna npeo6paaoBaHK~ cqiepu S0(3) 

(rpyrrna TpexuepttblX BPB!ll8HK~) 

- rpyrrna npeo6paaoBaHK~ 011Ho­

non11cHoro rHnep6onoH11a SO(i,~) (9) 

~o(-e) ==(2:r-(t.1.y_ c~;)l- - rpyrrna rrp~o6paaoBaHH~ JJ;Byx­

noJIDCHoro rHnep6onoH;zi;a So(1,2.) 

CJ.(~)= -(~~)2- (~2.)2.- (:c3)~ .- rpynna ,npeo6paaoBaHHli uHHMOlt 

clf)epu SO( o 1 3) 
4, 

1 

·, 
I 
I 

f 

KnaccK~HKBUHH TpexuepHblX KBB11PKK (9) no cKr~aTypau Ha ca­

MOM ]leJie, 03HairaeT KJIBCCHif)KKaUKD no HeKOTOpO" CKCTeue KHBapKBHTOB, 

o6paaoBaHH·wc Ka KOs4)if)KUHeHTOB KBBJlPKKK (8). B 061lle~ npH pac-
. ' 

CMOTpeHKK npeo6paaoBaHK~ KB8JlPBTHqHoi ~Opllbl (8) H8T He06XO]lK-
, ... , ·,. . 

MOCTl/J CH8'1a1Ia npOB8CTH ee JlKarOHaJIK3aUHD. Bea nOT8pK 06lllHOCTH 

MOllHO paCCM8TpllJB8Tb npeo6pa30B8HKH ?Cllll8'1 KB8]lpHKK (8) B ce6H H 

COOTBeTCTBYDI!lYD KJI8CCH~HK8UKD no Cl/JCT8Me HHBapHaHTOB npOB8CTH B 

OKOH'laTeJI:bHllX ~OpMJIJI8X~ TaKO!i nOJlXO; L1M88T no Kpal1~el1 uepe .JlBB 
', ( ;,.· ;, ' ' 

npem.1yw.ecTB8: BO-rrepBL!Y., . OH fi03BOJIH8T .. O]lHOBpe11eHHO paCCMOTpeT:& 

rpynnOBblB npocTp8HCTB8 rpynnbl rrpeo6~830B8HH!:l OC5Ulel1 TpexuepH9i 

KB3:zJ;pKKK, H, BO-UOpblX, OH Il03BOJlH8T HCfiOJlb30B8T:b T8H30pHbl" an-

rrapaT npH J/13y'leHHH rpynrrOBblX npOCTpaHCTB. . , ... , ,. " 

TpexrrapaMBTpK'leCKYD M8TpH'IHYD, rpyrrrry C 3JI8MBHT8MK t~(w). ' 
· H orrpe}leJIHTeJieM -l:.o(u.)·= l 6y:zi;ey H83b!B8Tb rpyrrrrol1 KHB8Pl/J8HTHOCTH 

TpeXMepHOii rrpOllJ3BOJLbHOl1 0JlHOpO]lH0'1 KBB]lpllJKH H 0603Ha'laT:& t1epe3' ·. 

SQ 3 [3] • 

0tIBBH1U{O B8llHYJO pOJil, B CTPYKType rpyrrrrll: :p 3 [6] KrpaeT 

HMBHHO ee noJtrpyrrna SQ 3[~] : -1\[6] ::, SQ3[3] • IlepBbl" Ha 

38KOHOB KOMII03HUKK rpynnOBblX rrapaMeTpOB B (7) 38fll/JCaH B H6HBHO~ 

qiopve B Bl/Jll8 M8Tpl/J'IHOro COOTHOW8HHH. JlJIH rronyqeHHH KOHKpeTHblX ' . 

peayJibTBTOB, OJJ;HaKO, H806XO~HIIO pewHT:b STO iiaTpK'IHOe COOTHOIDBHKe' 

OTHOCKTBJI:bHO Ha6opa napaMBTpOB (_~) H K HBHOUy BllJJlY 38KOHa KOIIITO-
, . 

3HUKK napaMeTpOB nOTOY rrpHweHHT:b T80pHll HenpepblBHblX rpynn npe-

o6paaOBBHmi 11•21. Pac~MOTpKw Tenep:& 6onee no:zi;po6ao rpynny SQ3[3] 

IlpHBB]lBM a:zi;ec:& OCHOBHb!e peayJibT8Tbl no reoueTpHH rpyrrrrOBOro npo­

CTp8HCTB8 aToi rpyrrrru,,rrpH'18M 6y:zi;eu HCXOJlHT:b Ha,pesyJI:&T8TOB 

KpaTKoro coo6~eHKa / 3/. , 
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rPYililA 11HBAPIAAHTHOCT11 TPEX'.bPHO¼ ITPOIA3BOJlbHOi1 O,UHOPOJJ.HOn 

KBWAT~qttoi OOPM~ 

lriTaK, paCCMOTpm, Kp8TKO rpynny SQ~ [3] , OCT8BJIHIO!lzyl0 l1HB8-

PH8HTHO~ KBanp11Ky (8) B 13 • Ilpe~ne BCero Heo6xonHMO H8~TH HBHbl~ 

BHn M8TPHU i.~ (u.) , ynoBi!eTBOpHDIItHX COOTHOllleHHRM (6), c KOHK­

peTHblM onpeneneHHeM rpynnoBoro Mttoroo6paaHH ('fL). KoHeqHo, cy~e­

CTByeT HeCKOJI.bKO cnoco6oB ,napat,feTPH38UHH M8:PHUH t ~ ( u,) B R ~ 
8ai.rnTm1, qTQ BBeneHHe KOHKpeTHO~ napaMeTpH38UHH M8TPHUH t~ ( 1l,) 

03HaqaeT Bcerna BBeneHHe KOHKpeTHO~ CHCT811bl KOOP.D.HH8T B rpynnOBOM 

npocTpaHCTBe rpynm,1 .S Q~(3] 

·Y.n.o6HO" napaMeTpH38UH8ll MBTPHUbl t~(U,) B naHHOM cnyqae 

HBJIH8TCH T8K H83blB88M~H napaMeTpH38UHH Kana / 4 , 5/, KOTOpyD B 

CHMBOJIHqecKOM BHne yQgHQ 38IlHC8T.b cnenylOIItHM 06paao11 

T(u) = (C:i =;:~}(c,±uJ~, T(u.) T(-u_) = f, (IO) 

r.n.e T(-U.) C00TB8TCTByeT 8JI8M8HT811 118TPHUH t.~ (u.) , ~ COOTB6TCTBY-

8T 8J16M8HT8M M8TPHUN MeTpHKH CJik-= jki , f: COOTB6TCTByeT 8.D.HHJ4q­

HO~ M8TPHU8 H tJ.. COOTB6TCTBY8T H6KOTOpO~ 8HTHCHllM6TpHqecKOli U8T­

PHU6 Ui1c.:. - U.1c.i B TpexwepHOM npOCTp8HCTB8 R3 
• KaK · H3BeCTHO, 

B TpexuepHOM,IlpOCTpaHCTB8 JIIOOO" 8HTHCHMM6TpHqecKHll (.llB8JC;zui KOB8-

PH8HTHbl") T6H30p (6HB8KTOp) VOJ;HO Bblp83HTb qepea IlC8Bll.OB8KTOp. 

B CBH3H C 8THV ~ ~~ BCerna MOJCHO IlOJIOJCHT.b: 

e _,, 
1Lilt. = eikl "ll Uo , 

' J-1 
eiH = I ~ I 2. £.i1t.t . , 

11 -I Alt - j_ et.mn ,,, 
UC .._ - 2. ..._,r,n ' 

e iH = I'}, ct2. €..iH. ' 

(II) 

r:11.e qepes u.f.. 0603HaqeH HeKOTOpblii KOHTP8B8pH8HTHbl~ IlC8Bll.0B8KTOp 

B 'R_.3 , £.:._jk. H e_i,»tr HBJIHD'tCH COOTB8TCTB8HHO IlOJIHOCT.bll 8HTHCHU-

116TpHqecKHMH KOB8pHaHTHHUH H KOHTp8B8PHBHTHHMH T6H30pauH B ~
3 , 

6 

) 

) 

l 

ti 

npOK8B8.1(6HHH KOtopwc Bblpaxamca qepea o6o6~8BHH8 CHVBOJlH Kpo­
H8Kepa / 6/ 

~l"fl'E.;,;1t. = S fJ; , e11-1e.e..;·1t.· JfJ, e"ike,,"j1t = .t.J'~, (12) 

B Uc HBJIH8TCH B6KOTOPWI IIHB81)148HTOV ( t. e. 'U.o HB11H8TCH onpe.1teJieH-

BO" @'HKUH8A 'e;n;!4HCTB8HHOro BHBBPKBHTa . ~!(u.): IJM,u.!'u.f- 1 ~o-

TOpli0 1101:eT 6!iTb nocTpOeH B P-.3 
Ha IlC8B.1(0B8KTOpa v.,L H 11etpaqec­

KOro T6H30pa irr ) • 3anHC!iB8H ~pvy 1fY ( IO) B BKKYPBTHOS! T6H­

aopHOlt. ~pwe C yqeTOY (II), Haxo.n.1111 RBHbl0 BH.ll Y8TPKIUi i~ (1.L) : 

t i, ( ) 11•4 rr. -i 'L ) \" i 11 -.t .;_ -'f ir, ~J 
It I(.= Llo('k..)L\..H:.oU.o~o<,...) o~+,£..u. tl.,tll =F2.1!olf'ek,.,.u.. ' 

. ., I -2 · 1 · {13) 
Llo (-k.) = i J.J;t 7"1t ± U.i!t. I = itE.oflo f\,t('k..)' "-1t.:= f}lt.e u. L' 

• • - . • • It '• 
tit(o),., Ot 1 t 'ii.{11.) = t~(-u.), f.1_(1t)-/:.t_{_-1<.)== Ct. 

0cHOBH!i8 IIHBapKBHT!i vaTpHIUi (a®JKHopa) -l:.~ (u.) paBHH: 

J1= Li (tt,) = ll:f (1L) [ l,- A o('ll-) ], 

J1. == -1:t0t-)l~(1t) = l):2 (1t.) [ 16- 1(; .6oC"'-) r.3 .6! (u.) J, 
J ~= f~ (11.)t~ (1t) t.~ (1<.)"' &; (-u.) [ 64- q(; ll0 (1t.) t.3' b!(tt.)-.6 ! (1t..)] ~ 

KaK H8TPY.llHO y6e.l(Htl,CH, onpe.n;eJIKT8Jih ·fo(1<,.) IIBTPHIUi -1:..~(tt..) 

paBeH 8.l(KHHU8, TaK KaK H1186T 118CTO: 

£0 (.11.) = d.el I l;ll{il-) \ = t [ J1-3J1 J2. -fl J~] S':-1. 

(14) 

B ~pvyxe (13) JJ;JIH i~(1<,.) IIBTPHUB 4kt HBJIH8TCH o6paTHO~ 118TpH-

uen K uaTpBue 118TpKKH i~ 1 KOTOpaH Y.llOB118TBOpHet ycJIOBKI) OpToro­

BBJll,HOCTll !Ji~ 'j-lk .. oi • IITO K8C86TCR 06JI8CTB 118U8H8HBH napaueTpO~ 

·u.!· , TO ;n;JIH £0 = I H11881f O ~ U~1 u.l <- 00 ■ UH ~= - I 

OC:SnaCTD B8V8H8HHH napaveTpOB 1.l.t orpaHKqesa II onpe;n;eJIH6TCft C■Hl'y­

JIHpHOCTbll B 8Ha11eHaTeJ1e lfBTPBIUi t.~k.(1.L.) , T. e. 1111eet 118CTO 

o ~ u;2\>ot("')"' 1,. 
7 



MaTpHqHoe ypaBH8HH8 (IO) nnR waTpHUblT(~) wozHo ~opwanhHO 

pemHTh OTHOCHTenhHO 6HB8KTOpa 1l , B p83YRhT8T8 qero nonyqaew 

~MQ 

1l = ± [£ -t T(IL) J" [ E - 'T1 (u)] ~. (15) 

B cnyqae Tpen,epsoro npocTpaHCTBa R.3 nonyqaew cne;zcyi001H~ HBHli~ 
. . r 

BH.D; nceB,D;OB8KTOpa u.'- KBK fl)yHKUKH a~KHOpa t. 'J- (u,) : 

11.;
4

u.,i:: t i ll 0 (1L) eiftJ-9,,,. [t;('J(,)- t;(-u_] • (16) 

HexO.D;ff H3 ~opwynH (16), 110:nlO nerKO nonyqHTh ffBHlin BHlt 38KOHa 

KOMil03HUHH napaweTpOB ;zl.Rff rpynnli SQ~[3] , KOTOplin KweeT B TeOpHH 

aenpepliBHblX rpynn KREqeB08 3HaqeHH8 /I/. YqHTliBBH nepBOe H3 co­

OTHOmeHH" (7), B8XO.D;HW 

.1 • u;:'uf·_,.~-,u,,i ± u;,1u.:,·t~i.f>e ,.,9-u;r 
~ UQt,:: tr: IV. (17) 

1 - &,u;,1 u;,·t ~!'I-- ufu!'f-

IlpH BliBO.D;8 aaKOHB K011Il03HUHH napaweTpOB ( 17) ,1lJIB rpynnli SQ3 [s] 

HcnonhayeTCff COOTHOmeHHe 

~o(1t'')-;:: .60(1<,) "6o(U.') [1-Eoti;,1~-f'TM-w'i~] 
1 

KOTOpoe nonyqaeTCff KBK peaynhTBT B3ffTHH cne.D;a IIBTpHqHoro COOTHO­

meHHff (7) c yqeTOII ffBHOro BH.D;a IIBTPHU npeo6pa30B8HHff -1:.~ (u.") t 

t ~ ( 1l') H t. ~ ( 1l) 3E • 

HHTepecHO nepenHCBTh 38KOH KOMil03HUKH napa11eTpOB (17), sa­

IlHCBHHli~ ,llJiff nceB.D;OB8KTOpHOro npe.D;CT8BJl8HHff napaueTpOB rpynnli 

gQ:; OJ , ltRff cnyqaff 6HB8KTOpHoro npe.D;CT8BR8HHff napaueTpOB. 

~ 38KOH KOMil08HUHH napaweTpOB (17) .D;Rff rpynnli SQ~(3] B cnyqae eB-

icnH;zJ.OBCKOro npocTpaHCT:BB ( }-I!. == &tt. ) nepeXOllHT B H3B8CTH!ilt 

38KOH KOMil03HUHH ,llJiff rpynnli S0(5)B T8K H831iB88MOit B8KTOpHOit 

napaweTpeaauHH 181. 8 

I) 

f 

ii 

:\ 
i 
i 
~ 

Op• n011ou (II) aax02to: 
. I ·c / , . ) 

',;_.U ~ "'-tit -f 1Lik :f-, .. <J'! 1Lif fl:ik. - Uip 1Lf-k 

. t.t 1 - t '1-a..c 'J-hl ~ !!!uJ,, . . 
tno 0ocnaomem1e, OllHBKO, B 2ta.11heebe11 se ~yle11 11cnoJ1.b8011au, 

TaK ltaK B aacTOHutee Bpeufi ·oTcyTCTBYet npHroztHBR npoctaa ·,eopii• 

6HB8KTOpHla (B OOlilell noJiHB8K'lOpHlilX) ripocTp~liCH~ K KOTOi}W OTHO­

CHC~ :• 'rpynno~oe ~pocTpascno rpy~~ SQ~[3] • Pac011,TpHBJs ··· 

rpynnOB08 npOCTpaHCTBO rpynnw .SQb(pJ_ JtBK UC8BlOB8KTOpHoe npoci,:.. 

paHC'l'BO, _ IIOXHO nony-ii1i1Tit. BC8 ero reoueTpHQ8CKll8 xapaKT8pHCTHK_r. 

npBBl:lqHo&t ~p11e·•• . 
. . ... . . . ,. ,' . :·. . ··.· . . , , : , . 
COOTHOm8HH8 (17) IIOXHO p8WB'la OTHOCHT8llbBO DC8B}lOB8riOpa fol,~• 

llaH 8'f0~0 SBlf~HM, 11!0 nepBoe'1s COOTH01118Hll'll (7) 11000 aaii116a't.b 

B H.D;e: 
-l:t(1t.') = tt (u.') 1:.ke_ (.-- k-), 

■ 'fBKIOf 06paao11 (f>op11anaaas aa11eaa u.1' _., ,i,' , uf..,, 11,,, 
11 

, 1l - - ~ 

npHBO}lll'f K COOTHOm8HJII) 

• ,,-1 ,,,If•· .,-1ui.,. 1,-, ,,,,., 

2
.,_e ·-· u,'fu",. 

11.!-"u'"= 1lo ... -_...., T' - l<O ff·. . (18) 

I t Eo 1';
1 U:-' !/f1- ul' u"'r 

'IE 8a11eT11w, 011;ea10, tiTO us napa11eTpHaau11 rpynno1toro_npocTpas-

CTBB m8CTIID8p81f8TPHQ8CKOI rpynnw npeOOpaaOBBHHI npOi13BWU.HOI 

118TYp8Xlf8pHOI OllHOPO.llHOI KBa.-p■KH SQ,._ [b] H806X_Ol(Hlf0 IICil0llb30-

BBTh HYBHHO 111ecTM11epawA 0111enop B 11e,wpeX11epao11 npooTpaacTBB 

'R11 ·• 8J1:e11eii,:a1111 rpynno1oro npocTpaHcTBB rpynnw SQ,..[,] B 'ta;. 

KOi napa118Tp11aan1111 HBJUIK>TCJI H8 TO'Ull,·KOTOpYe onp8,1l8.IJWTCR B8K­

!Op011, a npJ111Wa, onpe2teua1H1e anenopa11■• loHeuo, 110m10 c~a­

H'fa nom1uy pacc11HpHHa rpynno11oe npocTpaac,10 rpyililll SQlf.[,] 
KH !OQ811B08 npOCTpSBC!BO, BUOpH B8KO'f0PJI> no.uo.1ot1QIJ 110ll8.ll 

,IJIR Oa1enopa (aenp:rnrep / 91), BO HO CB'fJIIllll> CKOpee 0Cll:O~R-

8'f, 11e11 ynpo~ae,. 
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Tenepb y Hae eeTb B paenopHl'.8HHH Bee eOOTHOmeHHH, KOTOpble Il03BO-
' ··~ . 

JlHllT onpenenHT:& HY:z:Hhl~ reo11eTpHqeeKHe xapaKTepHeTHKH rpynnoBoro 

npoeTpaHeTBa rpynn~SQ~[~](penepbl, o6paTHble penepbl, yeTpHKY, 
' .. ' 

eHMBOJlbl KpHeTO~.JlH, T~H30pbl PHY8H8 H PHq'IH, KPHBH3HY, reHepaT,O-
\ 

Pbl rpynnbl, eTpyKTYPHbl8 KOHeTaHTbl anre6pbl, onepaTOp Kaa1urnpa rpyn-
,. :, 

Ilbl) • 

CoeqHTaew eHaqa11a eoeTa~JlHlllllHe penepa r ~ ~u.) H o6paTHoro penepa 

f ~(±1L) B rpynnOBOM npoeTpatteTBe rpynm,1 SQ3[3] :s,_napaweTpH38UHH 

(IS) (npH 8TOY fl0110l!RII ll1IH npoeTOTbl U.o = c.onsl:.) • Corna.eHO Te­

~PHH .~enpepb111HYX rpynn' 121 H1lHbl" 1lHll ~enepa r ~ (!.IL) nonyqaeu llHtf>­

~peauHpo11aHH8Y eOOTHOmeHHH (IS) no u!' npH 11-•=u. 1 T. e •. 

....... , i. I . ~ o~ . . . .. t 

r k. (:tu..) .. ~k- ''-. -:: IJ.~
1 

('«-) [ cf R :f 1'" a:f ek,.,,_ u.'t--] , 
,u; -u.. Cf , r (I9) 

. . 
r~ (o) = 0~, ro(1L) = d.e.L I r~(.±IL) I= b--;,2.c:u,). 

AH8JIOreqHO H8X~iH11·HBHli" BHll eOeTaBJlHIJ!l{KX o6paTHOro penepa rt(.:tll). 

npH IlOMO~H llH~peHUHPOB8HHH eoOTHOW8HHH (17) no 1'! npH a'= 0: 
<'\ Ilk 

-ll. c/U. 1· le . re. (-±u.)-= '"d. 1l-,e i=o = d-t +&u~2ZLt,tt'.t u;,1~kf%u't-, (20) 

·r ~(6)'.s '8 ~ , ro (-u.) = clef\ r} (;t1l) \ ,,. .6!(1L). 

KaK H8TpyitH0 y68llHTbeH 88 oeHOB8 <f>OpYyll ( I9) H ( 20) 1 penep r ~ (:tu.) 

H 06paTHblit penep f }{;tll) B38HIIHO, OpTOrOH8JII,Hbl 1 T. e. l'JY88T ueeTO 
.;, -1c.. r-i.· rite (:1:.1t) r ~ (± tL)-=- o e..• 

Bea oco6oro Tpylla 110l!tHO aa"TH TaKKe HBHblH BHll ueTpHKH G(le,(u.) 

rpynnonoro. npoeTpaHeTna rpynnhl SQ il3] , KOTOpaH nonyqaeTeH K8K 

eKaJIHpH08 npOl'l3B8ll8HHe penepoB (I9): 

10 

J 

) 

1 
l 

I 
I 
~ 

tUJ 1
:= ~ik ("-) d.uJ du.k., . .. 

Gii1t('k)== 9,,,-r{(±tt)rZ,(±t) = ~-;_2(1l) [~o(ll)}e-E.U:1u,r_._J. (ZI) 

rpynnOBOe npoeTpaHCTBO rpynm,1 .SQ?,[)] T8KKII o6paao11 ope.J,eTaBJUi8T 

eo6oa PKM8HOBO npocTpaHCTBO. EcJIH B3H'tb CK8JlllpH08 npOH8B8]l8HH8 

o6paTHblX penepOB .(20), TO nonyqae11 HBHblK BHJl o6paTHOa 118TPHIUil 

K Y8TPHU8 11eTpKKH (2I): 
. . 

c;,k-t(it-)""" i'" F~(±U,) ri(±u}=Ao{1l) [iH·.,_cori;u.Je,l]. · {22) 

OpH 8TOII, 8CT8eTB8HHO, ]lJiH 118Tp•n ~ilt. (t.\.) H Ci k114.) B <1><>p11e (2I) 

K (22) BblflOJIHH8TeH eOOTHOll8HH8 OpTOrOH8Jl:&HOeTH: 
Ui. . ~ e 

Gi-.l~) Gi (u) == oi • 

q,o6H coeqKTST:& onpenenHTeJI:& C.
0
(~) 11eTpllKH (2I), o6pasye11 

eaaqana npH DOIIOlllH o6paTHOK IIBTPHUbl ~ l<l K 118TpHill,I ~il(_(k.) B8KO­

T0pbla a<J><I)KBOp ~ik(1t.)'3-kt K coeqHT8811 TpH ero oeHOBBblX IIHBap•-

8HTa Ji , J 1. , J 3 8H8JIOrllllHO TOlfY I K8K 8TO 6WIO e]leJiaHO B eJIJ­

qae vaTpHUbl npeo6paaoBaHH'4 (I3) (<1><>p11yJD,1 (I4)). Iloene .. npoeTwx 

BHqHCJ18HHH H8XOJlHII HBHblH BHll OCHOBHYX HHB8pH8HTOB 118TPKllbl 118TpH-

KH ~ik. L1.l-) : 

J-1 a 'tikG.i1t.(1t.) = fl;(_'!{,) [ 1 i- 2..ti.,(.11.)]' 

·t . 
Jl. = f ~ltf(t..)if...,l;/l'L,\(11..) =ff!(~) [ 1+1i'1~(1A)], 

(23) 

'J :i =. lilG~iC.1<.J ~elll,G""-...,(11..) '}"'f C.,,,(11..)~ A,,'(1.1.) [1 t tA;(~)] . 

3HaH HHB8PH8HTH (23), H8XOllHII no H3B8eTHOlt ~Op1fYJI8 .onpe;z,;ennen . 

C.l1t.) 11eTpHKH ~ik. (k)- : 

3 _ -, {24) .. 
C..,(tl.) = cfe.i J (hik. (1.t) I = -t- [ J1 - 3 Jf ),._t 2 J ~ J -~ 4o (t4.), 

I I 



KaK BiUlHO H3 4lop11y.lil:i ( 24), 8HBK onpe:neJIHT8JlH M8TpHKH rpynnOBOro 

npocTpaHCTBB rpynmi SQ,; ( 3] COBil8ZlB8T co 3H8KOM onpe:neJIHT8JlH ~0 

nepBOHaqaJibHO pacCYBTPHB88YO~ M8TpHKH 1~ 'H CJl8llOB8T8JlbHO, 

8TOT 3H8K HBJlH8TCH HHBBPHBHTOM. 

HBH!i" B11ll M8TPl1KH ail(1v) (21) fl03BOJIH8T 683 oco6oro TpyJla CO-

Ctrn:ran cm,rnoim Kp11cT0¢ena nep11oro 11 ·BToporo pona, r k.t,p (,u.) a 

r kt (it.) , T8H30p Pl.fMaHa R~jk.t l'll..) H T8H30p PtttlllH R ift(u.), 

8 TaKie CKBJIHpHy~ Kpl1B~3HY Rol'l4..) /IO/. 8TH B8Jll1tl11HN 11M8~T 

Bl1Jl: 

- CHMBOJlli KpttCTOg>eJlH! 

r kt.,r (U.)-= f pit Cep('l(,)+de, Gkp(tt)- dpGu('l()j = -r..ii: i:(11) [Gkp(1t.)UttGe,,(1t)uJ, 

r~t(1l)= Cii~("-) rH,p(1t-),. -E.,1f;~-:(1t)[ue.6~-tll«_6~ J' d,t ~{;fa' 
- T8H30p PHMBHB: 

t:pi.l (-u.) :: ?.fl, rje. ('II..)- de, p /1l'1t.) t {' ~(1,t,) r feJIL)- r je.(ZL) r {11Ju) == 

= 'fuu;2. [ Gii~C1c.) 8~ - Gj-lt.C'I(.) h~], 

tijH lu.) = Gip(1l.)l..~3·te.(1l) = Eou;L[G,:tC11-) Gstl11.)- 4ir..('k.)Gjk.C1t-J], 

(25) 

- T8H30p PHqtlJI: 

tl~1i_(-u.) = R~ipk.('14..):::. iEou~1 Gi.1i.(1l.), 

- KP11B113HB: -t 1. 

'R.6~) = GP<rc~)~l"r-(1c..).::: G:£
0
u:1 , Ro(1t) l~(u)\ = E. 0 • 
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KaK H8Il0Cp8ZlCTB8HHO BHJlHO H3 ~OpMyJl (25), rpynnOBOe npOCTPBH-1 

CTBO rpynnli gQ3(3] IlP8llCTBBJlH8T co6o~ PHM8HOBO npOCTPBHCTBO ne-:­

CTOHHHO~ KPHBl13HN, npHqey 3HBK STO~ KPHBH3Hli COBilB~B8T C ~HCKPBT­

HliM HHBBpH8HTOM £o nepBOH8t{8JlbHO npeo6paayew9~ KBa:npaTHt{HQ~ ~OJr­

w (8). 

HaKOHBU, HeTpy,1lHO noJiyqHTb HBHN~ BHJl e~e .1lBYX T8H30PHWC ~a­

paKTepHCTHK ll8HHOro pHY8HOBOro npOCTp8HCTB8, 8 HM8HHO IIOXHO Ha~­

TH HBH~il BH.1l T8H30pa BeilJIH ci}H (1t) , xapaKT8pK3YJ:l!ll8ro KOHWOPlil 

Hli8 CBOlfoTB8 npOCTpaHCTBa, H T8H80pa npoeKTHBHO~ KPHBHSHH Wijk..t. (,,.; 

xapaKT8PH3Ylllll.8rO np08KTHBHli8 CBO~CTB8 ,1l8HHOrO npOCTpaHCTB8 /II/. 
Ilocne Hecnom1wc BHt{HCJieHH~ nonyqaew: 

"."' TeHaop Be~Jifi: 

Ci,iH (1t) = R ~J·1H ('It.)+¼ Ro(-u.) [ ~,it(u.J Gje!~)- G.:elu) G~(u.)] + 

t ~ie.(~) R~(tL) -~i!Q.(11.)<Rit,(u.) + GjA.(-u,)_l{e.(iu.) ;,_ G. je.(1t)R,i1t) ~ 0' 

- TeHaop npoeKTHBHO~ KPHBHSHH: 

W ijlle (-u.) = il~·k.l (1t) + 1 [ ~.e (~) ~ik(1t)'- c;i1tC1t) Rje (1t jJ ~ 0. 
B CBH3H C T8M, qTo o6a BlillleynouHHyTwc T8H30pa TOJ:,1l8CTB8HHO paBHli 

HYJID, IIOlOIO KOHCT8THPOB8TD, qTQ rpynnOBOe npocTp8HCTBO rpynnli 

SQ~[~] HBJIH8TCH KOH~pHHO-IlJIOCKHII, 8 TBKJ:8 np08KTKBHO-IlJlOCKHH. 

IlOCJie,1lH88 YTB8pJ:l{8HH8 HBJlH8TCH B H8KOT0p011 CWCJI8 TpHBHBJIDHlill 9 

TaK KBK Bee PH118H0Bli n -11epH!i8 npocTpBHCTB8 IlOCTOHHHOil KPHBH3Hli 

HBJIHllTCH KOHWOPUHO- H npoeKTHBHO-flJlOCKHMH, H TpexwepHue npocTpaH­

CTB8 B STOii cwcne H8 uoryT 6HTD HCKJ1Dt{8HH8M. 

HaKOHen 38118THM, t{TO M8TPHKY ~ik. (u..) rpynnoBoro npOCTp8HCT­

B8 rpymrn SQ~[l] 110J1Ho sanHC8TD B • cne:zcyDUteu Blr1.1le: 

Cit_(1t-) = [ 4e.,tf,,2. A~{11-) f ~Ao(u.)( d)~ .c1o(tA)) - ( ~i li o(u) )(J~ tl 0 (it )J] . 
13 



,8TO 03HaqaeT, ·qTO llSHHOe rpynnOBOe npOCTpBHCTBO OTHOCHTCH K TBK 

H83blBB8llblll cy6npOeKTHBHblN IlpOCTpBHCTBBN, BB8ll8HHWI KaraHON /l2/. 

'B aaKJI~qeHl8 8TOro PB3,Zl8JI8 Bb!IlHW8M e~e HBHbl0 BHA Tpex re-

' HepaTopoB Si (±it)• · rpynnbl SQ 3 [3] B napaueTpKaBUHH YBTPHl.lbl npe-

. o6paaOBBHH" l ;,~ (u.) qepea IlC8B,ZlOB8KTOP u! • Kwea ftBHbl~ BHll 

·o6pBTHOro penepa ft (xtl) . (20), no Onpe,Zl8JI8HHD HBXOllHY (1i, = l) 

~(:tu,)= -if ~(±u.) dp ;_; [a,..,.Eou:2ui (u!'op) ± u-;,1 eiff-u!}Yc?r]. (26) 

CTpyKTYPHb18 KOHCTBHTbl tq t BJire6pbl rpynnbl S Q.3 (3] NOEIO 

nonyqMTh Henocp~,ZlCTB8HHblN BbJqKCJI8,HH8N KOMMYTBTOpOB OT rettepaTO­

POB 6-i (±u.) t 6)(:t'«) B rpopue_ (26). 0,ZlHBKO, IlPOlll8 8TO CJJ,8JIBTb 

cornacHO o6me0 TeOpHH HenpepblBHblX rpynn npK IlOMOlllK COOTB8TCTBy­

~lll8rO llHqxl)epeHUHPOBBHHH 3BKOH8 KOMil03KUHH napaueTpOB (17): 

·· t =- - i --- - - - · -1 • kl ( 
82.,tl 'J'-u. "e ) . 

~ ';)11.,.: ~ui- Jui 8u.'i I tt=tt-'=o- -t-1L u., ~k. f . 
Ecmt: Teneph BB8CTH BY8CTO reHepaTOpOB o,:(±rt) rpynnbl SQ3[.3] 

HOB1i1e onepaTOpbl si II st cornacuo rpopwyJiau 

s, = ½ 6'.: (+U.) , s ! :r t fi,: (- u,) , 

T9 aJire6py rpynnbl SQ3[3] MOllHO aanHCBTb B 6onee npHBbJqHOM BH,Zle: 

I si ·, sj] -:. i rl.1 
e~-k ilte Sr, ' ( s [, s; 1 "'-i u~' e.:jk. '}1te.Se ' [ S,: l sj) = o. <27> 

I IlpH 8TOY CJI8JJ.Y8T 38Y8THT1>, qTo N8:!JJ.Y reuepaTOpa11H Si H sj cy- , 

lll8CTBY8T CJI8JJ.Y~lll8H CBH3h: 

Si.= -l~(+u)s;, sf =t.r(..:u.)sp, 
KOTOpaH BblT8K88T M3 CBH3H o6paTHblX penepOB B npeo6paayeuon H npe­

o6pa30B8HHO~ CHCT8MBX KOOp,ZlHHaT 

. r ~ <.:;: U.,) = -l:..~ (± u.) ~; (±u.) •. 

14 

HaROH81.l, 6y,ZleT Il0JI83HO BblTTHC8Th 811l8 H HBHbl~ BHll 8llHHCTB8HHO-
. . . . ~ 

ro HHBapHaHTHoro onepaTopa, nocTpoettttoro Ha rettepaTOpOB rpynnbl 

SQ
3 
[Jj • BTH11 onepaTopou HBJIHeTcH, · KBR HaBecTHO, onepaTop Ka­

am,mpa BToporo nopHnKa C0 : 

' ' . -t, s,; 
Co=, jN-SpS'j-: ~ptSpS~=-¼IC.c,(.u.)\ 2,dp(J~

0
(1t,)j-1 G,f'1-(11,) d11..) ::! _ 

. · · r (28) 

= -t 60 (1v) {(c}rt;:ro'J-J + Eo i: (u.t'dp) [(u.7-~,_) +1]} ::: So(So+O, 
B QJOpMyJie (28) C06CTB8HHH8 3HaqeHHH onepaTopa Kaa1r11rnpa Co g)Op­

M8JihHO o6oattaqeHH qepea S0 (S
0
t~) • 3.nech He 6y,neu yToqHftTb 

HX KbHKP8THbl8 3HaqeHH~, KOTOpHe B ROHeqHOU HTOre 38BHCHT 0~ CH­

CT8Mbl HHBBPHBHTOB HCXOJJ,HOn KBa,npHKH (8) H CBH38Hb1C 110CTp08HHeN 

npe,ZlCT8BJI8HHn JJ,JIH rpynII~ ·SQ3[2>1. TeopHH ripe.ll,CT8BJl8HHn rpynnbl 

SQ
3
[3] TTOJIHOC.ThXl BliXOllHT 38 PBMKH .llBHHOti CTBThK. 

Ha 8TOM tl0!'.110 3BKOHqHTb paccMOTp8HHe rpynnbl npeo6pa30B8HH~ 

npoHaBOJihHOt\ OJJ.HOpoziHon TpexvepHOH KBBJJ.PHKH SQ3 [3] H attaJil'ia 

ee rpynnOBOro npOCTpaHCTBa. Ilpo;neuOHCTpHpOBBHHblll Bbllll8 M8TO,Zl npH­

YeHHM Tenepb K paCCYOTpeHHD rpynnbl 'llBHX8HHll KBa.npaTa PBCCTOHHHH 

(HHT8pBaJia) uexny JJ.BYIIH TQqKaMH B TpexuepHblX npocTpaHCTBBX. 

rPYIIIlOBOE IlPOCTPAHCTBO rPYililil ~HBAP~AHTHOCT" ~HTEPBAJIA . -~ 

PaccuoTpKH -reneph 6onee no,Zlp06Ho rpynnoBoe npocTpaHCTBO 

mecTHue pH on rpynm,r HHB8PH8HTHOCTH KBBllPBT8 paCCTOHHHH ueiucy JJ.BY­

MH TOqKBMH B TpexuepHO)I npOCTp8HCTBe C npOH3BOJlhHOll_(HeBblpOx;neH­

HO~) IlOCTOHHHOn. ueTpHKOll. 9Ta rpynna HBJIR8TCH qacTHblll CJiyqaew 

½ n ( n + 1)-uepHblX rpynn HHBapHaHTHOCTH HHTepBaJia (KBBllPBTa pac­

cTOHHHH U8llJJ.Y JJ.BYMH TOqJtaMH) B O -yepHblX .nencTBHT8JlhHblX npOCT-
n . . . 

paHCTB8X 'R • IlpHBe.neHHH~ mtm:e U8TO,Zl llJIR rpynnbl 'Ps [6] B npHH-

UHne uoxeT 6Hu· npmr&etteH K o6meuy cnyqaD rpynnbl :P n [ ½,n(n1--1)] • 
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ltraK, KaK BK~HO Ka ipopwyJl1:il (5) K npe.llblllY!llero paa21ena, me­

.. CTKMepHoe rpynnoBoe·· npo~TpaH6TBo rpynm:l :P; [t) · ·, · 21el\;TByixueli .B 

TpexvepHOlf npOCTpa~CTB8 i 3 ~ ~OXP
0

8HH~e~ KH~apKaH~ (1), -:~Oll8T. 
. . ~ ' ., ~' . ' . 

6li'?l> napaMeTpKsKpo11aHo nceB210BeKTOpo11 u: a. B.eKTopo11 f . . 3a-_ 

KOH K0Mfl03KUKK napaMeTpOB rpynnH ?3[(;] . B 4Jop11e (7) (c yqeTOJI 

saKOHa K0Mfl03HUHK napa11eTpOB. rpymiH : SQ ~[3] l!. 4)opwe (IS)) cioa-

BOJIHeT. nonyqHTb. BCe reoweTpHti8CKKe xapaKT8pHCTKKH 218HHOrO rpyn­

nOBO;O npocTpaH~T~a,' HBHblli BK~ r~~epaTopo~ rpynrrn l>3[b] , anre6-

PY f Pi.nm. :P~[~] (6y21e11 0603Ha'liaTb ee qepea R.P3'ci] } H ~HHBap1r1-

8H,THH8 onepaTOpli .Ha rpynne :P3 [6] _ ( T. _ e. HHTerpaJIH 21BHJ:8HKH B 

rpynnoBOM.npocTpaHcTBe rpynnli -~ [~] _ ). 
• ·c · . ' . ·· · • • 3 

. COC'l!HT88)1 CHaqa11a o6paTHli8 penepli rpynnOBOrO _npocTpaHCTBa 

rpynn~ l\ [{,] _ · •. ~03H8"1{HJI qep~3 p~ K k.G( mec·p; ~eHepaTopo~ rpyn­

nli J>3 [GJ, • mecTH11epHy1> cTpyKTYPY aTKx reHepaTopoB B 4Jopye ~H­

~H1r1Tes1r1waJibHbIX onepaTopoB 11yqme Bcero aanKcau B 61101rno£! 11aT-

p1rqtto£1 qiopye: . ' . (r~) ~ --( ~ t(IL,,) 
\kr1. . _ ~tl~,p 

.!.~. )' ('i)) 1:(•,0 r ·. 
~ C( (u, n ~ 

(29) 

r~e aneMeHTaMw 6110-qHoli 11aTpHUli HBJIHETca 11aTpHqmrn cocTaBJIHDutKe 

o6paTHOrO penepa. IlpK STOii onHTb corJiaCHO o6mel\ TeOpHH HenpepliB~ 

HHX rpynn / 2/c yqeTOII HBHOro·BH21a 38KOH8.KO!lfl03HUHH napaweTpOB 

rpynm,1 13 [f.] (7) H HBHOro BK218 waTpHU!;-i npeo6p830BaHH£1 rpynnli 

S Q3 ( 3] B 4>op11e ( 13) HaX021KM npH IlOMOlllK COOTB8TCTBY1Jutero .llHlp-

g>epeHUHPOB8HHH-M8TpKqHble 

..!.e, vf''-r a. (u., q =- . 
1 ~ d f,o., 
~ 13 ~1/..11/3 i a. lu, ~) = ~ f' tt 

COCT8BJIHB)lltH8 o6paTHOro penepa: 

Cl I 
i; = u. == 0 

€'='1=-o 
16 

= J'~ , 

= 0 , 

(30) 

.! t- . 'd r&- I ~f. ~ (1") r lu , - - P :...:.t.:::.: 
1 0l ~) - ?-u.'oc f=11.'=o- ~ ~ ti.'« 

..! ~ - 'Ju.11/l I --~ r 0( lu, \) - d Ill( I I - r cc. (tu) • 
1 u ~~u~o 

·• cP IJ.t, 
==t:2ttoe«rt-s <J- ' (30) tt\o 

rite ft (tu.) 8CTb o6paTHlili penep B rpynnOBOII npOCTP8HCTB8 rpyn-

Illi SQ,3[3] , onpe21eneHHH" <J)opwynott (17). TaKKII 06paao11, reHepa­

TOpbl rpyrrn1,1 13[,] 1r111em BHit: 

. d , k± ._., ~r ¥.'J + 6:,r. ) C3l) 
PQ.. =- -1. 'o fa.. ' a ,= ± 1 t ~ erl./'1- 5 } 7f « (±-11 , • 

np1r1qe11 onepaTop G"c:((±u.) on?e.zteJieH g>0p11ynost (26). B CTPYKType reHe­

paTopa k_; HBHO npoc11aTpHBall~CH 21B8 COCTaBJIHl)IJ{He, KOTOpble> H1181lT 

xapaKTep 110MeHTOB. EcJIH BBecTH o6oaHaqeHRe lix .ztJIH onepaTopa TH-

na op6HT8JlbHOro IIOM8HTa , 

e • ·I f p ar ? 
0l = - i. Uo eC!t.ft 'J-' ~ . · 

H Bll8CTO reHepaTopa k.~ BBeCTH onepaTO!bl Jc,.-= t k.: H #:=-{ Ii; t 

TO onepaTOpli ~, J: MOllHO 3ailHC8Tb B BK218: ' 

. t •I l I (32) efd. = oe+ Scc , Jct.:::: - C( +So< '"· 

'l'enep:& y!Ce Ha OCHOB8 g>Opt.r8JibHOro BH.zta mecTH reHepaTOpOB fi t Ji. 
rpynnbl HHB8pHaHTHOCTH HHTepBana TpexuepHbIX npocTpaHCTB 'P3[6] 

110:atHO .ztaTb HX HHTepnpeTaUHll. OnepaTop Pi npe21cTaBJIHeT co6oli one-. 
paTop HMilYJibCa, onepaTOp Ji - onepaTOP nOJIHOro IIOM8HTa HMnyJibca, 

KOTOpbl~ COCTOHT K3 CYMllli op6HT8JihHOro K BHYTP8HHero (CnHHOBOro) 

MOMeHTOB, onpeiteneHHWC Ha nepe11eHHbIX,rpynnOBOro npocTpaHCTBa 

rpynrrH 1'3 U,] • 

Ille.a HBHli~ BH21 reHepaTOpOB (28) rpynnli f 3 [b] , H8Tpy.1(HO 

noJiyllHTI> anre6py .1(8HHO£! rpynnl:i. CTpyKTypHHe KOHCT8HTli '· R.P3 [6] 

MOmHo, KOHetiHO, noJiytiHTb Ha OCHOBe 38KOHa K0Mfl03HUHH napaueTpOB 

rpynnli ~3[6] (7) aHaJiorH'liHO TOlfY, KBK 8T0_6liJIO C.1(eJiaHO llJIH 

AS Q 3 C 3] • B 21aHHOM cnyqae aTo npoJlle c.1(eJiaT:& Henocpe,1tcTB8HHlilf 
17 



Bl:,l'IU1C]l6Hl16JI KOMMYTSTOPOB OT reHepaTOpOB p~ '· j ~ • YtIHTblB8fi 

~PMYJibl (29), H8XO.nHM, I.ITO anre6pa rpynnbl ~3[,] HM6eT BH:n: 

(pi' f}1 :::O ' 

.[pi, h] =[pi,ti} · -1 ei.Hp 
::. i u. eiJ.k. t l , 

[ }t , h ] =- [ii, e j] + [ s ~, s i] = i u;' e0·l ~H jt . 
(33) 

K g>OpMyna» (31) MOXHO 611{6 :noCiaBHTl> KOMMYTSTOpbl, KOTOpble He,Bxo:nRT 

B ~P3[G] , HO HX RBHHtt BH:n KaK_paa H noaBonReT STY anre6py ner­

Ko.nonyt1HT1>: 

[pL, ej] == in;' e~i tef't, ( pi, s ~)::. [ p,:, ~~] =?, 
[~,ti] = i u/~jl ikt te, [ ti I si] = [ t,:, s JJ = 0, 

[Si, s'i] "'i u_;f e~·k. '¼-U Se , [sf , sf] == -i.141 e~·k. 'J-kt sf, 
(34) 

[ ., ·!] • -• U.-, [· ·1] -1 · 12£.o r J J-~ =-t.'lt. e~·_1r. i Jt' . r I h =-i. u.. e~ik. Cf C,e_, 

[ •
1 '1 . -• Ht[· ']-o Ji I si ~ -1.u.. e~·1t.} se., F,s~ - • 

CTpyKTypa anre6pH rpynnhl l\ [ b] ( 33) noKaaHBaeT, t1TO aTa anree5-

pa HMeeT no:nanre6py, nocTpoeHHYll Ha Tpex reHepaTopax · Ji , :nett-

CTBY~KX B mecTHuepHOU npocTpaHCTBe, T. e. HMeeT ueCTO 

R7'3(f] :> SQ3 [6] . (3:i) 

Ha 3TOM MOllHO 38KOHl.{l,ITI, KP8TKOe Mayt1eHM8 CBOttCTB rpynnH. '1> ~ [ {;] 
M _ee anre6pl:l H nepettTM K paccuoTp8HHll HHB8Pl18HTHl:lX onepaTOPOB 

Ha :naHHOtt rpynne. 

18 

r\HTEI'PAJ!li. nB111EHIDl HA fPYililE KHBAPl1AHTHOCTK HHTEPBAJIA 

3Hafi ffBHl:lt\ BH;n I'eHepaTOpOB rpynnH HHB8pH8HTHOCTH HHT8PB8]IB 

TpeXMepHl:lX npOCTPBHCTB, VOZHO nerKO nocTpOHTl> HHBBPHBHTHl:l8' one~ 

paTOpH, C06CTB8HHbl8 3H81.16Hl1fi KOTOpl:lX npe:ncTBMfiDT co6ott coxpaHff­

l)tqK6Cff B8]IHt111Hl:l - KBBHT0Bb18 I.IHCJI8 (11HT8rpaJibl ;nBKK8HHH). lll8CT:b 

reHepaTopoB rpynnl:l -~3[G] npe:ncTBBRHDT co6on ~Ba BeKTOpHl:lX onepa~ 

Topa Pt H }i • KaK H3B8CTHO, Ha ;nByx B8KTopciB 11ozao nocTpOHT:& 

TpH HHB8pl1aHT8, noaTOMY ;nJIH rpynnH t'.3[6] HM8811 TpH oneparopa, 

Ka3HMHpa: 

C1 : iik p, Pk = p! 

(',1 = ~il ji }It = jo( ~H) ' (36) 

C 
. 0 ik · _ ik e:-

_; = d Pi Ji2 ~ ~ fiSk. = pov0 • 

IlyTeM Henocpe:ncTB6HHOro Bbll.lHC]l8HHfi YOl!CHO y6e:n11ThCfl B TOIi, tlTO 

Bee reHepaTOpl:l Pi, }i rpynnl:l -P:!> [b] KOMM~THpym .~ onepaTopa11H 

Ka3HMHP8 (36). Ha CTpyKTYPH oneparopOB Ka3KYHP8 (36) BK:nHo, tlTO 
' I ' t .' 

OHM npe,ncTaBnHDT co6ott KBa:npar onepar9pa uunyn:&ca, KBa:npaor onepa-

TOpa nOJIHOro lfOM8HT8 HMnY'JihC8 H onepaTOp; cnKpanhHOCTH. ( T. e. CK8-

]lfipH08 npo.HsBe:neHHe o~epaTopa cnHHa H onepa~opa H1myn1:,~~) • 

. rpynnOB08 npOCTpBHCTBO rpynnl:l 'Pi[~] mecTKM8pHO ~ H .ZJ;Jlfl non"'." 

HOro on11caH~fl COCTOflHHtt B 8TOU npocTpaHCTB8 Heo6xo:n~u9 HM8Tl> W8CTh 

;nHaroHaJihHl:lX onepaTopoB, T. e. Kpoue Tpex onepaTopoB Kaa011>1pa 

(36), H806XO.ll;HYO CKOHCTPYHPOB8Th e~e TPH B38KYHO KOMMYTHPY,~tqHX 

.n1-1aroHanhHl:lX onepaTopa. 9TH onepaTOpl:l YOZHO B~CipaTh no-paaHowy. 
' • • ' I 

0.ZJ;HHM 113 TBKHX B8Pl18HTOB onepaTOpOB ffB]lflDTCfl CR8)cyiJlllH8 TpH one­

paTopa: 

L1=Co~~iltSiSk.:: iks!s~, L,._= niji., Ls=n•is[, (37) 
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rAe n~ - HeKOTOplitt flOCTOHHHHn BeKTOp H n'i - HeKOTOpli~·nocTOHH­

Hlitt BeKTOP B np~o6p830B8HHOn CHCTewe KOOpAHH8T. 
'• , l 

;lsarOH8JlhHlie onepaTOpli (37) B38HYHO KOYlfYTHpym H onHOBpeweHHO 

KOMMJ'THpym T8KKe c TpeMH orrepaTOP8YH KasHMHpa (36). 1-ix BHA He­

nocpeACTBeHHO onpeAeJIHeT HX HHTepnpeTaUHKl. AHarOH8JibHlie onepaTO-
. ' . . ' . ' ' 

Pli (37) npeACT8BJIHDT co6on KBa,ZlpaT orrepaTOpa CITHH8, np08KU11D one-

paTopa ITOJIHOro MOM8HTa HMITYJibCa Ha 38Z(aHH08 HanpaBJien11e H nyoeK-
';, . 

UHD onepaTopa CITHHa Ha Bli6paHHOe HanpaBJieHHe B npeo6pa30BaHHOtt 

CHCT8M8 KOOp,ZlHH8T. OnttaKO, cnenyeT OTMeTHTb, qTo Ha6op n11arOH8Jib­

HliX orrepaTOpOB (37), ,ZlOITOJIHHKl~HH ,ZlO ITOJIH00 CHCT8Mli Ha6op' onepaTO­

pOB ( 36), HBJIH8TCH TOJihKO O,ZlHl1M H3 B03MOll!:HliX." MO:«HO cqiopuyJI111pOB8Tb 

C8MOCTOHTeJibHYKl sall;aqy 06 HCCJ18Zl0B3Hl1H B03MOJKHblX He3KBHBaJieHTHblX 

Ha6opOB ,Zl118rOH8JibHblX onepaTOpOB B rpynnOBOM rrpocTpaHCTBe rpyrr-

Illi ~\ [ b] • 

3AKJl!Ol!EHiIB, 

Ilpi!:B8,Zl8HHliH BliWe e,Zll1HliH ITO,ZlXO,Zl K HsyqeHH!O rpyrmOBblX npocT­

paHCTB rpynrrli HHBap11aHTHOCTH TpexuepHoro HHTepBaJia pacKpliBaeT PH.Zl 

npeHMY~ecTB sToro MeTOll;a. Ilpezne Bcero, TaKoH·rr~mcon nosBonaeT 

nocJie,ZlOBaTeJibHO HCilOJih80B8Th TeH30pHOe KCqKcJieHKe K T80pHD HHB8-

PH8HTOB npH HsyqeHHH·reoMeTpHH rpyrrnOBliX npocTpaHCTB. Kpowe Toro, 

3TOT MeTO,Zl IlOK83liB88T, HBCKOJihKO BaJKeH MOMeHT, KOr,Zla npOBO,ZlHTCH 

,ZlH8rOH8JIH38UHH p83HliX Blip8%8H11tt, OnepaTOpOB HT. n. nuarOH8JIH38~ 

IUfD cnenyeT npOBO,ZlHTh B OKQHqaTeJibHliX qiopuynax, KOr,Zla H806XO,ZlHYO 

nonyq11Th KOHKpeTHHe 3HaqeHHH pa3JIHqffblX BeJI11q11H. B aTOM CMliCJie 

B ,ZlaHHOtt pa6oTe HHK8KOtt ,ZlHarOH8JIH38UHH H He· npOBO,ZlHTCH - aTO Bli­

XO,ZlH'T sa paMKH uenett npennaraewott cTaThH. 

Ilp8HMJ'~8CTBOM A8HHOro IlO}U(OAB MOJKHO cq11TaTh Taoe ero B03-

Y0llHOe Henocpe,ZlCTBeHHOe o6o6~eHHe H np11MeHeHH8 K npocTp8HCTB8Y 
20 

JIOOOtt P83M8pHOCTH C COOTB8TCTBYIOOl8tt rpynnott HHB8pl18H~HOCTK HH­

TepB8JI8 (HJIH HeKOTOpott ,Zlpyrott HeripepliBHOli rpynnott, nettCTBYD~ett 

B ,Zl8HHOII npocTpaHCTBe). B 3TOM CllliCJI8 OC06li'1 HHTepec npe;z{CT8BJI~ . . 

eT paccuOTpeHHe rpynnli HHBap11aHTHOCTH HHTepBaJia B qeTHpexuepHblX 

rrpOcTpaHCTBBX, KOTOp8H CO,ZlepKHT B8KHYD C WH3Hq8CKOtt TOqKH 8p8HHH . . 

rpyrrrry DyaHKape, HBJIH~YK>CH rpyrrrrott HHB8PH8HTHOCTH npOCTpaHCTB8H-
-· ' 

HO-:apeMeHHoro HHTep:aana. nnH ;z{eCHTHrrapaueTpHqecKott rpynnH HHBapR7 

8HTHOCTH qeTlipe~epHoro HHTepBaJia ~~ [-ro] YOllHO 8H8JIOrHqttQ TOMy, 

KaK aTo 6uno cnenaHo B TpexuepHou cnyqae, CKOHCTpyHpo:aaTh IO ea-
, . . 

TerpaJIOB l!;BHll8HHH D COOTBeTCTBy~e~ KHB8pH8HTHO~ WOpYe. Tpy;z{HOCTb, 
' ,_ - ' / 

KOTOpyK> cnenyeT npeO,ZlOJieTh B l!;BHHOM cnyqae, CBR38H8 C mecTHnapa-

11eTp11qecKO~ rpynnon.HHBapHaHTHOCTH npOH3BOJibHOH O,ZlHOpO;z{HOii ~e­

Blip0llt,Zl8HHO!t qeTupexuepHO'l KB8,ZlpHKH - SQ't-[6]. rpynno:aoe npOCT- ✓ .• 

paHCTBO rpynrrH SQ't-.[b] He RBnRe:cH TOqeqaHM. Sne.MeHTH rpyn~p~oro 

npocTp8HCTB8 rpynnu SQ~(b]Onpe~eJIHDTCH 6i!B8KTOP8MH (T.· e. 8H;H­

CHMMeTpHqecKHMH TeHsopauH B 1<'+ ), KOTOplie, K8K H3B8CTHo,· onpe­

,Zl8JIHIOT reoueTpHqecKKn o6WKT - npauyD. B aTou CMHcne,rpynno:aoe · 

npOCTPBHCTBO H3B8CTHO!t rpynrrli !opeHua cnenyeT T8KE8 cqHT8Th 6a­

B8KTOpHliM npOCTpaHCTBOU no;no6HO TOMY, K8K H rpynnOBli8 npocTpaHCT­

B8 nooon es rpynn SO(p,<J,), ;nettcTBYJOU4HX :a n - uepHux Ae~cT:a11Ten1-

HblX npOCTp8HCTB8X (n> 3) H coxpaHfill~KX H8KOTOPYD KB8APHKy. 
BepHeucl'I, onHaKo, e~e :K TpeXMepHouy cnyqan •. Cpe.ZlH HHTerp~-

noB ,ZlBHJl8HHH B rpynnOBOM npOCTp8HCTB8 rpynnu 13[6] HueeTCH cnH­

paJihHOCTh H KB8;z{paT CflHH8. 8TO 03HaqaeT, qTo CflHH H CITHp8JihHOCTh 
CBH38HH HCKJI~qHTeJihHO C TpeXMepH!iKH npOCTp8HCTB8MH (a He C qeTH­
pexuepHliM npOCTPBHCTBOM - :apeueHe.M), T. ·e. CITHH H cnHpaJihHOCTh 
CJI8,Zly8T cqHT8Th cyry6o HepeJIHTHBHCTCKHMH flOHHTHHMH. Eonee Toro, 
o6uqHQ IlOHHTHH CflHH8 H cnHpaJihHOCTH CBH3HB8KlTCH C TpexuepHbW e:a­
KRH,ZlOBCKHM ITPOCTP8HCTBOM, HO K8K 6HJIO fl0K838HO B l!;8HHO'l CT8Th8s 

8TH flOHHTHH cy~eCTBYDT T8KEe B JIOOOU TpeXMepHOM IlCCB;z{08BKJIHAOB-

CKOU npocTp8HCTB8. 21 



EcTecTBeHHO, qTo uenH" pHn BOnpocoB ocTaeTCH sa npenenaMH 

ll,8HHO" pa60TH. K HeKOTOpHM H3 HHX B 6yny~eu cnenyeT BepHyThCH. 

Ecm,1 fiPOll3B:3f''l''1 11,11arOH8JlH38UHIO HCX0,11,HO" KB811.P8Tfr14eCKO" qJOpMH (I), 

TO 8T8 11,H8rOH8JlH38UHH 6y11,eT npocuaTpHB8ThCH BO Bcex ~OpMynax no­

cpell,CTBOM ,11,HarOH8RH3HpOB8HHOro nOCTOHHHOro M8TpH48CKOro TeHaopa 

.'rt • B cnyqae 8BKRH.ll,OBCKOr~ npocTp8HCTB8 ( 'jt't.::. ~k.. ) 

Henocpe11,cTB8HHO nonyqaeM H3B8CTHH8 pesynhT8TH, K8C810~HeCH rpyn­

IlH S0(3) t ee rpynnoBOro npocTp8HCTB8, a T8KJK8 rpynm,1 HHB8pH8HT­

HOCTH HHTepBana B 8TOM npOCTP8HCTB8o .llJIH rpynn so (2,I) H S0(I.2) 

H · cooiBeTcTBYK>ll(HX rpynn HHBap,rnHTHOCTH · HHTepBaJJa noJJy4aDTCH He­

CKORhKO OTJJH4HH8 H M8H88 H3B8CTHH8 peaynhT8TH. B uenou npe11,noxeH­

HH" M8TOi HCCJ18~0B8HHH rpyrrnOBHX npocTp8HCTB rpynnH HHB8pH8HTHOC­

TH HHTepB8Jl8 Bil 11,0CT8TOlUIO 8qiqJeKTHB8H, H B 6yny~eu 8MY cneny~ 

8T 8!1(6 y11,eJJHTh 11,0RJKHOe BHHM8HH8. 

ABTOp 6naro11,apHT 11,Hp8KUHIO OIDIH 38 B03MOEHOCTh BbUIOJlHHTh aTy 

pa60TY B Aa6opaTOPHH T80p8THqecKOi ~HaHKH. 
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