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BBEL!EH~E 

OnpeaeneHMe yHMTapHoA rpynn~ npeo5pa3o8aHMA 5epeT c8oe Ha
Yano OT npeo5pa30BaH~~ nosopoTa Ha eBKfl~AOBO~ nflOCKOCT~. ae~cT-
8MTenbHO, rpynna SO(Z), aeAcT8y~a~ Ha A8YMepHOM 8e~eCT8eHHOM 
npocTpaHCT8e, M30MOp~Ha rpynne U(1) - YHMTapHOA OAHOnapaMeTpM
YeCKO!Ii rpynne 8 npOCTpaHCTB€ KOMnneKCHbiX Ylt1C8Jl. ll,aJlbHeiliwee 
o5o5~eH~tte 3Tit1X rpynn CBH3aHo c ysen~ttYeH~tteM Y~ttcna lt13MepeH!ttili 
npOCTpaHCT8a: rpynna TMna SO(M) OCTa8n~eT MHBapMaHTHOA AnMHY 
M-MepHoro 8e~eCT8eHHoro 8eKTopa, a rpynna TMna SU(M)- AnMHY 
M-MepHoro KOMnneKCHoro 8eKTopa. B HacTo~~eA pa5oTe Mbl npeAnara
eM o5o5~eHMe SO(Z)- • U(l)-rpynn Ha TaK Ha3bl8aeMble N-yHMTap
Hble rpynnbl npeo5pa3osaHL!1Vi N-MepHbiX Beli.leCTBeHHbiX seKTopos, oc
Ta8n~~•e MH8apMaHTHbiMM OAHOPOAHble ~OPMbl N-A CTeneHM cneljManb
HOrO BL!1,aa. 

MnpMljbl N-yHMTapHbiX rpynn npeo5pa3o8aHMA MMeiOT 3KcnoHeH
L1•anbHoe npeACTa8neHMe • 8 o5~eM cnyYae 3a8MC~T OT.N-1 napa
MeTpo8. 3neMeHTbl 3TMX MaTpMlj aHanorMYHbl ~YHKljM~M KOCMHyca-cM
Hyca, ~•rypMpy~MM 8 MaTpMljaX rpynnbl SO ( 2) . 

EcnLII s ocHose Teopvtlt1 YHV1TapHbiX rpynn neH<IIIT aHaJ1V13 KOMnneKc
HbiX YMCen, TO 8 OCH08Y TeopMM N-yHMTapHbiX npeo5pa3o8aHMA 3a
KnaAb1BaeTC~ aHanM3 anre5pbl ljMKnMYeCKMX YMCen. 3AeCb 8801~TC~ 
TaK~e aHanorM noH~TMA aHanMTMYHOCTM (N-aHanMTMYHOCTb) M 18Y
MepHoro onepaTopa nannaca (N-nannacMaH). 

B 111 Ha ocHo8e 3-yHMTapHbiX npeo5pa3o8aHMA 5blna npeano~eHa 
nporpaMMa nOCTp08Hit1~ reoMeTpltt!tt Itt KBaHTOBOVi M€XaHit1Kit1 C MeTp!tt
KOA Ha Ky5MYeCKMx ~opMax. noao5HbiM cnoco5oM Mo~Ho noCTpOMTb 
reoMeTpMIO • K8aHT08YIO MexaHMKYHa ~opMax cTeneHM N,npMMeH~~ 
TeopMIO N-yHMTapHbiX npeo5pa308aHMA. 

/lanbHeAwee o5o5~eHMe N-yHMTapHbiX rpynn COCTOMT 8 nepeXOAe 
K 5onbWeMy (YeM N) YMCny M3MepeHMA. nyTb K peanM3aljMM 3TOA 
nporpaMMbl neH<IIlT yepe3 nepexo.a oT anre5pbl U,lt1K11L!1YeCKVIX YVIcen 
K anre5pe /lMKCOHa 12.3/, a oT Hee- K anre5paM, o5o5~a~MM an
re5py Kn•~opAa Ha ~YHKljMOHanbl N-A. CTeneHM 14 • 51 . 

1. 0/lHOPO/lHbiE N-MEPHbiE lj~PKYn~HTHbiE N-<llOPMbl 

ljMpKyn~HT Cl(N) - MaTPML1a pa3MepHOCTM (NxN), MMeiO~a~ N He-
3aBVICL!1MbiX rmeMeHTOB c

0
, c

1
, ... , CN-l' pacnOJlOH<8HHbiX TaK, YTO 
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k-~ CTpOKa nonyYaeTC~ OT nepBO~ CTPOK~ nyTeM ~~Kn~YeCKO~ ne

peCTaHOBK~ k-1 3neMeHTOB cTpoK~. TaK~M o5pa30M, CI(N) ~MeeT 
B~A 

CI(N): 

c2 • • • c N -1 

Cl ••• CN-2 

c3 • • • Co 

( 1. 1) 

Mbl 5yAeM ~ccneAOBaTb OAHOPOAHYIO N-$O_JJMY J( N ( c0 , c) , cocTasneH
HYIO V13 KOMnoHeHT N-MepHoro seKTopa C ( c 0 , c 1 •••• eN _ 1 ), TaKytO, 

YTO 

J(N(c0 , c):= det(Cl(N)). ( 1. 2) 

noCTpOeHHYIO TaK~M cnoco5oM N-<j>opMy 5yAeM Ha3biBaTb l.\~PKYmHT
HOI/1. 

Bbln~weM a KaYecTae np~Mepa l\~PKYn•HTHYIO <j>opMy Am N = 3 
~ N= 4: 

J(() 3333 3 Co ,C =CO +Cl +C2- COC1C2 

( 1. 3) 

N-1 

Cl (N) = c0E + :!: Cna", 
n=l 

( 1. 4) 

E - eAL<H~YHa• MaTPL1l\a nop•AKa N. 
nocKOnbKY aN = E , TO C05CTBeHHbiMVI 3HaYeHVI~ML!1 a ~Bn~toTCs:! 

KOMnneKCHble YL!1Cna, paBHble KOpHIO N-1/1 CTeneH~ OT eAV1HV14bl 

N--v 1: = exp (i2rrk/N), k = 1 ,2·, ••• , N. 
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0503HaY"M Yepe3 ~ np"M"T"BHbiL-i KOpeHb "3 ea"H"~bi: 8= exp(i2"/N). 
Toraa e, e2 , 0 3 , ... ,eN= 1 HBnH~TCH co6cTB€HH~M~ 3HaYeH~HM~ 
MaTpV1l...J,bl a. 

3Ha51 C05CT8€HHbl€ 3HaY€H!I15l oQpa3yfOUI€ii1 MaTpVIl.~bl, nerKO Han\.11-
CaTb B~pa•eH"e anA k-ro C05CTBeHHOCO 3HaYeH"A anA C!(N) . 0HO 
VIM€€T B!ll.ll 

N-1 
' ~ cek)n. 1\k=Co+.:.. en 

n "'1 
( 1. 5) 

,L),eTepMVJHaHT MaTPLI1L..\bl Bblpa~aeTOI Yepe3 npo'V13B€tl€HV1€ C05CTB€HHbiX 
3HaY€H!I1ii1. noaTOMy 

N-1 
( .,. ("k)n). c 0 + ..... en v 

n == 1 
( 1. 6) 

np"seaeM e~e oaHo none3Hoe s~pa•eH"e an• HN(c0 ,c) , nonyYeH
Hoe s 13/: 

N-t 
HN(c0 ,c) ~ :E 

r= 0 

A1 +2A 2+ ... (N-1)AN-t 
:E e 

i\o+ ... +AN-1 =Nr 

O<A. < N - ,_ 

N -1 

[] 0 N-1-A 
s = 0 s 

l1"PKYnAHTHYIO N-<f>opMy Mbl npeanaraeM s KaYeCTse o5o5~eH"" 
asyMepHoL-i KaHoH"YecKoL-i KsaapamYHoL-i <f>opMbl Ha <f>opMbl N-L-i CTeneH". 
Ecn111,cneno cneAYH sHewHeii1 aHanor111111, onpe,llen!I1Tb N-¢opMy KaK cyM
MY N-x creneHe~ KoMnOHeHT M-MepHoro seKropa, ro o5o5~eH!I1e era
Her HeB03MO>HHbiM. B 3TOM cnyYae Mbl norep51nvt 5bl rnaeHoe - csoe1-
crso V1HBapV1aHTHOCTVI OTH001TenbHO rlV1H€MHbiX npeo5pa30BaHLt1~, o5o5-
~a~"X npeo5pa3osaH"" T"na nosopoTa. 

2. AniE6PA ljMKn~YECK~X Y~CEn 

Anre5pa ~"Kn"YecK"x Y"c.en N-ro nop~aKa Cic(N) , Ha Haw 
83 rnHtJ,, HBns:JeTOI Henocpe,a,CTB8HHbiM 0505l1.18HI!18M KOMnneKCHbiX YVICen. 
EAV1HCTB8HHoe, YTO npLil 3TOM OKa3brsaeTCH noTepRHHbiM, TaK 3To npa
so Ha3bJBaTbC5l 

11
noneM YVICen

11 
8 CVIny OTCYTCTBVI5l TeX Hi€ CBO~CTB 

tJ,eneHVI5l, KOTOpbl€ Mbl Ha5ntotJ,a8M y KOMnneKCHbiX YV1Cen. Q,llHaKO .llnR 
nocTpOeHI!15l reoMeTpl!tVI VI KBaHTOBO~ MeXaHVIKI!t Ha N-¢opMaX, rtJ,e ~VIK
n!IIY8CKVI8 YVlcna 5yt~,yT BbrnonHSHb ponb, aHanon1YHyro pan VI KoMnneKc
Hbrx YII1Cen B Tpa,llVILJ,1!10HHbiX T80pV1j:~X, 3TO 

11
npaB0

11 
H€ 5ytJ,eT VIM8Tb 

KaKoro-nVI5o 3HaY8HVIR. 
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B KaYecree Oa3vtCHblX eAI.-1HI.-1~ anreOpbt BblCTynaiOT creneHI.-1 e, 
rAe $N = e , e - eA~H~lja anre6pbl. L(~Kn~yecKoe Y~cno B 3TOM 6a-

3V1Ce V1MeeT BV1A nOnii1HOMa OT 8: 

N-1 

Z = •a + !. 
n=l 

a 0 
, a

1
, aN _ 1 - eell.lecreeHHble YV1Cna. 

YTsepH<AeH~e 1 

( 2 .1) 

Ecn~ X(x0, x1 , ... ,xN_1 ),Y(y0 , y1 , ... ,yN_1 )<;;Cic(N), 

TO XY <;;Cic(N) , a KOMnOHeHTbl Z=XY 6yAyT BbipaH<aTbC" cjJOpMynaM~ 

N-1 

ZO =XOYO+ n:-1 (XnYN-n +YnXN-n)' 

( 2. 2) 

d ~k = 1 ecm1 m + k = n V1nl.-1 m + It= n + N , 

- e ocranbHbiX cnyYas:Jx 

illopMynbl ( 2. 2) nonyYaiOTC" np~ nepeMHOH<eH~~ BblpaH<eH"~ s ABYX 

CK06Kax 

N -I 

(xo + !. 
n""l 

V1 npV1paBHV183HI.-1V1 Bblpa>t<eHV1V1 npl.-1 OAVtHaKOBblX CTeneHs:lX 8. YYVITbiBas:l, 

YTO eneN-n ~ 1, nonyYI.-1M 8blpaH<eHI.-1e Ans:l Zo, a V1M8s:l 8 BVIAY, YTO 

em e k = f,ln ' ecnVl k + m"" n V1nVI k + m = n + N. 

(m+k)<N, 

nonyYVIM Bblpa»<eHV!e Ans:l zn . 

Anre5paVlYeCKVle ceoV1crea ~VlKnV1YeCKVlX YVlcen xopowo Vl3eecr

Hbt171. Mbl 3A8Cb ocTaHoBVlMCs:l 5onee noApo6Ho Ha ceoV1creax YMHo

H<eHVls:l, AeneHVls:l VI onpeAeneHVls:l MOAYns:l 3TVIX YVIcen. nns:l Hac TaKH<e 

BBCbMa 83H<HO TO, YTO OHVl VlM810T 3KCnOHBH~VlanbHOB npeACTaeneHvte. 
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Ll,nH KpaTKOCTVl 8 ,llanbHeLi1WeM LJ,VlKnlll4eCKVle YVICna Mbl 5y,lleM Ha3blBaTb 
a-Y~CnaM~. 

Cso~CTBO 1°. Ecn~ z1 ~ z2 t;;Cic(N) ' TO Zs = Zl+ z2t;;Cic(N) . 
Cso~cTBo 2°. Ecn~ X ~ Y t;; Cic (N) , TO z =. XY.;; Cic (N) . 3To 

YMHO~eHVle aCCOLJ,VlaTVlBHO Ill KOMMyTaTVlBHO. 

3aMeYaH~e 1. 

Vl3 ycnoBII1H a = E cne,llyeT, YTO MaTplllLJ,bl {a, a 2 , ... , aN-1 , E l 
TaK~e MOryT cny~~Tb B KaYeCTBe 5a3~Ca a-y~cen. noaTOMy B 3TOM 
5a3~ce npo~3BeAeH~e z = XY Mo~eT 5b1Tb pacKpbiTo TaK: 

N-1 

C zo + :S: 
n=1 

N-1 

= (x0 + I 
n=l 

N-1 
a0 x

0 
)(y

0 
+ I 

n=l 
a"y ) n • 

3AeCb $aKT~YecK~ Mbl ~Me eM npo~3BeAeH~e AByx LI~PKYn"HTos: z = xY. 

(2.3) 

TaK~M o5pa30M, Ka~Abl~ CTOn5el.l LI~PKYn"HTa Y nepeBOA~TC" B COOT
seTCTBYIOII1~~ CTon5el.l l.I~PKYn"HTa Z. CTOn5l.lbl Li~PKYmHTa COCTOH 
1113 KOMnOHeHT COOTBeTCTBY~VlX ~-Y!IlCen. 

OnpeAeneH~e. 

l(-4Lo1CnO Z(zo, z
1 , ... , zN_

1 
) Ha3bJBaeTCH HyneBblM, ecnl-1 z 0 =0, 

z 1 = 0, ... , Z N-l = 0. 

YTsep~AeH~e 2. 
nycTb z f. 0. TorAa Am onpeAeneH~" y ~3 paseHCTBa Z= XY 

1\0CTaTOYHO, YT05bl det (X) f. 0. 
CornacHO 3aMeYaH~IO 1 Z = XY MO~HO ·npeACTaB~Tb B B~Ae Z=XY. 

0TKYAa cneAyeT, YTO Y =X -1 z . Ho An" cylljeCTsosaH~" o5paTHO~ 
MaTP~l.lbl x-1 AOcTaTOYHO BblnOnHeH~" ycnos~" det (X)= 0. Ecn~ X 
~ z - LI~PKYn"HTbl, TO x-1 ~ y- TaK~e LI~PKYn"HTbl. CneAOBaTenb-
HO, Y- a-Y~Cno. . 

3aMeYaH~e 2. YpasHeH~e Z = XY ~MeeT CMbiCn ~ np~ det( X) = 0, 
ecn~ z,=, 0. TaK YT,o Y = 0/X cneAyeT noH~MaTb KaK peweH~e ypas
HeH~" XY = 0 , del X = 0. 

OnpeAeneH~e. 

nycTb a-Y~cny z conocTasneH LI~PKYn"HT z. Ben~Y~HY z I= del( z) 
5yAeM Ha3bl8aTb MOAyneM a-Y~cna Z. 

OnpeAeneH~e. 

nycTb zce•), ( k = 0, 1, ... ' N-1) ~Y~Cno, onpeAeneHHOe 
8 5a3~ce te•, ce')2 

' ce•) 3 ' ... ' ce•) -1 'll: 

5 



l(-y~cna Z ( 1), Z ( 8), Z ( 8 2), ... , Z ( 8 N-l) 5yAeM Ha3bl8aTb 83a~MO
conp51Hi€HHbiML-1 l{-YvtcnaMIIl. 

C8o~CT80 3 a. 

Ecn~ Z = XY, TO 

IZI ~ IXIIYI. 

3aMe«aH~e 3. 

~M66TCJ.1 OAHO cy~eCT86HHO€ OTnL-14111€ M6HiAY ABYMJ.1 cnyYaHMvt, Kor
Aa N-YeTHoe 111 KorAa N- HeYeTHoe HaTypanbHoe Yvtcno. 3aKn~YaeT
CH OHO 8 cneAYIOlljeM. nycTb 11, e, 8 2 , ... , eN-1 I- nonHbl~ 5a3~C 
anre5pbl Cic(N). TorAa ecn~ N- He«eTHoe, TO 5a3~c 11, ek, 
(8k)2, ... , (Ok)N-1 1 (0 <k<N) ecTb TaKH<e nonHbl~ 5a3~c anre5-
Pbl Cic(N) .LlnH «eTHoro N 3To yTSepH<AeH~e He ~MeeT c~nbl. 

YTBepH<AeH~e 3. 

MoAynb l(-y~cna Z pa8eH 

N-,1 

IZI~ n Z(8k). (2.4) 
k~O 

3To pa8eHCT80 cneAyeT ~3 onpeAeneH~H 1 z 1 = det( z) ~ ~3 pa-
8eHCT8a ( 1. 6). 

OnpeAeneH~e. 

l(-Y~cno ~ Ha3bl8aeTCH eA~H~YHbiM, ecn~ I~ 1 = 1. 

YT8epH<AeH~e 4. 

Ecn~ AnH <!JYHK1.1~~ f(x) ~MeeT CMbiCn pa3noH<eH~e 8 PHA Te~nopa 
B OKpeCTHOCTVI TO'-tKLII X = 0, TO Bblpa>HeHlAe f({}) TaK/fle vtMeeT CMbiCn, 

np~YeM 

N-1 
f ( 8) ~ F 0 + n: 

1 
F n 8 n . ( 2. 5) 

noACTa8~M 8 8MeCTO X B npeAcrasneH~~ f(x) B 8~Ae PHAa Te~
nopa. nonyY~M 

r (e) ~ 1 
k~O 

'k 

<~~.) 8k. 
axk x= 0 

(2.6) 
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nocKOnbKY f) N = 1, TO efN + m =19m , m < N . Ho nto5oe HaTypanbHOe 
k MO>+<eT 5b1Tb npeAcTasneHo 8 8"Ae k =fN + m , m < N. 05beA"H~~ 
8 ( 2. 6) 8blpa>t<eH"~ np" 0A"HaK08biX CTeneH~X 6, nonyY"M ( 2. 5), 
rAe 

/N f(x) 
Fo ~ '.~o (-.,-. -::-,· --) ' ax'N x=O 

/N+m f(x) 
(-----) 

axeN+m x=O 

m=l,2, ...• N-.1. 

( 2. 7) 

' 
8 AanbHe~WeM Mbl WV1p0KO 5yAeM tr1Cnonb30BaTb :9KCnOHeHL\111anbHble 

¢YHK~"" cneAy~~ero 8"Aa: 
N -1 

exp(8ql)=g0 (q\,0,. • .,0) + ~ e"gn (q\,0, ••• ,0), 
n=l 

c-~k~ N-1 k exp(Bkq\)=g
0

(0, .. .,¢, ... ,0)+ l: (Bk)ng (6,. . .,¢, ... ,0) 
n=l n 

N-1 
exp(~Bk¢)=g(¢,¢, .... ¢ )+ k=l k 0 1 2 N-1 

N-1 
+ ~ 

k=:l 

k Bg(¢,¢, .... ¢ ). 
k 1 2 N-1 

~CHO, YTO a-YV1cna 
M" 1{-y~cnaM~. 

neMMa 1. 

N-1 
exp (8k¢), exp( ~ 8k¢k) "8nH~TC~ eA~H~YHbl

k= 1 

nycTb ~ - eA~H~YHOe 1{-Y~cno. TorAa ¢yHK~"~ ln(~) ecTb /{
Y"cno 5e3 eA~H~~bl. 

N-1 
Pa3nara" ln(~) = ln (~ + ~ e" ~ ) 

0 n= 1 n 

N-1 
ln ( ~ + ~ 

0 n::: 1 

N--1 

e" ~ ) = <Po + ~ 
n n=1 

N-1 

e" ¢ . 
n 

no e 8 P"A re•nopa, nony-

Ho exp ( ln ~) = exp ¢ exp ( ~ en¢ ) = ~ . nocKOnbKY ~ - eA~H~YHOe 0 n= 1 n 
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l.(-Yli1Cno, TO exp ¢ 0 = 1. B Clllny Bel4eCTBeHHOCTll1 KOMnOHeHT 17 , ¢ 

OTCK>Aa ~Me eM ¢ 0 = 0. 
BecbMa sa}t(HbiM csoV!cTBOM eAli1Hli1YHoro KoMnneKCHoro y~cna s:~sns:j

eTcs:~ B03MO}t(HOCTb npeAcTasneHli1R era s Bli1Ae 3KCnoHeHTbl. noKa»<eM, 

YTO eAli1Hli1YHOe l.(-Yli1Cno TaK~e npeACTaBli1MO 8 Bli1Ae 3KCnoHeHT~. 

YTBePlt!AeH~e 5. 

An• eA~H~YHoro U-y~cna ~ ~MeeT MecTo cneAy~ee npeAcTasne-

en¢ ) • 
n 

nycTb ~ ~MeeT B~A 

N-1 
17:=1'/ + l T/ fl. 

0 n==l n 

( 2. 9) 

~3 onpeAeneH~" ~ ~MeeM I ~I ~ det ( ~) = 1, T. e. )(N ( ~0 , ~) = 1. 

CneAOsaTenbHO, KOMnoHeHTbl ~ MoryT 5b1Tb Bblpalt!eHbl yepe3 N-1 Hen

Bli1Cli1MbiX napaMerpos. 

8bl5~pao 3TY napaMeTp~3al1~Kl s B~Ae 

~o ~go (¢1, ¢2 • •••• ¢N-1) • 

~n ~fn (¢1, ¢2' •••• ¢N-1) 

D=l,2, ... ,N-l, 

(2.10) 

nonyY~M npeACTasneH~e ( 2. 9). Tenepb, YTo5bl 5b1Tb ysepeHHbiM~, 

YTO TaKas:! napaMeTpll13aLJ.li1Sl AnSI 3aAaHHbiX Tlo, T}n AefiiCTBli1TenbHO 

B03M0lt!Ha, He05XOA~MO ~MeTb ~OpMyny, onpeAen•~Kl napaMeTpbl ¢
1

, 

¢
2

, .•• , <;l!N-l Yepe3 n
0

, ryn . 3TV1 napaMeTpbl MO}t(HO onpeAenVlTb 

V13 paseHCTBa 

N -1 
:l: e" ¢ 

n= 1 n 

N-1 
~In ( ~ + l 

0 n=l 

n 
~ e l 

n 

(2.11) 
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TaK~M o5pa30M, napaMeTp~3a~~~ (2.10) B03MOmHa, a ~ npeACTaB~Mo 
B B~Ae (2.9). 

B 3aKn~YeH~e aToro pa3Aena yKameM e~e Ha OAHY B03MOmHy~ na
paMeTp~3a~~~ eA~H~YHOCO a-4~cna. 0503Ha4~M 4epe3 ~ a-4~cno 

C KOMnOHeHTaMl!l. 
HeTPYAHO y5eA~TbC~ B TOM, YTO a-4~CnO ~ C KOMnOHeHTaM~ 

ry =~ /(}{ (1,~))1/N, 
n n N 

(2.12) 

eCTb eA~H~4HOe a-4~Cno. 3AeCb o5paTHOe npeo5pa30BaH~e ~MeeT 
npOCTOLii Bl!lA 

N--1 
Exp ( 8 ~) : = ~ ( $) + :l: 8 n~ ( 8) , 

0 ll"" 1 n 
(2.13) 

MO}f{HQ Bbi8€CTVI <flopMyny CnO}f{€HLI151 napaMeTpOB npVI YMHO»>:€HVH1 
11

3KC

nOH€HT11 

Exp(88) Exp(&.y) =Exp(88). (2.14) 

YTsepmAeH~e 6. 

N-1 KOMnOHeHT a-4~cna 8(1, 81 , 8
2

, ••. , oN- ) _ B <jlopMyne 
( 2 .14) onpeAen~~Tc" c noMO~b~ cneAY~~x BblpamJH~~: 

N-1 
0n = ( ~n + Yn + :l: d :k ~rn'Yk) /!; • 

rn, k 
(2.15) 

N-1 
?'=1+ :l: (~ y +yfJ ). 

m=l m N-m m N-m 

Exp(8$) =(1 +Nil &"~n) /(}{N(1,8))
11

N 
n=l 

N-1 
Exp(fl,y) =(1+ :l: e",y )/(}{ (1,,y))liN 

n=l n N 
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CornacHo (2.2) nonyY~M 

N--1 N-1 N-1 
< 1 + ~ e" 13 l < 1 + ~ 

n= 1 n n= 1 
8 ",y ) ~ ( r + ~ e" r n ) • 

n 0 n= 1 

N-1 mk 
r ~ {3 +'Y + ~ d {3 y • 
n n n m,k n m k 

~3 CBO~CTB ~~pKyn~HTOB ~MeeM 

TaK~M o5pa3oM, 

N-1 
Exp(8{3)Exp(8,y)~(r0 + ~ 8°r

0
)/(J<N(r

0
,r))!IN 

n= 1 

rAe 8 - r Jr0 (2.15J. n 

3aMeYaH~e 4. 

~YHK~~· Exp(8{3)o5o5~aeT KOMnneKCHY~ ~YHK~~~ B~Aa 

Exp (i/3) ~ (1 + i/l) /(1 + 132 ) 112 , 

(2.16) 

a ~opMynbl "cno>+<eH~•" (2.15) ••n•~Tc• HenocpeACTBeHHbiM o5o5~e
H~eM ~386CTHO~ ~OpMynbl 

Exp (i {3) Exp (i y) ~ Exp (i 8) 

f3+,y 
8- _...:__;, 

1 + f3,y 

3. N-YH~TAPHbiE nPE06PA30BAH~~ N-MEPHOrO BEKTOPA 

(2.17) 

nocTaBL'lM 8 COOTBeTCTBL!le N-MepHOMY BeKTOpy c ( c0 , Cl' ... ,cN-l ) 
~~pKyn•HTHY~ N-~opMy ){N(c0 ,c) ~ 5yAeM paccMaTp~BaTb TaK~e n~-

• 10 



He~H~e npeo5pa3osaH~~ 
QJOpMy )(N(c0 ,c): 

~ 

BeKTOpa C, KOTOpbl€ OCTaBn~tOT H€~3MeHHO~ 

(c0, c') ~ U (c 0 ,c), )( N(U (c
0 
,c))~ )(N (c

0 
,c). 

YTsepH<~eH~e 7. 

nyCTb C (CO, c1 , ... , CN_1 ) €CTb /.(-YL!lCnO, 7} - e,a~HV1YHO€ a
Y"CnO. npeo5pa3oBaH"e 

c·~~c (3.1) 

He MeHHeT )(N (c0 • c). 
nocKonbKY I ry I = 1, To I C'l ~I ~c I~ I~ II c 1 ~I c 1 . Ho I c I = 

= )(N(c0 ,c) . no3TOMY 

IC]~)(N(c 0 ,c)~IC'I~)(N(c~,c') 

nonb3yHCb 3aMeYaH~eM 3, (3.1) nepen~weM: 

N -1 

c ciJ + :!: 
n= 1 

N-1 

a"c') =(~ + :!: ~ a")(c
0 

+ 
n 0 n=l n 

Cso~cTsa 4V1PKYn~HTos V1 3KcnoHeH4V1anbHOe npe,acTasneHMe 71 no3so
nH~T 3an~caTb (3.2) TaKH<e B cne~y~eM B~~e: 

N -1 c; ~ l 
bO 

N -1 

(go + :!: 
n=l 

E = o ,1 •...• N -1. ( 3. 3) 

N-1 
U : = g

0 
+ ~ · g a. 0 ecTb TOT caMbl~ m1He~

n= 1 n 

Hbl~ onepaTOp, ,a,e~CTBV1€ KOTOporo Ha N-MepHbiVf BeKTOp He MeH~eT 
N-<jJopMy )(N(c0 ,c). 

Onpe~eneH"e. 
N-l 

MaTPV14bl, npe,ll,cTaBV1Mble s _BV1D.e exp( :!: a"¢), 
· n=l n 

5y~eM Ha3biBaTb N-yH"TapHbiM" MaTP"l1aM". 

Onpe~eneH"e. 

npeo6pa30BaHV1~' OCYll.I€CTBn~eMbl€ N-yHV1TapHbfMV1 MaTPV14aMVI' 5y
~eM Ha3biBaTb N-yH"TaPHO~ rpynno~ npeo5pa3oBaH"~-

~e~cTBV1TenbHO, HeCnO~HO y5eD,V1TbC~ 8 TOM, YTO npeo5pa30BaHV1~ 
( 3. 3) o5na~a~T cso~cTBaM" a6eneso~ rpynnbl. MaTP"l1a npeo6pa3o-
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BaHVI5l 

N-1 

U:~exp( :1: 
n=1 

a"¢ ) 
n 

3aa~c~T OT N-1 napaMeTpoa. 

YTaep>t<~eH~e 8. 

MaTp~lla 

N-1 N-1 
U - 1 ~ n exp ( :1: (a 6 k )" ¢ ) 

k=1 n=1 n 

5lBJ15l€TC5l o5paTHO~ no OTHOWeHVI~ K MaTpVI~e U. 
Ae~cTBVITenbHO, yMHOH<a5l U Ha u - 1 , nony .... H,.1M 

N-1 
UU-

1 ~ exp ( :1: (a8k)n ¢ ) 
n=1 n 

N -1 
n exp ( 

k=1 

N-1 
~ exp ( :1: a"¢ [ 1 + 

n 

N-1 

:1: ce"J'JJ. 
n= 1 k=1 

N -1 
L (a6')" ¢ ) ~ 

n= 1 n 

( 3. 4) 

(3.5) 

BblpaK<eHVIe B KBatJ,paTHbiX CK05KaX eCTb CYMMa KOpHe~ ypaBHeHVI5l 

xN -1 = 0, no TeopeMe B~ena OHa paSHa Hymo. no3TOMY 

UU - 1 ~E. 

3aMeYaH~e 5. 

0503HaY~M Yepe3 U
6

k MaTp~l\Y B~~a 
N-1 

:1: 
n=l 

4. CBO~CTBA g-$YHK~~~ 

no~ g-ljlyHKl\-~M- Mbl nOApa3yMeaaeM ljlyHKl\~~ gO, g 1 , · · · , g N-1' 

BBetJ.€HHble 8- pa3AeJ1e 2. KaK y>t<e 5blnO nOtJ,4epKHYTO BbK..Ue, OHVI 5lB

n5l~TCR aHanoraMVI TpVIrOHOMeTpV14eCKVIX $yHK~VI~. 6onee T04HO, g 0 
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aHanorlllYHa cos¢, a g , ... , g 
1 N-1 

aHano rii1YHbl sin ¢ , np!t1YeM 

CooTBeTCTBeHHO, ~YHK~~~ 

tgn ( ¢1 ' ¢ 2 ' ·"' ¢N-1 ) = gn 1 go 

~Bn~toTc~ aHanoroM tg ¢= sin¢/cos¢. (J)opMynbl cnoH<eH~~ (2.15), 
ecn111 

{3n = tgn (¢1 ' ... , ¢N-1 ) ' yn =tgn (!1' ""• f N-r.) ' 

0n = tgn (f 1 + ¢1 ' ""' ¢ N-1 + f N-1 ) ' 

ecTb, <flaKTIItl..feCKIIl, <flopMynbl cnoH<eHVISl An 51 TaHreHcos. 
(J)opMynbl cnoH<eH~~ Am g-~yHK~~~ Mbl nonyY~M ~3 ( 2. 2), ecn~ 

nonoH<VITb 

xk=g.(¢
1
,. .. ), Yk=gk(f

1
,. .. ), 

zk =gk(¢
1 

+f
1

, ... ), k=O,l, ... ,N-L 

(J)opMynbl An~ np0~3BOAHbiX g-~yHK~~~ HeTPYAHO nonyY~Tb, ~cnonb-
3y~ BblpaH<eH~~ ( 2. 8) . C 3TO~ ~enbto npoA~~epeHLj~pyeM ( 2. 8) 
no ¢k: 

N-1 
...}_ (g + I 

0 
n=1 

N-1 

N-1 
e"g

0
) =8k(g

0 
+ I 

n:::l 

= g + :s e" ge • 
N-k n=l N+n-k 

e "g ) = 
n 

( 4 .1) 

nplllpaBHVIBa51 BblpaH<eHI/151 npllt Oti.VIHaKOBbiX CTeneH51X e, nonyYVIM 

a 
-- g =g a¢ o N-k 

k 

a --g -g 
a¢ n- fN+n-k 

k 

13 
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5. AHAnor~ YCnOB~~ KOW~ - P~MAHA 
~ OnEPATOPA nAnnACA 

Ecn~ Mbl paccMaTp~saeM cjlyHKlj~~ OT a-y~cen ~ aHan~3 Ha 5a3e 

3H1X QlyHK~~,;.i, TO 803HV1KaeT He06XOAV1MOCTb oripeAeneH\IIs:l yCnOBl/1111, 

aHanon1YHbiX ycnOBV15lM aHanVITV1YHOCTll1 Ans:! KOMnneKCHbiX YVICen. 

nycTb f eCTb a-y~cno: 

N-l 
r: = r

0 
+ ~ 

D= 1 
e"r n • 

N -·1 

Z(8) =Zo+ ~ 8°zn. 
n= 1 

np~ 3TOM ycnOB~e ( KOTOpOe Mbl 5yAeM Ha3btBaTb N-aHan~T~YHOCTblO ), 

aHanorVIYHoe ycnoavt~ Kowvt - PVlMaHa, B03HV1KaeT KaK ycnosll1e He3a
B~C"MOCT~ f(z) OT Z(8k) , rAe k f. 0. 

TaKltlM o5pa3oM, ecn111 f=f(Z) VI N-aHam1TV1YHa, TO 

. a -f(Z)=O. 
az(ek) 

( 5.1) 

OnepaTop a;az(e') eCTb a-y~cno B~Aa 

a;az<B') =alaz0 + Ni' <r'l" a1az
0 

n= 1 

Ho e-•=eN-k. no3TOMY, o5o3HaY~B p = N-k , nepen~weM ycno-
B~e (5.1) TaK: 

3 N-1 

(--+ ~ a z0 n= 1 

3To ~ eCTb ycnos~e, o5o5~ai0Wee ycnos~e Kow~ - P~MaHa. 

AHanor onepaTopa nannaca ecTeCTBeHHo onpeAen•Tb KaK A~cjl
Q>epeH4111anbHblll1 onepaTop N-Li\ cTeneHVI, 3aBIIICS:HUll1111 OT N-nepeMeHHbiX, 
~MeiOW~~ B"A l.\~PKYMHTHO~ N-cjlopMbl: 

o (NJ : = }( <-a-.. _a_ l 
N a z

0 
az 
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(5.2) 

RN<_._a_,_aa )f(z)=O. (5.3) a z0 z 

OnepaTop ( 5. 2) Jan"caH KaK 5bl B "AeKapTOBbiX" KOoPA"HaTax. 
BseAeM aHanor" c~ep"YeCK"X KOOPA"HaT cneAY~"M cnoco5oM: 

zn = r g n ( ¢1 • ¢2 • •• " ¢ ) N-1 
( 5. 4) 

n=1,2, ... ,N-1. 

Ha!/;,lleM Bblpalt{eHV151 tJ.nf:j npmt13BOAHbiX B HosoLII cvtcTeMe KOOPJlLIIHaT 

(5.5) 

rAe (0 = r, f = r ¢n, n = t , •.• , N -1. 
Mbl 3AeCb 'lie3 AOKa3aTenbcTsa np"BeAeM i:neAy~ee YTBep>KAeH"e: 
MaTp~~a npeo5pa3oBaH~" B (5.5) "MeeT B"A 

N-n 
= [ exp (- I an ¢ ) L 

D"" 1 n Jl 
(5.6) 

noAcTasn"" (5.6) s (5.2), nonyY~M onepaTop D(N) s "N-c~epw;ec
K~x" KOOPA~HaTaX. Tenepb HeTPYAHO Ha~T~ OAHO "' peweHVl~ (5.3) 
B 3TV1X KOOp,llvtHaTaX. 0HO vtMeeT 8V1A 

N-t 
r (Z) = exp( I e"¢) Inr, 

n= 1 n 

YTO aHanorvtYHO peweHvt~ ypasHeHvt~ nyaCCOHa Ha ABYM€pHOLi1 
nnOCKOCTVl/8/. 
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