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Tecnyv ·CB.ff3b MelC.lly cynepcuMMeTpuett u · cToxacTuqecKuwt 
npoueccaMu BnepBbie aaMeTUIIU B pa6oTe llapuau. Cypna [.1 1. Onu 
nawnu, qTo narpanl!man, onucb!Bar:mJ,utt MapKOBCKUtl npouecc · c 
noTenuuaiibH~MU cunaMu, oonanaeT cynepcuMMeTpuett. UeHTpaiibHOe 
M8CTO B :3TOtl CB.ff3U 3aHUMaeT T. H. OT06pallteH~I8 fuiKOIIali [21. J!II.ff 
cynepCUMM8Tpuqnofi KBaHTOBOfi M8XaHUKli OTQ6pallt8HU8 fuiKOIIaU MOllt8T 
. unTepnpeTlipoBaTbC.ff . KaK cToxacTuqecKufi npouecc [ 31 c 
I~cnoiib30BaHlieM ¢opMaiibH~x cBottcTB liHTerpanoB· nq .nyTsrM. Ono 
noHI~MaeTcsr KaK npeoopaaoBaHlie ooaonn~x KOH~urypauutt nonett, TaKoe, 
qTo a) oosoHHaH qacTb narpanxuana B ¢YHKUliOHaiibHOM liHTerpane 
npencTaBII.ff8TC.ff B rayccOBCKOM Bune; 
6) HKOOHaH npeo6pa30BaHU.ff COBnanaeT C ¢epMUOHH~ neTepMUHaHTOM. 

TaKUM o6paaoM, nocne UHTerpupoBanusr no ~pMUOHH~ nonsrM 
~yHKUUOHaiibHblit UHTerpaii llpUHUMaeT ray~COBCKUit BUn. 3TO CBOitCTBO 
Bb!paJKaeT TOT ¢aKT, qTO 8BKIIUnOB ¢YHKUliOHa1IbHbltl liHTerparr 
npencTaBII.ff8T ll1IOTHOCTb BepOSITHOCTU CTOXaCTUti8CKOrO' npouecca [ 41. 

Baxnhw npuMepoM, Korna oTo6pallteHlie HuKorrali ·nsBecTHO 'B .ffBHOM 
Bune, srBrrsreTC.ff cynepcuMMeTpuqnasr KBaHTOBasr MexanuKa. B qacTHOCTli, 
B paOOTaX .[5-81 uayqena 3aBliCUMOCTb . OTOOpallt8HU.ff fuiKOIIaU OT 
rpanuqHbiX ycnoButt. B aTux pa'OoTax nocTpoeHbl oTo6pallteHusr HuKonau 
nnsr KBaHTOBO-M8XaHHqeCKMX CHCT8M C MarHHTH~M TIOII8M H TIOKa3aHo,qTQ . . 
accouuupoBaHH~e c HUMU cToxacTliqecKue npouecc~ srBII.ffiJTC.ff 
MapKOBCKliMU npOU8CCaMli C llOT8HUliaiibHbiMU CUIIaMU. 

B nannott pa6oTe Mbl paccMoTpuM caM~tt o6mi~tl cnyqafi MarHUTH~ 

nonett B nByMepnott cynepci~MMeTpuqnott KBaHTOBOtl MexaHliKe 11 nonyqliM 
OT06pallt8HU8 fuiKOIIaU B .ffBHOM BUne. 

MN oyneM ucxonuTb 
raMUIIbTOHUaHa: 

U3 ~nenyvw.ero. 

. H=1/2lCp-aJz+V+Ua
3

1, 
.rne a- MaTpi~ua·naynli. 

H8p8II.ffTUBUCTCKOrO 

(1) 

3 ' 
YpaBH8HU8 lllpenunrepa nnsr CUCTeW, onucb!BaDw.ettcsr :3TliM 

raMUIIbTOHUaHOM, UM88T BUn: 
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1at~=l/2C-~+aa+2iaij+iija+V+U~3 )w, 
nepexon~ K eBKnnnoBy cny~an t---ir, nonyqHM 

arw=l/cC~-aa-2iaij-iija-v-u~3 Jw, ccJ 
nepennrneM C2J B Bnne: 

arw=l/2C~+2Aaij+Aija+A2a2 -V-U~3 Jw. c3J 
YpaBHeHne C 3) nony~eHo ll3 C 2) noncTaHOBKOH A-- -i .. 

flocnenmie ypaBHenna npencTaBn~DT KoMnaKTHYD · 3annch ypaBHeHnfi 
nn~ KOMIJOHeHT cmmopa W ll W' . 0Hll nony~aiJTC~ noncTaHOBKOii 

. + ' 1 2 ' 
( -1)J 1 (j =1, 2) BMeCTO ~ . 

3 

CB~JKeM ypaBHeHne C3J c ypaBHenneM <PoKKepa-llnanKa nn~ 

CTOXaCTlltJ:eCKllX npou.ecCOB: 
arP=1/2Ca +a JP-a CK PJ-a CK PJ. t4) 

XX YY X . X Y y 
YpaBHeHne ¢DKKepa-JmaHKa OIJllChlBaeT MapKOBCKllll CTOXaCTll~eCKllfi 

npou.ecc c P-nnoTHOCThD·Bepo~THOCTll cnyqafiHOfi. Benn~llHhl rCx,y) B 
MOMeHT r. 3nech BeKTop R=CK ;K )Ha3UBaeTc~:BeKTOPOM npefi¢a. CM. 

X y . -
·nonpo6Hee B l9J. 

flpencTaBnM P B Bnne P=e¢~ •. Torna nna w nony~nM cnenyDmee 
ypaBHeHne: 
ar~=1/2Ca· w+2a ¢a ~+a ¢~+ca ¢J 2 w-ca K w~cK a ¢~-2K a w+a w+ 

XX X X XX X . X X X X X X yy 
+ca ¢a ~+a ¢~+ca ¢J 2 ~-2a K ~-2K a ¢w-2K a ~). C5J 

Y Y YY Y Y Y Y Y Y Y 
Ecnn BhlnonnanTc~ ycnoBn~: 

ax¢-Kx=Aax 
a ¢-K =Aa 

y y y . ·t a K +K2 +a K +K2 =V+UC-1JJ 1 

a=Ca ,a J· 
X, y 

X X X y y y j =1,2 I , 

C6a) 
(6b) 
U::lc) 

TO ypaBHeHU~ (5) ll (3) COBrranaDT. MOJKHO IJOKa3aTb, ~TO STU ycnOBllR 
MoryT BhlrrOnHRThCR ll nna. He cynepCUMMeTpll~HO~O IJOTeHU.Uana V+(-lJkU. 
CCooTBeTCTBeHHo 6yneT cymecTBOBaTh oTo6paJKeHne HnKonanJ. 

BupaJKaa ll3 C6aJ u C6b) K n K. n noncTaBiiaa B C6cJ, c 3aMeHofi 
¢ X y . 

A Ha -i , Mbt BnnnM, ~To e RBnaeTc~ perneHneM c HyneBofi aneprnefi 
ypaBHeHna: 

H~=O, H=1/2£C-iij+a) 2 +V+U~ ). C7J 
• . 3 

K Bonpocy 0 HaXOY~eHUll ¢YHKU.llll ¢ nna cynepcnMMeTpnqHofi 3ana~n 
sneKTpOHa B nByMepHOM MarHIITHOM none Mhl BepHeMC~ HllJKe. 

PaccMoTpnM ypaBHeHne C4J. B HarneM cny~ae BeKTop npefi¢a 
3annrneTCR KaK R=ij¢-Aa. B 3aBUCllMOCTll OT BennqnHhl IJOTeHu.nana a 
MOJKHo npoBecTn Knaccn¢nKau.nn Monenetl <PoKKepa-IJnaHKa 
C-Aa-cTaunoHapHaa cKopocTh npett¢aJ. Pa3nn~anT cnenJDmne cny~an: 

2 

I . lJ a=o 
2J ija=o. a:<'o 
3) ija;to. 

IlepBhlii Knacc onnchtBaeT npoueccu c noTeHu.nanhHbiMU · cnnaMH 
C R =ij¢J n paccMoTpen B ll L Gny~art 2 pa3odpaH B l8]. Mhi :xte cefi~ac 

paccMoTpnM oc5mmt cnyqafi , ~- , ne HaKnanUBaa · onpeneneHHhlX 
oq:iaHn~enm1 na Benn~nHy rrOTeHu.nana l cTaunonapnyD cKopocTh npefi¢aJ. 
flpUBeneM TaKJKe anbTepHaTl!BHYD B03MOlKHOCTh OIJUCaHUR CTOXclCTU~eCKUX 
MapKOBCKllX npou.ecCOB nn¢$epeHUllanhHb~li ypaBHeHURMll: 

r=R+n. c8J 
B naHHOM cnytJae n rrpencTaBnReT T.H. rayccoBCKllll denb~ rnyM l9l. 

floKaJKeM cefi~ac, '-ITO ypaBnenue 
oTodpaJKeHna H1monan nn~ eBRJlH,IIOBa 
PaccMoTpnM cynepcnMMeTpwmyn cncTeMy 

~ ~ 

C8J nna A=-i nrpaeT _ponh 
¢YHKU.llOHanhHOro nHTerpana. 

c raMUnhTOHnanoM C1J. BBeneM 

KaHoHntJecKne onepaTopbi r n p u onepaTopht poJKneHna u yHntJ:ToJKeHn~ 
"'+ ....... ''+ ,, 
~ u ~. {~ ,ljl}=l. 

3annrneM H= IIH2 · ~~~~ B snne _ _ ,, " 
. H=l/2C -a J 2 +l/2C~ -a Ja-tC l/2JV+C l/2H~. 111+ JU. 

1 1 ~-'z 2 'f" 

G noMouthD cTannapTHhlX MeTonoB l 10,11 J nna aMnmtTynhr nepexona B 
eBKnnnoBOM BpeMeHn r=it nony~nM 

Ik =<.R; k IRo: k > k =1, 2 HyMepyeT $ePM.UOHHhlfi ceKTOp, 
N 

I =lim f n dr. (1/2rr~)N+ 1 JNx 
k N~oo i = 1 1 k . 

• 
xe.xp[~~1 d1/cCc~P~r11 J/~J 2 -i/2((r 11-rf.1 )/~)caf.lcr J+a11cr J)+ j=1 J J-1 J J-1 . J J-1 

+l/2VCr~_JJ] 
J ' 

rne ~=t/CN+1J, rN+1=R, r
0

=Ro n. 

(
+1 t+1 [ . . 

JNk=J n dC 1 dC~)gkexp -L: ~ c~ccc .-c. ·J/~J-Cl/cJucrjJ(*c. -=1 1 j=1 J J J-1 . J J-1 

-cv2Jucrj+1 n;cj]). 

3 



· 3.necb (. u ( * . i =0 ,1, ... , N+ 1-napbl rpaccMaHOBbiX nepeMeHHbiX, · 
1 1 ' 

gk -BeJIUtJUHbi, co.nepJKa114ue rpaHUtJHbie ycnoBnSI: 
g =expC -( *( J. g =expC -( *(r

1 
J. C 9J 

1 0 0 2 0 +1 

Tenepb Ik MOKHO aanucaTb TaK: 

Ik=fDrCt' JD(*Ct' JD(Ct' Jexp(-t£ctt' )gk<.(<.OJ,(CrJJ, C10J 
r.ne f=£ +f eCTb cynepCUt-<MeTpUtJHblll narpa.HJKUaH.' COOTBeTCTBYJJUliiH H: 

1 2 0 0 0 •• 

f =C l/2Jr11r11-i r 11aiJ+C l/2) V. · . 
· £

1 

=(*c -a/at' -UJC . 
2 . .J 

Hoene UHTerpupoBaHnSI no rpaccMaHOBbiM nepeMeHHbiM nonytJuM: 
R T 

Ik=LDrCt' JJk£rCt' Jlexp(-J£ dt'], c1u 
Ro . . OTI 

JkCrJ=fD(Ct' JD(*Ct' Jexp(-l£
2
dt' )gk. C12J 

0T06paJKeHUe HUKOJiaU .nnR cPYHKUUOHaJibHOro UHTerpaJia (10) eCTb 
3aMeHa r-n, KOTOpaSI y,noBJI8TBOpSieT YCJIOBUSIM: 1) JiarpaHJKUaH £ 

• . 2 

CBO,nUTCSI K KBa,npaTU'mOH c)iopMe; 2) • .F!K06UaH npeo6pa3oBaHUSI COKpamaeT 
JkCrJ. fpaccMaHoBo UHTerpupoBaHne .naeT: 

· N+1 

J~:exp(-Cl/2)£ ~ C-1JKUCr.JJ, 
. j =1 . J 

(13) 

r.ne ytJTeH TOT c)iaKT, tJTo paaHntia Mel!C,ny 
npu N- oo. 

£U( r. ) U £UC r . ) HUtJTOl!CHa 

C.nenaeM aaMeHy: 
n1 =x-K 

0 l( 

n2 =y-K , 
.. y 

J J-1 

B03MOJKHOe ,nUCKpeTHOe npe.ncTaBJI81!Ue 3TOfi 3aM811bl UMeeT B:H,n: 
n'=Cx.-x. )/£-K cx .. ;y J 

J J J -I X J J 
n2 =Cy -y )/£-K ex. ;yJ) j=l,2,. 0 .N+t I 

J •J 'J-1 0 y J 

r.ne x =Cx. +x )/2; y =Cy. +y. J/2. 
J . J J-1 J . J J-1 

HKoduaH aaMeHbl aanuweTcSI B Bune: 

N+1 

llaf/aDII= n ldettan./ar J l-1 

j :'1 J J 

detc aD >ar ) =C l/£2 JexpC -C l/2)£( axKx +ayKy) +0(£2
)) • 

J J. 
flpHtJ8M MHOJKUTeJib l/£2 BKJIIJtJHM B Mepy UI!Terpl-!pOBaHUSI. 
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B IIOBbiX nepeMeHHbiX: . . 
Y. ,..<. l/cJ<. n'+n_'-K~-K""y-+V+cxC Kx-iaxJ+2yCKy-icz_,J. 

1 l 2 0 . . ,Jt 
. IloTpedyeM cefitJac axKx +afy=V-K~ -Ky. +t -D U. 

3To ypaBHeHne coBnanaeT c ycnoBHeM C6cJ. H3 C6aJ 1-1 C6bJ nocne 
3aMeHbl A Ha -i UMeeM: 

K -ia..=a ¢ X --x X 

. Ky-i~=ay¢· 
TaKnM odpaaoM, doaoi!Hblfi narpaHKUaH 

£ =Cn2 +n2 -K2 -K2 +V+2¢J/2. 
1 1 2 X y 

HTaK, nonytJaeM coKpameHne 

CBO,nUTCSI K 

RKo6naHa npeo6paaoBaHuSI, 
neTepMUHaHTa Jk II tJJieHa -K~-Ky+V 
UHTerpan · npu aToM cBonnTcSI ·K 
H~TPHBUaJibHbiX rpaHHtJHbiX ycnoBHH). 

B narpaHKUaHe. ~YHKUUOHaJibHblH 

rayccoBy Bu.ny Cc ytJeToM 

BepHeMCSI cefiqac· K Haxox,neHUIJ c)iyHKUUU OCHOBHOro COCTOSIHUSI 
cynepCUMMeTpUtJHOH 3a,natJU 31I€KTpOHa B nJIOCKOM _MarHUTHOM none. nn$! 
aToro pewnM aa.natJy C7J c V=O, U=Ca a -a a JCrJ. · 

. . 1 2 2 1 

3anuweM raMUJibTOHuaH aa.natJu cne.nyJJmuM o6paaoM: 
. * * H=Q2 /2, T.e .. H =A A/2, H =AA /2

1 . 1 2 . 

r.ne A=-ia ~a +iCia +a J, H.=CC-iQ-aJ 2 -C-1JJbJ/2, b=a a -a a 
11 22 J 1221 

Onpe.nenSIR A KaK A=-ia +a -iCia -a), npu.neM K 
• ' - - 1 . 1 2' 2 

H=CC-i'i7+a) 2 +brr )/2. 
3 

PerneHue aa,natJU HaXOl!C,n8HUSI OCHOBHoro COCTOSIHUSI (HyneBoro 
pewem!SI) cBo,nnTcSI K peweHuiJ cne.nyJJmux ypaBHeHuli: Atp=O, A*l/J=O C.nnSI 
o6oux ceKTbpoBJ. 

PaccMoTpuM Al/}=0 u npe.ncTaBnM "' B Bn.ne l/}=erP, nonytJ~M: 
-ia,¢+a, +a

2
¢+ia

2
=0. 

Tipe.ncTaBnRSI ¢=¢ +i¢ • nonytJuM 
• 1 2 

ll¢, =a, a2 -a2al 
fl¢

2 
=-a, a, -a

2
a

2 
: 

B 3aruirotJeHne npuBe.neM · nocTpoeHue oTo6paJKeHuSI HnKonau nnR 
,nByMepHOfi TOtJHO pemaeMOH cynepcnMMeTplltJHOH 3~atJU aTOMa BO,nopo,na· 
[12l. H=_(p2 +W' 2 +CW''+W'/r)rr -2lW' /r)/2, 

. 3 

B panuanbHbiX KoopnuHaTax· · 
"' " , ~, , '"' . . H=Cp2 +Cl 2 -l/4J/r2 +W 2 +CW +W /r)rr -2W l/r)/2. 

r 3 

YpaBHeHne illpenuHrepa npuMeT Bun "' ... r- 1 
/

2 l/J: 
· iatlfl=Cl/2JC-arr-l/C4r2 J +W' 2 +CW"+w' /rJrr

3 
-2w' /rC -ia

8
))ip. 
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CooTBeTCTBYD~ee ypaBHeHHe ¢oKKepa-0naHKa HMeeT BHn: 
aTP=arrP-"2+a88P/t2r2 J -areA; PJ -a8cA~PJ, 

rne 
Aj =-C -1 J j W 1 + 1/C 2r J, 

1 I 

AJ=-A.W /r 
2 < • 

j =1, 2 HyMepyeT c(lepMHOHHh!fi CeKTOp. CTOXaCTHtieCKUe nnqxpepeHU.Uanbl!hJe 
ypaBHeHtUI B 3TOM cnytJae llpUMYT BHn: 

• . I ' I 

r=-C -lJJW +l/C2rJ+n\ .-1 

B=-"A.W 1/r+n2 /r. 
EBKJmnoB KnaccntJeCKiifi narpamrJilaH 

• • • I . 1.1 I 

£"=C-r2 -r 2 82 +2irBW +1/C4r2 J-CW +W /r)cr J/2.· 
E 3 

CooTBeTCTBYKJ~aR do30HHaR tJaCTb npencTaBHTCR cne.nyn~HM odpa3oM: 
£ =-C C r-C -lJ k W

1 
-1/C 2r J ) 2 +C rB-i W1 

J2 -l/C2r2 J -2rC -lJ k W
1
+r /r-

1 
-c-ukw'/rJ/2. 

oTodpa~eHne HnKonan npnMeT npocTofi Bnn: 
. n1 =r-C-1JkW'-l/C2r) 

n2 =re-i w'. 
B nonHofi aHanorHn c npe.nhlny~nMn BhJtJucneunRMH . MO~Ho noKa3aTb 

COKpa~eHHe RKOciUaHa npeodpa30BaHH$I C COOTBeTCTBYKJ~HM 

<flepMHOHHh!M ,lleTepMHHaHTOM Jk, TaK '~TO tPYHKU.l!OHanbHhlfi HHTerpan 
CBOnHTC$! K rayCCOBY' Bnny. 

no.ncTaBnRR cynepnoTeHu.nan 3a,llatJH aTOMa Bo.nopo.na L12J 
W=(a/k)r, llOJIYtJHM COOTBeTCTBYD~ee ypaBHeHHe 4JOKKepa-IJnaHKa: 
aTP=arrP/2+a88P/C2r2 J -arc c l/C2rJ -ac -u.i /kJPJ -a8c -"A.aP/kJ 
H HCKOMOe OTOclpa~eHHe HnKonau: 

n1 =r.-c~1)ja/k-1/C2rJ 
n2 =r8-ia/k. 

TaKHM oclpa30M, B .naHHOfi paclOTe norrytJeHO OTodpa~eHUe HHKOJiaH B 

KBaHTOBOfi MeXaHUKe C tflepMHOHHOH CTeneHbKJ CBOdO,llhl. !1oKa3aHO TaK~e. 

tJTO B KBaHTOBOfi MeXaHHKe cy~eCTBOBaHHe 3TOrO OTOcipa~eHHR He 

TpedyeT uanntJHR cynepcnMMeTpnn. Ha npnMepe ·· 3a.natJH · 3neKTpoua 

B .llByMepHOM MarHHTHOM none llOKa3aHa CB$!3b cynepCHMMeTpHH CO 

CTOXaCTHtJeCKHMH MapROBCRHMH npou.eccaMH Han6onee oclm.ero BU.lla. .HBHO 

BhlllHCaHo OTOcipa~eune HliKonaH 'U COOTBeTCTBYD~ee ypaBHeHlle 

4JoKKepa-llnaHKa .nnR 3a.nat~n Kynoua B .nByMepnn. 

·6 

ABTOphr rrrydoKo drraro.UapHhJ B. I'. KanhlweBcKoMy n A. o. I'oBopKoBy :3a 

BeCbMa norre3Hhre oC:cy;r.,neuuR. 
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