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YeTblpexMepHble eaKnlll.a,OBbl 111 nces.a,oeBKnlll.a,DBbl npocrpaHcraa 
C nOCTOs:lHHOJ/1 MeTpliiKOJ/1, a TaKH\8 CBSBaHHbl€ C HliiMlll ,li,8Cs:lT\11napaMeT
p1111-i8CKlll8 rpynnbl ABliiH\eHliiJ/1, ocrasns:Jtoll.\llle liiHaaplllaHTHbiM paccTOs:lHllle 
M€H\AY ABYMs:l TOYKaMlll 3TliiX npocTpaHCTB, lllrpatoT B ¢lll3liiK€ liiCKntoYlii
T8nbHYIO ponb. 05bJYHO esKnlll.a,osbl VI pa3nliiYHble nces.a,oesKnlll.a,osbl 
npocrpaHcraa paccMaTplllaatoTcs:l or.a,enbHD 111 caMocTOs:lTenbHO, nocne 
TOIO KaK nOCTOs:lHHas:l MeTpliiKa 3TliiX npOCTpaHCTB nplll nOM0~\11 HeKO
TOpOCO ~eHTpOa~~~HHOCO npeo5pa30BaH~" np"BeAeHa K onpeAeneHHO" 
KaHoH~YecKo" ~opMe. MeTOA A~aroHan~3a~~~ pa3Kb1X KBaApaT~YHbiX 
¢opM s MaTeMaTliiKe xopowo lii3BecreH (eM .. , Hanpl11Mep, 11 • 21 ) 111 on
pas.a,aH C npaKTliiY8CKOJI1 TOYKlll 3P€Hllls:l nplll peweHllllll KOHKp8TH~X ¢lll-
3liiY€CKliiX npo5neM .. O.a,HaKo Mero.a, .a,lllaroHanlll3aU,llllll Ksa.a,paTliiYHbiX 
¢opM \11Meer o.a,liiH cy~ecrseHHb!Vi He.a,ocraToK: AlllaroHanlll3aU,llls:l nto5oVi 
KBa.a,paTVIKlll 03HaYaeT nepeXOA 8 cneu,lllanbHYIO CliiCT8My KOOpll,liiHaT, 
111, KaK npas111no, nocpe.a,crsoM 3Toro nepexo.a,a Mbl reps:JeM npasll1nb
HYto TeH30pHyto 3an\11cb MHDrlllx (ecn111 .a,aH\e He scex) sen111Y111H .. 

Ans:1 lllnntocrpau,llllll cKa3aHHoro paccMOTpliiM npolii3BonbHyto OAHOpo.a,
HYto KBaApaT~YHyto ~OpMy ! 0(x) B YeTbipexMepHOM Ae~CTB~TenbHOM 
npOCTpaHCTBE: R 4 C TOYKaMLII, onpe.a,ens:l€Mb1MLII KOHTpasaplllaHTHb!Mlll 
BeKTOpaMlll X 1

: 

i,k =-1,2,3,4, ( 1} 

r,ll,e KOBaplllaHTHb!Vi T€H30p C ik s:lBns:leTCs:l HeKOTOpoVi nOCT0s:lHHOJI1 MaT
pLIIU,eVi c oTnliiYHb!M or Hyns:J onpe.a,enlllreneM, TO ecTb c 0 = det 1 c ik I # 0. 
Ycnosl.IIMCs:l, KaK 3TO o5b!YHO npliiH51TO, so acex Bbtpa}f{eHlii51X no OAliiHa
KOBbiM BepxH~M ( KOHTpasap~aHTHbiM} ~ H~>HH~M ( KOBap~aHTHbiM} ~HAeK
CaM npOBO,ll,liiTb cyMMlllposaHllle, npliiYeM onepaU,liiiO CYMMlllpOBaHl/151 TOnb
KO no sepXHliiM lllnlll TOnbKO no Hlll}f{HliiM liiH,li,8KCaM 5y,ll,eM paccMaTpliiBaTb 
KaK onepaU,liiiO, He liiM8f014YIO CMbJCna .. KpoMe TOre, ycnOBliiMC51, YTO 
Ben~Y~Hbl C ~HAeKCOM Hynb (BH~3Y ~n~ Hasepxy} 5YAYT 0503HaYaTb 
nocros:JHHbte senliiYliiHbl lllnlll liiHBaplllaHTbl .. CornacHo Bb1WecKa3aHHOMY 
KBaAp~Ka t 0(X) B B~Ae (1} npeACTasn"eT co5o" ~HBap~aHT. 

C ~~3~YeCKO~ TOYK~ 3peH~" KBaApaT~YHa" ~OpMa (1} onpeAen"eT 
B npOlii3BOnbHOJI1 KOCoyronbHOVi CliiCT8M8 KOOPAliiHaT C nOCTOs:lHHO~ 
MeTpliiKO~ C ik KBa.a,paT paCCT051HVIs:l TOYKVI C KOOp,ll,liiHaTaMlll ( X 1

, X 2
, 

X3, X4) OT HaYana KOOPA~HaT, HaXOA"~eroc" B TOYKe (0,0, 0, 0}. 
/l~aroHan~3a~~" KBaApaT~YHO~ ~OpMbl ( 1} np~ nOMO~~ COOTBeTCTByto
~ero ~eHTpoa~~HHOrO npeo5pa30BaH~" C nOCTO"HHbiM~ K03~~~~eH
TaMV1 
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X ' 1 =A~ X k, A 0 = det I A 1k I oJ 0 

np~BOA~T K pa3HWM T~naM eeKn~AOBWX ~ nceenoeBKn~,llOB~X npo
CTpaHCTB, Onpe,t],en~eMbiM COOT8€TCTBYIQ11.1\11M\11 C\11rHaTypaMII1. B 338Lt1Cit1-

MOCH1 OT Clt1fHarypbl ,ll\11aroHanV13111POBaHHOVI KB3AP3H1YHoii1 !tJopMbl pa3-
nVIYaeM COOTB€TCTBYIOI.UIII€ W€CT\.1napaMeTpii1YeCKII1e rpynnbl ABIIHH€HV1\Ii 
( epa!4eH111VI V'lnlll nceB,i],OBpall\eHVt~) 3TVIX npocrpaHCTB, KOTOpble 05bi'·-I
HO o5o3HaYa\OTC~ KaK SO (p,q), rAe p, q o5o3HaYaiQT cooreercr-
eeHHO YV1CnO nmOCOB VI MVIHYCOB B CVIfHarype KB3AP3TVI4HO!Ii cflopMbl. 
TaKVIM o6pa3oM, a t..teTbtpexMepHOM npocrpaHcree 111MeeM cneAy~Vle 
T~nbl ll~araHanbHbiX KBaApaT~YHbiX tjlopM ~ COOTBeTCTBY1001~X ~M rpynn 
AB111H<eHli1VI: 

(Xt)2 +(X2)2 -(X3)2 -(X4)2 ~ r
0 

(x'l" -(X2)2 -(X3)2 -(X4)2 ~ro 

- rpynna YeTbtpexMepHbrx 
spa1J1eH~~ SO ( 4) 

- npocrpaHcreeHHonono6HaR 
rpynna nopeH~a S0(3,l) 

( 2) 
- rpynna S0(2,2) 

- speMeH~noAa5Ha" rpynna 
nopeH~a S0(1,3) 

Knacc~tjl~Ka~~" K8aApaT~YHbiX tjlopM ( 1) no c~rHnypaM Ha caMoM 
Aene 03HaYaer Knacc111¢111Ka~111~ no HeKoropo~ c~cTeMe ~Heap~aHToB, 
cocraeneHHhTX V13 nepeoHaYanbHhTx Koa$t>Vll.\llleHroe AaHHoei KBaApan1Y
HO~ tjlopMbl (ro ecrb ~3 coCTasn"Klll1~X Merp~YecKoro TeH3opa c lk). 
nplll ~3yYeH~~ npeo5pa30BaHL!ltii Oll,HOPOAHbiX YeTb!peXMepHb1X KBall,plllK 
Cy1J1eCT8eHHYIO ponb ~rpaeT He C~rHnypa K8aApaT~YHO~ tjlopMbl, 
a 111MeHHO C~CTeMa ~HBapV1aHTOB, COXpaH~~111XC~ np~ ll,aHHb1X npeo5pa-
30BaH\II~X. CneAoearenbHo, np111 IIICcnetJ,oeaHV1~X, HanpV1Mep, rpynn 
ABV1H<eHV1~ 111 reoMerpfllYecK~X cso111crs V1X rpynnosbTX npocrpaHCTB, 
a TaK~e np~ ~3yYeH~~ anre5p cooTseTCTBYIOIJ1~X rpynn npeo5pa3o8a
Hfi1C1 HeT Heo5XOJ'],VIMOCH1 \.11CXOA111Tb \113 ll,t.1aroHanbHb1X BV1AOB KBatJ,pa
T~YHbiX tjlopM (2). 6e3 orpaH~YeH~~ 051J1HOCT~ MO~HO ~3YYaTb npe
o5pa308aH~" 8 ce5" 051J1eL1 K8aApaT~YHOL1 tjlopMbl (1) (TO eCTb a8-
TOMOptjl~3M tjlopMbl ( 1) OTHOC~TenbHO HeKOTOpbiX n~HeL1HbiX npeo5pa30-
BaHV1\:1) VI COOTBeTCTBY~Y~ KnaCCV1~V1Kal.\lll~ no C\IICTeMe V1HBap\llaHTOB 
OTHOCIATenbHO l.\eHTpoacp¢V1HHb1X npeo5pa30BaHV1i:; (TO eCTb AlllarOHa
n~3a~~IO) MO~Ho npo8ecr~ 8 OKOHYarenbHbiX tjlopMynax. TaKoL1 noA
xoA V1Meer no KpaC1HeC1 Mepe ABa npeVIMYutecrsa: eo-nepsbTX, 3TOT 
nOAXOA ~Bn~eTC~ ell,\IIHbiM no OTHOWeH\IIlO K 1113yYeHV1lO BCeX YeTb1pex
MepHb1X OAHOpOll,HbiX KBall,paT111YHbiX ~OpM 111, eo-BTOpb1X, 3TOT notJ,
XOA no3son~er 111Cnonb30BaTb reH30PHbli:; annapar 111 reH3opHy~ 
3am1eb scex ¢opMyn c caMoro HaYana BbTY111cneH1111it. 
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~TaK, 8Mecro paJn~YH~x rpynn npeo5pa3oBaH~~ SO(p,q),Ae~cr-8YIOU.IVIX 8 npoCTpaHCT8aX K8aApaTl/IYHbiX QlopM C paJn~YHbiMVI CVIrHaTypaM" (2), 5yAeM paCCMaTp"BaTb MaTp"YHY~ rpynny npeo5pa3oBaH"~ o5~e~ KBaApaT"YHO~ ~OpMbl (1), KOTOpy~ 5yAeM 0503HaYaTb KaK SQ(4). rpynna SQ(4) nopO>HAaer B npocrpaHCTBe R. npeo5pa30BaHLtHl BV1Aa 

t 0 det It~ c u l I ~ 1, ( 3) 

rAe t~(u)- MarpV1ija npeo5pa3o8aH~~ YeTblpexMepHoro npocrpaHCT-8a, Ja8V1C~~a~ or HeKoroporo Ha5opa rpynno8biX napaMeTP08 (u). np111 3TOM ~H8aplt1aHTHOCTb K8aApaT~YHO~ ¢opMbl (1} OTHOCVITenbHO 
npeo5pa3D8aHlt1~ (3} 03HaYaeT, YTO AOn~H~ l/IMeTb MeCTO COOTHOWe-H"" 

( 4) 

CoorHoweHVI~ (41 HaKnaAbiBa~T Ha wecrHaA~aTVIMepHoe MaTpVIYHoe MHoroo5pa3lt1e t~(~) aec~Tb cs~Je~, 111, raKVIM o5pa3oM, s o5~eM cnyyae MaTpVIu,a t~ (u) 3a8V1Clt1T or wecr111 HeJaBVICVIMbiX napaMeTpoB (u) (rpynnos~x nepeMeHH~x). ~3 aroro cneAyer, YTO rpynnoeoe npocrpaHcrso rpynnbl SQ ( 4) ""mere" wecT"MepHbiM MHO roo5pa3"eM. B KaYecrse He3aBlt1Clt1MbiX napaMerpos (u) MO)i{HO Bbl5paTb wecTb 
COCTaBn~~~VIX HeKOTOpOrO aHTlt1Clt1MMeTplt1YeCKOrO K08apVIaHTHOrO ("n" KOHTpaeap"aHTHoro)reH3opa sroporo paHra (5"BeKropa) s YeTblpexMepHoM npOCTpaHCT8e. ~8Hb1VI BVIA MaTpVI~bl npeo5pa30BaHli1~ t~(u) MO)i{HO BblnlllcaTb, ecn111 lt1cnonb30BaTb an~ Hee ¢opMy K3nl!1 131, KOTopy~ ~OpManbHO MO>HHO Hn"CaTb B B"Ae (C + U) · (C ± url, CAe Yepe3 C 0503HaYeHa MaTpVIU,a C 3neMeHTaMlll MeTpVIKVI Cik VI U eCTb MarpVIu,a c 3neMeHraMVI KosapVIaHTHDro 5VIseKropa uik ~-uki. B AaHHoVI pa5ore, DAHaKo, Her Heo5xoAlt1Mocrll1 B~lnlt1CbiBaTb ~8HW~ BVIA MaTpll1ijbl t 1k (U) , TaK KaK 8 a,anbHeV!weM HaC 5yAeT VIHTepacoBaTb ronbKO anre5pa rpynnbl SQ ( 4) . 

KaK li13BeCTHO, anre5pa rpynnbl ABVI)i{eHVIVi npOlt13BOnbHOVi OAHOpoa,HO!/; YeTblpeXMepHOt/1 K8aApaTV1YHOVi ¢opMbl CTpOVITC~ Ha WeCTVI aHTLt1-Clt1MMeTpLt1YeCKVIX reHeparopaX M ik ""-M ki , KOTOpble YAOBneTBOps:!~T cneAy~~VIM KOMMyTaU,VlOHHbiM COOTHOWeHLt1~M /4/: 

i pq pq - pq pq 1 pq ~ 2 cc 1,s;e +cl a,, -c 11 si, -c,, s,1 ) Mpq ~ 2 c,;.,eMpq 
( 5) 

rae K03~¢lt1U.lt1eHTbl cik cosnaa,a~r c cocra8n~~~VIMVI MeTpVIYecKoro 
( ) 

PQ p q p q -TeH30pa KBaAplt1Klt1 1 , ()ik = ()i Ok- Sk 01 - o5o5~eHHbiVI 01MBOn 
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pq 
KpoHeKepa " Yepe3 c IJ. kl o503HaYeHbl crpyKTypHble nocro•HHble 
paCCMaTp~BaeMO~ anre5pbi. KoMMYT 31.\"0HHble COOTHOWeH"" ( 5) nerKO 
nonyY~Tb, ecn~ reHeparopbr M1k npeJJ.crae~Tb a B~Ae 

M1, :-i(c 1. xla, -c,.x
1

a1 ), a, "-a_ 
' ' ax' 

Xopowo TaK»<e ~3eecrHo, YTo Am~ rpynnbr YeTbrpexMepHblX apaute
H"~ 80(4) (ro ecrb, Korna c 1k = a 1, ) reHeparopbi rpynnhl M1, 
MOHl.HO npeJlCTaB\11Tb np\11 nOMOll.IVI ABYX rpeXMepHbiX B€KTOpHbiX onepa

TOPOB La, N {3 ( a, {3 = 1, 2, 3) Ha OCHOBe OTHOWeH~" 

0 La -L2 N, 

-La 0 L, N2 
N ik 

L2 -L, 0 N3 

-N, -N2 -N 
3 

0 

np1!1 3TOM reHepaTOpbl la, N,a YAOBneTBOpSHOT KOMMyTaU,\110HHb1M COQT

HOW€HVIRM, KOTOpble 05b1\.IHO 3am1CbiBaiOTCfl B B\11Ae 151 

( L0 ,L{3]"i'afly Ly• ( N 0 ,N{3J"i'a/3y Ly' [ L
0 

,N(3]"-i'a{3y NY 

nocne BBeAeH~· ABYX HOBbiX BeKTOpHbiX onepaTOPOB J ( ±) , KOTO
pble fiBn5UOTCfl, COOTB€TCTB€HHO, nonoBVIHOi:1 cyMMbl \11 ~onOB\11HO~ pa3-

HOCT" reHepaTOpOB L " N , TO eCTb J0 (±) = 1/2 (L ± N0 ), an
re5pa rpynnbl SO( 4) r ASCX ~)) 8 HOB OM 5a3"Ce np"o5p

0
eraer B~A 

[J (±),Jo(±)]:l' o J (±), 
a IJ a,._,y y 

(6) 

3an•cb ASO (4) e ~opMe (6) "Hrepnper"pyerc• KaK pa3no~eH"e 
3TO~ anre5pw Ha nee noaanre5pw (np•Moe npo"3seaeH~e nsyx noa
anre5p), COOTB€TCTBY~\11e ABYM rpynnaM rpeXMepH~X apall.leHVIi:1, 
YTO o5biYHO 3an\11CbiBaeTCR B BVIll,e 

ASO (4) "ASO (3) sASO (3). ( 7) 

AHanor\11YHoe pa3no»<eHV1e anre6p~, npaeAa, c B~XOJJ.OM a o6nacTb 

KoMnneKcHo(1 nepeMeHHo(1, MOH<HO Hanl-1caTb TaK>Me An~ anre6pb1 rpyn

nbl nopeHL\3 /6/ . 
0TMeTVIM, Otl,HaKO, no KpaVtHeiil Mepe tl,8a 8a}MHb1X Hetl,OCTaTKa 

np" nepeXOAe or reHeparopos M1, K reHeparopaM L 0 , Nil ~ npea
crasneH"" ASO( 4) s s"ae ( 6). Bo-nepsb!X, 3TO no rep• Kosap"aHT
HOCTl-1 cflopMyn 8 CB~3VI C TeM, YTO OT l-1HAeKC08 8 YeTblpexMepHOM 

npocrpaHCTBe Mbl npOl-1380nbHO nepeWnt.-1 K l-1HtJ,eKcaM 8 HeKOTOpOM 
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TpexMepHOM npocrpaHCTse. Bo-sropbiX, Mbl Hapyw111n111 TeH30PHYKl 3an111cb ¢opMyn 111 nepecran111 pa3nW-laTb KOHTpasapll1aHTHble 111 Kosapll1aHTHble VlHAeKCb!, a TaK»<e Mb! nepecran111 co5nfOAaTb cornaweHLtle 0 CYMM"POBaH"" TOnbKO no OAHOMy BepxHeMy " OAHOMy H">HHeMy "HAeKcy. B ~"3"Ke YacTo He Aena~T pa3n"""" Me>HAY sepxH"M" V1 HVl>KHVlMV1 V1H.ll,€KCaMV1, CCb!nas:ICb Ha B03MO»<HOCTb nepeXO.ll,a B OpTOIOHanbHYfO CV1CT€MY KOOp.ll,V1HaT, KOTOpas:l CTlt1paeT pa3nlt1Ylt1s:l Me»<.ll,y KOHTpasapV1aHTH~Mlt1 111 KOBaplt1aHTH~Mlt1 Benlt1Y111HaMll1. B nlt1Teparype no ¢1113lt1Ke, Aa»<e B cnyyae, KOIAa pa3nlt1YaKJTCs:l sepxH111e 111 H111»<Hlt1e lt1H.ll,€KC~, MO»<HO Ha~TL-1 CKOnbKO yrO.ll,HO npii1M€POB, l.ll,€ npolt13BOnbHO. MaH"nyn-py~T C nonO>HeH"eM "HAeKCOB (Hanp~Mep, COOTHOWeH~~ T--ijk k"" k 1 na y ·Y ·Y + ·Y ·Y Jy 1 
"" 8 ij y + 8kj y ) . 3.ll,€Cb, O.ll,HaKO, H€T B03MOJoH-HOCTlt1 3aHs:ITbCs:l .ll,OKa3aT€nbCTBOM HeonpaB.ll,aHHOCTL-1 TaKlt1X nO.ll,XO.ll,OB 80 BCeX cnyyas:~x. HeKOTOp~M nO.ll,TBep»<.ll,eHlt1eM TOYKL-1 3P€Hlt1s:l~ YTO 8 Q:!V13V1K€ H€05XOAV1MO YeTKO co5nKJ.ll,aTb KOBaplt1aHTHYKl 3anlt1Cb BC€X COOTHOWeH"", 5yAYT ~OpMynbl cneAy~e ro pa3Aena AaHHO" pa50Tbl. B CBs:l3lt1 c BbwecKa3aHHWM 3aMeYaHV1€M o samHocTlt1 YerKoro pa3-nli1Ylt1R Me»<AY KOHTpasaplt1aHTH~Mlt1 V1 KOBapV1aHTH~Mlt1 BenV1YV1HaMlt1 QTMeT"M, YTO Hap~AY C KOBap"aHTHbiM" reHepaTopaM" M kC MOI+<HO onpe.ll,enlt1Tb KOHTpasapV1aHTHbl€ reHepaTOpbl M1

J npV1 noMO~V1 COOTHOW€H111s:l 

(8) 

lopMyna (8) 03HaYaeT, YTO An~ nOAH~T"~ "HAeKCOB TeH30pHWX BenV1Y~H 8 .ll,aHHO~ pa5oTe 5y.ll,€M V1CnOnb30BaTb nOCTOs:IHHbl~ o5paTHbl~. M€TpV1Y€CKV1iil T€H30p C ik, .ll,ns:l KOToporo V1M€€T M€CTO C ik Cjk = =a) (eM. np"no>HeH~e). leHepaTOPbl M' YAOBneTBOp~m aHanor"YHbiM KOMMyTaU,VlOHHbiM COOTHOW€HV1s:IM, KaK 111 reHepa-TOpbl M kf' 8 Y€M . HeTP.)'AHO y5eA"TbC~: 
[ M ii • M k£ ] ~ i ( c ik M ;£ + c ;I M lk - c t! M Jk - c jk M i£ ) • 

Vl38ecTHo TaK»<e, YTO 8 YeTblpexMepHbiX npocrpaHcTsax V1HA€KCbl Kosap~aHTHOro (KOHTpasap-aHTHOCO) aHT~C-MMeTp-YeCKOCO TeH30pa BToporo paHra MO>HHO nOAH~Tb (onycT"Tb) TaK>He np" noMow~ nonHOCTbKJ aHTlt1CV1MM€TpV1Y€CKOrO K~HTpa8aplt1aHTHOrO (KOBapVlaHTHOro) reH3opa Y€T8eproro paHra tijk (t ijki ) V1 nonyYII1Tb cooreercr-8YIOLllvte TaK Ha3bl8a€Mbl€ .ll,yanbHbl€ aHTII1Clt1MM€Tpii1Y€CKV1€ T€H30pbl. OnpeAen"M AYanbHb!e KOHTpasap"aHTHble reHepnopbi cneAY~"M o5pa-30M: 
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- ij 
M = 

_..:1_ , iJk1 • 

..j I c0 1 

rAe £ 0 = c0 / Jc 0 I ,., ± 1 1.1 Yepe3 c0 o6o3HaYeH onpell,emnenb Merpvt-
Kl-1 Cpg , KOTOpbllii MOH{eT 5b1Tb KaK nOflOlHl.1TeflbHbiM, TaK 111 OTP111l.\a

TenbHbiM. AHanor~::!HO MO>HHO onpeAen~Tb TaK>He AyanbHble Koeap~aHr
Hbre reHeparopbl M ij , AflR KOTOpbiX li1MeeM 

k1 1 kCmn M 
M ij = c ik c ;1. M = c lk c J1 e mn • 

2 \/ (0 
(9) 

1 klmn M 1 . 1- km Cn M 
c ik c jf e rnn ~ 2'V £o e ijkf c c mn 

2 ..j 'o 

npeo5pa30BaH~~ (9) 5yAeM Ha3~BaTb npeo5pa30BaH~~M~ AyanbHOCT~ 
s Yer~pexMepHoM npocrpaHcrse 111 5onee noll,po5Ho K HII1M sepHeMCH 
B cneAy~eM pa3Aene. 

Bblfl111WeM ll,flR JlOJlHOTbl TaK»<e KOMMyTaLJ,IIIOHHble COOTHOWeHli1R li,JlSl 

AyanbHbiX reHeparopoB, Koropble TaK>He o6pa3y10r anre5py. nocne 
HeCJlOlHHbiX BbiYVICfleHIIIVI ( CM. npiiJnO}t(eH\Ae) nonyYaeM 

[ MIJ • M'r 1 = ---c (eiJkm M"e 
mn 

ijfm -M nk ) --e • 

EcrecrseHHo, 1...4TO crpyKTYPHbre KoHcTaHTbl anretSpbr AYanbHbrx reHe
paropoe rpynnbl sa( 4) ~Me!OT HecKonbKO 5onee cno>HHbl~ B~A, YeM 
crpyKTYPHble KOHCTaHTbl ASQ( 4) B ¢opMe ( 5). Bbln~weM TaK>He ~BHbl~ 
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B"~ onepaTopoB KaJ"M"pa rpynnbl SQ ( 4), KOTOPbl8 KOMMYT~PYIOT co sceMlll reHeparopaMIII Mij 111 tJ,yanbHb!Mll1_ reHeparopaMI/1 M ke. 3Tll1 onepaTOpbl MO~HO 3anl!1CaTb B Bllltl,€ 

1 ik j£ - 1 ij 1 - - . F
0 

( M) ~ -- c c M .. M . , ~ - M .. M ~ -- M . M 'l 2 lJ KL 2 lJ 2 lj 

(10) 

Hlll~e noKameM, KaKlllM o5pa3oM MomHo pa3nom111Tb anre5py rpynn~ tl,BLII}+{€HVI~ npOV13BOnbHOift Otl,HOPOAHOI/1 Y€TbipeXMepHQI/i KBatJ,paTVIYHOI/1 ¢opMbl Ha np~Moe np01113BetJ,eHllle ABYX notJ,anre5p np111 co6n~AeHIIIV1 KOBap"aHTHO" Jan"c" Bcex ~OpMyn. np" 3TOM pa3nO~eH"e ASQ(4) 1t1 anre5pb1 rpynnbl nopeHu,a oKar+<yrcs:l HeKOTDPbiMlll YacTHblMlll cnyYas:~M~ 3Toro o5~ero pa3no~eH"" ASQ(4). 

AnrE6PA rPYnnbl SQ( 4) ~ EE PA3nGII{EH~E 

nycTb 8 paCCMaTplllBa€MOM Y€TblpeXMepHOM npOcTpaHCTBe C M€TpV1-KOV! C ik 3atJ,aH_ npOit13~0nbHbl111 ~OCT051HHbiLii €/J,lllHli1YHbiL'i1 KOHTpasapL!1aHTHb1Lii B€KTOP 0 1 (cikn 1
nk =nin 1 =1). npl/l nOMOll.llll 3TOIC? €AL11HlllYHQro seKropa, nocroHHHoro MeTpVIYecKoro .reH3opa c 1k (cJf )Vl nonHOCTbiO aHTLIICVIMMeTpV!YHOrO TeH3opa eijkf MO»<HO ol5pa30BaTb Ll13 aHTLJ1CLt1MM€TPV'IY€CKVIX T€H30PHbiX onepaTOpOB Mpq• npe,llCTaBmUOtilV1X co-5o~ reHepaTOpb! rpynnbl SQ(4)., O,llLJIH BeKTOPHbl~ oneparop Ti VI O,llVIH nceBAOBeKTOpHbl~ oneparop S 1 cneAYIOU..IVIM ol5pa30M: 

Ti-cipM nq T,.==c
1
.kTk=M,.knk - pq • ( 11) 

s' ~ -.l-e'P"' M s s• 1 _,-- Mpq' (12) pq"r• i=cik =2vfaeipqr n. 2 V'o 
-112 Ko3~~-~"eHT (,0) 8 (12) sse~eH "3 coo5pa~eH"" y~o5cTBa, YTo-5bl COXpaH"Tb HeKOTOpyiO C"MMeTp"IO BCeX ~OpMyn ( CM. np"no~eH"e). KoHeYHo, e 3aBV1CVIMOCTVI or 3HaYeHvHl ( 0 nceBAOBeKTOp si MOH<eT 5b1Tb JJ,e~CTBV'ITenbHbiM V!nVI YVICTO MHVIMbiM, YTO, O,llHaKO, C ¢opManbHO~ TOYKV'I 3peHV1H He VIMeer 3HaYeHLJ1H. 6onee noApoiSHoe o!Scy»<AeHVIe 3TOrO 05CTOHT€nbCTBa npVIBO,IlVITCH B 3aKniOY€HVIV1. ~3 onpe~eneH"" Ti " Si B (11) ~ (12) HenocpeiCTBeHHO 8-~HO, YTO VIMeeT MeCTO 
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3TO 03HaYaer, YTO BeKTOp~ T 1 ~ 8 1 nepneHA~Kyn~pH~ K eA~H~YHO
MY BeKTOpy nk, ~. TaK~M o6pa30M, np~ 3aAaHHOM nk TOnbKO Tp~ 
KOMnOHeHTbl T 1 L-1 Tplll KOMnOHeHTbl gi 5lBns:UOTC5l He3aB\11CliiMbiM~. 8 KO

HeYHOM V1TOre WeCTb He3aBLIICliiMbiX KOMnOHeHT aHTliiCLIIMMeTpl!lYeCKOrO 

TeH3opa M PQ 33MeH5liOTC51 WeCTbiO He338VICVIMbiMVI COCTaBn5liOIJ.lVIMI!1 BeKTO

pOB T1 ~ Si . 
Yro6bl Ha~n,., 51BHoe Bbtpa»ieHitle reHeparopoa Mpq Yepe3 eeKropHble 

reHepaTopbl T 1 \11 S I , AOCT3TOYHO BbiYV1CnliiTb BblpaH<eH\11e 

V'o eijkl s•n
1 ~: eijkl ekPQ' Mpqn,nl ~Mil +n,Tj -njTi 

0TCtOAa nonyYaeM 51BHbtt:4 Blt1A reHeparopoa 

M T T 
. 8k 1 

~ n -- n + ,t 'o e IJ·k' n ij i j j i l 
( 13) 

OrMeTIIIM, YTO reHeparopbl M11 3aBlt1C5lT or cocTaBn511QlUlt1X eJ],ltlHLIIYHoro 

aeKropa nk 111 KoMnoHeHT eeKropos 'Ik lt1 S k nltlHe~HbiM o6pa3oM. 

Tenepb, 3Ha" KOMMyTalj~OHHble COOTHOWeH~· nn• onepaTOpOB M lj ( 5), 
6e3 oco6oro Tp_y.lla ~OHiHO Halhlll KOMMYT3Ll,lt10HHble COOTHOWeHlt15l Me»iAY 

oneparopaMltl T 1 lt1 S1 , ro eCTb nocrpoliiTb anre6py 3Tlt1X oneparo

poe. B pe3ynbTaTe nonyYaeM 

[ T! • T l 1 ~ [ S i • gl J ~ i V~ c !k ell e klpq gP n q 

[ i J 1 [ i j 1 .. ,- ik jl p q 
T , S = S , T = 1 v £ 0 c c e k~pq T n • 

(14) 

OTMeT~M Kosap~aHTHym 3an~cb anre5pw (14), YTo ce•3aHo c HanM
YMeM enMHMYHaro eeKTapa n•. Anre5py onepaTopoe (14) MO~Ho, on
HaKe , eUie l\3nbwe ynpocn-1rb, ecnltl aeecr\11 ABa aeKropHbiX onepa

Tapa al M at_ cnenyi001MM o5pa3oM*: 

(15) 

OYeBLIIAHO, YTO ace cocraens:~~llle oneparopos Q~ raKH<e He s:~ans:~tOrcs:~ 
He3aBlt1Clt1MbiMV1, nocKonbKY no-npe>HHeMy liiMeer Mecro ycnoa1t1e nep

neHAIAKyns::~pHocT\11: 

*HH.n;eKCbl 
11±11 JJ (JS) H nocnenyiOlli,HX ¢opMyJI3X ne CBH3aHbl 

C KOHTpaBapHaHTIIOCTblO H KOHapHai!TilOCTb!O COOTReTCTBYKHIU-lX BeJIH

~mH H TI03TOMY MnryT 6h!Th BepXHHMH HJlH HHJKliHMH. ByAeM HX nH

caTb TaM, r·ne HMeCTCH Y Teii30pHbiX nenHt.IHH CB050llHOe MeCTO, 

uanpHMep Q 1 HJJH Q~ • B cny'-Iae cMeUiaHHb!X TeinopoB OyneM 3TH 
1 :!: I ij 

HH.[~eKCbl noMeutan, n cKo5K~l, nanpHMep Nkp{±). 
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i k i k ctk Q+n = cik Q_n o:=: 0, 

0TM8T~M TaKH<e, YTO AJ10 <o = -1 ( rpynna nopeHlja) onepaTOpbl Q ~ 
CTaHOB~TC5l B3aLr1MHO KOMnneKCHO Conp~>KeHHb!ML-1. Tenepb, KaK He- -
TPYAHO y5eAmbCO, np" noMOIJl" KOMMyTalj-OHHbiX COOTHOW8H-~ ( 14) 
anre5pa rpynnbl ABV1>K€Hlll~ npOII13BOnbHOC1 OAHOpOAHOt:1 46TblpexMepHOVI 
KBaApaTV14HO~ cj)OpMbl npV1HV1MaeT BV1A 

[ Qi. Qj l ;- ik c jC e QP nq _ , 1 == ± i v fo c k€pq ± 

(16) 

[ Q~ ' Q~ l ~ 0 ' 

illopMynbl ( 16) 03HaYaiOT, YTO ASQ( 4) B o5u;eM cnyyae pacnaAaeTCO 
Ha ABe noAanre5pbl. $opManbHO aro pa3noH~:eHV!e MO~Ho 3anV1caTb 
B BI!1Ae 

ASQ ( 4) ~ ASQ+ ( 4) ® ASQ_ ( 4) {17) 

" yTBep>«AaTb, YTo B o51JleM cnyYae anre5pa rpynnbl SQ(4) osnoeT
co npOMbiM np0-3BeAeH-eM ABYX noAanre5p. np- 3TOM He05XOA-MO 
OTMeTmb, YTO B npaso~ YaCT~ COOTHOWeH"O ( 17) np-B8A8Hbl anre5-
pbl rpynn SQ+(4), a He rpynn SQ+(3), KaK 5bi 3TO cneAosano, ec
n" 5bl Mrl "cXOA"n" "' aHano '"" pa3no>«eH"" anre5pbi rpynnbl SO( 4) 
B 3an"c" {7). ano 3TOCO eCTb no Kpa~He~ Mepe ABa OCHOBaH-H. 
Bo-nepBbiX, rpynnbl SQ± ( 4), o5 anre5pax KOTOPbiX "AeT peYb, Ae~
cray~er B OAHOM VI TOM me Y6Tblp€XMepHOM npOCTpaHCTBe, XOTS1 V1X 
Aeii!CTBl/1€ V1MeeT, KOH€YHO, H€KOTOpbliil cneLJ,ll1cj)VIY€CKV1L4 xapaKTep. 
Bo-sTopbiX, pa3MepHocT" anre5p rpynn SQ+( 4) B o51JleM cnyYae 
He 51e-;r-suorcs:~ rpexMepHbfMVl, KaK 3To cneAoBano 5bl Vl3 npeAnono}Ke
""", YTO 3TO anre5pbl HeKOTOpbiX TP8XMepHbiX rpynn SQ ( 3) *. B C8s:I3L-1 C BbiW€CKa3aHHbiM OCTaeTCS:I OTKpbiTbiM Bonpoc 0 TOM, Ha
CKOJ1bKO 050CHOBaHHO~ HBJ1H8TCH AaH<e B cnyyae AS0(4) 3an-Cb pa3-
J10H<8H"H 3TO~ anre5pbl B B"Ae ( 7). 

YTo5bl 5onee HarnoAHO npoAeMOHCTP"POBaTb YTB8PH<A8H~o npeAbi
AYillero a53alja, sseAeM HapoAy c reHepnopaM" Mu B <jlopMe ( 13) 
ABa Ha5opa onepnopos M fl cneAYIOIJl"M o5pa30M: 

M ± ( + . r-:- ) Qk± 01 ( 18) ij ~ 0 ik 0 ;1 _, 0 i1 °jk- V'o eijkl 

*Pa3M€pHOCTb anre6pbJ rpymTbl ABIDK€Hlill npOH3BOJibHOH O,!J;HOpo,o;
HoH: TpexuepHort KBa,n;paTH'tJHoH ¢opMhi SQ(3) paBHa TpeM 111. 
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YMHO~a~ COOTHOWeH~e (18) Ha COOTBeTCTBY~~e MHO~~Ten~, nony
YaeM 

Q.
l ~ + ___ 1_ eipqr M ± n 

Pq r • - 2-'-v 'o 
TaK KaK oneparop~ Q~ Bblpa~a~rc~ YepeJ reHeparopbl MpqnocpeAcr-
8oM ( 15), TO 8 KOHe4HOM ~Tore onepaTOpbl M ~j AOnli<Hbl 8blpall<aTb
C~ raK~e YepeJ reHeparopbl ·MP {~ non~Ha ~c~eJHYTb ~x JaB~c~
MOCTb OT np0~3BOnbHOrO eA~H~Y~oro BeKTOpa nk). 

~3 (18) ~ (15) ~MeeM 

M ± 1 ( pq r- kp lq ) M 1 Npq ( ) M ij = 4 S ij ± v ( o e tjk€ c c pq = 2 ij ± pq (19) 

B ¢opMynax (19) 88eAeHbl A8a H~nbnOTeHTHbiX onepaTopa NfJ0 (±), 
aHT~C~MMeTp~YeCK~X KaK no BepXH~M, TaK ~ no H~mH~M ~HA€KCaM: 

NP 0 (+) -N°P(+) --N°P(+) --NP 0 (+) -.!..cs""•·'- kp Pq) !J - - J! - - !J - - J! - - 2 !J - v 'o e iJk1 c c ' 

KOTOpble ynoenerBopmoT COOTHOWeH~~M 

1ro kP k1+ 2" N !J ( ±) N pq ( ±) ~ N !J ( _) 

.!_Npq (±) Nkl (+) ~ 0. 
2 !j pq 

(20) 

~3 "8Horo 8~Aa M ~J ( 19) cneAyeT npoCTa" C8"3b reHepaTopos M !J 
c 3T~M~ oneparopaM~: 

• l!lopMynbl (19) ~ (21) noKa3bl8aiOT, 4TO onepaTOpbl Mil ~Me!OT 
no WeCTb COCTaBn~IOUIIIIX, OAHaKO 0 KOn~YeCTBe He3aBIIICit1MbiX KOMno
HeHT Ka»<Aoro ~3 onepaTopo8 Mtl ~ M ij 8 OTAenbHOCT~ Henb3" ro-
8op~Tb. Cnelj~anbHa" KOHCTPYKl1"" onepaTopo8 M t (a TaK»<e ~x Ae~
cre~e) nplt1BOAIIIT K TOMY, YTO Henb3~ roBOpiiiTb 05 onpeAeneHHO~ 
pa3MepHoCT~ Ka»<Ao~ "3 noAanre5p ASQ,(4) 8 OTAenbHOCT~, MO»<HO 
f080p~Tb TOnbKO 06 onpeAeneHHO~ pa3MepHOCT" AS0(4), KOTOpa" 
ocraerc~ pasHa~ wecr111. 

KpoMe cooTHOWeH•~ ( 20) cy!J1eCTsyeT ljenbl~ P"A none3HbTX cooT
HoweHIIIV!, KOTopbiM YAOBnereop~IOT HlllnbnoreHTHble oneparopbl f-!f

1
q( ±), 

'-ITO B KOHeYHOM IIITOre ynpoll.laeT BbiYIIICneHVI~ C oneparopaMIII M\j . 
Bb!n~WeM 3Aecb HeKoropble 1113 HIIIX: 

N mn(+)Npq(+) 1 Nab(+) nq c mp tJ - ke - = 2 °ia 0jb kf - c + 
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1[ nq+) Nnq(+) Nnq(+) Nnq(+)] + 2 c,, N ;£ (- + 0 jl ik - - 0 1£ jk - - 0 Jk if - • 

1 mn (+) Npg (+) _ Nab(+) 2°mp 0 nq Nij - k1 - -Cia 0 jb kl - ' 
(22} 1 ijkl Nmn(+)Npq(+)~+cma0 nbNpq(+) 4 v ( 0- e ij - ke - - ab -

_!_ c1k c;£ N~n(±) N Pf (+) ~ _....:1'--e ijkP N ~n(±) N~{ (+) = 0. 2 ' • 4v•o 

Ecn~ Tenepb BOcnonb30BaTbCH COOTHOW8H~HM~ ( 22} AnH N;jq ( ±), TO ~3 KOMMYTa1.1VIOHHbiX COOTHOW8HVI~ AnH ASQ ( 4} ( 5} nerKO conyYV\Tb HBHYIO ¢opMy nOAanre5p ASQ, ( 4). KoMMyTaljV\OHHble COOTHOW8HVIH 3TVIX noAanre5p VIM810T cneAy~..,~-npocTo~ BVIA: 

[ M~j , M~ 1 ~i(cik M~p +C;f M~k -c 1p M\k -cjk M~p), 
[M~; ,M:el~O. (23) 

BbtnL~TweM, HaKoHeLJ., TaK~e RBHbte QJopMyrlbt Afls:l 111HsapL!IaHTHbtX onepa-Topoe, KoTopbte MOJ+<HO nocTpOV1Tb 1113 onepaTopoe M~1 LilflLi1 Q~ . nocne HeCflOIKHbiX SbiYvtCneHLi1VJ V1MeeM 

F0 (M')~ ~cikcifM~J M~f ~cpqr;j±Q;~ ;[F0 (M) ±E0 (M)], 

ijkf±+ pq e M 1 .M,1 ~±c Q,Q_cO, J pq - + 

~3 <!JopMyn (24} Henocpei\CTB8HHO cneAyeT, YTO V\MeeT MeCTO 
• + F0 (M-)~±E 0 (M-). 

3To o3HaYaeT, YTO KOfl!f1YecTeo He3aBL"'01MbtX onepaTopos Ka3vtMV1pa no cne pa3no>HeH~H ASQ ( 4} Ha ABe noAanre5pbl, noCTpoeHHble Ha one-+ paTopax Mu• coxpaHHeTcH "' paBHo ABYM. TaKV~M o5pa3oM, HapHAY c c~cTeMOVI 1\BYX onepnopos Ka3V~M~pa ( 10} AnH rpynnbl SQ ( 4} Mbl MO>HeM 8bl5paTb TaK>He 3KB~aaneHTHYIO C~CTeMy VIHBapV!aHTHbiX onepaTOPOB F
0 (M+) VI F0 (M-) · 
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H"nbnoreHTHble oneparopbl N~1 ( ±) (20) no3BonHIOT onpeAen"Tb 
e Yer~pexMepHoM npocrpaHcree R 4 nocro~HHbl~ oneparop AyanbHO
CT" Df;q cneAY10!11"M o5pa30M: 

pq pq pq _ kp rq 
D 1J ~N 1 i (+)-N1J (-)~v, 0 e1;k1 c c 

1 pqrs ;;:;---· 
\1 ( 0 

TaK KaK ~Meer Mecro 
1 pq k1 1 pq pq kP kP k1 

2 D1; Dpq ~ 2 ( NIJ ( +) - N1; (-) ]( Npq ( +) - Npq ( _)] ~ oli 

(25) 

ro co5crseHH~e 3HaYe""" oneparopa AyanbHocr" (15) pasH~ ±1. 
Oneparopbl M ~J , BBeAeHHble tjlopMynoi-1 ( 19), ""n"IOTCH "MeHHO onepa
ropaMlll C onpe.aeneHHOr., ,ll.yanbHOCTblO 8 C8s:I3V1 C TeM ~ YTO BblnOnHReT
Cs:l TO)«,IleCTBO 

(26) 

COOTHOWeHVI€ (26) n03BOnReT Tenepb BbiSlCHVITb CMbiCn VIH,lleKCOB 11 ± 11 

y eenVIYVIH 3TOro pa3Aena. 0HVI Henocpe,ll.CTBeHHO CBR3aH~ CO 3Ha-
4€HIIIs:IMVI ,llyanbHOCTVI BenVIYVIH, KOTOp~e 0503Ha4eHW 3TVIMVI VIH,ll€KCaMVI. 

~cxoA" "3 onpeAene""" oneparopa AyanbHocr" (25), MO~Ho npe
o5pa3osaH"e (9) s npocrpaHcrse reHeparopos M1J 3an"carb KaK 

M 
1 pq M-

!J ~ 2 D !J pq 

asa cnoco5a noAHHT"H (onycKaH"") "HAeKCOB y aHT"C"MMeTp-YeCK"X 
reHJopoe aroporo paHra e yerwpexMepHoM npocrpaHcree cBR3aHw 
VIM€HHO C 803MO~HOCTblO onpe,lleneHVIs:l 8 3TOM npOCTpaHCTBe npeo6-
pa3oBaHVIs:l tl,yanbH~CTVI. nepeXOA K oneparopaM M fj , KOTOpble o5na
AalOT onpe~eneHHO~ AyanbHOCTb~, n03BOn~eT KaK pa3 ycTpaH~Tb 
np0~3BOn 8 nOAH~T~~ (onycKaH~~} ~HAeKCOB, TaK KaK ~MeeT MeCTO 

B 3aKniOYeH"e 3Toro pa3Aena MO~Ho ctjlopMyn"posaTb yrsep~AeH"e, 
YTO pa3no~eH"e ASQ ( 4) B o5lUeM cnyYae Ha ABe noAanre5pbl ( 17) 
CB"3aHO W_,eHHO C B03MO~HOCTbiO BBeAeH"" 8 anre5py rpynnbl SQ( 4) 
reHepaTopoe M fJ , KOTOpble o6na.lla~T onpeAeneHHoi1 ,nyanbHOCTbiO. 

3AKniOYEH~E 

~TaK, 8 pa50T€ npoAeMOHCTp-poBaH HeKOTOpbli-1 05llj-~ noAXOA 
K YeTblpexMepHbiM npOCTpaHCTB3M C nOCTOSIHHOi1 MeTplt1KOi1 \11 K anre6 -
paM COOTBeTCTBY~~X rpynn AB~~eH\1111 3T\11X npocTpaHCTB. noKa3aHo, 
KaK s o5UjeM cnyyae wecr"MePHYIO anre5py rpynnbl AB-~eH"~ npo"3-
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BOnbHOlfl "-1€TblpexMepHO~ OAHOPOAHO~ KBaApl!1KVI MOH<HO pa3nO}Kl!1Tb 
Ha np•Moe npo~3BeAeH~e ABYX noAanre5p (¢opMynbl (16) ~ (23)). 
Bo3MO~HOCTb pa3no~eH~" ASQ(4) HenocpeACTBeHHo cs•3aHa c cy~e
crsosaH\11eM AyanbHOCTVl a YeTblpexMepHbfX npocrpaHcTsax. EA111Hbl~ 
nOAXOA K \11CCneAOBaHVI~ Y8T~pexMepH~X KBaAp1!1K n03BOn~eT Ha BC€X 
sranax npasl!1nbHO 1!1cnonb30BaTb reH30PH~e o5o3HaYeHV1H scex se
nl!1Y\11H. a reM caMblM VI reH30pHoe lllCYlllcneHl!le KaK TaKosoe. Ecnlll 
B ¢opMyne ( 13) Am M ij Bbi5parb eA~H~YHbl~ BeKTop nk B ¢opMe 
(0, 0, 0, 1), TO nonyYaeM wecTb onepaTopos*· 

- y - y M a~ y, e /3 4 S ~ v 'o e /3 S , ap o a y a y Ma 4 =Ta' a,/3,,y=1,2,3, 

Ha KOTOpbiX MOit{HO nocrpol!ITb anre5py rpynnb! YeTb!pexMepHbiX spall.\e
H"~ S0(4) ( 'o = 1) ~n~ anre5py rpynnbl nopeHL\a S0(1,3) ('o =-1) 
B ¢opMe, o5biYHO np"BOA"Mo~ B ¢~3~YecKo~ n~TepaType. YKa3aHHbl~ 
BbWe B~5op €AV1Hl!IYHOrO B€KTOpa C 05Ll.\eTeOp€Tlii"-1€CKO~ TOYKl/1 3pe
H"" ( Aa~e B cnyYae SO ( 4) "n" SO ( 1 ,3)) H~YeM He onpaBAaH. 

no-Bl!IAVIMOMY, cneAOBano 5bl TaKH<e OCTaHOBV1TbCH Ha BOnpoce 
0 ~li13\11Y€CKOM 3HaYeH\11\11 B€KTOpa nk. 3AeCb, OAHaKO, HeT 803MO~HQ
CT\11 yAen~Tb AeTanbHoe BHl!IMaHll1e 3TO~ npo5neMe. CKa}KeM ronbKO 
KpaTKO, YTO B onpeAeneHHblX ~V13liiY€CKl!IX 3aAaYaX, l!IM€~l!IX Aeno 
C C"MM8Tp"e~ rpynnbl SQ( 4), ycnoBHbl~ CMbiCn 3Toro BBKTOpa MO~HO 
Ha~Tll1 Vlnll1 onpeAen\11Tb. 0AHaKO BP~A nlll MOH<HO Ha~Tl!1 KaKo~-TO o5-
Ll.\lll~ ¢lii3\11Y€CKl!1~ CMbiCn 3TOrO BeKTOpa, noCKOnbKY OH TOnbKO BCno
MOrarenbHbl~, seAb, KaK noKa3aHo a AaHHOIA pa5ore, 5e3 Hero MOH<
HO o5o~T~cb ~ ocy~ecTB~Tb pa3no~eH~e ASQ(4) np" noMa~" ABYX 
Ha5opos reHeparopos M ~j c onpeAeneHHbiMVl AyanbHOCT~Mlll. 

B AaHHO~ pa5ore npl!IBeAeHa ronbKO YacTb pe3ynbTaros, KOTop~e 
CB.3aHbl C paCCMOTpeH"eM npeo5pa30BaH~~ o5~e~ YeTbipexMepHO~ 
KBaAP"""· np" noMO~" ¢opMan"3Ma, np"cy~ero anre5paM, 3A8Cb pac
CMOTpeHa "M8HHO ASQ(4). Heo5XOA"Mo, OAHaKo, aHanor~4HbiM o5pa-
30M, TO €CTb 8 COOTB€TCTBlll\11 C pe3ynbTaTaMl!l AaHHOlil pa50Tbl,pac
CMOTp8Tb wecT~MepHoe rpynnosoe npocrpaHCTBo rpynnbl SQ( 4.) np~ 
COOTB8TCTBYIOIJ18~ napaMeTp"3al1"" MaTP"l\bl npeo5pa30BaH~~ t'k (u) 
3TOJI1 rpynnbl. Heo5xoA\11MO TaKH<e Haii!n-1 see reoMeTpli1YeCKll1e xapaK
Tep~cT~K~ (MeTp~Ky, TeH3op P~MaHa, KP~B~3HY ~ T.n) aToro npo
cTpaHCTBa. EcTeCTBeHHO, YTO np~ 3TOM Heo5xoA~Mo Ha~Tll1 TaKH<e 
KOHKpeTHYIO pean~3al\~IO np"BBA8HHO~ 3A8Cb W8CT~MepHo~ rpynnbl 
ASQ(4), nocTpO~Tb npeACTasneH"" rpynnbl SQ(4) (ToYHee, scex 
ee BeT Be~, onpeAen~eMbiX Cli1CT€MO~ VIHBaplt1aHTOB noCTO~HHO~ M€Tp~-

* ITpep;rronaraeTcH, ~To 

Il,HH KBap;paTlf4HOti: $OpMbi 

O,IJ;HOBpeMeHHO ITpOH3Bep;eHa ,IJ;HarOHaiTH3a
T aKHM o6pa3oM, tiTO c = I . 

44 
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Kill c tk ) , onpell,en!IITb co5crseHHble 3HaYeHIIISl oneparopos Ka3111MIII
pa rpynnbr SQ(4) ~ T.A. 

Cnell,yer oco5o noayepKHyrb, Yro pe3ynbrar~ aaHHo~ pa5or~ 
IIIMe~T Henocpell,CTBeHHOe OTHOWeH\IIe KaK K rpynne nopeH~a, TaK 
Ill K rpynne nyaHKape /8,BI, KoHeYHO, Bee 3TIII 3all,aYIII B~XOA~T aa
neKo 3a ~en111 111 paMK\11 ll,aHHo~ pa5or~. 

nP~nmKEH~E 

A.HanL1TVIYeCKIIIe Bb!paJ.HeH\11~ An~ onpeAemnene~ 
Ill MaTp\11~ 8 4eTblpeXMepHOM npOCTpaHCTBe 

B reoper!IIYecKo~ ¢1113\IIKe yacro !IIMeeM aeno c nocro~HH~M\11 Mar
PIII~aM\11 Ill COOT8eTCTBYIOli\IIIM\II onpeaen\IITen~M\11 B YeTblpexMepHOM npo
CTpaHCTBe. lln~ 8biY!IIcneH!IIi1! oYeHb yao5Ho I!IMerb s pacnopmlleH\11111 
aHanvniiiYeCK!IIe 8blpa>HeH\II~ an~ YeTblpexMepHb!X onpell,en\llrene~ 
Ill CBSl3b Mel-HAY KOHTpasap\llaHTHbiM\11 Ill KOBap\llaHTHbiM\11 noCTO~HHbiM\11 
MaTp!IIU,aM\11. BbJn\llweM cHaYana BblpaJ.HeHIIIe An~ onpe,IJ,eneHlt1Sl c0 or no
cro~HHOro K08ap!llaHTHOro MeTP\IIYecKoro reH3opa c ik = c kt. B pa3-
H~X yye5HVIKax no anre5pe npiiiBOAIIITCSl 8~pameH!IIe AnSl TaKara onpe
tJ,en!llrenSl 8 BIIIAe 

c
0 

= det I c ik I ='abed c c c c at b2 c3 d4' ( n. 1) 

r,ll.e (abed eCTb nonHOCTbiO aHTIIIC\IIMMeTpii1YeCK\11~ KOHTpasap\llaHTHbl~ 
TeH30p 8 YeTblpeXMepHOM npocrpaHCTBe CO 3Ha4eHVISlMIII ±1 B 3aB\IICVI
MOCT\II OT YeTHOCT\11 nepeCTaHOBK\11 era IIIHll,eKCOB Vln\11 0, ecn\11 era 
\IIHAeKc~ He coorsercrBy10r H\IIKaKo~ nepecraHoBKe. B~paJ.HeH!IIe AnA 
c0 , Oll,HaKO, He ABnReTCR Ha11150nee 05li\V1M, TaK KaK B HeM ecTb 
¢\IIKCVIpOBaHHaR nepecTaHOBKa (1, 2, 3, 4), \II C TOYK\11 3peH\IIR TeH-
30pHorO aHanVI3a OHO He nplllrOAHo. CneayR rpexMepHoMy cnyYa10 1 tO~ 
onpeJJ.em1M BbJpaJ.HeHIIIe ans:~ onpell,enlllrens:~ s YeTblpexMepHOM cnyYae 
B B\11ll,e 

co = _1_ ' abed' ljke cal cbj cckcdf' • 4! 
( n. 2) 

\113 KOTOporo 8\llll,HO, YTO np\11 npeo5pa30BaHVISlX K03$¢111U,IIIeHTOB 
KaK reH3opos onpe.n.en111renb c0 Ae~cTBIIITenbHO ABnRercs:~ IIIHBaplllaH-

* HHOrHe H3 IIOCJJe_ny!Oll.\HX ¢opMyJl BepHbl He TOJlhKO .UJlH CHMMCTpH--
qeCKHX M3TPHU:, HO H ,UJUl Cl!ITHCHMMeTpH'-!2CKHX MaTPHl~ HJIH JKe MaT
pHtt 6e3 onpep;e.neHHOti CHMMeTpHH. 
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TOM. $opMyny (n.1) MO~HO, OAHaKO, np.MO o5o5~~Tb An" n~5o~ 
nepeCTaHOBK~ BTOP~X ~HAeKCOB. 0YeB~AHO! ~MeeT MeCTO 

abed 
= t: C ai c bj C ck c ctP ' (n.3) 

0TC~Aa np~ noMp~~ CBepTK~ neBO~ ~ npaBO~ CTOpOH cjJopMynbl (n.3) 
c TeH3opoM .~•- HeMeAneHHO nonyyaeM Bwpa*eH~e (n.z) AnA c0 . 
Bse,a,eM renepb BMecro ,a,eLI1crsvnenbHbiX nonHOCTbto acl!1MMeTPII1YecKIIIX 
KOaapl/laHTHDrO 111 KOHTpasaplllaHTHOro TeH30pOB l ijJd: 111 £ ijkf HeKOTQ-
pbl€ HOBble 11 HopMV1poaaHHbte

11 
reH30pbl eijke V1 eijkr cne.a.YIOIJ.IIIIM o5pa-

30M: 

1 abed 
~ --- e cai c bj c ck c ct£ ' v<;; (n.4) 

rAe , ~ c
0 I 1 c0 1 = ± 1 ecTb 3HaK onpeAen~TenA c0 . MHO*~Ten~ VfQ 111 1.!V7Q a cnyYae ( ~ -1 craHoasncs:l YVICTO MHII1MbiMII1, V1 111MeH-

HO OHVI OTB8TCTBeHH~ Ja noHaneHVIe KOMnneKCHbiX YII1Cen B ¢opMynax, 
KOTOpbte nepBOHaYanbHO Kacanii1Cb ,a,e~CT8111TenbHbiX aenii14111H. 

Ecn111 onpeaenii1Tb noCTORHHYIO KOHTpasap1!1aHTHYIO MaTp~4Y cij KaK 
MaTPVIU,Y, .Q5par.Hyto MaTpLI1u,e C qt. , KOTopaH y,a,osneTBOpHeT C00THOWe
HV110 cik c

1
J =5Jk , TO Lll3 (n.4; nonyYaeM 

--~1- 6 abcd 0 0 
bj ck 0 dl' • 

V'o 
(n. 5) 

nocne CBepTK" o5e~X CTOpOH COOTHOWeH~A (n. 5) C TeH30pOM ePikf 
nonyYaeM .anH o5paTHO~ MaTPII1U.b! caP HBHoe aHamnV!YecKoe Bb!paHte-

0 ap: __ l_ 6 abcd 6 pqrs 0 0 0 "" __ 1_fabcdrpqrs 0 0 cds.(n.6) 3!r0 bq cr ds 6co bq cr 
<DopMyna ( n. 4) , -n~ BbiPI*eH~e ( n. 6) , AnA 3neMeHTOB o5paTHO~ 
MaTpV1LJ.bl K MaTPVIU.e c 1k no3BOn5leT nonyYI!1Tb ~enblill PH.ll none3HbiX 
C00THOW,HV1VI Me>H,O,y pa3Hb1MVI npOII13Be,ll,eH\115lMVI TeH30pHbiX BenVIYL'1H 
Cik , C j. , e ijk£ VI eabcd. npvtBeAeM V1X 3AeCb 5e3 BbiBOAa: 

15 



r- ai bj ck 
Vfo etjkf C c c 

1 abed 
-~-e cdp, .;.; 
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