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.MaxaJI,rr.HaHH H • B • 
lHHaMHKe pasMepHOC-

Q-525. 

' . ~ ·: 

JIAepHbJx HccneAoBaami .IJ;y6Ha, J-990 

., 

11pHpo,n;a B lllllpOKOM . ,ll;Haiia30He MaCUITa60B OIIHCbiBaeTC.fi MO,ll;eJiblO 

rrpocTpaHCTBa B BHAe 1-pexMepHoro MHoroo6pa3H.fi
11

•
21

• 

MaTeMaTI1tiecKHe TeopHH, rrpH3BaHHbie OIIHCbiBaTh e,n;HHbiM o6pa30M nee 

DHAbi MaTeprm H B3aHMO,ll;eHCTBm1131 , ecTeCTBeHHO 3a,ll;aiOTC.fi B 10- HJIH117 

MepHOM rrpocTpaHCTBe-npeMeHH (cyrreprpaBHTauH.fi) HJIH 10 (cyrrepcTpYHa)­

n 26 (6o30HHa.fl, cTpyHa) -MepHOM rrpoci'paHCTBe-npeMeHH. EcnH 3TH Mo.n;enH 

COOTBeTCTBYlOT peaJibHOCTH, OHH ,ll;OmKHbl OIIHCbiBaTb . .fiBJieHH.fi Ha MaCUITa-

6ax rrop.fl.n;Ka nnanKOBCKHX (10-33 eM). Ha MacriiTa6ax 3JieKTpocna6oro 

B3aHMO,ll;eHCTBHH (10-16 C~) IIpOC.TpaHCTBO-BpeM.fi 3a,n;aeTCH B BH,ll;e lleTbl­

pexMepnoro rrncen,n;oeBKJIUAOBa Mnoroo6pa3llH MHHKOBCKoro. Ha MacuiTa-

6e a,n;poHU3ali;HH (10-13 CM) B3aHMO,ll;eHCTBHe Me)l(,ll;y KBapKaMU H rmoona­

MH CHJibHOe,H a,n;pOHHaH MaTepHH, BH,ll;HMO, opraHH3yeTCH B BH,!J,e ,!J,ByMepHO­

ro rrpocTpaHCTBeHno-npeMeHHoro o6neKTa- a.n.poHHOH CTPYHbi/.4/. ,llHnaMH­

qecKoe HBJieHHe 3aiiHpaHHH KBapKOB H rJIIOOHOB BHYTPH a.n.pOHOB KHHeMaTH­

qecKH MOmHo ocpopMHTh yTBepm.n.eHHeM, liTO. rrpocTpaHCTBO , 3aHHMaeMoe 

KBapK-rJilOOHHOH MaTepHeH Ha MaCUITa6ax, rrpeBOCXO,!J,.fllli;UX MaCUITa6 a,n;po­

HH3ali;HH, rrpe.n.cTaBJIHeT. co6oH: rryJihMepHoe rrpocTpaHCTBO - Ha6op TOtietiHbiK 
a,!J,pOHOB/ 5//. . . . 

)lJI.fi KOCMOJIOrHtieCKHX TeOpHH, KpOMe CTaH,!J,apTHbiX MO,!J,eJieH TpexMep­

noro rrpocTpaHCTBa, Hnor.n.a paccMaTpHBaiOT .n.nyMepHbie/6/ H MHoroMep­

. nhle171 npocTpaHcTna. CTpyKTypa cKorrneHnH ranaKTHK B KJiacTepax181 

YK3;3hiBaeT Ha rrepeMeHHOe 3HatieHHe pa3MepnocTH rrpocTpaHcTna B pa3HbiX 

o6nacTHX BceneHHOH H/HJIH Ha cne.n. rrepeMeHHoro, cpniOKTyHpyromero 3Ha~ 
tieHHH pa3MepuocTu rrpocTpirncTBa ua paHHHX 3Tarrax 3BOJIIOIJ;HH BceneHHOH 19( 

B oKpecTHOCTH KPHTHtiecKoH: TO'IKH cpa30BhiX. rrepexo.n.on BToporo po.n.a 

llOBe.n.enHe BeiiJ;eCTBa qiiHCbiBaeTCH MO,!J,eJI.fiMH . ( eBKJIH,!J,OBOH) KBaHTOBOH 

TeOpHH IIOJI.fi/ 10, ll/· . «l>yHKu;HH rpima (KoppeJI.fiTOpbi MO,!J,eJieH CTaTcpH3Ii-
. . . I • 

KH) B OKpeCTHOCTH HeiiO,!J,Bll)Kl{OH TO'IKH rrpeo6pa30BaHHH peHOpMaJIH3a-

li;HOHHOH rpyiiiibl OIIIiCbiBaiOTC.fi KOHel!HbiM 'IHCJIOM aHOMaJihHbiX pa3MepHO­

CTeH (KpHTHlleCKHX HH,!J,eKCOB) H npe,!J,CTaBJI.fllOT C060H (caMOIIO,!J,06Hbie) 

cppaKTaJibi, T .K. KJiaCCHtieCKa.fi, KaHOHHllecKa.fl, H ,!J,HHaMHtieCKa.fl pa3MepHOCTH 

• OTJIHtiaiOTC.fi. Bo3MO)KHO, cppaKTaJihHa.fl reoMeTpH.fl oKameTc.fi a.n;eKBaTHbiM 

.fi3biKOM KBaHTOBOH TeOpHH IIOJIH, 

KnaccHtiecKyro HenHHeHHYIO- .D.HHaMHKY Ta!OKe MO)KHO ccpopMynupo­

BaTb112/ Ha .fi3biKe. cpyHKIJ;HOHaJibHbiX HHTerpaJIOB 113• 14/ • .fiBJieHU.fi rrepe­

MemaeMOCTH/15/ MQ)KHQ OIIHCaTh C IIOMOuihlO KBa3HKJiaCCHlleCKOrO IIpH­

fiJIH)KeHH.fi C CUJibHOH CB.fi3blO/lG/ ·• Ilpu 3TOM B .OTJIHl!Ue OT KBa3HKJiaCCUKH 

..., - ·/----~ ... _.. __ 

K ~~ ~ ", <t~·· ., ·t~ "''"'""".l'"'b .. i ' .-~;.:,.~h •. ·• ~>tl~.\~.! .. th'l\...lWil.]J 

. ' Pn ... ···t·: . .J~·. "'r•'q"1':'J"''~"':~ -.!lloi .. , __ • __ ,.__,...,.- ~~~-\. .. ., .. ,,<.~~ 1-,tl-~c-1;14 ...... J 
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CO cna60H CSH3bl0, KOr,n;a OCHOSHOH SKna,Il; AaCTCH KnaccHqecKHMH sonHOSbi-

MH npoueccaMH,. cymecrseHHhi KnaccHqecKHe MexaHHqecKHe o6neKThi, qacTH­

Uhi; c.fpyHhi (snxpH) H T.,n;. TpaeKTopHH HeJIHHCHHhiX (KoHe~o-MepHbiX) 
:momOUHOHHhiX CHCTCM S XaOTHqeCKOM pe:amMe OnHCblBaiOT HCKOTOpbiC MHO­

JKCCTsa· C !flpaKTanhHhiMH (HeuenoqHcneHHbiMH) pa3MCpHOCTHMH (cTpaHHhiC 

aTTpaKTOpbi / 17/ ) . ,UnH ManhiX HHTepsanos SpCMCHH AH!fl!flepeHUHanbHhiC 

CHCTCMbl ypasHCHHH OnHCbiBaiOT HCKOTOpbiC MHOroo6pa3Hll C uenoqHcneH­

HOH pa3~epHOCTblO. ,UnH 6onbiiiHX HHTepsanos. speMeHH TpaCKTOpHH no~aT­
CH Ha MHOroo6pa3HH ·c !flpaKTrulbHOH pa3MepHOCTblO. Cne,n;osaTenbHO, npH ne­

pexorie OT ManhiX MaCillTa6os speMeH!j'K 6onbillHM, pa3MepHOCTb MHOJKeCT­

sa cocTOHHHH MCHHeTCH. Ha H3hiKe ¢YHKUHOHanhHOH ¢opMynHposKn 3TO 03-

HaqaeT, tiTO ,ll;nll 6onbillliX MaCillTa6os speMCIIH nOKallbHhiH MHHHMYM 3¢!fleK­

TliSHOrO ,n;eHCTSHH ,IJ;OCTHraeTCH Ha MHOJKeCTBC C HCUenoqHcneHHOH pa3Mep­

HOCTblO. EcTecTseHHO c caMoro Haqana s ¢yHKUHOHanhHOM UHTerpane cyM­

MHposaTb no COCTOHHHHM CO SCeS03MOJKHbiMH pa3MCpHOCTHMH. HanpHMCp, 

,n;nH cocTOHHHH nosepiHocTn CTPYHbi paccMaTpumiTh He TOnhKo CTPYKTYPhi 

MHOroo6pa3HH C !fJHKCHpOSaHHhiM KOHCqHbiM qliCJ..IOM pyqeK (3a,IJ;aHHhiH no~ 
im,n;OK TeOpHH S03Myrn;eHHH) , HO H COCTOHHHH C 6eCKOHeqHbiM qucnoM py­

qeK, KOTOpbiM COOTSeTCTSYIOT !flpaKTanhHbie nosepXHOCTH C, soo6rn;e rosa­

pH, HeuenoqucneHnoii pa3MepHOCThiO. B 3asucnMOCTH oT sHeillHHX ycnosuii, 

OT pa3peillaiOill;CH cnoco6HOCTH, CKOpOCTll CHCTCMbl OTCqeTa ll T.,IJ;. S npOH3-

SOAlllll;llH ¢YHKQHOHan MOryT ,n;asaTh ,ll;OMHHHpyiOill;HH SKna,n; COCTOHHHH 

C• pa3HOH pa3MepHOCTbiD (MeTO,IJ;llqCCKHK npuMep CM. S npunoJKeHHll 1). 
PH,n; HsneHnii, TaKux, KaK KOHseKuim, arp~rauHH 1181 , xapaKTepucTnKn 

MHmKeCTSeHHOrO pO)KAeHHH S ¢H3HKe SbiCOKHX 3HCP\HH
1191 

ll ,n;pyrnx, 

OnHCbiBaiDTCH nOHHTHeM MynhTH!flpaKTana, KOTOpOMy COOTSeTCTSyeT 6eCKO­

He~oe KonnqecTSO KpHTHqeCKHX llH,IJ;eKCOS·/20I. Bo3MOJKHO, KSaHTOSaH 

TeOpllll npOTHJKeHHbiX qaCTHQ, CTpyH, MCillKOS ll T:A. COOTSCTCTsyeT MynhTH­

!flpaKTanaM II OKaJKeTCll none3HOH.,IJ;nll onucamm 3THX HSneHHH. 

CnosoM, H3 SbiillecKa3aHHoro cne,n;yeT saJKHOCTh pa3sHTHH MaTeMaTnqec­

KHX MO,IJ;eneH npocTpaHCTSa, MeHHIOill;llX pa3MepHOCTb C ll3MeHeHHeM MaCill­

Ta6a ll/Hnll ,n;pyrHX SHeillHHX napaMeTpOS, TeMnepaTypbi, TinOTHOCTll sern;ecT­

sa ll T .,n;., ,n;nH C03AaHllll e,n;HHOH KapTHHbl llpupOAbi. 

_B ,IJ;aHI~Ofl pa6oTe SSO,IJ;llTCll nOHHTHe AHHaJ.ViuqecKOH pa3MCpHOCTll npo­

CTpaHCTSa, KOTOpoe MOJKeT MeHHTbCH S 3aSHCHMOCTll OT pa3pernaroiueii cno­

C06HOCTH II OT TQqKH K TQqKe S o6neMnlOill;CM npocTpaHCTSe-speMeHH -no~ .. 
KanbHoe none pa3MCpHOCTH npocTprutcTsa. B KaqecTse npnMepa n3yqaeTcfi 

nepapxnqecKanperneTKa Kenmi- BeTe*. 

*OCHOBHL!e pe3yJibTaTbl ]J.aHHOH pa6oTbi P.OJIO'KeHbi Ha BTOpOM ceMIIHape naMHTII 

P.<l>eHHMaHa (,lly6Ha, 15 ilJespaJIH 1990 r.) H Ha nepBOM MIIHHCHMll03H;Me no p·a]J.Htlec­

KHM TeQ~HH.l\.1, (MocKsa, MH AH CCCP, 5 MapTa 1990 r.). 
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>· 
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2. PaccMoTpuM sonpoc ,n;uHaMHKH pa3MepnocTn s . KSaHTosoii Teopuu 

rpasuTaQHH (reoMeTpHH) u noneii MaTepHH. OcHosHoii o6neKT KSaHTosoii 

TCOpHH, npOH3SO,IJ;illll;HH (see ()CTanhHOC) !flyHKQHOHan, .HMCCT SH,IJ; 

Z = fdge-s[ g] fd c,be -s[ ¢, g], (1) 

r,n;e g - MeTpHKa, 3a,n;aromaH reoMeTpHro; ¢ - MaTepnanhHbie nonH •. 

HanpHMep, s Teopnn CTPYHbi 
1211

, 

[ 1 2 - ab · /L · v 
S X, g] = - f d 7;,v g g a X ab X ( () G (X) , 
· 2 a JlV 

(2) 

2 - 2 -
S[g]=afd (Vg+f:3fd (VgR, 

r,n;e X Jl - KOOp,n;unaTbi nosepXHOCTH CTPYHbl, s o6'beMnromeM npOCTpaHCT­

Be c MeTpHKOH (nnewHero, ¢oHosoro, rpannTaQHOHHoro nonH) GJlv ( x) -

HrparoT ponh MaTepHanbHbiX noneii; gab - MeTpHKa Ha MHposoii nosepx­

HOCTH CTPYHbl. 

EcnH Hac HHTepecyeT TOnhKO ,n;HnaMHKa reoMeTpnn,MoJKHo S3HTh ¢ynK­

QHonanhHhiH liHTerpan B (1}· no MaTepHanbHbiM nonHM H nocTpOHTb 3!fl!fleK­

THSHOe ,n;eHCTSHC ,IJ;nll ,IJ;HHaMHKH reoMeTpHH 

- 8 err [ g] 
Z = f dge 

r,n;e 

8 err· =S[g]"+s[g], 

8 [ g] = - ln J d ¢ e -s [ ¢, g]. 

(3) 

EcnH Hac HHTepecyeT nHillb ,IJ;HHaMHKa HCKOTOpbiX xapaKTepHCTHK, Hanpn­

Mep, pa3MCpHOCTH npOCTpaHCTBa, TO MOJKeM S3llTb HHTerpan no SCeM npyrHM 

XapaKTCpllCTHKaM C nOMOill;blO H3SeCTHOrO npHCMa C C,IJ;llHHQeH, 

1 = fdd(x) B(d"(x)- F[g]), (4) 

qTo s ,n;aHHOM cJiyqae o6o3naqaeT TOT ¢aKT, nnH npe,n;nonmienue, qTo n (noq­

TH) Ka)KAoii TOqKe o6neMmomero npocTpaHcTsa paccMaTpnsaeMoe MHOJKecT­

so HMCCT HeKOTopyro, onpe,n;eneHHYIO ,IJ;HHaMHKOH pa3MCpHOCTb <f( X). llo,n;­

CTaSHS ( 4) S (3) II noMeHHS nopH,D;OK llHTerpHpOSaHHll no g U d,' nonyqHM 

· .1. . • -Serr [ g] 
Z=_fdgfdd8(a(x)-F[g])e . 

3 



= {dd(x) e-serr [ J] 
' <tl 

r.n;e J = <f( X) - none pll3MCpHOCTif IIpOCTpaHCTBa. 

06LiliHO rrpe.n;rronaraiOT, liTO. ct=4- pa3MCpHOCTh IlpOCTpaHCTBa-BpeMCHif. 

3n) IfMCCT MCCTO, ecnn y Setr ( dJ HMCCTCa {nOKaJihHbiH) MHHHMYM 

IIpll J = 4 {HaiipHMep, B cnyllae KBaHTOBOH TCOpllll IIOnH CO cna6oii HenH-

HCHHOCThiD) • . 

B cnyqae Teopnn cTpyHLI, .n:eiicTBHe {2) i<Ba.n:paTHliHO no rronaM MaTepnn, 

Il03TOMY IfHTerpan IIO HHM 6epeTCa B 3aMKHYTOM BHAC, 

s[g] = ~itrln~, ~~' (6) 
2. 

r.n:e d - pa3MepHOCTh o6neMnromero rrpocTpaHCTBa-BpeMeHn; .n:na 3aMKHYTLIX 

pnMaHOBLIX · rroBepxHocTeii 6e3 rpaHHULI, 

~ = -aa (gab 01111 ab). (7) 

3.n;eCb, B006I.UC rOBOpa, cne.n;OBaJIO 6LI paCCMaTpHBaTh BCCB03MO)I(HblC reo­

MeTpHH, 3aAaBaCMDie tPOHOBOH MCTpHKOH 0 , 
!lll 

Z = JdGe-s[ a].fdgdxe-(s[ g)+ s[ x, g)) 

z 

IJocne B3aTHa IfHTCrpana IIO X . IIOnytiHfVI 

. . -sere [a] 
{ dG e ~ 

(8) 

= I. e 
- seff [ a i] . {9) 

Gi 

r.n;e Qi OIIHCbiBaiOT reoMeTpllll BHCIIIHHX IIpOCTpaHCTB, Ha KOTOpbiX 3tPtPCK­

TllBHOC .n:eiicrnne .n:ocTnraeT noKanhHLIX MHHHMYMOB. Ha cero.n:Ha H3BCCTHO 

MHOro rrpe.n;cTaBHTeneii If3 MHO)KCCTBa- I a i !1221· ' KOTOpbiM COOTBCTCTBYIDT 

pa3Hbie, B )'OM. liHCne HCUCJIOliHCneHHhiC, pa3MCpHOCTif BHCIIIHCrO IIpOCTpaH-

. CTBa.- • 

B rrpnHIJ;nrre, cne.n:ya cxeMe BhillncneHnii (8), (9), MO)KCM HaHTH reoMeT­

pnro 0 0 ; Ha KOTOpOH AOCTHraeTca a6coniDTHbiH MllHHMyM. 3Ta reoMeTpMa 

MO)KCT MCHaTbCa B. 3aBMCMMOCTM OT MaCIIITa6a M/IfJIM .n;pyrux BHCIIIHHX IIa­

paMeTpOB. ,Una llncneHHLIX paclleT9B . y.n;o6Ho • rrpnMeHaTh .n:ncKpeTn3aunro 

Pe.n:)Ke 123, 24• 51 , B KOTopoii Bee reoMeTpnllecKne xapaKTepncTHKH BLipa­

)KaiOTca llepe3 .n:nnHLI pe6ep, coe.n:nHaromnx coce.n:Hne y3nLI peiiieTKH. Pac­

CMOTpeB HapaBHe C ACHCTBHTCnhHOH (apXHMCAOBOH) MCTpHKOH p-a.n;M'ICCKHe 

(HeapXHMCAOBbl) MeTpHKif 1251 , Mhl IIonyliMM tPOPMaJIIf3M, II03BOnHIDI.UHH 

4 

o6cy)K.Jl:aTb <l>a30BblC rrepeXOAhl Me)K.Jl:y pa3HbiMM 'IHCnOBbiMM rronaMH (If CO· 

OTBCTCTBYIDI.UHMM reoMeTpHaMn)12G/·. HarrpHMep, B Kallecrne g MO)KIJO 

B3aTb p-aAif'ICCKHe, a .n;na . 0 - .n;eiiCTBHTCnhHblC MCTpHKll. ,l.(na IIpOCTbiX MO· 

.n;eneii CTaTHCTHliCCKOH tPH3IfKif Ha CaMOIIOA06HbiX (HepapXHtiCCKHX) peiiieT­

KlLX IIOKa3aHO, liTO IfMCCTCa rna.n;KHH nepeXOA OT HepapXllliCCKOH ( <l>paKTaJib· 

HOM, p-a.n;HtJecKoii) CTPYKTypLI Ha ManLIX MaCIIITa6ax K TpaHcnaunoHHO-MH­

BapnaHTHoii CTPYKType (MHoroo6pa3HH) Ha 6on&IIIHX paccToaHHax127, 28/ •. 

IloBe.n;eHHe AHHaMHliCCKifX CMCTCM B <l>a3e xaoca ( CllJihHaH CBa3b) CnO)K· 

HO. rpy6oii XapaKTepHCTHKOH tPa30BOrO IIOpTpeTa AHHaMHKif aBnHCTCa 

rno6an&Haa <PpaKTanLHaH pll3MepHOCTh. Bonee TOHKOH xapaKTepnCTHKOH 

aBnaeTca noKan&Haa pa3MepHocTL. B rrpHHunrre, B orrpe.n:eneHnn 3HalleHHiino­

Kan&Hoii pa3MCpHOCTU IfMCCTCa HCOIIpe.n;eneHHOCTh, KOTOpyiD MO)I(HO CKOM~. 
IICHCllpOBaTL C IIOMOI.ULID B3aHMOACHCTBHa. Ecnn Mbl H3yllaCM IIOAMHO)KCCT· 

BO pn:MilHOBa IIpOCTpanCTBa, ·XapaKTepn3yeMOrO IIOneM pa3M~pHOCTH d( X), 

TO 3tPtPCKTMBHOe .n;eiiCTBMe AJIH 3TOrO nona MO)KCT IfMCTh BHA 

S =fd
0
xVO ~(0 1111 ,D11 <h,. (10) 

. .. ·. . ll 
r.n:e DJL ~ = (a11 -All) d( x) , , Q == I det 0 1111 1 , x - Koop.n:nHaTLI, rrpn-

HHMaromne 3Ha'ICHHH If3 06neMJIIDI.Uero fi ·MCpHoro IIpOCTpaHCTBa C MCTpll­

KOH G/1-11 • Ilpn rrpeo6pa3oBannax 

d(x) .~ ,\(x):d(x)', •;·,c 

. . -1· 
A11 (x) -> All(~) + A a11 J\, (11) 

/J.II . 2a flll 2 
G .... .\ G , a=-

n -2 

.n:eiicTBne 

l
. S = J d0

xy0 0/J.
11
D

11
d-fi, cf 

. IfliBapHaHTHO. IJpeo6pll30BaHHe MCTpllKll (11) COOTBCTCTBYCT MaCIIITa6HOMY 

rrpeo6pa30BaHHID · 

(12) 

xfl-+ >..axfl. (13) 

,l.(eHCTBHe .n;na BCKTOpHOrO nona All MO)I(HO Bbi6paTb B BifAC 

- 1 n - · 1111 ·fXT 
S[A] = -

2 
fd x v'O a a F~PF11 o:, . 

4e 
(14) 

5 



r,n;e Fp.V u= a,A, ·- d~Ap. • llocne,D;Hee HHBapHaHTHO OTHOCHTenhHO' npeo6-

pa30BaHHH (f1), npH n = 4, (a= 1) (eM: npHJIO)I(eHHe 2), •iTo yKa3hiBaeT 

Ha Bbi,D;eneHHOCTb :noro 3Ha'leHHH- pa3MepHOCTH AnH 06'beM1IIOI.I.(ero, MaTeMa­

TH'IeCKOrO npOCTpaHCTBa·-apeMeHM. 3aMeTHM, 'ITO HHBapHaHTiiOCTb OTHOCHTe1lh-

HO npeo6pa30BaHl:UI (11) HMeeT MeCTO Tal()l(e AnH ,D;eHCTBHH /29/ 

n r;:; ...JJ.V' • 2 
S=(d xyGlu CJ11 diJ

11
.d+ ~Rdl, 

rAe R -cKanHpnrui KpHBH3Ha, 

(n-2) (n-1) e 
4 

..J 

Cornacno AaHHOMY nocTpoeHHIO, · Mhi MO)I(eM ¢lHKCHpoaaTh 3Ha'leime ct, 
uanpHMep, d = 3,99, Bbi6opoM KanH6poBKH A(x) . .UnH npocTbiX cPa30BhiX 

nopTpeToa 3To 6yAeT yAo6uo. B cnyqae cno*noii cTpyKTyphr Bbr6opoM co­

OTBeTcTayromero d(x). MO)I(HO a.n;eKBaTHo onHcaTh xapaKTepnyro reoMeT­

pnro ,lJ;aHHOH cTpyKTyphi. llpH 3TOM. none B3aHMOAeHCTBHH A,.,. 6yAeT cna-

6hiM, H no HeMy MO)I(HO 6yAeT CTpOHTb TeOpHIO B03Myrn;eHHH. Hao6opOT, 

ecnH npOI13BOnbHO ¢JHKCHpOBaTb none pa3MepHOCTH, TO B3aHMO,D;eHCTBHe 6y~ 
,D;eT CH1IbHbiM, H Mbl He CMO)I(eM HCnOnb30BaTL TeOpHIO B03Myrn;eHHH. TaK o6-

CTOHT ,D;eno B KBaHTOBOH XpOMOAHHaMHKe Ha a,D;pOHHhiX MaCUITa6ax, KOr,D;a 

XOTHM pa6oTaTb CO 3Ha'leHHeM d = 4, TOr,D;a Kai<: npH npHHHTHH ¢JH3H'IeCKOH 

KapTHHhi ,;a,n;pounoii cTpyuhr" cooTBeTCTayrorn;eH: TeopHH npu d = 2. Y*e nep­

BhiH nopHAOK TeOpHH B03Myrn;eHUH ( O,lJ;HOrniOOHHbiH o6MeH) ,lJ;aeT BKna,lJ;, 

mmeiino pacTyiUHH C paccTOHHHeM,B noTeH~HaJI B3aHMO,lJ;eHCTBHH Me)I(AyKBap­

KaMH, KOTOpbiH 06hl'IHO· nOCTynupyeTCH B ¢JeHOMeHOnOrH'IeCKHX MO,lJ;eJIHX 

CneKTpOCKOnHH a,n;pOHOB / 30/. 

Ha ,lJ;aHHOM 3Tane, B TeOpHH KBaHTOBbiX CTpyn, TaK )l(e KaK B TeOpHH pa3-

.BHTOH Typ6yneHTHOCTH 13l/, H3Y'IaiOT noBe,lJ;eHHe CHCTeM B6nH3H HeKOTOporo. 

JIOKaJihHOrO MHHHMyMa B paMKaX TeOpHH B03Myrn;eHHH. Y,lJ;06HbiH ¢JopMa­

nH3M ,lJ;n.II H3y'leHH.II rno6aJILHOr~ nOBe,lJ;eHH.II TilKHX. CHCTeM nOKa He pa3-
BHT/22, 31/. . 

06o6rn;enHe ,lJ;eHCTBHH (12) ,lJ;n.II m)nH pa3MepHOCTH HMeeT BHA 

n - p.v p.11 ·pa 
s.=Jd x'\/G(DfldG ,D11d- V(d).+O FWPF11a0 ). (15) " 

lloTen~Han V, ,lJ;n.H npocThiX CTPYKTYP Mnoroo6pa3HH, HMerorn;Hx ~eno'IHC­

neunyro pa3MepHocTL, MO)I(HO Bhr6paTh, nanpHMep, TaK 

v,;A(d-4) 2
, (16) 

6 

..,. 

·~ 
' 

HnH 

V = ~ Sin
2 (7TdJ. 

. 2rr 

YpaanenHe ABmKeHHH AnH nonH pa3MepnocTH !3 nocne,lJ;neM cnyqae HMeeT 

BHA 
.....-' 

o J + XSin(2rrd) =0. (17) 

MncTaHTOHHhle pemeHHH ypaanenHH (17) 6yAYT onHcbiBaTL KBaHTOBbie ne­

peXOAhi Me*AY pa3HhiMH nOKaJihHbiMH MHHHMyMaMH, B KOTOpbiX pa3Mep­

HOCTb npHHHMaeT pa3Hbie ueno'IHcne~n'bre 3~aqenitH. OTpu~aTenLHhie 3Ha'le­

HHH d MOryT COOTBeTCTBOBaTb rpaCCMaHOBhiM (¢JepMHOHHbiM) CTeneHHM 

CB060Ahl npOCTpaHCTBa 1321_ 

llpe,lJ;nOnO)I(HM, 'ITO y noTeH~Hana V HMeeTCH nOKaJihHbiH MUHHMYM 

d = J0 f. 0. Tor,lJ;a no MexaHH3MY XHrrca aeKTopnoe none All npH~6peTa­
eT Macey~ EcnH paccMaTpHBaTh MacmTa6hi 6onbmne, iieM pa,n;Hyc pacnpocTpa­

nenHH 3TOrO BeKTOpHOrO nonH, TO KHHeTH'IeCKHM 'lneHOM KaJIH6pOB01IHOrO 

nOnH MO)I(HO npene6pe'lb H B OKpeCTHOCTH 3Ha•IeHHH dO paCCMOTpeTb nHillb 

nepaoe cnaraeMoe ,lJ;eHcTmi.H (15) 
' 

fd
0 xvi!f11 (a -A) ctca -A) ct"' 

. fl /l .II II · 

• . 
n - ·1.1.1~' · n - flV · 2 n - . P. 2 

=fd x'\/gg iJIJ.JCJ11 d-fd x'\/gg AlliJ11 d +(d xygAflA d, (18) 

n - 1J. v · 2 n · Vg 11 2 . n 2 · . - II 
fd x'\/gg Ap.iJ11 d =fd xiJ11 ( Ad) -Jdxd iJv(v'gA) 

BTopoe cnataeMoe (18), npn Bhr6ope KanH6poaoqnoro ycnoaHH 

. II 

a <ViA )=o, 
II 

npeBpamaeTcH a noaepxnocTHhiH qnen 

fd
0

x 'a)A
11 d2 '\/~) = J dSfllf d2

• (19) 

.... 
llono*HM, 'ITO A =0, A 0 = m. Tor,lJ;a BhipU)I(enHe (19) npHMeT BHA 

m( J dVf(x)- f dVd
2
(x)) • (20) 

t=oo t=-oo 

7 
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llyCTb 

d(t=oo,i)=d, d(t=-oo·,i)=d 1 
2 1 

Torna (20) naeT BKnan 

. 2 2 
mV(d2 -d-

1
). 

OTH:yna aunHo, qTo d-2 ~ d i nnwh Ha o6nacTu c KOHeqHhiM o6neMOM. Cne­
noaaTenhHO, B paMKaX paCCMaTpHBaeMOll MO,nenu pa3MepHOCTb npOCTpaHCT· 
Ba MO)!(eT MeHHTb 3Ha~IeHHe C ll3MeHeHHeM BpeMeHH nlllllb B KOHeqHblX o6ne· 
Max BceneHHoil: qeM 6onhwe paccMaTpuaaeMhtH o6neM o61.eMmorn;ero npocT­
paHCTBa, TeM MeHbllle BepOHTHOCTb ll3MeHeHHH pa3MepHOCTH cpll3HqecKOrO 
nonnpocTpaHcTBa. B u;enoM, nMeH onHy pa3MepHOCTh, BceneHHaH a oTnenh­
HhiX nocTaToqHo ManhiX o6nacTHX o6neMmorn;ero npocTpaHCTBa MO)!(eT HMeTb 
pa3nllqHbie pa3MepHOCTH. ilMeeT MeCTO COOTHOJlleHHe Heonpe_neneHHOCTH 

12 h. . 
!ld tlV .< --. 

~ m 

.LJ:anee MO*HO yqecTb H3MeHeHne o6neMa co apeMeHeM nna pacwnpmorn;eilcH 
BceneHHOH, 

. l.2 2 . 
m(V

2 
o 2 - v1 J 1)'- li, 

rne v2 » v1, d2 << d-1 . BnnuMo, Ha oqeHb ManhiX (nniHKOBCKHX) Macw­
Ta6ax qmyKTyHpyeT reOMeTpHH B u;enOM ll pa3MepHOCTbHpOCTpaHCTBa B qa­
CTHOCTH. 

3. llepeH:neM K o6cy*neHHIO noHHTHH pa3MepHocTu npocTpaHcTBa. Co­
rnacHo TononornqecKoMy onpeneneHHID pa3MepHOCTH 133, 21 cquTaeTcH, 
qTQ MHO)!(eCTBO HMeeT pa3MepHOCTb 0 , ecnH ero rpaHIII.l;a HMeeT pa3Mep­
HOCTb n • 1. IlpH 3TOM,MHO)!(eCTBO, COCTOHUJ;ee H3 KOHeqHoro Ha6opa ToqeK, 
HMeeT pa3MepHOCTb 0 , a. nyCTOe MHO)!(eCTBO HMeeT pa3MepHOCTb -1. llOHCHHM 

;,_J 
Q, 

Puc.l. 

8 

conep*aHIIe MeTpuqecKoro onpe­
neneHIIH pa3MepHOCTH 1341 Ha npo­
CThlX npiiMepax. PaccMoTpHM 
(rnanKyiD) KPIIBYIO Ha nnocKOCTH 
(pnc.1). · Bbr6epeM HeKOTOphiH 
Manhril MacmTa6 a . Torna nnHHa 
KpHBOH npll:onmi<eHHO paBHHeTCH 
BenHqHHe e = N a' rne u;enoe qHcno 
N = [Ua]. 

.D:na o6neMa d'-MepHoro non­
MHO)!(eCTBa eBH:nH,nOBa npOCTpaH-

J 

I 
'I 

\I 

I 

CTBa, noKphrToro nocTaToqHo ManhiMH 3neMeHTaMn (HanpnMep, c!lJepaMn) 
o6neMniDrn;ero npocTpaHcrna c nHHeHHhiM pa3MepoM nopH,nKa a , nonyqnM 

J 
V=N(a) a =Const~O. 

0TKyna cnenyeT, qTo 

d= lnN(a) +0(1/lnl/a). 
lnlla 

(21) 

(22) 

llpii6nii)!(eHHaH !lJopMyna (22) nnH o6hrqHhiX MHoroo6pa3n:ll npmiliMaeT Toq­
Hhre u;eno~cneHHhie 3HaqeHHH B .npenene a ... 0 . Benn~Ha d, onpeneneHHaH 
H3 COOTHOllleHHH (21), ,nnH llpOH3BOnhHhiX MHO)!(eCTB llpllHHMaeT, B006rn;e 
roaojm, Heu;enoqucneHHhie (!lJpaKTanhHhre) 3HaqeHUH 1341 • .D:nR caMonono6-
HhiX !lJpaKTanoa norapu!lJMnqecKaH nonpaaKa B (22) OTcyrcTayeT. TeM ca­
MhiM !lJpaKTaltbHaH pa3MepHOCTb, perynHpU30BaHHOro, o6pe3aHHOro Ha Macm­
Ta6e a0 .<a, u npenenhHoro !lJpaKTanoa coananaiOT. · 

.ll:nR KOHe~oro Ha6opa ToqeK, N (a) ... const, d( a) ~ 0. ,lJ,nR nycToro 
MHO)!(eCTBa N = 0 , Ho ecTeCTBeHHO nonpo6oaaTb npnMeHUTh KOHCTpyKu;UIO 
(21) u B 3TOM cnyqae . .D:nH 3Toro noHano6nTcH "perynHpH30BaTb" nycToe 
MHO)!(eCTBO, paccMoTpea N (a) ~ 0, N (a) ... 0 . Ho To rna H3 !lJopMynhr (21) 
nonyqaeM, qTo d.< 0. llepaoe nonxonHrn;ee u;enoqncneHHoe 3HaqeHne d- = -1 
cornacyeTcH c nH,nyKTHBHhiM onpeneneHneM TononoruqecKoli pa3MepHOCTH 
nna nycToro MHo)!(eCTBa. Ho qTo 3Ha~T H3MeHeHue aennqHHhi N (a) B oK­
pecTHOCTH HynH? 0Ha Be_nb llpHHUMaeT u;eno~cneHHbie 3HaqeHHH! 

.D:eno MO*HO npencTaBHTh TaK. Cyrn;ecTayeT HOpMupoBaHUe n»H pau;no­
HanbHhiX (B ,naHHOM cnyqae u;enhiX) quceJi, B KOTOpOM B 06biqHQM CMhiCne 
6onhlllne u;enhre qucna MoryT nMeTb Many10 HOpMy. 3To p-anuqecKoe HOpMu­
poBaHne 1251 . ,lJ,nR .n106oro 3anaHHoro npocToro qucna p n n106oro 3anaHHo­
ro u;enoro qncna N cyrn;ecTayeT o,nH03Ha~oe npencTaaneHHe 

ord N 
N=p PM, 

rne u;enoe qucno M He nenuTCH Ha p, a u;enoe 3HaqeHue 

ord N = n > 0 
p -

(23) 

naeT KparnocTb axo)!(,neHnH npocToro qncna p B N. Tenepb p-annqecKaH Hop­
Ma N npHHnMaeT 3HaqeHue 

INI 
p 

{ ~· N~O (24) 

p 

9 

Y;; 



Cne,IJ;oaaTeJILHO, I NP I -~ 1 H . 1 N 1 P ... 0 . npH ord N ... oo • 

EcnH Tenepb paccMaTpHBaTh Hepapxmo MacuiTa6oi3 a = 1:/ p~ , TO MO')K­m 
HO o6ecneqHTh HeHyneaoe 3HaqeHHe o6'beMa (21) npH oTpHUaTenhHbiX 3Haqe-

HHHX 

d 
In INI . p 

lni/am 

n 
m 

(25) 

Mo')KHO · ctilnaTh, qTo AJIH Ka')K,IJ;oro · 3a,IJ;aHHoro p Mbi HMeeM HeKoTopoe pe­
rynHpH30BaHHOe "nyCTOe" MHO')KeCTBo:'llpH 3TOM, KaK H ,Il;JIH caMOllO,IJ;06HbiX 
Q>paKTaJIOB, C H3MeHeHHeM MaCUITa6a ( m, ID = ll) pa3MepHOCTb (25) He Me­

HHeTCH. 
B CTaH,D;apTHbiX llOCTpOeHHHX KBaHTOBOH TeOpHH (nOJIH) B OCHOBHOM CO­

CTOHHHH HeT Ha6iiro,IJ;aeMhiX qacTHU (ToqeK). XOTH OHO MO')KeT 3ahOJIHHThCH 
tv 

... ,IJ;a')Ke 6eCKOHeqHbiM qHCJIOM HeHa6JIJO,IJ;aeMhiX qacTHU ( Q>epMHOHOB )_. 3,IJ;eCb, 
MHe Ka*eTc.fl; · Mhi conpHKOCHYJIHCh c aHanorHqHbiMH cTpyKTypaMH a TeopHH ;, 
~cim. . . . (~ 

PaccMOTpHM onpe,D;eneHHe pa3MepHOCTH, KOTOpoe MO')KeT npHHHMaTb pa3-
Hhle 3HaqeHHH a pa3HbiX TOqKax o6oeMnromero npocTpaHCTBa 

d(x) = lim ~N(a) 
a-+ o lnl/a(x) 

(26) 

HanpHMep, AJIH Q>HrypLI (pHc.2) onpe,D;eneHHe (26) 
coorneTCTBeHHO ,D;JI.fl X = 0; E e ; E s ,IJ;aeT 3Haqe­
HH.fl 0; 1, 2. Biie Q>HrypLI ct = 0, a a ToqKe x = y 

Q>yHKUHH J(x) TepnHT pa3pbiB, CO CTOpOHbl KpH­
BOl'f f pa3MepHOCTb paana e,IJ;HIIHUe, CO CTOpOHbl 

o6naCTH S - ,Il;BOHKe* . '>-
, Ecnu paccMaTpnaaTb noKpbiTHe ,3a,IJ;aHHOro MHO­

*ecraa B uenOM, a He TOJihKO JIOKanhHble llOKpbiTH.fl~' •. ·. ~ 
TO nonyqaeM rno6anLHyro pa3MepHOCTh ,t 

ct =max d"(x) I (27) 
PHc.2. 

X 

:*rrocMOTpeB Ha TUKHe. CHHryrrHpHbie TOlJKH nOA "MHKpOCKQnOM"1 Mbl MOJKeM "yBH­

AeTb" $paKTaJibHbie crpyKTypbi, o6ecnelJUBaiOII.Uie 6orree rrrMKUH nepeXOA OT OAHQH 

· QeiTOlJHCITeHHOH K Apyroft pa3MepHOCTH. 

10 

r 

' 

KOTOpaH ,Il;JIH Q>Hrypbl Ha pHc.2 ,IJ;aeT 3HaqeHHe d =2. 06'beM OKpeCTHOCTH TOq­
KH X, 

. d(x) 
dv(x) -hrnN(a) a I (28) 

a-+0 

onpe,D;enHeT Mepy Xayc,D;opQ>a. llpH6JIH')Keimoe 3Haqenne pa3MepHOCTH, 
npH KoneqHbiX 3HaqeHHHX a 1 

lnl!a ' (29) 

aoo6me roaopH, OTJIHqaeTcH OT npe,D;eJILHoro 3Ha~eHHH <f · Ha aenH~HY 
o (11 In li a) • .UnH caMono,IJ;o6nhiX Q>paKTaJIOB d = ct. ,UnH npHJIO')KeHHH 
06bJqHO ,Il;OCTaTOqJJO paCCMaTpHBaTb HeKOTOphie, ,Il;OCTaTOqHO MaJILie, 3Haqe­
HHH a . ,Ueno B TOM, qTo ,Il;JIH Q>yHKUHOHaJihHOrO HHTerpana npH npeo6pa30-
BaHHHX peHOpMaJIH3aUHOHHOH rpynnhi I 11• 351 llOCJie HeKOTOporo qncna 

maroa Mhi nn6c npHX~AHM: K caMono,IJ;o6HoMy pe*HMy, nn6o c oqeaH,IJ;­
HOCThlO K paCXO,IJ;HtneMy Bblpa')KeHHlO, T.e. K HecymecTBOBaHHlO paCCMaTpH­
aaeMOH CHCTeMbl. 

.UnH ,D;pyroro onpe,D;eneHHH pa3MepHOCTH 

dlnN(a) 
d2(x) =lim dinl/a(x)-' 

a->0 

dlnN(a) 
d2 (x) 

dlnl/a(x) 

(30) 

(31) 

norapuQ>MuqecKaH nonpaaKa Ha KOHeqHoe 3HaqeHue a OTCYTCTayeT. Pa3-
MepHOCTh BH,IJ;a (30) paccMaTpuaanach a pa6oTe136~ 

Onpe,D;eneHue· (29) n03BOJIHeT, MeHHH pa3pewaromyro cnoco6HOCTh "npu-
6opa", HanpHMep KOppenHUHOHHYlO ,Il;JIHHY e - a (X) MaTepuaiibHhiX no­
JieH, 3a,D;aHHhiX Ha (rHnepKy6nqecKoH) perneTKe, nepexo,IJ;HTh OT HyJILMepHo­
ro npocTpaHCTBa- Ha6opa Y3110B perneTKH, npu e -rnara·perneTKH, K d­
J\:'IepHOMY (eBKJIH,IJ;OBY MHOroo6pa3HlO) npoCTpaHCTBY npH e » a (qTo 
npoucxo,IJ;HT a ToqKe Q>a3oaoro nepexo,IJ;a BToporo po,D;a AJIH paccMaTpHBae­
MOH CTaTHCTHqecKOH CHCTeMbi). Ha MaJibiX MaCliiTa6ax npocTpaHCTBO MO')KeT 

HMeTh TaK*e caMono,IJ;o6Hyro Q>paKTaJILHyro CTPYKTYPY (no,IJ;o6Hyro Koapy 
· CepnHHCKoro

1281
), a Ha 6onhliiHX MacwTa6ax - cTpyKTypy (AByMepHo­

ro 1281 ) MHOroo6pa3HH. CornaCHO TeopeMe Jle6era (KOTOpaH Jie')KHT B OCHO­
Be ·uan6onee o6mero onpe,D;enennH TononornqecKoH pa3MepuocTH /2, 33/) , 

KpaTHOCTb noKpbiTHH MHoroo6pa3HH pa3MepuocTH n paaHHeTcH n + 1. Ha­
npnMep, ,Il;JIH llJIOCKOCTH "Kupnnqnoe" llOKphlTHe (puc.3) HMeeT KpaTHOCTh 3 
(a Ka')K,IJ;OM y3ne BCTpeqaroTCH Tpu o6nacTH, Tpn pe6pa). 3aMeTHM, qTo · 
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PHc.3 

·~waxMaTHoe" .noKphiTIIe 

(puc.4) He fiBJIHeTCH ("yc­

TOlltlliBhiM", MliHliMaJib-' 

HhiM) noKphiTIIeM o6mero 

nOJIO:iKeHIIH, MaJiaH ' ne<t>op­

MalU:IH npeapamaeT ero 

B "KIIpniiqHoe". Pe3yJihTaT 

:naif TeOpeMbl MO:iKHO liC­

nOJih30BaTb ,u;JIH onpenene­

HHH pa3MepHOCTII <i>II3l!tleC­

KliX o6'beKToa. HanpiiMep, 

ecJIII paccMaTpiiBaervxaH ·ell-. . 
CTeMa IIMeeT KJiaCTepHyiO 

CTPYI<Typy H qliCJIO COCTaB­

JIHIOIUIIX KJiaCTepa paBHO 

n + 1, 3TO yKa3hiBaeT Ha TO, 

tiTO_ 3TOMy. KJiaCTepy COOT-

• BeTCTByeT pa3MepHOCTh npo­

CTpaHCTBa n . Ecm1 CIICTeMa 

IIMeeT IIepapXIIqecKyro, KJia­

cTepHyro CTpyKTypy II npii 

3TOM C li3MeHeHHeM MaClliTa-

6a MeHHeTCH qifcJIO COCTaB­

JIHIOIUIIX KJiaCTepa, TO 3TO 

03HaqaeT II3MeHeHIIe pa3Mep­

HOCTII npOCTpaHCTBa C MaClli-

PHc.4 Ta6oM. AcTpOHOMIIqeci<IIe 

Ha6JIIO,ll;eHIIH yKa3hiBaiOT 
Ha IIepapxiiqecKyro CTPYKTypy BceneHHOH B nocTaToqHo lliiipOKOM ,u;IIana3oHe 

MaCWTa6oB. llpll 3TOM Ha 3a,ll;aHHOM MaClliTa6e, HanpiiMep, Ha -'MaClliTa6e 

· KJiaCTepOB B CKOnJieHIIli raJiaKTliK qliCJIO COCTaBJIHIOIUIIX KJiac'fepa pa3HOe. 

,ll;JIH pa3HhiX KJiaCTepOB, qTQ yKa3hiBaeT Ha pa3JIII~Oe 3HaqeHUe 3<i><i>eKTUBHOH 

pa3MepHOCTU npOCTpaHCTBa B pa3HhlX qaCTHX KOCMOCa U/UJIU Ha HaJIIfqlfe 

06JiacTeH C pa3HOH pa3MepHOCThiO npOCTpaHCTBa Ha paHHeM 3Tane 3BOJIIOUUU 
BceneHHoii *. 

'!,.:Tenep~ B.·K~qecrae npuM~pa, Mq1;J,e;;t:H .. npo~rpaHCTBa, Ko~op~· M~HJ!eT, .. ~ 
pa3MepHOCTh c H3MeHeHHeM MacwTa6a, paccMoTpiiM peweTKY I<eJIJIH - BeTe, 

KOTOpaH CTpOHTCH TaK I 3 7 I . Bbi6epeM HCXO,ll;Hyro TQqKy X O , ,u;o6aBUM K HeH 

· * AllTop 6naroAapHT npo$eccopa A.A.rpH6a 3a o6cy)KAeHHe noro Bonpoca. 

12 

1 
i;j 

t: 
! 

l! 

I 

-~ 

a HOBhiX ToqeK H Ka:iK,u;yro H3 HHX 
/ -coe,u;HHHM pe6poM c x 

0 
• TaK no- -..... 

JiyquM TOqKH nepBOH o6orroqKH. / \ 060JIOqKy C HOMepOM n + 1 CTpO- I I 
HM, COe)J;HHHH Ka:iK,ll;yiO TQqKy n -H I 
o6oJioqKn c q - 1 HOBhiMU TQq- v \ KaMU (puc.5). qHCJIO TOqeK B n+ 1 ( 
o6orroqJ<:e -

l n t -It-Nn+l=(q-1)Nn =(q-1} q. (32) 

,UJIH pa3MepHOCTH 3TOH o60JIOqKH \ / 
UMeeM 

' / n· · lnq 

' d(a) =-· ln(q-1) + --, (33) -Inn Inn PHc.5. Pewen<:a KennH- BeTe c q =3. 

d
2
(a) = nln(q -1), (34) 

r,u;e Mhl nOJIOJh"HJIU, qTQ na = 1, n - AHCKpeTHOe "apeMR" 3BOJIIOUUH B rJiy-

6UHy CTPYKTYPhi ~ MeHhlliUM MacwTa6aM. Bu.u;Ho, qTo c yMeHhllleHneM Macw­

Ta6a pa3MepHOCTh npocTpaHCTDa (o6onoqKn) pacT~T. B Ta6n.1 npuae,u;eHhi 

Te 3HaqeHU.fl q U fi , )J;JI.fl KOTOphiX pa3MepHOCTh d npUHUMaeT 3HaqeHU.fl, 

6JIU3KUe K 4, 10 U 26 - Bhi,ll;eJieHHhie 3HaqeHUR pa3MepHOCTU npOCTpaHCTBa­

BpeMeHU n KBaHTOBoii Teopuu cTpyH131 . <l>yHI<UUR d(n, q) c pocToM n. 
cHaqana cnerKa yMeHbwaeTcR, noToM MOHOTOHHO pacTeT. Bee Tpn Bhi,u;eneH-. . . * 
Hhle 3HaqeHU.fl pa3MepHOCTU 4, 10 If 26 HaxO,ll;.fiTC.fl Ha KpUBOH C q = 3 • ,UJI.fl 

,u;pyrUX 3HaqeHUH q ( ~ 4) pa3MepHOCTh- 4, a C pOCTOM q CHaqaJia 10, a no­

TOM n 26 ocTaiOTCR BHe Kpnaoii. 3HaqeHnH ,u;JIR Pa3MepHOCTn d2 npuaene­

Hhi B Ta6JI.2. 11.3 npune,u;eHHhiX ,ll;aHHhiX BH,li;HO, qTO 3HaqeHUe q = 3 Bhi,ll;eJieHO 

u HBJIReTcR Han6onee npneMJieMhiM. ,UJIR q = 3, n = 13 UJIH 14, d"' 4~ Pa3-

MepHOCTh d -:::. 10 (26) npu n = 57 (197). Pa3MepHocm ~2 = 10 (26) np~ 
ll = 33 (86). 3TH pacqeTbl npoae,u;eHhi C nOMOIUbiO MHKpOKaJihKYJIRTOpa 

"3neKTpoHHKa MI<-52" •. ,UJIH yno6crna noJih30BaTeneii nporpaMMa c KOM­

MeHTapnHMU npUBO,ll;HTCH D npUJIO:iKeHUU 3. 

:.. ' ~ 
"\\ ,l \·\l' l'j,.) 

\ ~~ ~ . ;1-l •,;• 
I ·,1•.1 i .. 

0TMeTHM TaK)Ke, qyo AHarpaMMa 6H$ypKanHH pO)J(AeHWI W!KnOB . B HemrnelltbiX 

CHCTeMax npH nepexoAe K yYp6yneHTHOMY pe)KlfMy HMeeT CTPYKTYPY AepeBa KennH-
1311 . . 

BeTec q =3 .' 
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q 

3 

4 

5 

6 

7 

8 

9 

10 

n 

13 
14 
57 

197 

30 
110 

21 
81 

16 
67 

13 
58 

11 
52 

10 
47 

9 
44 

d 

3,94 
4,09 

10,04 
26,05 

10,10 
26,00 

_.; 
10,09 
25,92 

9,93 
26,07 

9,84 
26,07 

9,79 
26,14 

9,99 
25,96 

10,05 
26,16 

Ta6nHI.la 1 
-q n - d 

12 39 26,20 
13 37 26,17 
14 6 10,06 
14 35 25,99 
15 5 . 9,88 
16 5 10,14 
17 4 10,04 
21 28 26,09 
24 26 ' 26,00 
26 25 '26,01 
28 24 25,94 
31 23 26,04 
34 22 26,03 
42 20 26,04 
47 19 26,01 
53 18 25,98 
61 17 26,02 
71 16 26,05 
82 15 25,97 
83 15 26,04 
98 14 26,01 
99 14 26,06 

118 13 26,00 
119. 13 26,04 
145 12 26,00 
182 11 26,02 

B 3arouoqemm onteTHM, tJTO CTpyKrypa peweTKH Kennu - BeTe coarra,na­
er co CTPYKTypoH: peWeTKH IOproa- TnTca 1381 ' rrpnMeH.!IeMOH ,D;nH OIIHCRHHH 
rapMOHHtJecKoro aHaJIH3a (n Teopuu cTpyHhi 1391) Ha,D; p-a,D;UtJecKHMH tJHcno­
_BhiMU rronHMn: llpu 3TOM KoOp,D;UHaQUOHHoMy tJHcny q peweTKH Kennu -
BeTe cooTBeTCTByeT rrpocToe qucno p == q -1. .[VIH p-a,D;UtJecKoH: pa3MepHo­
CTU rronyqaeM 3HatJeHne (25). llpHBnet~eHne p-a,nuqecKoH: cTpyKTyphi rrpocT­
paHCTBa * riOHCHHeT 3aHyneHHe 3Hepruu KBaHTOBbiX QlnlOKTYal.lUH BaKyyMa 

·* 
· OTMeTHM, 'ITo u~ea o p-a,o;H'!ecKoii crpyKType npocTpaHCTBa na ManLix pacCTOlillllliX 

HaxO)J;HTCli B ~eHTpe BHHMaHllli BCero p·a.tiH'IeCKOrO 110/J;XOIJ;a C CaMOrO Ha'!ana ( CM., Ha· 
11pHMep,f40I). 
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q 

3 

4 

5 

6 

7 

n 

13 
14 
33 
34 
86 
87. 

4 
9 

24 
3 
7 

19 
2 
3 
6 

16 
2 
3 
6 

14 
15 

dl 

3,91 
. 4,21 
. 9,93 
10,23 
25,90 
26,19 

4,39 
9,89 

26,37 
4,15 
9,70 

26,3 
3,21 
4,83 
9,65 

25,75 
3,58 
5,38 

10,75 
25,08 
26,88 

q 

8 

9 

10 

n 

2 
·:'·:·5· 

13 
2 
5 

12 
13 

2 
5 

12 

' ' 

Ta6nuua 2 
-
d2 

- ' \ . . ~ ,., 3,89 
1 

9,73 
25;30 

4,16 
10,40 
24,95 
27,03 

4,39 
11,00 
26,27 

(KOCMOnOrUtfeCKOH IIOCTOHHHOH) IIpH IIpOH3BOnhHOM 3HatJeHHH rrapaMeTpa 
p I 411 . PaccMoTpeHne uepapxuqecKoH: MO,D;enu rrpocTpaHCTBa B ,D;RHHOH pa6o­
Te rrpnBO,ll;UT K Bhi,D;eneHHOCTU o:U.Horo 3HatJeHHH p ==2. Cne,D;oaaTenhHO, c o,D;­
HOH cTopOHhi, ManoCTh . 'KOcMonornt~ecKoH: rrocTOHHHoii !/421' yKa3hu3aeT 

, ,. , _ , , : . ~ ; , \ . ~ ~ , ; . i · ' ." ' , I 

Ha p-a,nuqecKyro CTPYKTYPY rrpocTprutcTBa ua ManhiX paccTOHHHHX, c ,D;pyroH: 
- rrocne,D;OBaTenbHOCTb pa3MepHOCTeH 4-+ 10-+ 26 IIpH yMeHbWeHHH MaCWTa-
6a OT sneKTpocna6biX ,ll;O rrnaHKOBCKHX yKa3biBaeT Ha Bbl,ll;eneHHOCTh p-a,nH­
tfeCKOH. CTpyKTypbl IIpOCTpaHCTBa, OIIHChiBaeMoro tfHCnOBbiM rroneM 0 2 • 
llpo6neMe pa3MepHOCTH IIpOCTpaHCTBa IIOCBHI.l.leHO MHOrO pa60T 12• 431. 

l13 He,D;aBHHX OTMeTIIM pa60Tbi: BonOBHtJa I 44l, B KOTOpOH Ha 3a,naHHOM 
I<:nacce reoMeTpuu BhitJncnHeTcH 3HatJeHne KnaccuqecKoro ,D;eHCTBHH u rrpe,D;­
naraeTCH pa3MepHOCTb OIIpe,D;enUTb H3 ycnOBHH MHHHMyMa ,D;eHCTBHH. 
llpu ,D;anbHeH:weM pa3BHTUH ::nora rro,D;xo,D;a HY:>KHO yqecTb Mepy 3KcTpeManh­
HhiX KOHQJHrypaQHH - KBaHTOBhie IIOIIpaBKH (3HTpOIIUIO) H MHHHMl!3HpO­
BaTb sQ:JQ:JeKTHBHoe ,D;encTBHe- cao6o,D;Hyro sHepruro. B pa6oTe Anbaapeua145l 
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npe.n;naraeTC.H B OCHOBy TeOpHH pa3MepHOCTH nOJIOiKHTb HeJIOICaJlbHOe onpe.n;e-
/46/ . 

JieHHe MeTpHKH npOCTpaHCTBa , npOH3BO.IJ;Hbie OT KOTOporo .IJ;aiOT nOKaJib· 
Hble reOMeTpH'!eCKHe XapaKTepHCTHKH; BBO.IJ;HTC.H none pa3MepHOCTH npOCT· 
paHCTBa. B pa6oTe 

151 
npe.nnomeuo onpe.n;en.HTh pa3MepuocTb H3 ycnoBHH 

MHHHMaJibHOCTH Cf!060.IJ;HOH 3HeprHH, paCCMOTpeHbl MO.IJ;enn KaJIH6pOBOIJHbiX 
TeOpHH non.H H TeOpHH CTpyHbl BO BHeUIHeM rpaBHTai..{HOHHOM none. 

· AsTop 6naro.napnT 11.B.Bonoanqa, A.A.rpn6a, 3.A.Kypaesa, O.K.Ilawae­
aa, B.H.Ilepsywnua, 3.A.Tarnposa, H.lif.qepuosa 3a o6cyJK.IJ;eHHe HeKOTOpbiX 
sonpocos .z:iauuoii pa6oTbi. 

_.; 

IIP11JIO/KEH11E 1 

Bbi'!HcnnM cppaKTaJihHyro pa3Mep»OCTh TpaeKTopnn cso6o.nuoii 
_.:. (6p~yiJoa'clc'oii} 'laCTHUbi c Maccotf rn

1 
.IJ;BHmymeiic.H·co CKopocTbro V, 

.<x(t) > = x0 + vt. 
(35} 

B paMKax eBKJIH.n;osoii cpopMynnpoBKH KBaHTOBOH MexaHIIKH ( CM., nanpn­
Mep,1471) aMnJIHTy,na nepexo.n;a H3 TOIJKH Xo B TOIJKY x(T) .n;aeTC.H 
BblpaJKeHHeM 

2 m(x(T) - x(O) - vT) 
p(T) = <x(T) I x(O) > = N exp I - ---:------- l, 

2hT 

r.ne N onpe.n;en.HeTc.H ycnosneM HOPMHpOBKH 

fdx(T) .<x(T) I x(O) > = 1, 

· T -112 
N=(2rrh--) ; - m 

COOTHOWeHHe (35} cne.n;yeT H3 Bbipa)l(eHH.H 

.<x(t)> = r dx(t) p(t) x(t). 

(36) 

(37} 

(38} 

<l>paKTaJihHYlO · pa3MepHOCTb TpaeKTOpHH KBaHTOBOH 'laCTHI..{bl onpe.IJ;eJIHM 
cpopMynoii 

2 2/d-
<x(T) > - T • (39) 

JlerKO BH.IJ;eTb, ~TO 

<x(T)
2 

> = (x(O) + vT)2 + 2 T li. _ 
. m (40} 
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0TKy.n;a, npn 6orihmnx 3Ha'!eHH.HX T, HMeeM 

i 1 npn 

d :! 

2 npn 

mv2 ~ 
-T :Sd! » n, 

2 

scr .« t. 
(41} 

3aMCTHM, 'ITO npH 3a.IJ;aHHOM HeHyneBOM 3HatteHHH V BCer.n;a MOJKHO pac­
CMaTpiiBaTb .nocTaTOIJHO 6onhwne 3HatteHHH T, Kor)::(a Sc£ >>h. Ilpn ::l'rOM 
C pOCTOM t OT MaJibiX 3HatteHHH K 60JibWHM npOHCXO.IJ;HT H3MeHeHHC cppaK­
TaJibHOH pa3MepHOCTH TpaeKTOpiiU OT 3HatteHH.H pa~MepHOCTH TpaeKTopi-m 
KBaHTOBOH ttaCTHI..{bl, paBHOrO .IJ;ByM, .IJ;O 3HatteHli.H pa3MepHOCTH TpaeKTopUH 
KJIUCCHtteCKOH IJUCTHI..{hl, paBHOrO e.IJ;IIHHI..{e. 

IIP11JIO)KEH11E 2 

PaCCMOTpiiM. BOnpOCbl JIOKaJibHOH MaCWTa6HOH (KOHcpOpMHOH) HHBa-
. . 

pHaHTHOCTH. flyCTb MaCWTa6 .IJ;nHHbl H3Meii.HeTC.H Ha MHOiKHTeJib ,\ • }J;JI.H npo-

CTOTbi paccMOTpHM ,\ = 1 - ~, 1 ~ 1 .« 1. TaKoe II3M~meuue MO)I(HO onncaTb 
B TepMIIHaX KOOp.D;IIHaT 

Jl p. fl. /:Jl x .... Ax = x - s x , (42) 

HnH MeTpHtteCKOrO TeH30pa, 

g .... (1 - 2 ~) g 
JlV JlV. (43} 

npH HeH3MeH.HlOII..{UXC.H KOOpp;HHaTaX. · ,lJ;eHCTBHTeJibHO, _.IJ;JI.H MaJibiX .IJ;JIHH 

d
2

s =g dxlldx
11

-+g ((1-~)dxll)((l-()dx11 )'=g (1-2~)dxlldx 11• (44} ..• 
JlV Jlll . p.v . _ .• ·, .; 

,lJ;nR nonytteHH.H sapnaunn .neiicTBH.H cne.n;yeT ncnonh30BaTb KOBapnaHmyro 
3anncb. HanpnMep, .IJ;JIH Kann6poBO'!HbiX noneii 

- ·pa 
n - JLVF F g ' S =~fd.xy'g g JJ.p"va . 

4 e p.v _ o6paTHa.H K ·gp.v g_ r.ne g = I det gf.l.
11 

I 
30BaHll.HX ( 43} 

· p.v IJ.V·' 
g .... (1+2~g • 

g .... (1-2n~) g, 

17 
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(45} 

M~Tplll..{a. Ilpn npeo6pa-

(46) 



IT03TOMY 

JlV -pa · 
oS=fdnxy'g((4-n)g)g .F F g. 

. llP va (47) 

0TKy.n;a Bli,ll;HO, 'ITO ,IJ;eHCTBHe (45) HHBapHaHTHO npH pa3MepHOCTH npOCTpaH­

CTBa-BpeMeHH D = 4. 3aMeTHM,IJTO npH rno6a."lbHbiX MaClllTa6HbiX npeo6pa30-

BaHHHX, e I e (X) ' 6~pa3MepHbie BeJIHIJHHbl, B TOM IJHCJie H .n;eHCTBHe 

(B e.n;HHHI~ax h = 1), OCTaiDTC.fl neH3MeHHbiMH. )],eiicTBHTeJihHO, KOHCTaHTa 

cB.fi3H e
2 (45) npe.n;cTaBJI.fleTc.fl B BH.n;e e

2 
= e~ll 4 -n , r.n;e /l - "e.n;HHH­

na Macchi", · e 0 - 6e3pa3MepHbiH n~aMeTp. llpH rno6anhHbiX npeo6pa3o-

BaHH.fiX 

e2 
.... e 2 (1+ g(4- n)), (48) 

H ,IJ;eHCTBUe ( 45) C ytJeTOM ( 48) H ( 4 7) OCTaeTC.fl HeH3MeHHbiM. 

B o6I.QeM cnyqae napHa.QH.fl .n;eiicTBHH npH H3MeHeHHH MeTpHtJecKoro Ten­

. 30pa onpep;eJI.fleTC.fl TeH30pOM 3HeprliH·HMITYJihCa, .T , 
. . fl.V 

1 n.- JlV os = -- r d x v g o g T • 2 . /lV (49) 

BapHa.QH.fl .n;eiicTBH.fl npH M:aclllTa6HbiX npeo6pa3oBaHHHx ( 46) 

, og/lV = 2f l'V 

onpe.n;enHeTcH cne.n;oM TeH3opa 3HeprHH HMITYJihca, 

n - fJ.V oS = fd xyg·TfJ.V g Bg(x). (50) 

HHBapHaHTHOCTh OTHOCHTCJihHO _JIOKaJihHOro lf3MeHeHHH MaClllTa6a 0 e = 

= oe(x) ' 

~ 
oe(x) 

= 0 (gf- 0) 

03HatJaeT 3aHyJieHHe CJie,IJ;a (nJIOTHOCTH) TeH30pa :meprHH-HMITYJibCa 

IL JlV 
T /l (X) = g . T IJ.V = 0. 

• Ha KBaHTOBOM yponue KJiaccHtJecKoe .n;eiicTnne 3aMeH.fleTCH 3cPcPeKTHBHbiM 

.n;eiicTBUeM, ytJHThiBaroiuHM nee (KBaHTOBhie) Konqmrypannn noneii. Ha .fl3bi­

Ke_cTaTHCTUtiecKofx aHaJIOrHH (eM., HaiTpHMep, / 471 ) 3tflcPeKTUBHOe ,IJ;eHCTBHe 

COOTB~TCTByeT CB060,IJ;HOH 3HeprHH •. KOHcPOPMHaR HHBapHaHTHOCTh 3cPcPeK­

THBHOrO ,ll;CHCTBHH - 3aHyJieHHe CJie.n;a TeH30pa 3HeprHH·HMITYJihCa, COOTBeT-

18 

(~ 

CTByeT 3aHyJieHHIO (JIOKaJihHOrO) 3HaiJeHHH ,IJ;aBJieHiiR - npHHI~Hny CTa6HJib-
HOCTH 151 *. . 

TIP11fl0)KEHI1E 3 

PaCCMOTpHM nporpaMMy ,IJ;JIH Ta6yJIHp0BaHUH cPYHK.QUH C ITOMOI.QhiO MHK-. 

pOKaJihKYJIHTOpa. llporpaMMa COCTOHT H3 o6meii 'laCTH, KOMaH.IJ;bl 00 7JQ 

H • 'laCTH, 3aBHCHI.QeH · OT KOHKpeTHOrO BH,IJ;a Ta6ynHpyeMOll cPYHKI~HH; 
KOMaHJlbl 117 ... . ilOpH,D;OK BBe,IJ;eHHH nporpaMMbl B MHKpOKaJihKYJIHTOp 

ll BbiiJHCJieHHH CJie,llyiOI.QHH. ilOCJie BKJIIOIJeHHH IIHTaHHH Ha)KHMaeM KJiaBUlllll 

F u TIPr- nepexo.n;HM B pe)KHM nporpaMMHponannH; 'ITo conpono)K,ll;aeTcH 

BbiCBetJimauHeM a,!.\peca nepnoii KOMaH,IJ;bi, 00 . .UanhneiilllaH nocne.n;onaTeJih­

uocTh ,IJ;eHCTBHH ll ITOHCHeHHH K HUM HpHBO,IJ;HTCH B Ta6JIH.Qe. 

An pee KoMrui.n;a BbiHOJIHHeMoe .n;eiicTnue 

00 n ... x 0 Bbi3on x n perncTp x n3perHcTpa RO 

01 nn llepexo.n; ua no.nnporpaMMy 

02 11 .A,npec no.nnporpaMMbi 

03 em OcTaHOBKa u HH.D;HKannH 

04 n ... x 0 "00" 

05 n ... x 1 Bbi30B h B perucTp X H3 perncTpa R1 

06 + BbitJucneuue x = x + h 

07 x ... n 0 3annch x a RO 

08 C/TI 0CTaHOBKa ~ llH,li;HKaUUH X 

09 Ell Be3ycnoBHbiH nepexo.n K uaqany 

10 00 A,npec 6e3yCJIOBHOrO nepexo.n;a. 
I:: 

'I'"··; ' ··, ;-~- :;;()0·;'·· : •''.: :. I . . !~ . .,:·· 

11 n .... x 0 ·• ~I. -
, .. :;: 

12 F In BbiiJHcnenHe ln x 

. * AnTop 6naroAapHT npocpeccopa A.B.3aMon~AtrnKOBa 3a o6cylKAeHne noro nonpoca. 
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13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

x .... II 3 

II .... x 2 

B1 

1 

F In 

II .... x o 
X 

II .... x 2 

F In 

+ 

II .... x 3 

B/0 

03 

3anHch In x B perucTp R3 

Bbi30B tiHcna q H3 R2 

BbitiHcneHHe q - 1 

BbitiHc.rieHHe In ( q - 1) 

"00" 

BbitiHcneHHe x In ( q - 1) 

"14" 

BbitiHcneHHe In q _ 

BbitiHcneHHe x In ( q - 1) + In q 

Bbi30B 3HatieHHH In x 

. x In (1 - 1 ) + In q 
BbitiHcneHHe f(x) "' · ---

'r·'' i · '· '·,' · ·. ' Inx'·, '· 

Bo3apaT B rnaaHym nporpaMMy 

IIepexon K KOMaH,ne 03 

Baon nporpaMMbi B MHKpOKaJihKYJIHTop · 3aaeprneH. IIepexo,nHM a aBTOMa­

THtiecKuii pe:>KHM,,IJ;JIH qero Ha:>KHMaeM KJiaBHlllH, F , ABT; ~a6HpaeM 2, 

x .... II 0; 1, x .... II 1; 3, x~ II 2; TeM caMbiM Mbl BBeJIH HatiaJihHbie 

3HatieHHH x = 2, h = 1 H q = 3. Ha:>KHMaeM B/0 , C/II H nepexo,nHM B pe-

:>KHM BblliHCJieHHH . .[{JiH H3MeHeHHH HatiaJibHblX ,IJ;aHHbiX, HanpHMep, Ha q = 4, 

n =30, Ha6HpaeM 4, ·X -+II , 2; 30, x .... II 0; nanee B/0 , C/II 
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