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OCHOBbl TeH30pHOR TeOpHH rpaBHTaUHH 

aG na. 
. Ha nepe,wimi IIJiaH TeopHH Bl:lCTyna.IOT ABa T8H30pHl:lX nOJISJ: 9 H .Lmn• 

Ilepaoe none H8.3HBaeM KOM8TpHtl8CKHM, BTOpoe - ~OHOBl:lM, OrpaHHtrnMCH 
cny-qaeM, KOrAa o6a 3TH nonH CHMM8TpH'tffll:l, T,e. KOrAa 

9 8a = 9 aG, pa. = po. . 
, 11111 11111 ( I) 

IlpH 3TOM ycnOBHH OCT8lOTCH B CTOpOH8 BOnpOCH eAHHOtt TeOpHH nonH ottH-

~a. . . I 
ByAeM. CtmTaTb, tlTO onpeAeJIHTeJib MaTpHllpl ( 9 a ) He' paBeH HYJIIO, 

Trut ~o c~eCTByeT TeH30pH08 none 9 a' ' o6paTHOe KOM8TpHtleCKOM;y 
noJIRl fl a.,C. B TrutOM CJ!yt{ae w pacnonaraeM pHMaHOBOtt reoMeTpHett 
C MeTpHtl8CKOtt ~OpMOR 

H C aneM8HTOM o6~eMa 

tis 2. == 

II II clx 

(2) 

(3) 

TeH30pH08 noJie 9ac H8.31:lBaeM M8TpHtl8CKHM, tiHCJIO N -p8.3M8pHOCTb 
MHoroo6p8.3HH, Kruc H a aimnTefuioBcKoll: TeopW1,noJ1araeM N = 4. 

C noMO~bR) HCXOAHHX reH30pHl:lX noJiett BB8A8M AB8 aqxpHHHHe CBH3HOC
TH: CBH3HOCTb KpHCT~eJIH 

r ~ = .!:.. a as ( o fl ~ o 'o 9 ) mn z -:t m sh + 11 ii sm· - s mn (4) 

H ~OHOBYRl CBH3HOCTb 

V tl: 

r mil 
= r a. 

. Inn (5) 

0TH CBH3HOCTH CHMMeTpHtlHN, HHatle rOBOpH, HX T8H30pH Kpyt18HHH paBHbl 

HYJIRl, Ha HX T8H30p!,l KpHBH3Hbl noHatlaJIY HHKrutHX orpaHHtleHHtt He Hrut
Jl~BaeM. 0HH paBHHDTCH 

V a. 

RmnG 

PacnoJiaran 



. Pacnonarrui: ABYMfi CBH3HOCT.FIMH, ~H KW!t,I\Oro TeH30pHoro nonH 
T MOlltHO coCTaBHTb ABS KOBapHBHTHHe npOH3BOAHbie v T H v T . 

HanpHMep, AnH nonelt (I) OHH paBHbI 

"C = 0 0 aC + I' <l, 9 sl 
V~ & K 4 KS 

·+ r C oa.S 
/CS <I 

v aC OK f]"G 
Vt:,. s~' VK g = + rl<S -f ri 9a.s , 

vi< p:,, ~K Pin: + rk./l..$ P/11$11 
I's pa. 

Km sn 
-rspt:L 

KIi · l>tS, = 
a. V p S ,,. a. + a,. 

V .. p ::: o" p mn r/($ 111h 

V rs pa 
Km Sh 

- fs PP. 
KIi hlS • 

" mn 
Pa3HOCTb AByx KOBapHBHTHhlX npOH3BO~ HBnHeTCH 6MHHeltHOlt ~OpMOlt 

OT TeH30pa aqq>HHHOlt'A~OpMa.QHH 
a. "a a. 

pm/I :; r mn .- r 11111 
(8) 

H A~epeH~pyeMo:i;:o TeH3opa. HanpHMep, 

V 

\7K 
9a.C ~ 9 at = 

a. 

PICS 
st p C as 

9 + /CS 9 
(9) 

B qacTHOCTH, ~H TeH30pa aqq)HHHOlt A~OpMa.QHH (a) 3Ta pa3HOCTb HBnHeT
CH KB8,11.paTH~Olt ~OpMOlt 
v pa.. pa.. pa. ps ps pa. 

VK 11111 - 17x mn = 1< s ,nn - kPI sn 

s a,. 

- Pl<n Pms • (IO) 

BbtlraTM H3 paBeHCTB8. (7) paBeHCTBO (6), no~aeM B AByx 3KBH
BMeHTHb!X BapHBHTax: 

Va. a. pa, 
J?mnC - Rm11C = V,,,, nC 

- V pa. 
h n,j; - p ::,,c , (II) 

V fl., a. 
R mnG -Rm11t 

V a. 
= v,., Pnc 

V a. pa. 
V,, pmt + 111nC , (12) 

r.1te a. 
PmnC 

s a. = Ph,, PSh - PS pa. 
nt sm 

(13) 

3aKOH.H3MeHeHM TeH30pa KpHBH3HbI npH nepexo,Ite OT OAffOlt CBH3HOCTH K 
,ItpyroR. 03 (II) H (12) cne,eyeT paBeHCTBO 

II p II a, pa. pa,. a.-

~ hC. - VH P,.,G + p n,nG = ~ ne - v,; ,,.C - P,,.,,,~ (14) 

cor~aco:arumoe C paB8HCTBOM (IO). 

2 

j 

I 
! 
·r 
i 

i,1 .. 

, TeH30p (7) YAOBneTBOpHeT cne,nyn~ ycnoBHHM CHMMeTpHH: 
va Ya, ._.CL va. ... 4. 

R tnnC + R 11mC = 0 , RmnC + R.tmn + Rn~,., == O. (15) 

TaxHM ~e ycnoBHHM YAOBneTBopmoT TeH30pl,l (6) H (13), a T~e TeH30p!:,I 

a. pa.. 
'il m Pnc - v,., mC. H 

V a. vpa, 
v;_ P,, c - ~ 1u C ·• (16) 

HapJI,Izy C anre6paHqecKHMH TOl!l,D;eCTBBMH (15) HMeIOTCH A~epeH~MbH!,18, 
a HMeHHo: 

17ic R:nc 
IL a. 

+ 17h R,011& + 17m R. l?KC - 0 (17) - ' 

V' V a. V V lt 
V v a., 

VK R mnC + 1717 .R. Kh1 C + tT,,. R111d == 0. (IS) 

J,Jx Ha3HBaIOT TOl!l,D;eCTBaMH BHBHKH - Il8,II.OBa. 

C TeH30paMH KpHBH3HhI (6) H (7) TeCHO CBH3aHbI KOMM;y'TaTOpbl 

v,nn = ~ ~ - v,., vi-., H 
V V V V V 

V:.n = v,,, ~ - t?;, V,., (19) 

B npHMeHeHHH K JII060MY TeH30pHOMY nOJIIO K!liK,ll,hllt H3 HHX AaeT 6MHHelt
HYIO ~OPMY OT COOTBeTCTBYIO~ero TeH30pa KpHBH3HbI HOT ,It~epeH~pyeMO
ro TeH30pa - TY CaMy!O 6MHHeltHYIO ~OPMY, 0 KOTOpolt Bb!Ille lllJla peqb no 
IIOBO,DY onepa~H ~ - 17K • HanpHMep, aHMOrH~O (9) HM8eM 

v,,,n 9,:r{ R ... f/' C !]as = + .R. mns mns (20) 

., .,c .,. a 

9
st II C R.S 

v,,,n fj - R mns + R mns cJ • (21) 

a. 
B qacTHOCTH, nonyqaeTCfi KB8,11.paTH~M ~OpMa ~h R p9C -

" s 
=R mn~ 1? f' r' 

s Ra.. s A. s- ~ 

- R. 1nnp S'fC - ../?. m11i RpsC - .R.mnt' .R.p'fS 

~o CHX nop no CYilleCTBY MH HCXOAHHH TOnbKO H3 ~OpMYn (5) H '(8), 
npeAnOHarrur nHmb, qTO BXOAffi!IHe B HHX aqq>lfflHbie CBH3HOCTH CHMMeTpHqHl,I. 
Tenepb ~e npHMeM BO BHHMaHHe ~OpMYny (4), B Cl1JIY KOTopoR cne,nyn~He 
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npOH3BO,D,HH0 paBHbl eynD: 

VK & ,.g = D , VIC 9'd = 0 (22) 

BJiaro,I\apn: STOMY H3 qiopM,YJibl (9) H a.HMOrHltHOi:I qiopM,YJibl ARll: flac arow-

AHM ,I\pyrHe npOH3B0,I\Hbl0, a HM0HHO! 

V ..,~ a si t as 
V 9 - p ICS 9 +- PIGS fl (23) 

I(. 

V 
s PS 

?°JC 9ae ::;. - P,:a 9sc - . KC 9 as (24) 

BJiarO,I\apn: TOMY lK0 H3 4JOPMYJibl (20) H a.HMOrHltHOi:I q>OpM,YJibl ,I\Rll: 11ae aa

XOAHM, tl:TO 

Ra. 9 st C fl Cl$ ::: 0 + Rmns mttS , 
(25) 

$ .s 
9 Cl,$ == 0 R. mna flsc + R mnC 

J{OK8l!t0M, tl:TO T0H30p 
g 

RmnaC - R ,.,nez. 8 s c (26) 

o6na,D;aeT cne,DyDJIP{M CBOi:ICTBOM: 

Rntmn = RmnaC • (27) 

J{ei:ICTBHT8RbHO, cornacao nepaoi:I H3 q>OpM,YR (15) H BTOpoi:I H3 q>OpM,YR 

(25) HMeeM 

Rmncd + RnMnG == 0 , .R +R. p =0. mnaC mn °4 (28) 

HanHmeM BTOp~ H3 qiopM,YR (15) ti:empeJKW,I, ~KRHtl:0CKH nepecTaBRJl:Jl: HH-

A8KCH: 

1) RmnaC + RamnC + R17a,.,f = D' R +R +R. ==0 3) tlGJ>rh mttfH Gmq11 ' 

2) Rl;nna + RnGma. +RmnCa.. == O, 4) .R,,,,c,,, -+ RCllttM +~011/Jt==O. 

Bl,ltl:HTM H3 BepXHHX 3THX paaeHCTB HHJKHHe, nonyti:aeM 

1,2) B.,,,,,,,e - R,,,,,,R. = Rllmha... + Rnt,',.u .. -.R.,.,.,ne - .Rll¢1H6' , 

4 

t 
·! 
11 
I: 

1 
r, 

TeH30p (7) YAOBR0TBOpn:eT CJI0,DyDJIP{M yCJIOBHJl:M CHMMeTpHH: 
Va V4 V(l_ va,. Ya_ 

R nine + R hmG = 0 , RmnC + l?__cmn + Rn""' = O. (15) 

TaKHM lite ycnoB_Hll:M YAOBneTBopJmT T0H30pbl (6) H (13), a TaKllte TeH30Pfi 

Vm pn: - v,, pni:C H· V et. vpa-
~ P,, C - V: ,,. C · • (16) 

HapJl:AY C Mre6paHti:0CKHMH TOll(AeCTBaMH (15) HMeDTCJl: ,I\HqlqlepeH~MbHble, 
a HM0HHO: 

VIC R :,,c IL 

R_ :KG + vh R,onG + 17},ff ::: 0' (17) 

V v (Z, V V lt 
V v a_. 

VK R mnG + v"l1 .R.KM C + t7,.. R nK{ == 0. (18) 

fuc Ha3HB8IOT TOJ!t,l\0CTBaMH BH8HKH - Ila,D;oaa. 

C T0H30p0MH KpHBH3HhI (6) H (7) T0CHO CBJl:3aHbl KOwyTaTOpbl 

vmn == ~ ~ - vii v~ H 
V V o/ V '-' ~" = v,,, ~ - t7;, Ii,., (19) 

B npHMeHeHHH K RD60MY T0H30pHOMY noJIIO K~ H3 HHX AaeT 6MHHei:1-
HYD 4JOPMY OT COOTB0TCTB~~ero T0H30pa KpHBH3Hbl HOT ,I\HqlqlepeH~pyeMO
ro T0H30pa - TY C8MYl(l 6MHH0i:leyD 4JOPMY, 0 KOTopoi:I Bh1llle lJIJia peti:b no 
noao,n,y onepa~H ~ - vK • HanpHMep, a.HMOrHti:Ho (9) HMeeM 

at R ,._ f/' C as 
lvmn fl = + .R. mns !J ' (20) 

mns 

II .:,C "' a sC " C a:s 
v,,,n 9 - R mns /1 + ~ mnS ,j • (21) 

a. . 
B ti:acTHOCTM, nonyqaeTCJl: KBa,IJ;paTHtl:HM qiopMa ~n R p9C = 

- tL /? s ,S a, - .s a. - s- Ra. 
.:.Jf. mns I' r' - R. mnp Rs'lt ./?.. m11<J. RpsC RmnC · pf.S 

~o CHX nap no c~eCTBY Mb! HCXO,I\HRM TORbKO H3 q>OpM,YR (5) H-(8), 
npe,I\nonarrut RMWb, tl:TO BXOA~e B HHX aqxpHHHb!e CBJl:3HOCTH CHMMeTpHtrabl. 
Tenepb ~e npHMeM BO BHHMa.HHe q>OpM,Yny (4), a CHRJ KOTOpoi:I cne~~He 
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npOH3BOAHhl8 paBHbl HYRBJ: 

VK & &1t = D J 
v,c 9 aC == 0 

(22) 

BJiaroAapJI 3TOM,Y H3 g)opM,YJil,I ( 9) H BHMOI'Htn-IOJ;\ g)opM,YJil,I ARJl fl aG HaxO
AHM APYI'He npoH3BOAHhle, a HMeHHo: 

V ..,t' a. s C 6 a,s 
V ;c fl - P,cs fl + PICS 9 (23) , 

., $ 

flsc 
PS 

P"a - 9 as (24) VIC 9at = - K/5 

BJiarOAapJI TOM,Y JKS H3 g)opM,YJJbl (20) H BHMOI'Htn-IOJ;\ g)OpM,YJil,I ARJl fl.it Ha-
XOAHM, 'CITO 

a. st t fl as = R m11S fl + R mns 0 , 
(25) 

s .s = 0 . R.mna 8sc + R mnG 9 C<,S 

)lOKaJK8M 1 'CITO T8H30p 
& 

R1n11aC - R ;,,ne,.. 8s C (26) 

o6Ra,n;aeT CJI8,D:YXl111HM CBOJ;\CTBOM: 

Rtttmh = .RmnaC • (27) 

)lettcTBHTSRbHO, COI'RacHO nepaoJ;l·Ha g)opM,YR (15) H BTOpo8 H3 g)opM,YR 
(25) HM88M 

Rmncd + RnmaG == 0 , D +R. =0. 
.L"\.. mnaC mnGtt. (28) 

HanHillSM BTOp~ H3 g)opM,YR (15) tlSTHpe~. QHKRH'CISCKH nepecTaBRJlJl HH-
ASKCbl: 

I) RmnaC + RamnC +- Rhf!,.,e ':= D' R +R +R -O 3) aG1>111 1>tlllJ1 Gm,m- ' 

2) Rlrn11a + RnGma +.R1n11Ca.. == O, R -+ R +R -O 4) 11aGM Cnt:tm t:tfJJh<- • 

Bbl'CIHTaJl H3 BepXHHX 3THX paBSHCTB HHJKHHe, OORYtlaeM 

I 2) t? - R = R + R -R .. -1?.~ t' , .Ll.1r1n«t 11,11 /R. llh111a.· 11(;',.,,,_ .,.,.,,,,., ''",.. , 

4 

,; , 

.. 
3 4) .R - R ·- R -t R - R - R 

' t181n11 a C 11"1 - ha Cm C;,,;:011 hla !n !1>1a11 • 

0TCBJAa H H3 (28) CRSAYS.T (27) • 

Cn8AYBJI11H8 KOM6HHaQHH aaCJiyJKHBaBJT cneQHMbHblX o603Hat1eHHtt: 
R. =Rg·· . R. =Ks p. =Ps 

;,,n s mn , "'" s mn , mn s mn 
$ .. 

'i? ,..,, == R. m11 s , ; S? mn = 
cp aC == ( -,, _ p ) at 

r< v,< K. 9 , 
~3 (13) CJISAYST paaeHCTBO 

p .s = 0 
mn s ' 

TaK 'CITO corRacHo (II) HRH'(I2) 

,, Sc 

R_ m11S ~ 

<JJ a= (;j:J aK 

" p -pl1 
et - C01 1 

V' 

S?/1711 2m,, = am Ph 

TaKHM JKe o6paaoM H3 (6) HaJCOAHM, 'CITO 

,,,,11 D CL. 

= 3 _r,.,H J (29) 

pa= 9'''-~ . 

(30) 

'on pm . 
(31) 

2mn =, om .rn; - cJn r,,,s.s • 
(32) 

a H3 (4) CJISAYST, 'CITO 

s i 
9 

as om fl ctS = E _,1. u,,, Z. 
I' m.s - 2 (33) 

Il03TOM,Y 
V 

!2mn = 0 ., <;? n,,, = 0m .F:i - ~ .Ff.; . (34) 

CorRaCHO (15) HM88M 

..Rll1h = _R.h/>1 
.... "' 

2 + .R mn mn 

V 

-R == 0 
n rn (35) 

IlpHM8HJlJl KOMM;yTaTOp 

( vn - ei>f ) r vn - P;, J 
" V 

(~ - Ph) (v,., -.P,.,) 
(36) 

5 



I 

-1 ·· ·.· 

i 
I· 
,1 

II 

K TeH30py 9",f ' COI'JiacHO ( 20) :11 ( 34) noJiyl,laeM 
.,. a.. sC "C sa 

· R "'"s i -1- R 111ns i -
V qi,' 

-1- 2 ,,,,, i . (V -E)cfJ"' (. v -.P.) ,.,-,crt 
m In n - ti'h h ':/:"' 111 

(37) 

HaxoHeQ, Tax Ka.K TeH30p (I3) YAOBJieTBOpHeT ycJIOBHHM CHMMeTpHH 
(I5) :11 ero cJieA (30) paaett ttyJIIO, TO caepeyTIDl: TeH30p 

P 
a.. C == p .. ,, p 

Jnn ,,,., a11 

s 
- ~ p~»h = P,,h1 (38) 

CHMMeTpHtreH. BnpoqeM, Bero CHMM9Tp11qtt0CTH MOJKHO y6eAHTbCH HenocpeA
CTBeHHo. OTOT T9H30p oqeHb BruKeH: qepe3 Hero Bb!pruKaeTCH AeACTB:119 
rpaBHTaQHOHHOI'O nOJIH. IIocJieAH9e Bb!6HpaeM B B~e HHTerpaJia 

~~J~dV, (39) 

I'A9 cl V- aJieMeHT 061,eMa (3), 

~ = fl Jnlt J:,h • (40) 

Bap11aQHH HHT9I'paJIOB THIIa (39) HaxOAHM C noMOI11bIO TeopeMb! raycca: 

J Va, .FCL d'V = f .F· L<. 9.atf d Et_ 
(4I) 

CorJiacHo (II) 

£ == s + ~ ( cpa:~Pa.._J 
,J (42) 

I'A9 
V II 

s ::; Jj 11th s fflH 
~ 

S -:::R. 
117'1 MM 

- .i. {R + .R. ) (43) 
,2_ inh /1M • 

IlpHMe.Hrul TeopeMy(4I) :11 npeHe6perM aap:11aQHHMH Harpatt11Qe HHTerp:11poaa

HHH, OTCIDAa HaxOAHM 

5 e =: 0 Js dV = Jr S,,,11 - ; s !J,.,.,)S"f/""clV~(44) 

)lo6aBJIHH K (39) A9~CTBl19 HCTOqttHKOB, npl1XOAHM K ypaaHeHHID 

6 

1/ 

'.+ 

.. 
l 

I 
t ,• 

S'",, - f S 9,,," 
8r,f 

:::: ----;-
c T,.,h . 

Ilp11 Bb!BOAe tpOPMYJIN (44) ytlTeHa aap11aQHH 061,eMa (3): 

o' d V · _; ...: .!:._ { a tS' Q mh ) d V. 
Z . o lnlt rJ 

(45) 

(46) 

Ilp11 I'JI8,ll,Kl1X OT06pruKeHl1ffX o6JiaCTl1 l1HTerp11pOBaHHH, He 3aTparHB8D-

11111X ee rpattHI.lpl, HHTerpaJIN 

:JI= J fjaCRat' dV 11 

V 

;/{' =Jgacl?.Q, clV (47> 

He M9HHIDTCH. Bap11aQHH nepBOI'O 113 HHX paBHa 

SJ/=: j(.R,.,
11 

+/(~nr -Rac<Yal#nrn)t'9m"dV •(46) 

IlOACTaBJIM CIDAa np0113BOA~ ]:11 OT KO'.MeTp11qecKOI'O T9H30pa, paB~ 

J'9""n :=!;SOS 3'"" - '9Sh OS t"" - 9-""'S ,:;IS t-"' = 

SIi 

== - 9 ~ t"' 8 mS ~ t n' 
(49) 

11 np11M9HHH TeopeMY (4I), ffOJiyl,laeM 

t .JI== jt,,. ~ c/11 
( R,,,,, + R ,,,,,, - Rae 9"t 9,,,in) d V. 

d (50) 

8Ta aap11aQ11H AOJIJKHa 6b!Tb pru3Ha ttyJIIO. IIoaTOMY 

v's flsn (.Rmn + Rn,,, - fe.at 9"'' .f ,,,,,,) == Q. (5I) 

qTO KacaeTCH BTOporo 113 HHTerpa.nOB (47), TO ero nOJIHM Bap11aQHH paBHa 

J' :f{ ;:::: 1 Jr ihl,, -1-Rhh, - i,d 1 ,?~ ~ JHH ><Jg''"' c1 v -

- j 0 :_" J-/:: cL V 7 

(52) 

I'Ae 
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;,,11 rri mn .L (·l""h m d r, + ,1-,11 0 ;,,) 
0 = '-.f'-/ - -2 '-:f-/ . a '-cf-/ ez • 

a:. a. 
(53) 

(IlpH BNBO~e ~OPMYJIN (44) ~OHOB8JI CBR3HOCTb He eapbHp0B8JlaCb ! ). 
qT06N BNBeCTH ~OPMYJIY (52) 'H~O ~OKa3aTb paeeHCTBO 

J f v c/ V j no, cf.;::;~ V 
Sa tS .R.a., == - ea. 1 "'" cl , <54> 

CorJiaCHO (I2) HMeeM 

Va_ 

OR m11C 

.... V 

=· v' tf'l .... a. 
,,. nC 

V V 
17 0 ra.. 

11 ./. mC 
(55) 

IloaTOMY 

«f v aC v "' ,.. ,r f v v ,., 

9 J'Rac = 9 v",., s.raC - g ~ ~r,,,t' • (56) 

Tenepb 3WJeTHM, qTO ~JIR RI06oro eeKTOpHoro noJIR F ,., 
ht V D ,.,, v,., F = f P,:, - .r;.,J.F . 

(5?) 
1H - I ,!;,, 

IloJiarM E = .9" J 1a.i , no TeopeMe (4I) MN MOJKeM oT6pocHTb HH-

TerpaJI no dV OT CKaJIRpa · 

V p a.G V;,, • at rn"' •l' ... r-r_Ju 
(t7,., - "')(9 dr:c) = cp;,,, 01aG + i ~ 0 · ,:d • (58) 

Ilo T0:11 JKe IlpHqHHe MN MOJKeM OT6pOCHTb HHTerpaJI IlO c/ ·v HOT CKaJIR-

pa . V V ,_ 

v ,1, .... ""') rF,' s-r"' .:rt .... 1"r7"" 
(Va.-_e){3 tS'JIHI = ':c-' u · mC + !J ~ O.i ml' • (59) 

0TCIO~a YJKe JieI'KO nonyqaeTCR ~OPMYJia (54). Kruc qacTHl,Il\ cnyqa,tt, npH 

pa. = 0 H3 (54) noJiyqaeM ,.,,,, 

J f)ai tS"f?ac d'V = 0 (60) 

BNBe.JIB ~OPMYJIY (52), no~cTaBHM B Hee npoH3BOAHYJO RH (49) H npoH3BOA
HYIO R:li_OT ~OHOBOij CBR3HOCTH, paeeyio 

8 

,, 

,> 

.:~ 

.. 

= 
Va. 

81-,.,,, 
l Q. Va, 

r}J11 ah 5 + t S 'r{ r,.,,, ., "' a. 

+ 1s11 
a. -~Q. s ~s a. 

a..., t + J Ins ,Jh t - I:,,, ds t = 
V 

V V 

== v'. 17 ~a.. 
}H 11. ';;:, 

$ ,J "'- • 
+,!; fls11-1n (6I) 

B pe3yJibTaTe nonyqHM . 
(' V ,- V Q/ s:;r ==J t"'~ gs" (R.ffl/1 +-I?,,,., - !cot' 11 9nrh) clV 

-JelH" (v ?: ~a.. + <'-s .i a. ) c/V a ,., 11 '7 ~ S ,.,,,, 
(62) 

IlpHMettflR ~OPMYRJ (5?) K eeKTOpHOMY nOJIIO 

F 
h't /HII V a_. a V P. ,,. 11 

= ea. v,, t - t r ~ - ,,) ea.. , 

HaxO~HM 

F
M /nh V V R.. 

v,., =· e a,. 17,., i;: t ta rrf,.. -P,..Jrtf, -P;. J 0:" 
G.neAOBaTeJibHO, no TeopeMe (4I) 

J 
"'" v v J v D v 11111 d V 0 a. t1;., 17n ,t a. d V == ,t a. ( tr"'- - r,., ) { v,. - .P,, ) 0 a. 

IlOACTaBJIRR 3TOT pe3yJibTaT B (62), npHXO~HM K TO)K,I\eCTBY 
G .,,. v .,. rs ) 

Vt 9 n { .R~n + Rnt:, - Rrs fl fl<t,, == 

,:= r .;;,, -P"' Jr v~ -P,,; e :,, + 
8;.,,'1 .Rs 

s . · amn 
(63) 

~TM, qTO AeRcTBHe HCTO~HKOB He 3aBHCHT OT eb16opa ~OHOeoij 

CBR3HOCTH, KaK H B TeopHH 8ijH111TeRHa, HMeeM 

17 9
th T ~ O 

8 a 11 • (64) 

IloaTOMY B CHRJ TO)K,I\eCTB (5I) H (63) H3 ypaeHeHHR (45) nonyq~eM CJieA

CTBHe: 

V .P._ v h-,'7 . "'111 V ,S 

(v',., - ,.. ) ( 'vh -P;,) ea. . + e s R a Ml? = 0. (65) 
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H3n0~8HH8 TeH30pHon TeOpHH rpa.BHTB.QHH 38.KOHtmM HBnHCBHH8M TO~

A8CTBa 

a"1 r-a ,t;il2. v P. [Uan r-hcpa rf-11712.J 
29 S,.,s-Sag-vc =(p;,- n>· C -1-ac -'-t-'c '(66) 

rAe 

Cea= cp ;,,,n a. (" a.) r-a. 
G { P,.11; - .e O 11 - £ O f ' (67)· 

u tYl1 

. C -:::::: a ;,spa. - as p"' 
d BS 9- Cs +-

+ 8; (cp 11-PJ - cs-; ( cpt:r. - PQ,). (68) 

3TO TOJK,Il,8CTBO H8TPYAHO AOKaaaTb HenocpeACTB8HHO. 
~BHHOe H3R0~8HHe OPHOBBHO Ha CTaTb.fIX aBTbpa /I-4/_ 0630p npe,l],bl

~HX pa60T CM. B /I/. 

MMMeHTapH~ 

f!Hqero He roBOpMOCb Bb!We HH O CTeneHH rn~KOCTH, HH O CTeneHH 

MOJKHOCTH TononorHqecKon CTPYKTypbl AH44J8p8HIJ;HpreMoro MHOroo6pa3HR. 
Trut BOT, H3BeCTHO, ~o CHMMeTpHlfflYIO aqq>HHHyJO CBR3HOCTb MOJKHO s~aTb 
Ha KaK yrOAHO CROJKHOM, HO AOCTaTO~O rn~KOM MHOroo6paaHH. ~encTBH
T8RbHO, Ha TaKOM MH8roo6paaHH CYII\8CTByeT nonO~HT8RbHO onpeAeneHHoe 

CHMMeTpH~Oe none flac (TeopeMa YHTHH), a 3HaqffT, H CBR3HOCTb KpHC
ToqxpenR 

V r/2. 
11111 

J. V V -'- - a as ( a Q 2 d In QS/1 

V " 
-+ o,, //sh! - os 9 11111 ) • (69) 

){yJ{e o6CTOHT Aeno C M8TpHKon (2). IlOA06HO M8TpHKe_IlyBHKape - MmntoB
CKOro, OHa AO~Ha 6HTb M0TpHKon HOpMa.JibHOro rHnep6onHqecKoro THna, 

a noTo/$ ~accMaTpHBaeMoe MHOroo6paaHe AOnJKHO AOnycKaTb none Hanpa.B
neHHn • I. 

~ a. • 
CBR3HOCTb r Ha3HBaeTCR 3KBHaqq>HHHon / 7,8/, eMH BCDAY 

Ha MHoroo6paaHH 
V 

S? mn 

V $ 

= RmhS 

8 TaKOM cnyqae CBepeyTHn TeH30p KpHBH3HbI 

10 

o. 
(70) 

i 
'· 

j 
~ 

l 

CHMMeTpHqeH, H6o 

V 

R rnn 

V 

Rnm 

V $ 

_ R smn 

" Rmn = 

(71) 

~ 

V 

S? mn (72) 

3KBHaqq>HHHyB) CBR3HOCTb MOJKHO 3~aTb Ha Jm60M AOCTaTO~O rn~OM MHOro
o6paaHH, nOCKOnbKY Ha Ta.KOM MHOroo6pa3HH MOJKHO 3~aTb A8l!C8 KpHCTO!p
~eneBy CBR3HOCTb (69). 

Va 

CBR3HOCTb f",,,n Ha30B8M nonynpHMHTHBHon, 8MH ee TeH30p KpHBH3-

Hbl YAOBReTBOpReT YMOBHD 
V• V 

Rtn11 + Rnm = 0. (73) 

B 3TOM cnyqae 

S mh = .R mn , (74) 

ypaBHeHHe (45) COBila.r(a8T C ypaBH8HH8M anH!llTenHa, a yMOBHe (65) YAOB
neTBOpReTCR aBTOMaTHqecKH. •HecMOTpR Ha 3TO AO TeOpHH anH!llTenHa e~e 

Aa.JieKo. 

Va,· 

CBR3HOCTb I' 11111 Ha30BeM 

pa.BeH eynD: 

npHMHTHBHOH, 8MH ee T8H30p KpHBH3HbI 

V 

R 
a, 

111nC 
= 0. 

PeweHHe 3Ton CHCTeMH AH44JepeH$8.JibHb!X ypaBHeHHn OTHOCHTeRbHO 

HaxOAHTCR cne~IIIHM o6paaOM. IlyCTb 

(75) 

" ra ,.,,, 

:~ a. a. . .t , ,v) X =f'(x,, ... ,,x ~ 
a € (':L ~ .. ·, H} , - (76) 

HeKOTOpM CHCTeMa CK8.JlffPHHX ~YHKIJ;HH C RK06HBHOM 

I 'of a / ox e I :/: 0 (77) 

B TaKOM cnyqae peweHH~ CHCT6MH (75) YAOBR8TBOpReT cne,DylOllleR CHCT8M6 

RHH8MHHX a.nre6paHqecKHX ypaBH8HHn: 
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N' 

E 
S=J 

... 
-u1a rs - "'" 'i) ,xS 

= 
'c/2/~ 

ex"' i).X;, 
., a€ {~, ... .,,;j . 

(78) 
CHcTeMY 4JYHKI:1Hll (76) MOJKHO Bb16paTb 3a HOBYJO KOOPAHHaTHYJO KapTy. B 
3TOll KapTe ace K03q>q>H[IHeHTbl qJOHOBOll Crul3HOCTH paBH!,I HYJJD. 

ECJJH a KapTe (76) 38,ll;aTb q>OHOBYJO MeTpHKY c nocTO.IIHHHMH KOMnOHeH

TaMH .Mat' , TO a KapTe x ee KOMilOHeHTbl 6y~T paBHb! 

v _ M '8j' K a/ e 
fl a G - Kt ~ pX~ • (79) 

KOMilOHeHTbl lite q>OHOBOll KOMeTpHKH a KapTe .::n 6y~T paBH!,I 

• ;as = JvJ· P'1 
1JX<t. uXS 

iJfr a/'l ' (80) ' 

j>I< .r-1" 
np11t1eM J1 Ml(f = Uc • Mfi MOJKeM BlflmCJll1Tb KOMnOHeHTbl q>OHOBOll CB.fl3-

HOCTl1 no q>OpM;YJJe KpHCTOq>q>eJJH (69). ~epeHI:IHPYH (79), nonyt1aeM 

_,, ,2 IC "-f' e 
Q v { ;J,t< ~ /" i/ " } - = M - -~--. + ~ "' ,r 8:c"' 9a& 'Kf fJx·' f).z·'"/Jxei. t}:r .~.x fJa· • 

CneAOBaTeJJbHO, 
'<>zl e 

j_ ( V V V ,'Jl,C 

2 
am ~S/1 -1- 0n 9 SM -

0s 9 ,,,,.) = !'1Ke 'i? ,a.x'" ax'' •(81) 

YMHOlKM 3TO Ha (80), HaJCOAHM KOMnOHeHTbl qJOHOBOll CBH3HOCTH 

~a. cJ.xac ;;"".;:e 
1 ,.,,,. = aje '2J.X"" lJx" (82) 

OtleBHAHO, OHH YAOBJJeTBOpmoT CHCTeMe a.nre6paHt18CKl1X ypaBH8HHll (78). 
3~etraT8JlbHO' tlTO B Cnytlae M8TpHKl1 (79) tlHCJ!a Mat 113 4JOPMYnhl KpHC

TOq>q>eJJH ( 69) Bb!na,D;a.IOT • 
Bwa,n;ruoT OH11 11 113 yCJJoBHll 

. a. ,....n p CL 0 
cj) = g . ,.,., = ' (83) 

08Hat1a.IO!lll1X, tlTO KOOpAHHaTbl (76) HBJl.fIJOTCH rapMOHHtleCKHMH OTHOCl1T8JlbHO 

M8TPHKl1 (2), rrocKOJJbKY B AaHHOM cnyt1ae 

a - ,.,,, ~ v . T - r = ~ Q ~ 
{

"' a ,.,zrt' ~; ,._ 

cp - 9 J/ e -ax'" ax·,.. ,.,.,,. . 8/'s :f • (84) 

rAe a f - AHq>q>epeH[IHa.nbH!,11\ napBMeTp BeJJbTpaMH BTOporo poAa/
9~ 
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YCJJOBIUIM (83) 6011bmoe 8Hat1eHHe rrpHAaeT A.A. JloryttoB /IO/, pac

cMaTpHBSJJ ~ KaK o6a3aT8JlbH08 ypaBHeH11e AJJH MeTpHK11_(2). 
BecbMa HHTepecHa ero ~ea o Heey11eaoll Macce noKoa rpaaHTOHa. 

II011arSJJ, ~o ·acn~ Ha MHoroo6paaHH 
v P, rm,, = 0 ., 
I 

(85) 

Mb! Ilpl1XOAHM K TeOp11H rpaBl1Ta(IHl1 SllHmTellHa. IlpH 3TOM Bb!pBllteHHe AJ!ff 

TeH30pa (67) nepeXOAHT B Bb!palK8Hl18 AJIH nceBAOT8H30pa 3Hepr1111 rpaB11-
Ta[IHOHHOro nOJJH. TeopHD rpaa11Ta[IHl1 SllHmTellHa Ctll1T8lOT npl1H[IHnHa.nbHO 
HeJJoKa.nbHoll /III, yrrycKM 113 B~ Heo6xOAHMOCTb BBeAeHHH B TeopHD qio
HOBOll CBH3HOCTH. 

B TeOpHH SllHmTellHa JIOK8.1!113a[IHa 3HeprHl1 3aBHCHT OT BH6opa'KoOpA11-

HaTHOll CHCTeMbI. CTpaHHOe AeJJO, He rrpaBAa JJH? BeAb TeopHH-TO B03HHK-
JJa 113 JKeJJaHHH Cq>OpMyJJHpOBaTb 3aKOH!,I ripHpOro,t He3aBl1CHMO_OT Bbl6opa KOOp

AHHaTI ,I:lellcTBl1TeJJbHO, tlHTaeM: 
' ~ . ' 

"CorJJaCHO TeOpH11 OTHOC11TeJJbHOCTl1 3aKOH!,1 rrpHpOAJi Heo6XOAHMO 
q>OpMyJJHpOBaTb He3aBHCHMO OT KaKoro-111160 KOHKpeTHOro Bb160pa 

KOOPA11HaT, Ta.K KaK Cl1CT8Me KOOPAl1HaT HHtlTO pea.nbHO CYll18CTBYJO
~ee He COOTBeTCTByeT: 0 npoCTOTe r11noTeTHt18CKOrO 3aKOHa 
MOJKHO CYA11Tb TOJJbKO no ero o6~eKoaapHBHTHoll qiopMyJJHpOBKe"/I2/. 

BBeAeH11e qJOHOBOll CBff3HOCTH (XOTH 6bl 11 B npHMHTl1BHOM BHAe) npH

AaeT TeOp11H rpaBHTa[IHH SllHmTellHa JKeJJaTeJJbHYJC) o6~eKOBapHaHTHYJO q>OpMy. 
B npocTellmeM BapHaHTe noJJytraeTCff TaK, tlTO rpaBHTa[IHOHHOe no11e OKa-
3b!BaeTCff 38,ll;BHHb!M B tleTblpeXMep~OM a!ppl1HHOM MHpe. 

A.A. AoryttoB/IO/ aa,n;aeT rpaBHTB.L.'llOHHoe no11e B M11pe IlyattKape -
MliHKOBCKoro •. MoJKHO,OMfaK0,38,ll;aBaTb rpaBHTa[IHOHHOe noJJe 11 B MHpe noc

TOffHHOll HeeyJJeBOll KpHBH3Hbl. B TaKOM CJJyqae q>O~OBSJJ CBH3HOCTb rrpeACTaB
JIH8TCH B BHAe (69)' rAe MeTp11t1eCKl1ll T8H30p flac HMeeT CHrHaTypy . 

(1, -J, -1 , -t), H ee T8H30p KpHBl13Hbl paBeH 

,/ «,. v sa. V lit%) 
Rmnf = I{ ( ~ ... c n - 9nc '" , <86> 

rAe I{,:::: canst -MHpOBSJJ KpHBH3Ha. /r ?epayio ot1epeAb aaCJJYlKHBaeT BHH
MaHHH MHp Jlo6a~eBcKoro c MeTpHKoll I 3 
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( ch 2 J:.) c z d t 2. 
IC 

d r 2. - { 1c 2 sh 2 r) ( dB + s/,,28 )d'f' 2. 
I< ' 

H MHp ,n,e CHTTepa c MeTpHKOH /l4/ 
(87) 

!:e [ d0
2 

- sin 2 c; dt2. - ~z.1; th/' - a'~:,J. <
88

> 

B nepBoM CJIYllae K == - k -2. , BO BTOpOM CJIYllae /( =- R.-2
• MeTpHKa 

(87) ,~a,n,rum Ha npocTOM MHOI'006p83HH, a MeTpHKa (88) - Ha HenpOCTOM. 
IToaToily MeTpHKa (87) 6JIHJ!(e K MeTpHKe IlyruiKape - MliHKOBCKoro, qeM 
MeTpHKa (88). 3aTO BBe,n,eHHe ~OHOBOH MeTpHKH (88) ITO3BOJIReT nocTpOHTb 

Teopmo rpaBHT~HH B ycJIOBHmc, IlPH,KOTOp!:DC 3HH!IlTeHHOBCKM TeOpHR rpa
BHT~H He;:i;eil:CTBHTam.Ha. PaBI-U:,!M o6pasoM B 3THX YCJIOBHIDC H8,I1;8il:CTBH
TeJibHa H JIOI'YHOBCKM TeopHR rpaBHT~H. KBK 3HH!IlTe8HOBCKHH, TaK H JIO

I'YHOBCKHH no,n,xo~ K TeOP,HH rpa.BHT~H ,n,onyCTHMbl TOJibKO Ha KJIH~Op,n,o
BblX MHOI'006pasHmc / 3 , 151, K qHcJiy KOTOpNX I'Hnep60JIOHA ,n,e CHTTepa He 

OTHOCHTCH. HanpoTHB, Bbllll9H3JIOJK9HHNH T9H3OpHblH no,n,xo,n, C HenpHMHTHBHOH 
~OHOB08 CBR3HOCTbID 6es KpyqeHHR ,n,aeT BO3MOlKHOCTb nocTpOHTb Teopmo 
rpaBHT~H Ha JIID6OM MHOI'006pasHH, B TOM ~cJie, KOHe~o, H Ha I'Hnep6o
JIOHA8 ,n,e CHTTepa. 

B 063ope pa6oT IT.A. Ilh1poKoBa, cocTaBJieHHoM B.n. nanTeBhlM, ~TaeM: 

"B pa6oTe[II} (1925) BnepBble Bbl,ll;eJieH H qaCTH~O HCCJI8,IJ,OBaH 
B9CbMa B~ KJiacc npocTpaHCTB, TaK Ha3b1Baewe CHMM8TpH
qeCKHe npocTpaHCTBa, xapaKTepHsyeMble o6panieHH8M B HyJib 
KOBapHaHTHOH npOH3BO,D,HO8 TeH3Opa KpHBH3Hbl, B noCJie,D,yID~He 
I'O,IJ,pl BruKHOCTb 3TOI'O KJiacca npocTpaHCTB 6blJia IlO,IJ,TBepllt,Il;eHa 
HCCJI8,IJ,OBaHHHMH MHOI'HX reoMeTpOB~ KpynHe8mH8 ~paHcy3CKH8 
MaTeMaTHK 3, KapTa.H npHmeJI K 3THM JK8 npocTpaHCTBaM, pas

BHBM Teopmo noJiynpOCTblX rpynn, B KOTOpo8 OHH HI'paIDT cy
~eCTB8ffHYID pOJib, B pa6oTax IlOCJI9,IJ,HHX JieT CaMOI'O IT.A. Ilh1: 
pOKOBa CHMMeTpHqecKHe npOCTpaHCTBa no,n,BepI'JIHCb BCeCTO
pOHHeMY 1'13yqeHIDO; np~eM paccMaTp_HBaJICR CJiyqaH H 3HaKO

Heonpe,n,eJieHHOH MeTpHKH, CBR3aHHblH co 3Ha~TeJibHhlMH Tpy,n,-
HOCTHMH 11 

[ 16, C, 12], 

PesyJibTaTbl pa6oT a. KapTaHa no Teop'H CHMMeTpHqecKHX npocTpaHCTB 
npe,n,cTaBJieHbl B c6opHHKe ero cTaTeR 171. 

ITO,D,~HHM H Mb! ~OHOBYID CBR3HOCTb yCJIOBIDO 
V V C<. 

VK _R 11'711 C = Q (89) 

14 

ITOHRTHO, qTo 3TOMY YCJIOBIDO y,n,oBJieTBOpReT CBR3HOCTb (69), 8CJIH ee TeH-
3Op ropHBH3Hbl pa.BeH (86). . ,, . 

'o6paTHMCR.K TOll(,ll,8CTBY (63). B pa6oTe /l8/0HO 6wro ,D,OKM!IHO He

nocpe,n,CTB8HHO. ITonyTHO TaM ,IJ,JIR KOB9KTOpa 
V . V 1"1'1 * t"1h O $ 

$ == ( t7'. - P. ){ V, -.P. ) 0 + 6 .S Jl. trhlh a, , n, 1n n 11 a (90) 
6b1JIO Ha8,IJ,8HO BblpWK9HH8 

. V V 

v O [ ms ( R + .R )] _ ns ., · "" 0 = ('7111 -J.-m) 9 sa as 9 ~ R,,s. 
a . . (91) 

3HaqijT, He TOJibKO npH YCJIOBHH (89), HOH npH 6oJiee 

V V V 0 
CJia60M YCJIOBHH 

vi<.' ( R,,,,11 +R,,111) == . (92) 

KOB8KTOp (90) pa.BHR8TCR 

e· a, 

., " s 
= { Ras + Rsa.) cp • (93) 

TaKHM o6pasoM, 

BHA: 

npH ycJIOBHH (92) CJI8,1J,CTBHe (65) npHHHMaeT npocTOH 
V · V $ • 

(Ras + R.s,a ) cp = 0 • 

B CJiyqae ( 86) 
\,' V . V 

Ras+ R,sa. == 2(1-!0K 9 as 

H CJie,D,CTBHe (94) O3HaqaeT 
V cps 

K ias = 0 . 

CJre,n,oBaTeJibHO, eCJIH I{=/: 0 'TO CJI8,D,CTBHe (96) O3HaqaeT, qTQ 
,IJ,OJllKHl,I BblilOJIHRTbCR YCJIOBHR 

qJ a. = 9"'" p_ a. 
""' 

= D. 

(94) 

(95) 

(96) 

(97) 

TaKHM o6pasOM, B o6OHX CJiyqMX (87) I{ (88) YCJIOBHR (97) O6R3aTeJibHbl. 

MeTpHKa ( 87) B npe,n,eJie k - 00 nepeXO,IJ,HT B MeTpHKY 

c. 2 clt 2 
- dr 2 

- r 2 (c/6
2 + st';,zf:Jc/'f'

2
)" (98) 

ycJIOBHR (97) nepeXO,D,RT B YCJIOBHR (83), a CBH3HOCTb (89) nepexo,n,HT 
B CBR3HOCTb (82)' r,n,e ~YHK~H f e paBHbl 
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}
0
= t, .f.

1
=rsln0eo:.'f, J'z=rs/h0s/i1r.p / 3:::rcos8 

' '(99) 
CorJiaCHO (83) H (84) 9TH.®'ffi{QHH ,ll;OJDKHl,l Y,ll;OBJI8TBOpRTb ypaBH8HHIO 

b.f==O, 
· (IOO) 

I',11;8 0 f -,11;l$pepeHQHaJibHbrlt napaMeTp BeJibTp8MH ,ll;JIR MeTpHKH (2)' onHCh!Ba
D~eA I'paBHTaQHOHHOe noJie. 
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qepHHKOB H.A. 
3HHillTettHOBCKaH ~eopHH rpaBHTa~HH c ToqKH 
speHHH TeHsopHoro aHannsa 

P2-90-399 

B 3HHillTettHOBCKOH TeopHH rpaBHTa~HH C CaMoro Haqana 6b1Jl 
IIOTepml op;HH HY)KHblll reoMeTpnqeCKHH O61,eKT - q)OHOBaH CBH3-
HOCTb; 3Ta .orrnomHOCTb, 6poCHB TeHb Ha TeHsopHblli aHanns, 
rropop;nna rrceB,D;OTeH3OPHYID cy6KynbTYPY, BeH~OM KOTOPOH 
HBHnCH rrce?p;OTeHsop 3HeprHH rpaBHTa~HOHHoro rronH. BBep;e-' 

. HHe q)OHOBOH CBH3HOCTH IIO3BOnnno IIOCTPOHTb TeHsopHyID Teo
PHID rpaBHTa~H 6es HenoKannsyeMbIX q)H3HqecKHX O61,eKTOB. 
HsnaraeMaH sp;ecb TeopHH rpaBHTa~HH cop;ep~HT 3HHillTettHOBC-

/ U V • ' 

KyID KaK qacTHblH cnyqan. 

p a6oTa BbIIIOnHeHa B J1a6opaTopHH TeopeTHqeCKOH q)H3HKH 
OlliU'. 

Coo6U1eHHe 06'bep;HHeHHOr0 1HHCTIITY'fa .RA,epHhlX HCCJieAOBaHHH. ,Uy6Ha 1990 

IIepeBop; r.r.CaHp;YKOBCKOH 

Chernikov N.A. 
Einstein's Theory of Gravity from 
the Point of View of Tensor Analysis 

PZ-90-399 

In Einstein's theory of gravity'an important geometri- 1 

cal object, the background connection, was lost from the 
outset. This carelessness, having put tensor analysis in 
a bad light, generated a pseudotensor subculture that was 
crowned with "pseudotensor energy" of the gravitational 
field. Introduction of the background connection allowed 
the construction of the tensor gravity theory without 
nonlocalizable physical objects. Einstein's gravity theo
ry enters into the·expounded'gravity theory as a particu
lar case. 

The investigation has been performed at the Laboratory 
of lheoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear ,Research. Dubna 1990 


