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1. BBE):(EHI1E 

Xopowo H3B€CTHO, IITO B reopnn crpyH HM€JOTCR orrpe,n;eJieHHbie rpy,I:I;
HOCTH, CBR3aHHbl€ C 3a,uaHH€M ,lJ.llHaMHKH rpaBHTai.J;HOHHhiX CT€IIeH€ft CB060-

;r:l,bl s .n;syMepHoti reoMeTp11H. ITpm1cxo,n;.s:rT OHH H3-3a roro, liTo B qHcTo pHMa
Hoso:vi onHcaHHH reoMeTpliH MnposoH rrosepXHOCTll crpyHLI (rrocpe;r::J.crsoM 
LJ;BYM€pHOfi !\1€Tp11Kll g/J.V) €.UffiiCTB€HHhiM IIO.ll,XO,IJ,HllJ.llM JiarpaiDKHaHOM ;LJ,Jlfl 
reoMeTp114€CKHX CT€IT€Hei1 CB060}J,bl, BK.TfOllaJOill;:HM 6e3pa3M€pHbl€ KOHCTa.H

Tbi csH3H, HBnHeTcH cKanHp KpHBI13Hhi R. O.n;HaKo B ;a;syMepHH 3TOT rrarpa.H

){(HaH o6pamaeTCH B ITOJIHYIO .UHBepr€HIJ,HID. 

llnH roro "~IT06hr o6oHnr 3Ty TPYD.HOCTb, 6Lmo npeJl,JIO:IKeHO paciiuipHTD 
pHMaHOBO OITHCaHH€ f€0M€Tpl111 CTaH,UapTHOll 6030HHOi:f CTpyHhl, 11CIIOJih3yH 
MorronHMTeJihHoe CKaiiHpHoe none d 
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• ·npu 3TOM .o;naaMMKa rpaBHTa.I.J;MOHHhiX 

CTeiieHefi CB060JJ;hl OIII1ChiBanaCh BapHa.HTOM CKaJI.HpHO-T€H30pHOi.f T€OpHI1 1 

TO €CTh P,ByMepHOii rpam1TaUMeii C rrepeM€HHOii rpaBHTa:QHOHHOi.f KOHCTaHTo:ti. 

UenhiO pa6oTbi I 1 ' 6hmo rronyqeHHe cocToHTenhHoii cTpyHHoH MOAeJIH B npo

H3BOJihHO:-.r t[HCJI€ H3MepeHHI1:. 

JlJIH peweHYIH aHanorHt[HOti 3a,JJ,al!H B ' 2 • 3' ,IJ,BYM€pHyiO f€0M€TpHIO 

rrpe,IJ,Jla:(aJIOCb OIIHChiBaTh He M€TpHKOti, a OpTOHOpMHpoBaHHbiM 6a3HCOM 

h ~ ( g tL v = h: h~ 8 a b) . PaccMaTpiiBanocb cne.uyror.uee Mo.n;epHH3HpOBaHHoe 
,JJ,€i1:CTBI1€ CTpyHhl: 

(1) 

u~;e c;v =311 h~-a)~;. a xi (z), i = 1, ... , D ~ Koop;r::urnaThi CTPYHhi s D-• M€pHOM llpOCTpaHCTB€-Bp€M€HH. 

flpH OTCYTCTBHH BTOporo llJieHa 113 ( 1) CJI61\Y!OT ypaBH6HHH MHHHMaJlb-
HoH nosepxHoCTH. B clJH3HKe 3JieMeHTapahiX qacnn.J; rro,II,o6Hoe ,JJ,efrcTBlie 

paCCMaTpHBaJIOCb BII€pBhl€ B pa6oTe/ 4/ B CBH311 C HCCJI€,1J,OB8.HH€M H€JIHfi 

HeHHhiX KBaHTOBofirroJieBhiX MO}J,eneH EopHa- l1HclJeJihJla. 

,2J;OI10JIHHT€JlbHbill liJI€H B (1) He HHBapHa.HT€H OTHOCHTeJibHO KOHclJOpM
HbiX H noKaJihHbiX nopeHueBbiX rrpeo6pa30BaHHH penepa. B /2/ rroKa3aHO, 

-a -a t[TO BapHaurm 3TOro qneHa rrpH KOHclJopMHbiX rrpeo6pa30BaHHHX Oh f.1 = uh 
11 

HMeer BH/1 KmrcpopMHoh aHOMaJIHH. TaKI!M o6pa3oM, rpasllraul!oHHyJO 
llaCTh (1) MO)J(HQ paCCMaTpHBaTh KaK KOHTpt[JieH ,lJ,JIH KOHC\JOpMHOll a.HoMa
JlHH. B 3TOM OTHOill€HHH MO)J,€J1H lt/ H /2/. , TIO-BH}J,llMOMy, 3KBHBaneHT
Hhi/3/. 
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3aM€TliM, liTO tJJI€H C,
1
avCf 11 

B (1) cnenyeT IlOHHM3Tb HM€HHO lCaK 

KBaJ-tTOBYIO norrpaBICY, BB€UeHH€ KOTOpoH I103ROJUI€T CKOMI1€HCHpOR3Th 

KoHc}lopMnym anoMamuo. Tiocnenaee, a qacTHOCTH, 03Hat~aeT, liTO 1< nponop

UHOH3JThi-Ia h. EcJm :>Ke TpaKTOBaTh :noT qnen KaK tiHCTo J<JlaccwtecKoe Bhipa

)Kenue, TO 6y,n;eT H€COBM€CTHMOCTh cnenyiOU\€f0 THna. K'JiaCCHlJ€CKH€ ypaa

H€1-IHR Darpru-nKa, nonyqaron.tnecH BaphHpoaanHeM (1) no h~, npH csepTKe 

C hJ~ naiOT K R = 0, tiTO B03MO)KJ-l0 TOJihKO B TOM cnyqae, €CJJH MHpOB3R no

BepXHOCTb TononorvPtecKH 3KBHBaJICHTHa Topy. B o6u.teM cnyttae, paccMaT

pusarr MHHHMYM <:f:JynKunoi-mna (1) B Knacce 6onee cno)Kl-toii ronononm, 

npHXO,I.l;HM K npOTHBOpCllHIO, qTo HOKU3hiD3€T H€B03MO)fCHOCTh KJ13CCJ1ll€-
~ a f.L II 

CKOU HHTepnpeT3l\HH llJICHa C11 11 Ca B (1). 3TO ananorWUtO l-TeB03MQ)J\l-IOCTH 

KJ13CClf.11CCJ<l' Hl-ITCpnpeTHpoBaTb .\ -lJJlCH B MOJlCJlH TioJUll<OBa, KOf).l;a ypaB

HCHl·UI )lBfDKCHHH npHBOUJIT K ;\. = 0. 
Uenh nameH pa6oThi cocToHT a nocrpoeHHH nenponmopettnsml KBaH

TosoH. TeopHH nnH neticTBHH (1) H, B qacTHOCTH, B conocrasnent.m nuyx 

nyTeJ1 KBaHTOB3HHH: c}lyHKIUIOH3JlbHOrO HJ-ITCfpHpOBHHHR 11 onepaTopHOfQ. 

TipH 3TOM non HenpOTHBOpetiUBOCTbiO Mbl 6yneM HOHHM3Tb BbfHOJlHCHHC 

cnenymmero Tpe6oaaHHH. KaK noKa3aJIH Ba6enon u BHaJie/5f, m-nerpH

poaaHHe no BCeMy npocTpaHCTBY Kann6poBQtiHLIX HOT€1-IJJ.HaJIOB MQ)f(l-JQ 

npoBCCTli, Bbl6Hpan: B 3TOM npOcTpaHCTBC H€KOTOpoe CClJ€HHC, 'ITO HBJ1H€TCH 

Bbl60pOM CllCTCMhl KOOp.rt.HHaT B 3TOM npocTpaHCTBe. TorAa c}lyHKUHOH3Jih

HJ,Ifl HHTerpaJI, B006IU€ I'OBOpH, OKa3biBaCTCH ci>YHKUHOH3J10M 3TOrO ceqe

HHH. Ho B Kami6poBOtTHhiX TeopHHX, K8K noKa3aJIO B .IS', 3Ta 3aBHCHMOCTh 

TpHBHUJJJ.lla. TIOCKOJlhKY neftCTBH€ (1) HitBapHaHTHO 0THOCHT€JlbHO rpynJihi 

nepenapaMeTpH3autm, 3TOT nonxon npHMeHHM H '3nech. Dp11 3TOM He3aBH

cHMocTh pe3ynhT3Ta KB3HTOB3HHH OT Bbi6paHHOI'O Cett€HHH 11 6yner ycnoBHeM 

nenponiBopeqHBOCTH KBaHTOBOi-1: TCOpHH MO.U€JlH. 

2. Bbl,UEJIEHHE CE4EHI1H (<!JOllA) 

Mbi Hatt:JteM c Taro, ttTo a neH:crsnu 

2 ~ 1 -a -/lV 
I 0 ~,(dzv g 4 c 1wca (2) 

Bbl,U€JIHM QJoH h~ TaK, liTO ITOTCHJJ,HaJI h~ B (2) npe,D;CT3BJIR€TCFI B BH)le 

h- a ~ e" ( ha -' a b , 
~ ~COS'i'+<bh~sm¢), (3) 

fll.€ ( =- r --- )lBYMCpHblti CHMBOJI 
ab ba 

JleBH-4HBHThl, a a H rjJ-- Hei<OTOphte 

CK311HpHbl€ ITOJIA. 

CHa'.JaJm paccMoTpnM KoHcl>opMnyro qacn, B 
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-a a 2 .- IJ. K , 2 ;-!0[h ]~! 0 [h ]TKrd Zy' ga aa a+-{d Zy gaR, 
ll !! 11 2 

(4) 

!'ll€ llJIH CKam=rpa KpHB113HLI HM€€M 

(5) 

JiopeHueaa qacTL rroncrauoBKH (3) 

-a a a b 
h ~ " h ~ cos ¢ "'" , b h 1, sin </; 

He H3M€HH€T MeTpHKH gj.lV=gJlV' HO npeo6pa3yeT 06b€KTbl H€rOJIOHOMHO
CHI C a : 

~v 

TaKnM o6pa30M, 

(6) 

!')],€ 

K ~ 2V ( h" c Cb,Jlv) • 
J1 v ab 

(7) 

Mo:IKHo noKa3aTL, 'HO rrpH KoHclJopMHLIX npeo6pa3osruuurx clJoHa K npeo6· 
pa3yeTCH KaK 

flocne,D,H€€ CJiaraeMO€ QaBHO HyJIIO B Cillly KOBapHaHlHOrO ITOCTOHHCTBa 
a b 

BeJnttiHHLI £ iJ. v = t: ab h 11 h v. CnenoaarenLHo, BLipa)KeHne (6) KoH¢opMHO 

llHBapHaHTHO. 

061o€):\IIHHH ( 4) H ( 6) , ITpHXO)lHM K CIT€1'\YIOI11€M)' Bbipa>K€HHIO: 

(8) 
K 2 - 'j.l K 2 - K 2 -+ 2" J d z v g all a a a + 2 f d z v g a R + 2 f d z v g ¢ K • 

0HO, 04€Bll,Il;HO, H€ 3aBliCHT OT Bbi6opa Q_loHa, liTO 3aKJIIOtia€TCH B CHMM€TpHH 

(8) OTHOCHT€JibHO rrpeo6pa30BaHrtfi 
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a • a 
h~ ~ Lllh~, 

¢~¢-ll. 

rAe L e- onepaTop rropeHuesa nosopoTa Ha yrorr/l. a CJJyqae llC€B,UOpHM3HOBa .UByMepHOfO MHoroo6pa3IDI ITOJiyqaeM 3Ha
JIOfWtHO€ Bblp3)K€HHe: 

-.1 a 1 K 2 -· Jl r0 [ h ~ ~ r 0 [ h ~ + 2 J rt z v- g a~ u a u + 
(9) 

K 2 _, K 2 -- /l K 2 ,-+- rd z,j-g uR -·- rd zv-g a q,a ¢ +- fd zv-g .PK. 2 2 ~ 2 
Ero OTJlHQHe OT (8) COCTOHT B o6patHOM 3H3Ke nepe.n KMHe'H1QeCKHM QJle
HOM nnH nopenuesoH: MOJJ.hi. 

Boo6me rosopR, npH KBanrosru-nm: nayMepnoH rpaanrau,HH. a neticr
sne o6bPnto BKnroqaror cnaraeMoe c A -qnenoM: 

(10) 

pOJJh KOTOporO COCTOHT B norJIOlll€HHH COQTBeTCTBYlOllUiX paCXO,UHMOCteft. 
O.n;naKo B )l.aJihHellmeM Mbi 6yneM nonarath, qro nepenopMnposannaR "Koc
MonorwrecKaR Koncranra" 1\ B (10) pasna nynro. TaKoe npennono:>KeHHe 
anonne ecrecrsenno, nocKOJihKY pacxonHMOCTH nono6noro BH.Ua Bo3HH
Karor TOJlhKO B O.UHOIT€TJJeBOM npH6JIH)K€HHH, H 6onee BbiCOI<:Me nopH.ll.KH 
He BHOCRT .ll.OriOJlHMTeJihHbiX nonpaBOR. £ onee Toro, npH HCllOJih30Bal-Hlli 
peryimpi-I33UHH C llOMOlllbJO ( ·¢lyHRUIDi HJIH pa3Mepnoti perynHpH33UHH 
o6DeMHhie pacxo,n;HMOCTH To)f(,ll,ecrsenno paBHhi nymo /6/. Qro KacaercH 
npyrnx BlUlOB perynHpH33UHH, TO paHee 6hlno noKa3at-JO /7/, \fTO L2 -6ecKo
netntoCTH COKp3lU3JOTCH npH KOppeRTHOM BbT6ope Mepbl HHTerpHpOBaHHH 
no cPYHRUHOH3JlhHOMY npocTpaHCTBY MeTpHK, ROTOpaR D;OJI>KHa BKJIJO\f3Tb 
noKaJILHLIH ¢aKTop, nponopnHonanhHhtH: neRoropoH crener-m. det ht. Heo6-
xonHMOCTh BKJIIOlJeHHH T3KOrO JIOK3JlbHOrO tf>aKTopa BbiTeKaeT H3 paCCMOT· 
peHIDI COOTBeTCTBHR C RaHOHHlJeCKHM cPYHKUHOHaJibHbiM HHTerpanoM /6 • 7/. 

3. KBAHTOBAIH1E METO,UOM 
<I>YHKUHOHAITbHOrO HHTErPHPOBAHHH 

<l>yHKUHOHaJihHhtii HHTerpan .l1.J1R ,neii:CTBHR (1) HMeeT BH.ll 

Z ~ r DX1 Dh~e-l , 

rne n D;eikTBHH I y)J(e nponeneno BbUJ.enenHe cPona (8). 
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KaK y)J(e OTM€li3JIOCh, 8 npOCTpaHCTB€ ITOT€HI .. V1aJIOB h~ Mbl, CJI€1lYH 
'5' a ~-'" ~€T01lY pa60Tbl , Bbi6HpaeM C€4€HH€ (Q:loH) hi'-'- TaK, LITO JUo6ofr ITOT€HUI13J1 

h~ Bblpa:~~<:aeTCH B BH,U€ ( 3) C T04HOCTbK> .D,O rrpeo6pa30BaHJ1H ll3 rpyTIDbi 

uwcP<:PeoMop¢n13MOB. TaKHM o6pa3o::vr, ceqeHHe rrpe,l:l,cTaB;JHeT co6oll op6ury, , -a 
ITOJIY 1-lalOIIJ;yJOCH 113 H€KOTOporo ITOT€HUHaJ:ra h /1 ,1],€i1:CTBH€M rpyTIITbl .LJ;MCpci:Jeo-
MOpcl:Jrr3MOB. 

Mepa YIHTerpHposaHHH s rrpocrpaHcrse penepos B :noM cnyLJ:ae pasHa 

3A€Cb Q ( Z , Z' ) ~ 3TO cPYHKijHR fpm<a: ·., 

(13) 

Mepy Dv(h~) Ha BLr.n,eJiem-roM ceqmnm: MO)KHO Bhr6parh B BH,ne Dv(hJ=Df~ 
To ecTb l1JITerpHposrunre no ceqe:m·no cso,nHTCH x mnerpHposaHH~-o no rpynr::.e 
/1l1tP tjleo M 0 ptjl il3 M 0 B , 

,UaJiee o6LillHbiM o6pa30M 6epeTCH mnerpaJI no X 1, ylH1TLIBaH, tiTo 
B (11) lx~IX[ h~]: 

.1 -Ix D 1 - 2 2 fOX e ~exp- -- J -
2 

R(h) G(z,z') R(h') yg d zd z'. (14) 
48 17 

Tenepb B (11) CJ1e.n,yeT B3HTh rayCCOB l1HT€I'pa.,'1 ITO JIOp€HU€BOft MO;a:e: 

~ exp \- --1- ( _1,;_ R (h) G ( z, z') R ( h') ygd 2 z d 2 z '- !5.. 
~rr 2 4 

2 2 ' (15) 

r d zd z ,-KGK'I --~~-v g. ,_ • 
2 

AHanonPmo 6epeTcn HnTcrpan no KOH¢opMuoH Mo,D,e: 

K 2 --· fJ, K 2 -r D" exp [ - - I d z v g a "a " - -- I d z v g 0' R l ~ 2 ~ 2 

(16) 
1 d 2 d2 ' ~exp(----.!S) r--!!-2~ygR(h)O(z,z'lR(h') 

48rr 4 2 ' 

Terreph, co6v.paH BMeCTe (12), (14}- (16) 11 Y'-UHhiDaH, liTo m:ncrpupomu-m:e 
no ceqeaMIO .naeT o6neM rpynnhi nn¢cpeoMop¢H1.3MOB fD rf:ll= V dif! , no-
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r.ue 3¢l¢JeKTHBHoe netiCTBHe nnR <Pona 

[ • 1 K 2 - a ~ v K 24 - D f d 
2 

z d 
2 z' - , 

I h =-fd zygC C +(------) ----ygRGR + 
>¢¢ ~ 4 /1 v a 4 48 n 2 

(17) 

+ ~ r vgKGK'. 

nerKo nOK333Th, tHO 

R [ ea ha 1 = e-2a R [ ha 1 - 2 - 2 a 'II v'' 
ll fl e ~ a ( 18) 

H CJICllOBaTeJihHO, BapHaUHH CKaJlHpa KpHBH'3Hbl OTIIOCliTCJibHO 6eCKOH€QHO 

Manoro Kon¢opMnoro npeo6pa30BaHHR pasna 

8 Ryg 
a 

OTKyna 

- ~ -2yg'll'll a 
~ 

24- D 

24" 
R. (19) 

6 a a b 
Ananorwu-ro npH ecKonettHo MaJIOM nopenuesoM spauteHHH o13 hJ..t = ( b h J.L f3 
nMeeM 

cnenosaTeJihHO, 

(20) 

TaKHM o6pa3oM, soo6rne rosopR, Q:>yHKUHoHaJihHhTH HHTerpan (11) 3ann

cHT OT Bhi6paHHOfO CeQeHHR, XOTH, KaK 6hiJIO noKa3aHo, ,UetiCTBHe (8) HH

BapHai-ITl-10 0THOCHT€JlhHO 33MCJ-Jht CCQ€HHH. ¢'H3HQCCI<H 3TO 03H3Q3eT Hapy

Ul€HH€ paBHonpaBHH CHCTCM KOOp)lHHaT 8 npOcTpaHCTBe TIOTCHUH3JlOB. 

O.unaKo B cnyqae, ecm-t pa3MeprrocTh npocTpancTsa-speMeHH, s KoTopoe 
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rrorpyJKeHa cTpyHa, pasHa D = 24, 3aBHCHMOCTb oT cetJ:eHHH, KaK BH,ll,HO 113 -

(19) 1 IIpOila,~J;aeT, 11 paBHOilpaBH€ CHCT€M KOOp,D,HHaT BOCCTa.HaBJIHBaeTCH. 

i1HTepecHO, liTO B€JUf_tlJfi-Ia ITOCTOHHHO:ti K He BJ1HH€T Ha IIOJIYtleHHbi:ti pe3yJihTaT· 

Cne,n,yeT TaKJKe OTMeTHTh, lJTO npoae.u;eHHe aHanorwrnoH rrpoi.J,e,n,ypbi 

,Il;JIH CTaH.UapTHOfi 6030HHOi1 CTpyHhl/8/, KOTOpa.H IIOJiylJHTCH, €CJIH B3HTb 

HerpaBHTaUHOHHYIO tJ:aCTb ,n,ellCTBHH (1), npHBO,Il;HT K CJie)l.yiOIU€My Bblpa

JK€HHIO ,llJIH 3~¢eKTHBHOrO .ue:ti:CTBIDI ,ll,JIH QJoHa: 

(21) 

BHAHO, ttTo 3aBHCHMOCTh oT clJoHa a (21) nponmaeT .IJ.nH D = 26. 3ToT pe-

3YJihTaT xoporno H3BecTea/B/. 

4. KAHOHHqECKOE KBAHTOBAHl1E 

TipH KaHOHHti€CKOM KBaHTOBa.IUUi CHCT€Mhl, OIDICbiBaeMOti ,n,efiCTBHeM 

(1), CJie.rlyeT ytiHTbiBaTb, 'liTO 3TO - CHCTeMa CO CBH3HMH. ,UJIH TOrO 'liT06bi 

BblflBHTb llX B HBHOM BH,ll,€ 1 OITHTb Bbl,ll€JIH):\'1 ¢0H h~. Tor,n,a HliTepeCyiOll\€€ 

Hac AelicTBHe npuMeT BHA ( CM. (9) ) 

(22) 

K r 2 . ;- ~ K 2 ,- 1 ( r-:: 2 i ~ i -- dzv-ga¢a¢+-(dzv-g¢K+- v-gdzaxax 2 ~ 2 2 ~ 

113 ( 22) HMeeM ypaBH€HH€ .llBH)f(eiJllii .rtJIH ITOJieii a H r/.J : 

1< Da = ~ R, 

KD"-~-~K 
'" 2 • 

o n ~ "- 6 ha -- 8 a r,n,e o = v·f.J.v • rJ_JlH B KaJIH poaKe ll J.l. 

(23) 

(24) 

a 
rAe D ~ a aa. 

CBH3H, o6ycnosneHHhie rreperrapaMerp:u3au;RoHHoH HHBapHaHTHOCThiO 

,lJ,etfCTBHH ( 1) , COOTBeTCTBYJOT YpaBH€HHHM ,llBHJK€HHH ,D,JIH <iJoHa h ~ . 
7 



+ K 

- K 

liiaoa-lry ~ollaaiia+Da~ -iioal-
ll 1/ 2 llV a: B iJV Jl v 

la
1
,¢a,,,P- 1

2 
~ ry"lla q,a

13
q,+o¢r -a .. a

0
¢r" 1. 

fJ.V a fJ,V ,..,.. V 

~ v ~ diag I -; + I - )IByMepHhti\ reH3op. 
CnMMCTpt-13yJt 3TO Bbip3)f(€HH€, IIOJiyttaeM 

l {3 . 
T,.,~ I a

1
,x1 a x1 

--
2 

n ~a a x1 a
13

x1 I+ ,.....,., v flV a 

+Kid.,adva-l.~ nafla ail{la+Da~ -ii rlal-,..... 2 flV a _ J1V /l V 

- K 

(25) 

(?6) 

JlerKO BJU:\CTh, tiTQ aHTHCHMM€TpH\IHaH qaCTh Bblpa)J(€HHH (25) paBHa 

nynro B cHIIy ypasnenMH )1,BH)K€HMA" (24). 3aMeTMM TaioKe, ttTo g fl vT = 0 ,, v 
B CHJIY ypaBHCH:HH (23}. TaKHM o6pa30M, CBft3H )1,3JOTCH ypaBH€HH€M 

CooTBCTCTBYIOWHH na6op mnerpanos .UBIDKCHHH L n (3apH.Ubi Bnpac·opo) 
IIpC.UCT3BJUUOTCH K03$$ni~H€HT3MH fllyph€: 

(27) 

KaK cnenyeT H3 (22), Kanonuqeci<:He HMnynhchr B n.riOCKoH Ka.rm6posKe 
HM€lOT Bl1JI; 

. j 

P 1 - ao x ~ iJ 

d. (- + +) D " rne T1 ij = mg , , ... , - -MepHbm reH3op. 3amnlleM (27) qepe3 
KaHOHHqeCKH€ nepeMCHHbl€, TO €CTb 
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ax; 
p +--

J a zl 

)2einz 1 

a K 2 Tr 1 a a 2 lflZl 
Ln~-4- J dz 1(-P ---) e 

1 2rr aP a2 inz 
--fdz(-·-

0
-+K-.-

0
-)e 1 

0 K (J a Zl 20 1 azl azi 

0THOCHT€JihHO cKo6oK ITyaccoHa 3TH sem1lJHHhi o6pa3yFOT anre6py: 

IL~, L~l ~ i (m -n) L~+m 

I a o . a . 3~ L 0 , Lml= 1(ru-n) Ln+m -lrrKn un,-m 

I L ~, L ~ l ~ i ( m - n) L ~ + m + i "" n 
3 

3 n , -m 

TaKHM o6pa3oM, CBH3II (27) o6pa3yJOT aJire6py 

(28) 

• (29) 

(31) 

(32) 

(33) 

llo;ao6Haa anre6pa cBR3ei1: snepBhie 6hma nonylJeHa B pa6ore 1 4' . KBa.HTO· 
sru-me nposo;:unca CTaH,llapTHhiM o6pa3oM -' 91 3aMeHoH CKo6oK IlyaccoHa 
Ha KOMMyTaTopbi oneparopos: 

.... i "' 
[X (z), Pi (y)] d3(z -y) 

[¢,(z) ,P<i>(y)]~i3(z-y), 

PaccMarpnsaR HopManbHoe yrropa;a,oqeane ;ana (28)- (30) 11 npHMeHHH rex
HHKy 191 , nonyqaeM aJire6py onepaTopos: 

X X X D 2 [Ln,Lm]~(n-m)Ln+m +--n(n -1)3 12 n, -m 
(34) 
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n(n2 -1) 3 " [ -------+en 1 15 n, -m , 
12 

rne senuttm-ta c connanaer c K:naccwiecKifM 3HalleHHeM c == rrK • 

(35) 

(36) 

DpH KBaliTOBaHim CHCT€Mf,I CO CBH3HMH B neJ:iCTBH€ Heo6xo.n;HMO HB€CTH 
nyxn ' 10 · 11 / c cooreercrsyiOlli.HM BKna)loM e CBH3H (27). Tenepb l == -'- h n == L~ + L~ + Lri + l-~, rne ll)IH sKnan;a nyxes HMeeM 

[ L gh , L gh 1 ~ ( n - m) L gh ' (-~ n 3 + _ _g__ n ) 8 . n m n+m 
12 12 n,-m 

TaKHM o6pa3oM, nepexonn K peHopMaJII·f33UHH ·' 11' l
11 

-· L 
11 

- {10
11

, 0 , noJiy-
4aeM anre6py CBfneH (27) na KBmnosoM yposne: 

[ L L 1 ( ) L [ ( D- 24) n" , n m == n -m n + m + -'--:1-:2:-:.._ ' 
(24{3- D) 
-----n1 15 12 n , -m 

KsrunosaR anre6pa cmneH JaMbiKaercn, ecnu 

D ~ 24, /3 - 1 . 

(37) 

Ha R3htKe EPCT-KBaHrosanHn :no 03Hallaer HHrrhnorenrnocrL oneparopa 
EPCT-JapHna Q 11 O- 111 H BOJMO)J(I-IOCTh KoppeKrnoro nano)J(eHHH ycnosHn 
Ha q,H3WJ€CKH€ B€KT0pbl COCTOHHYHt: 

(38) 

3TO YCJlOBH€ 8 CJiyttae C'rpyHhi TionHKOBa rapai-ITHpyeT OTCyTCTBHe COCTOHHHil 
C OTPHUaTeJlbHOii HOpMoii:. 3aMeTl1M, l.fTO B HallleM cnyqae OLJ;Ha H3 rpaBHTa
UHOHHbiX CTerteHef:.i CB06o.Uhi, nH6o u, J1H60 r/J, B 3aBHCHMOCTH OT 3HaKa K RB
JUieTCH nyxoM H npHBo.UHT K .uonom-mremJHhiM no cpasHeHHIO c neiicTBHeM 
TIOJUIKOBa COCTORHHRM C OTpHUaTeJihHOH HOpMoii. ¢>aKTJWeCKH :no 3KBHBa
JleHTHO TO My, t.(TQ B MO,UeJIJ.-f TIOJlFIKOBa HMenoch 6hi )J.Be BpeMeHHrtO}l06Hbie 
Koop,r:umaThi D -MepHoro npocrpru-tCTBa, H He ot.teEmnHo, qro ycnosMe (38) 
rapaHTHpyer orcyrcTBHe nyxos n 3ToM cny 1tae. 

3aMentM, qro B (22) MO:>Kl-10, soo6ute rosopFI, BKJlJOl.fHTh ,\-ttJJeH c coor
sercrnymulHM H3MenermeM csn3eti: (26). Korr¢JopMHaH Mon;a B 3TOM cnyqae 
ynonnersopHer ypamtenmo JhtyBHJUtR 
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K o a =: 2 A e 20 

Tio·sl1D,HMoMy, HM€JOTCH onpe.ueneHHLie Tpy.uHoCTH B KsaHTOBaHHH :'VIO)lerrH 
J1HyBHJIJIH, l.fTO OTpa)l(a€TCH B H€0)lH03HaliHOCTH ITOJiy4a€MbiX 3/l€Ch pe3yJJL· 
TaTOB

112
- 15 .', 3aM€THM, 4TO 8 npHCYTCTBHli .\-LIJJ€Ha KOHciJopMHaH l.J.aCTb a . CBH3H L 0 y.uosneTBOpHeT TOH :tKe arrre6pe (38), 4TO H 6e3 Hero. I1pH KBaH-

TOBaHHH :na a<"'1re6pa rrep€XOLI,HT B (35) , rn,e COrJiaCHQ , ll -1.2 
1 

KOHCTaHTa 
c npx.-w6peTaeT KsaHTOBLie nonpaBKH. C .upyroH. cTopoHhi, cornacHo ' 14 

I 

HM€€TCH rrpOH3BOJI, KOTOpbi::vi ::viO:tKI-W BOCITOJih30BaThCH ,D,JTH TOrQ, qT06bi 
3a¢HKCnposaTh c Ha ero Knaccw.tecKoM 3HaqeHHH. ToT A<e p€3yJibTaT nony
qaercH rrpn rrepexon,e oT senHqHHhi v, y.uosnersopmoUJ,eH ypaBHemuo J111y-
BHJIJIH, K ITOJilO 

npeo6pa3oBaHHe 

ITOJI€ t/_; BM€CTO 

C C '"' K rr ,TaKHM 

3YITbTaT (37). 

</_;, yAoBneTBOpHIOIJJ;€MY cso6o.uHoMy ypaBH€HYf.J-O, 1.J.epe3 
'1 5/ -E'JK:-ryHJJ,a · . Ecm1 :tKe TerrepL KBaHToaaTh csooo.rmoe ; 

a, TO II:JJH L ~"" L 0
0 

nonyqaeTCR KBaHTOBaH aJue6pa (35) 
o6pa30M, H B npHCyTCTBHH A ·4Jl€Ha ITOJIYlia€TCH TOT )Ke pe-

0TMeTHM, qTQ JJ,Ba CITOC06a KBaHTOBaHIIH MQ)l€.;'111 (1) npHBO)lHT I->: OD,· 
HOMY 3Hatf€HHIO ,LJ,JIH pa3M€pHOCTI1 npocTpaHCTBa-speMeHI1 D =:24, KOTOpoe 
He 3aBHCHT OT B€Jll1liiffibi ITOCTOHHHO:i1 K, liTO, B006UJ,e rOBOpH, C carviOrO H3· 
liaJTa H€ 6bi.llO 04€Bll,JJ,HO. 

B pa6oTax '1 • 2r 6Lmo Ha:t:i.ueHo, liTO KoHclJopMHaH aHoMaYII1H B MOT.I;eJIHx 
nma (1) c )lMHaMH4ecKoi1 reoMeTpiiell Mo:tKeT 6LITh ycTpa.HeHa nonxonH'mHM 
Bbi60pOM TIOCTOHHIWli K. 0.n,HaKO TaM :tK8 6LIJia ycHliiOBJI8Ha H€3KBI-1BaJ"'1€HT~ 
HOCTL KaHOHH48CKOro KBa.HTOBaHHH 11 KBaHT0BaH11.fl M8TO.D;OM ci>YHKUHOH3Jib
HOrO llHT€rp:npoBaHI1J!! B KOTOpbiX 3Ha4€HHR K He COBITa,ll,a.FOT. 0TJUILJH€ IlOJIY· 
tt€HHOrO Bhiill€ p€3YJihTaTa CBH3aHo, ITO-Bli,lJ,HMOMy, C HHOi-1: TpaKTOBI<:Oi:f 
KOHQJopMHhiX npeo6pa30Ba.HHJ1 H aHOMaJIHH, B03HHKaiOIJJ;HX B }J,aHHOM ITO)l· 
xo,a,e H3 se_H.neacKoi-1 cso6oT.I;hr a Bhi6ope reoMeTpHttecKoro <PoHa, KOTopan 
AOJT)Kl--Ia COXpaHHTbC.FI K3K Ha KJI3CCHli€CKOM, TaK 11 Ha KBaHTOBOM ypOBH€. 

5. 3AKJI!OqEH!1E 

Cne;ayeT OTMeTHTh pH.n oco6eHHOCTeH Bhi4HcneHHR .neTepMHHaHTOB (12) 
l-'1 (14). 3TO Bbi4HCJI€HH€ ITpOBOT.I;HTCH M€TO)l,OM HHT€rpHpOBaHHR KOH¢OpM
HO:i1 a.HOMaJIIIH / 1 B /, KOTOpaR B nayM€pHH IIM€€T Bl1,IJ, 

- 2 fyg (aR+A)d z, (39) 

rne a - TIOCTOHHHRH, 3aBJICRIJJ;aH OT Bl1,lJ,a onepaTOpa. 

C TOliKI-i 3p€HH.R KOI'OMO.llOrHH rpynn aHOMaJIHH HBJIH€TCH 1-KOI..J;HKJIOM. 
I1pH4€M CYIJJ;€CTB€HHbl TOJThKO H€TpHBH3JlhHhi€ aHOMa.JlHH, KQTOpbl€ H€ fiB-
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.. lliTJOTCIT, B CROIO Oti€pCD.b, Korpa11HU€J:'f. MeflQ1y T€M ,\-t1JI€H B (39) - llM€l-IHO 
TaKafl TpHBHaJibHaH 31tOM3.'1HH, KOTOpylO MQ)KHO JlHKBHilHpoBaTb nepeortpe
ll€Jl€HH€M COOTB€TCTByi-OWero D.€T€pMHHa!IT3, clJaKTHti€CKH no6aBJIHfl B "JclJ
clJeKTHBHO€ n.ei:i:CTBH€ COOTAPTCTBYIOil~llH KOllTplffieH. TaK tJTQ pe3yJihT3T 6y
ll€T COBtlanaTh C ( 12) H ( 11) , TO €CTL 6yJJ,€T T€M )£(€, 'ITO H 6e~ ,\-l1J1€Ha. 

C npyroii CTopoHbl, mnerpHposatme nerp~mJ.mm~Hoi:; m~oMan1111 B I :19) 
nonpa3yMeuaeT, tiTO B pe3ynhTaTe nonyttaeTCH neHcTnHe, sapnauvm I<OToporo 
npH I<on¢opMHbiX npeo6paJosaiiHHX MeTpHKH naeT ct<aJlnp KflHBH3Hbl R. 
EcJIH OCTaBaTbCH 8 pa:-.H<aX TOJlhKO MeTpHJ<:H, noJly4JHCH H€JlOI<aJihiiO€ 
ne(ICTBH€ 

0 " c• c'1v I1H3KO JlOK3JlhHO€ ll€HCTBH€ J{J.I-' a , T31< ">K€ Kal< H CKannpHO-TCll30flllaH 
Monenb' 1', naer sapHaumD, nponopUJ1onaJihHym R. no:noMy mnerpHpo
sanHe aiTOMaJlHH (39) H€ HRJI.H€TCH, Boo6we rosopH, OllH03H:.ltiHLIM H 3UB1l
CHT OT Taro, B paMK3X KaKoro t-!a6opa TlOJI€ii OHO npOH3BOD.HTCH. B01MO">KHO, 
'ITO HHTerpHpoBaHH€ I<O!I(t10pl\UlOi1 aHoMaJIHH 8 cnytiae seitJICBCI<HX ~)€flMJ.I
OHOB, TO €CTh I<OfJI.a penep h~ 6o11ee eCTCCTB€H€H, 4CM M€TpHK3, naeT Bblpa
)J(eHH€ c;llc~l/ B TaKOM CJlytiae MOllCJlb (1) MQ)J(}IO 6biJIO 6ht CtiHT3Tb HCKO
TOpoH 3clJcfJeKTI1BI-IOi1 MO,U€JlhJO clJepMHOHOB. 

ABTOphr Bhrpa:>Kamr 6naronaptJOcn. npocf:leccopy ll.Jl. YlBatteHKO n 

l0.11.06yxony "Ja 6onbr.nym no~OUlh R nonylleHHH pe:-JyJlhTaTos. 
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