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IIUIIIYIII JIOepHI>IX UCCA€006QHUU ,ay6Ha 

~ai<T pacna~a MIOOHa Ha 3nei<TpOH H napy HeiiTpHHO 

yi<a3hiBaeT Ha TO, 'ITO pa3nH'IHe B Maccax MIOOHa H 3neJ<T• 

poHa ~omtCHo 6h1Th o6ycnosneHo nu6o paJnH'IHeM ux co6cT

BeHHhiX neiiTpHHHhiX 3HeprHB, nH60 ~OmKHO DpOHCXO~HTh 
Ja c'leT neKoToporo ~pyroro non.R, HanpHMep, non.11 npoMe

~YTO'IHoro 6o3oHa, pacna~a10~eroc.11 Ha nenTOHHYIO napy. 

B 3TOB CBJI3H npe~CTaBnJteTCJI HHTepeCHhiM HCCne~oBaTh 
B03Mo~uocTh pacmenneHHJI Mace MIOOHa H 3neKTpoua, ocHo

BhiBaJtch TOnhKO Ha 'leThlpexlj}epMHOHHOM TO'Ie'IHOM B3aHMO-

~eBCTBHH. • 

qeThlpexlj}epMHOHHOe B3aHMO~eBCTBHe o6na~aeT BhiCO

I<OB CTeneHhiO CHMMeTpHH H CaMO DO ce6e He MO~eT DpH

BeCTH K I<ai<oMy-nu6o pacmenneHHIO Mace. llo3ToMy Mhl 

npe~nono~HM, 'ITO Ja TpaBO'IHhle Macchi m~ u m ~ JapJt

~eHHhiX CDHHOpOB t/J 1 H t/J 2 /COOTBeTCTBYIOUUIX DOnJIM 3nei<T

poHa H MIOOHa/ paBHhl: m ~ = m: = m O , a JaTpaBO'IHhle 

MaCChi fl 0 H f1 O Heii:TpanhHhiX CDHHOpOB /COOTBeTCTByJO· 

mux Heii:T~HHo/ 2 
paJnH'IHhl. llpu 11 ~ = fl ~ pacmenneHHJI 

MaCe Y CDHHOPOB t/J 1 H t/J 2 , I<OHe'IHO, He B03HHKaeT. Mhl 

HapyWHM CHMMeTpHIO 'leThlpexlj}epMHOHHOro B3aHMO~eii:

CTBHJI, npe~nonara.11, HanpHMep, 'ITO flf=O, ft
2
°= f1 0 / 0. 

qT06hl HaRTH MaCChi "o~eThiX" 'laCTHU, Heo6XO~HMO 
Bhi'IHCnHTh MaCCOBhle ODepaTOphl 'laCTHU ~ HnH HX C06· 

cTueuuo 3HepreTH'IeCKYJO qacTh }; , r~e 

:rn = i};. /1/ 

3HeprHJI B3aHMO~eBCTBHJI 'laCTHU \\ 3aDH.ChiBaeTCJI B 06hl'l·. 

HOM BH~e 

G 

y2 /2/ 
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],IJ,eCL J a· KOMDOHeHTLI cna6oro neDTOHHOrO TOKa 

Ja= il(x)rav1{x} + J~(x) rav2(x)' /3/ 

r,IJ,e 

-
r a = y a ( 1 + y 5 ) ' r a = y a< 1 + y 5 ) TJ a ' 

/4/ 

11
4 

= +1, 1/k =-1 (k=1,2,3};ya=y;,y5 = y 5 • 

Bcne.IJ.CTBBe ( V- A)-cTpyKTYPLI BJaBMO.D.eilcTBBJI /2/-/4/, 
co6cTaeuuo :mepreTH'IecKaJI 'laCTL l, a nepaoM nopJI.IJ.Ke no 
KOHCTaHTe G , HC'IeJaeT. lJ03TOMY MLI B.bi'IHCJlBM L BO 
BTOPOM npH6JIB)KeHBH no G . 

TBDH'IHaJI KOM6HHaUBJI CBepTOK, CO,IJ,ep)KaU4HXCJI B ). B 

nopJI.n;Ke G 2 , MO)KeT 6LITL npounmocTpBpoaaua ua npBMepe 

llOJlJI t/J 1 

-

( !/; 1 ( x ) I a ~, 1 ( x)) ( !:t ( x) l ~ '\ ( x)) ( f 1(y )lf? ~ 1 (y)) ( v 1 (y) If}::, 1 (y) l 

/5/ 
- \ - ' 

+ (!/; 1 (x)l~ l' 1 (x))(v~(x)la¢ 2(x))( !/; 2 (y)I(_1v 2(y))(;:71(y)l(-ll/i 1(y)_; 
l....-- ~- ~--~·-__! 

B HMnynhCHCM npe~craBJ!eHHH, ucxo.n;Jl..__ HJ awpa*eHHR /5/, 
nony'IHM 

l . )2 G Z < 4 d4 n, ( n · p q ) 
( -1 -- ~- --· ~---- r d q 1 p 1 '!' r' 1' 1 
"2' 2 (277\~-

/6/ 

3.necb 

<P(p;p
1

,q 1) ,~f'aS(q,J1.1 ) l~·Sp!raS(p 1 ,m 1 )f(_.iS(q 1 ,1' 1) i: 
/1/ 

+l~S(q,J.I2 )f'f3. Sp!raS(p1 ,m 2)lf_.lS(q 1,!1 2) I, 

q = p + q1- p1 /8/ 

B 

4 

S(p,m) 
m -ip 

/9/ 
i ( p2 + m2) 

- nponaraTop qacTB:UW c MaccoB: m. HeTpy.IJ.HO noKaJaTL, 'ITO 
ciJyHKUHJI <I> ( p; p 1 , q1 ) paaua 

) = (- 1) 3 l 2 2 <ll ( p; p 1 ' q 1 q + Jl.l 
1 1 

+ 
2 2 

q 1+ J1. 1 p2 + m 2 
1 1 

/10/ 

+ 
1 1 ~ 

2 -- 1r r s A A 

q + f1 i p: + m2 q2 + II 2 a q (:3 p rap l'rj q 1 • 
2 1 "2 

,[(anee HCllOJlLJyeM TO)K,IJ,eCTBO 

A A -, ,lfo 6 
r a q r f3 Sp raPt 1 {-H 1 = 2 ( q · P 1) q 1a Ya ( 1 + Y5) · /11/ 

TaKHM 06pa30M, ,IJ,eno CBO,IJ,HTCJI K BLI'IBCJleHBIO HHTerpanoB 
THna 

q·p1ql d4q tp 
J =J a 1 1 a 4 a 2 2 =rr J A· 2 2 2 2 

(q +J1.;}(pi+m2~(qi+IL22) Pa ( ,p ,J1.1;m2,J1.2). /12/ 

0HB BLI'IBcneHLI a JipuAoJKeHuu. HHTerpanLI 3TH pacxo
.IJ.JITCJI; ll03TOMY npB BLI'IBCJleHBH BBO,IJ,BJlOCL OrpaHH'IeHBe Ha 
HMnynLCLI BHTerpapoaaHBJI: I p 11, Jq 1 1 <A. HcnonLJYJI /1/, 
/6/, /10/-/12/, no)ly'laeM BLipa)KeHHe ,IJ,nJI onepaTopa Mac eLI: 

W = iG2p ( 1+ y5 } M. /13/ 

0 0 0 0 ... 
Ilonarag flt = 0 , J1. 2 = J1. 0 , m 1 = m 2= m 

0 
, nony'IBM cne.D.YIOIUBe 

BLipa)KeHHJI .IJ.JlJI ciJYHKUBB M .IJ.nJI paJnB'IHLIX noneB:: 

,,, a 2 2 2 ) a 2 2 2 2 .IJ.J1J1 nonJI'I-'1 : M = J(A ;m 0,0;m0,0 +J(A ;m
0

,0;m
0

,J1.
0
);/14/ 

a2 2 2 2 2 2 2 2 2 , 
,IJ,nJI nong t/J2 : M = J0 ;m0 ,J.I 0 ;m0,0) + 3(A ;m O'flo;mO'Jl.o );/14 I 
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,IJ.JIJI DOJIJI v 1 : M 11 2 2 2 d 2 ·2 2 2 I I J(A ;O,m 0;0,m~+J(A ;O,m 0;p 0 , m 0): 15 

,IJ.JIJI DOJIJI v 2: M a 2 2 2 2 2 d 2 2 2 2 ,, 
J(A; fl 0,m 0;p 0 ,m0 )+ J(A ;p

0
.m

0
;0,m

0
) ./15 1 

Bwpa)l(eHHJI .D.JIJI HHTerpanoa :J .D.aHJ.I B IlpHJIO)I(eHHH; HX 

o611.\aJI CTPYI<Typa Ta.Koaa: 

2 
~2222 14 mo 3 ( A ; m 0, fl 0 ; m 0o~1 0) = 4 A { 1 + a 2 + 

A 

2 
11o 

+ b2 + ... ) . 1161 
A 

06pa THMCJI Teneph .K ypaBHeHHIO ,IJ.JIJI DOJieii. 0HH HMeiOT 

cne.D.YIOil.\HH 0611.\HB BH.D.: 

A " 
(ip + mo+ m)o =0. 1171 

r.D.e ¢ - O.D.HO H3 noneii ~01 , 1.f 2 , l't , t' 2 , a m 0 - cooTBeT

CTBYIOil.\aJI 3aTpaaoqHaJI Macca. Bae.D.JI o6o3Ha'leHue 

2 z = G M , 

HanuweM ypaaHeHHe 117 I B JIBHOM BH.D.e 

A rn 0 z ,. 
[ip + --+ --ipy ~¢=0. 

1+Z l+Z 5 

YMHO)I(aJI 3TO ypaaHeHHe Ha onepaTop 
• A rn z .... 

-lp + - -- lp 1'- • 
1+Z l+Z ·a 

nony'IHM ycnoaue 
2 

rno 
2] -

-p2[ 1 - ( --) - ( 1 + z) 2 
1 + z 

Hc.KoMaJI. ~H3H'Iec.KaJI Macca qacTHUbl rn 

rno 
rn 

( 1 + 2z)1/2 

,l.J;JIJI. HeiiTpaJihHbiX noneii OTCIO,IJ.a HaXO,IJ.HM 

111 = 0' 

6 

1181 

117 'I 

1191 
-

+ VP 2
' T.e. 

1201 

121/ 

l 

] 

flo 
fl2 

( 1 + 2z) J/2 /22/ 

IlpH'IeM 3,1J.eCh ,lJ.JIJI Bbi'IHCJieHHJI Z ,IJ.OCTa TO'IHO orpaHH'IHTh

CJI nepB'>IM 'IJieHOM pa3JIO)I(eHHJI 116/, Ta.K 'ITO: 

z , j_G 2 A4 • 
2 

,l.J;nJI 3apJI)I(eHHbiX noneii 

mo rn o 
m1 = ( 1 + 2 z) 1/2 ' m 2 = -( _1_+_2-z)-1~/2- . 

1231 

1241 

0TCI0,1J.a HaXO,IJ.HM HHTepeCYJOII.\ee Hac DpH6JIH)I(eHHOe Bblpa)l(e-

HHe ,IJ.JIJI pa3HOCTH Mace mi- rn 2 :. 

mo 
rni- rn2 = I (z2- zl) 

(1+2z) 32 
1251 

Pa3HOCTh z2- zi Ha ocHoaaHHH cllopMyn 

H /I1.18/, /I1.21I llpUAOJICeHUJI paBHa 
/141 H 114 'I 

112 1
G2 A 4(b" b' b) 0 

z 2- Z 1"'4 I + I- I A2' /261 

r.D.e h1 , b'I H b}- qucnoawe K03cjMI!uuueHTbl -1. OcTaaaJICh 

B paMKaX 06bi'IHOrO 'leTblpex~epMHOHHOrO B3aHMO,IJ.eBCTBHJI, 

HeJih3JI npe.D.JionaraTh, 'ITO G 2A4 » 1. .D;anee, H3 onwTa 

H3BeCTHO, 'ITO Macca MIOOHHOrO HeiiTpHHO 11
2 

< 1,2 M3B. 
Il03TOMY paCU(enneHHe Mace 3apJI.)I(eHHhiX CDHHOpOB 1/J l H 

1/J 2 , o6ycnoaneHHoe. ~epMHeBC.KHM B3aHMO.D.eiicTBHeM, oKa-

3J.IBaeTCJI. .KpaiiHe ManwM. 

Cne,IJ.OBaTeJihHO, pa3JIH'IHe Mace MIOOHa H 3Jie.KTpOHa He 

MO)I(eT 6J.ITh o6ycnoaneHo cna6wM B3aHMO.D.eiicTBHeM nen

TOHOB H HMeeT 6onee f'Jiy6o.Koe DpOHCXO)I(,IJ.eHHe, CBJI3aHHOe, 

DO BCeii BH,lJ.HMOCTH, C BHyTpeHHeii CTpy.KTypoii MIOOHa. 

ToT ~.KT, 'ITO MIOOH HecTa6uneH H pacna.D.aeTCJI Ha 3Jie.KT

poH H Dapy HeiiTpHHO, y.Ka3biBaeT Ha HaJIH'IHe Ta.KOB CTpy.K

Typbl. 
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IIPHJIO)J(EHHE 

3.necL MLI noJ<a)l(eM, 'ITO HHTerpan /12/ o6.aa.naeT cne
,nyJOU(HM CBOHCTBOM: eCJIH npH 4JHI<CHpOBaHHOM '\ nOJIO)I(HTL 
JI106y10 H3 Mace m 1 , !1. 1 , m 

2 
, 11.

2 
paBHOH HYJIIO, TO 

peJyJILTaT HHTerpHpoaaHHJI oKaJLIBaeTcJI KoHe'IHLIM. HJ 
3Toro cne.nyeT, 'ITO HHTerpan I 12/ npe,ncTaBnJieTcJI B BH,ne 
p.JI,na T3iinopa /16/ no KBa,npaTaM 3THX Mace. 

KpoMe Toro, BLI'IHCJIHM aenH'IHHy '3 ( A 2 ; 0 ,0 ;0 ,0 ) - nep
BLIH qneu p.JI,na I 16/. 

HcnonLJYJI JaKoB coxpaueHHJI 4-HMnynLca /8/, npe.n
cTaBHM HHTerpan /12/ B BH)l,e 

d4 
J a = +- I q 1 q a I , /II. 1 / 

2 q2 + !1. 2 
1 2 

r.ne 

I 
!1. 2 + (p + q ) 2 - p 2 d 4 p 

1 1 1 d4p
1 

_ I 1 

(q2+!J.i) (p12+ m~) Pi+ m~ /II.2/ 

IIocKOJILKY f d
4
p 1/(pi+ m}) = const, a f fqlq1al(qf+ IL~)=U, 

BTopoii HHTerpan B /II.2/ ue .naeT BKna.na. 
HuTerpan I BLI'IHCJIJieM cTau.napTHLIM cnoco6oM, nepe-

I I xo.n.JI K 4-MepuoMy 3BKJIH)l,OBOMY npocTpaHCTBy;1;. HcnonL-
JYJI COOTHOWeHHe /1/ 

4 i ( 4) 
d p 1 =- ydy do P , /II.3/ 

2 1 

r.ne y =Pi> 0, a dO <P
4

) - 3JieMeHT Tenecuoro yrna, npH-
'IeM 1 

dO~~)= sin
2e

1
sine

2
de

1
de

2
d8

3
, /II.4/ 

HMeeM 

A2 
II 2 + ll 2- y sin2e de r1 't TT 1 1 

I = 2rri J ydy f · 
2 2 2 

y + m2 o ( p - Q) + ll.t 
/II.5/ 

0 

BLI6Hpa.JI OCL x 1 B)l,OJIL BeKTopa Q =p+ql'TaK, 'ITO 

8 

P1 • Q = V pi v Q 2 cose 1 . 
/II.6j· 

Henocpe,nCTBeHHO BLinOJIHJieM HHTerpHpOBaHHe no yrny 
C HCTIOJIL30BaHHeM $opMyJILI 

91 • 

TT Sin2 (;I d8 
J ~ rr [ a - v a 2 - 1 1 npH I a I > 1 . 
o a - cos fi 

HMeeM 

r.ne 

2 ~ 2 ~ ~ irr R(Q, m 2 , IL1)' 

2 

2 2 2) R(Q ;m
2

,fL
1 

1 A -r 
2Q 2 u 

? ., 

IL'i t Q "'- y 

)
I , ,.. 2 

T Jii.2 

2 2 ? 2 ') 2 
>~ [ y + (t + IL 1 - \' ( y j- ~ ~ + Ill ) ~ - 4yQ J dy. 

/II.7 I 

/II •. 8/ 

HJ 4JopMynLI /II.8/ cne,nyeT, 'ITO npH il!HKCHpoaaHHOM 1\ 4JyuK
U.HH R( a2; mi, 0 ) H R( Q2; 0 . 11 f ) KOHe'IHLI. IlpH m/'}\=1.1 
HMeeM 

R(Q 2;0,0) Q2( }_ 
:~ 

') 

' ' . \ ) lh -7,-
Q 

II. /II.9/ 

IloCKOJILKY p - e)l,HHCTBeHHhlH BHeWHHH HMTIYJILC, BXO,IJ;JilllHH 
B HHTerpan /Il.1/, J 

0 
)J;OJDKeH HMeTL BH,Il 

J . ~- p ( TT4 j ) 
a a 

/II.10/ 

HcnonLJYJI /II.1/ H /II.8/, uaxo,nHM 

j d4q1p•qt R( Q2; m~, 
J 2 IL 2 q + ') 

1 -

/II.ll/ 
2 rr2 p 2 

2 
1-' I ) 

Ilepexo.n.JI K nepeMeHHOH z 
2 2 Q =(p+q1) H HCnOJILJYJI Te )l(e 

9 



npBeMbl, •iTo B npu Bhi"'BCJieHBB BHTerpana I , BMeeM 

d -1 
.J = 

77
, 2 J zR(z;m;,f12) f(z;p2,f1~)dz,' /11.12/ 

r.D;e 

pQ -p 2 

f(z,p
2

,f1
2)=!r dn< 4>. /11.13/ 
2 2. (p-~)2+f1~ Q 

06JiaCTb BHTerpHpOBaHHJI no nepeMeHHOB Q He JIBJIJieTCJI 
c$epH"'eCKH CHMMeTpH"'HOB, nOCKOJihKY Mbl npOB3BeJIH C,!J;BBr 

Ha nOCTOJIHHbiB BeKTOp p, O,ZJ;HaKO npH A2 » p 2 3TO OTJIB
"'He Mano. HHTerpupoaaHBe BeJIB"'BHhl /11.13/ no 4- c$epe 
npOBO,!J;HTCJI aHaJIOrH"'HO TOMY, KaK 3TO ,ZJ;eJiaJIOCb npH noJiy
"'eHHH Bhlpa>KeHHJI /11.8/. B pe3yJihTaTe Haxo,ZJ;HM: 

2772 p 2 
f(z;p

2
, /L~) = 

2 
(z- {1), /11.14/ 

(J 
r,ZJ;e 

fJ= {1(z;p
2 

,fL:) = z + p 2 + fl: + v(z + p 2+ fl;)- 4p 2z . /11.15/ 

H OKOH"'aTeJibHO ,ZJ;JIJI ~ HMeeM cne,ZJ;yJOmee npe,ZJ;cTaaneHae: 

2 2) - z 2 {1 ( z; -m 1' fL 2 dz , A 2 2) 

5 = J zR(z;m2,f1t f12(z;-mi,fL~) /11.16/ 
(). 

OTKy,ZJ;a CJie,ZJ;yeT KOHe"'HOCTb 5 npH m~ = 0 
11onaraJI ace Macchi paBHhiMH Hymo,Haxo,ZJ;HM* 

HJIH 2 
f12 = 0. 

1 A
2 

3 f\2 1 4 
5(A

2 ;o ,0;0,0) =- f (- +fu-) zdz = -
4 

A . 
4 0 2 z 

/11.17/ 

HTaK, BXO,!J;JIIUHe B $opMyJibl /14/ H /15/ HHTerpaJibl 3 
MO>KHO 3anHCaTb B BH,ZJ;e 

a 2. 2 . 2 1 4 m i m 2 I .J(A,m ,O,m ,0)=-A(l+a-+a
2

......JL+ ... ), 11.18/ 
o o 4 1 A2 A2 . 

*11p.H 3TOM oonacTb BHTerpapoaaHHJI B cllopMyne /11.12/ 
CTaHOBHTCJI c$epH"'eCKH CHMMeTpB"'HOB. 

10 

m2 m2 
d(A 2·m 2 O·m 2 ,2.=_!A4 (1+a _!+a - 0 + 
J ' o' ' 0' ro} 4 1 2 

A2 A 4 
/11.19/ 

f1 \ ~£3 miller 
+ b 1- + b2 - + . . . + c 1 + . . . ) ' 

A2 A4 A4 

2 2 
2 2 2 2 1 4J m o mo 

5(A ;m ,1£ ;m ,0)=-A\1+ a-+ a-+ ... 
o o o 4 1 A2 2 A4 

/11.20/ 
/£2 11 4 m2 ll 2 

b, 0 b' D , 0 0 ) + -+ 2-+ ... +C + ... ' 
1 A2 A 4 1 A4 

tt(A2-m2 ,2.m2 ,2) = l.A4( 1 + 
J ' o•ro• o•ro 4 

m 2 m4 
0 0 al- + a2-- + ... 

A2 A4 

/£2 1£4 m2/l2 
b, 0 b" 0 , 0 0 ) + -+ 2--+ ... +C + .... 

1 A2 A4 1 A4 

/11.21/ 

H T .,ZJ;. qHCJIOBhle K034MIJH1UieHTbl a , b H C nopJI,ZJ;Ka e,ZJ;HHH
~bl. 

H3 cllopMyJI /11.18/-/11.21/ cpa3y nonyqaeM cllopMyny 
/26/. 
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