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B KaJIH6poBoqHblX Teopmrx 
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JleKI.J,HH IlOCB.mn;eHbl HOBOMy acneKTY AHHaMHKH CHCTeM C Ka­
JIH6poBoqHOH rpynnou - peAYKI.J,HH qiasoBoro npocTpaHCTBa qiH­
sttqecKHX CTeneHeH CB060Abl. lfayqaeTCH CTpyKTypa qJH3Hqec­
Koro qia30BOro npOCTpaHCTBa B pa3JIHqHbJX MOAeJIHX C KaJIH6po­
BOqHOH CHMMeTpHeH H, KaK c 6oseBCKHMH, TaK H c rpaccMaHO­
BblMH _CTeneHHMH CB06OAbl, BKmoqaH IlOJIH .HHra - Ml-mnca 
H MOAeJih fnswoy - BauH6epra - CanaMa. 06cyJKAaWTCH qiHsH­
qecKHe CJieACTBHH peAYKI.J,HH qia3OBoro npocTpaHCTBa. 

Pa6oTa Bb!IlOJIHeHa B Ila6opaTOpHH TeopeTHqecKOH qJH3HKH 
OillUl. 

IlepeBOA aBTOpa. 

Shabanov S.V. PZ-89-533 

Phase Space Structure in Gauge Theories 

The lectures are devoted to the new aspect of dynami­
cal systems with gauge groups, the phase space reduction 
of physical degrees of freedom. The physical phase space 
structure in many models with a gauge symmetry_and with 
commuting and anticommuting variables, including Yang -
Mills fields and Glashow - Weinberg - Salam model, is 
studied. Some physical consequences of the phase space 
reduction are discussed. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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Tipe,IJ,11CJIOBl1e 

3TH JI0KWIB 6.wrn: npotW.TaHll B0CHOli I989 ro,IJ,a B HapO,ll,HOM YHHB0PCR­
T0T0 QIDlli B .Ily6He. 0CHOBH8H HX QMb - ,ll,8Tb IlOM0,ll,OB8TMbH00 R8JI0-
~0HR0 HOBOro acrreKTa ,ll,llHaMIIBR T00pllli C KaJJll6poBO'llIOli CllMM0T­

pneft - ll3M0H0HllH CTPYKTYPll wasoBoro rrpocTpaHCTBa Wll3ll~0CIDIX 
CTerreHeA CB060)],bl, B OCHOBY JieK~A ITOJIO*eH QHKJI pa60T, BllITOJIHeHHb!X 
MHOID_COBM0CTHO C n.B.IlpoxopOBllM B T0~0Hll0 IlOM0,ll,HHX ~0Tllpex JI0T. 

MaTepHaJI B JieKQHRX pacnoJIO*eH B nopR,D.Ke B03paCT8Hl1R CJIO*HOCTl1 
paccMaTp11BaeMhlx ,IJ,l1HaM11qecKl1X Cl1CTeM. Tio,IJ,p06HllA HX IlJiaH npe,ll,CT8BJI0H 
B KOHQe BBe,IJ,eHl1R, 

Bee 113JIO~eH11e on11pa9TCR Ha o6o6~eHHYJO raM11JJbTOHOBY ,ll,11HaM11KY ~­
paKa, KOTopyro OH ITOCTp011JI B CB011X 3HaMeHl1TllX "neK~RX no KB8HTOBOA 
MeXattl1Ke". )].nR qTeHl1R JI0KQl1H 6MJIO 6u *eJiaTeJibHO 3HaKOMCTBO 9 npe,IJ,cTaB­

JJeH11eM KBaHTOBOH Teop1111 B paMKax 11HTerp11pOB8Hl1R ITO nyTRM, KpoMe TO­
ro,npe,IJ,ITOJJaraeTCR, qTQ q11TaTeJJb 3HaKOM C OCHOBaMH Teop1111 rpynn, XOTR 

HeKOTOplle He06XO,ll,11Mble CB~,IJ,eHl1R 113 Hee np11BO,ll,RTCR B Ilp11JIO*eHl111 B. 
fl npli3H8TM0H npoweccopy B.r.Ka,rumleBCKOM;y 38 opraHll38Qliro 3THX 

JI0KQlili li IlOMO~b B HX ny6Jlll.KaQRR, 

ABTop 
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I. Bae,neHHe 

" H xoqy c,IJ,eJJaTb 3TO TaK: cttaqa.na 
paao6paTb HeKoTopYe oqeHb npoc­
Tble npHMe~. a ITOTOM Ilp<?,ll,OJ!lltl1Tb 
HeCKOJibKO 6oJJee o6~11M o6p8.30M. 
Ha,o.ellCb, npOCTble npHMepH Bbl noA­
MeTe, a, ITOHRB 11X, noRMeTe cpaay 
11 o6o6~eHl1R, - BO BCRKOM MY'l80, 
HMeHHO TaK ITOH11M8JJ Be~l1 R nXJ 

P. ~eRHMatt 

BpR,ll, Jil1 00Tb HeOOXO,ll,11MOCTb OO~RCH~Tb, :tn'O CTpeM11T0JlbHllH nporpecc 

B 4>11s11Ke 3JJeMeHTapHHX qaCT11Q BO BTOpoA ITOJJOBl1He XX CTOJJeTl1R CBR38H C 
oTRpHTReM .HHroM z MwulcOM npl:1HQllll8_ RaJm6poBo'lllott cRMMeTpu[I).HaBepnoa, 
npaBHJibttee 6y,IJ,eT CKaaaTb:ero nepeOTKpllTl1e,nocKOJJbKY CaMa 11,IJ,eR OMJJa BllC­
Kaaatta 6oJiee 60 JI0T Haaa,u, BeRJJeM 11 ~OKOM [2' 31. HecMOTpR Ha 11HTeHCl1B-

-HOe HsyqeHHe KaJJ110pOBO~ TeOpHA, KOTopoe npHBeJJO K C03,IJ,8HHll e,IJ,11HOA 
Teop1111 3JJeKTpOCJia6wc B3aHMO,IJ,eRCTBHR [4,5) 11 KBaHTOBOR XpOMO,IJ,HH8M11Kl1 
[ 6) , 11X ,ll,HHBMHKa ITOJIHa Cllpnp1130B 11 H00lKl1,ll,aHHOCTeR • TaK, Ha MO-

,IJ,eJJHX C KaJJ116pOBOqff0H CHMMeTpHeR B [ 7] OllJIO IT0Ka38HO, tlTO qacTb 4>11s11-
tleCKl1X CTeneHeA CBOOO,ll,ll MO!t8T HMeTb 4>aaoaoe npOCTp8HCTBO ( 4HI) ' OTJI11q­
HOe. OT Ilpl1Bblqff0H ITJIOCKOCTl1, T.e. K8HOH11qecK11e KOOp,IJ,11HaTa 1, 11 HMnyJibC 
f , OTBeqaJJ~e 3TOR CTeneHl1 CBOOO,ll,ll, npHH11M8JJT KaJJ16pOBOqtt0-H83KBl1-
BaJJeHTHHe sttatleHHR He Ha aceR cpaaoaoR nJJOCKOCTH R = IRC\,,@Rp , a 
TOJJbKO Ha ea qacTl1. OTOMY acneKTy ,IJ,HHBMHKH TeopHR C KaJJl10p0B0qff0H 

CHMMeTpHeR H noCBRll\eHH HaCTORII\R8 JieKQRR. 

Xopomo H3B8CTHO, tlTO ,IJ,Jlll 38,11,BHHR ,ll,11H8MHKH JlllOOR CHCT8Mll MOlKHO 
HCITOJib30BaTb JJHOO JJarpattlKeB • JIR6o raMWU,TOHOB <popMBJIRSM. B nep­

BOM CJJytlae 3B0JlllQHR CHCTeMY BO epeMeHH OITl1CllBaeTCR Jiarp8HlKeBHMH 
ypaBtteHl1RMH ,ll,BHJKeHl11l 

1}k_ cL ~ = t, 2., ••. ) 1V, (I.I) 
t at;, oq.~ 

r,IJ,e L = L ( ~, qJ - narpattlKHSH, /1/ - qHCJIO cTenetteR cao6o,ll,ll. )].nil 

OITHCBHHJ( CHCTeMH B r8MHJ!bTOHOBOM 4>opMaJJH3Me H800XO,IJ,HMO Sa,IJ;aTb TPR Be­

~= r8.MHJJbTOHHBH '1 : H ( 9, J p) KaK cpyHKQHJl Koop,11,HHaT ~ ~ 11 HMnyJib-
x) . r ITOCJJe~eR JieK~11 P. ~ltHMSHa.,_ ony_6JJl1KOBaHHOR ITI)H ero lltH3HH, KeM­

¥~C~HR YHHB8pCHTeT, 1986 r. ~"M. Y~H. 1989. T. 157 •• I. c. !63-
- • IloqeMY c~eCTBYIJT 8HTHtlaCTHQH11

• 
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COB p~ , cKo6Ky IJyaccoHa (,~Jin: J1106wc ,11,ayx BeJIHtraH A H B t 

N ( 'oA o& oA dB \ 
f A,B} = l 10. 'op:- <>P· iq· J l L~4 l'L 1, 1, yL (I.2) 

H CTpyKTYPY ~n. T.e. o6JiaCTb ,11,onyCTHMblX 3Hat1eHHR KOOp,11,HHaT H HM­
nyJibCOB. Q61:,11IBO ~n COBn~aeT C eBKJI~OBblM npocTpBHCTBOM IR;@ R;-: 
: [R 2.N • Tor,11,a 3BOJIIO~ BO BpeMeHH 3~aeTCfi I'8MlfJ!bTOHOBblMH ypaBHe­

HHn:MH ,ll,Bl!JKeHHfi 

it= { l\-L>HJ , p. = { p. H l 
l, L J j • 

(I.3) 

YpaBHeHHff (I.I) H (I.3) 3KBHBBJieHTHbl ,11,pyr ,11,pyry, eCJIH ~eCTb 
npaBHJia mipexo,11,a OT Jiar'pBHIKeBa K I'8MlfJibTOHOBY qiopMBJIH3MY 

oL 
p~: 0 Q • .) H ~ L p. iL - L . 

• I, (I.4) 
YL L 

fiepaoe ypaBHeHHe B (I.4) onpe,11,eJin:eT CKOpOCTb ii,::: 9,.,(p_,lj..JKa.K 

qJYHJ<~ KOOp,11,HHaT H HMnyJibCOB. 
-" 

A KBBHTOBBHHe OCYII\eCTBJiffeTcff 3BMeHoR P;. H t i, Ha onepaTOp!,I P,- , 
'(..L , a ace CK06KH IJyaccoHa 38MeHff!OTCfi Ha KOMMYTaTOpbt {J+-~[J," 

B t1aCTHOCTH ( 1; ~ i) . 

[ t ~ J PJ 1 = ~ ~ ~ = i [ i ~, rd } (I.5) 

.[vlff OnHCBHHfi KBBHTOBOR ,11,HH8MlfKH CYII\eCTByeT TpH npe,11,cTaBJieHHR. EcJIH 

OnHCNBaTb 3BOJIIO~ onepaTOpOB BO BpeMeHH, HCnOJib3Yfi KBBHTOBNe ypaB­
HeHlffl (I.3), TO noJI~eHHOe npe,11,cTaBJieHHe Ha3HBaeTCfi rettseH6eproBCRHM. 
C nOMOlllblO yHHTapHOI'O npeo6pa30B8Hlffl OHO CBff381!0 co JllP0)zylHI'0pOBCRHM' 
npe,11,cTaBJieHHeM, B KOTOpOM onepaTOpbt He 3aBHCffT OT apeMeHH, a 3B0-
JIIOl,\Hff onHCNBaeTCff ypaBHeHHeM Illpe,11,HHrepa 

i a ·" -t 'I' - ~Ci,r;*, ( I.6) 

r,11,e t -BeKTOp COCTOfiHHfi. ECTb e111e npe,11,cTaBJieHHe B3aHMO,ll,eRCTBHff 

(CM. CTSH'AapTHble Kypcn KBBHTOBOR MeXBHHKH, HanpHMep, [81 ). 
Ha nepBNR B3I'Jifi'A KW!teTcn:, ~o KBBHTOBBHHe JIHlllaeT paBHOnpaBHff 

I'BMHJibTOHOB H Jiar'pBH!teB qiopMBJIH3W. O'Affa.KO fPOpMBJIH3M HHTerpHpOBBHHff 
no IIyT.RM,llp0M03t0mnnl ~eRHMBHOM [9) , n03BOJin:eT BOCCTBHOBHTb yTpa­
tleHHOe paBHOnpaaHe. B paMI{ax KOHTHJJYBJibHOI'O HHTerpana (lGi) aMilJIH­
Ty,11,a nepexo,11,a tlaCTHIJJ,I H3 TOtlKH 'l,~(o) = ci,\ B MOMeHT BpeueHH t-0 
B TOtlKY ch= t;. (t) B MOMeHT apeMeHH -t HMeeT a~ [9] 

6 

<1le)(p(-i.tA)l'l.'>::: ut Ci,q.')= 

t " " ~t . _ f n d pC-c)d q.tt) e)(p i d't (P.· t:i. - H (po)' __ J / .:,_:rr)"' L t'L , I' / J 

~20 ~ 0 
· (I.7) 

r,11,e HHTeI'pHpOBBHHe ae,11,eTCff no BCeM,Y ~II. ~K~ ut (CJ,, q,') y,11,oBJieT­
BOpn:eT (I.6), n03TOM,Y OnHCBHHe B paMKax l{H 3KBHBBJieHTHO prmerH~ 
ypaBHeHHfi Illpe'AHHI'epa • .[vlff CT8Ji'AapTHoro I'BMHJibTOHHBHa H == 2 P:. + V(i) 
HHTerpa.n no HMnyJibCY a (I.7) MOJKHO BN'CIHCJIHTb, TOI',11,a noJiytlHTCfi JlaI'paH-

l!CeBa ipopMa KH t 

Ut('f-,'J,')= ~'])q, e}(p [i)
0
~1:L(9-,i)]

1 

er.a) 

r,11,e L = f ~f - V( 'i,.) H ]<J, - CT8Ji'AapTHM Mepa [9]. Mi MOl!CeM 
npHMeHffTb BNpW!teHHe (I.8) B Kat1eCTBe aJibTepHaTHBN (I.6), T.e., 
a~aB JIBI'pBHIKHBH, cpa3y·uoJ1CeM BN'CIHCJIHTb MPO onepaTopa 3BOJIDl,\HH 
no (I.8). 

Ta.Koe nOJIOl!CeHHe ae111eR OCTaeTCfi B CHJie ,11,0 Tex nop, noKa CHCTeMa 

38,Jta8TCfi HeCHHI'YJiffP~ JIBI'pBHIKHBHOM. Ilepaoe ypaBHe~He B ( I. 4) _pa3pe­
WHMO OTHOCHTeJibHO 'h , eCJIH MaTpHQa K i..j : 'o L lo i.:~i j 
HeBNpOl!C,11,eHa (clet K -i, o) • B npoTHBHOM CJIYtlae npH pemeHHH (I.4) w 
noJI~HM cooz:-HomeHHff B~a ~Q, ('t,,P)=O J Q=J,2, ... M<~ He co,11,epl!ClllllHe 
CKOpocTeR q..i. • OtleB~HO, llHCJIO He3aBHCHMLIX COOTHOWeHHR fv\ onpe­
.u.e:11n:eTCR cTeneHbD BNpol!C,11,eHHR imTpHIJJ,1 K ~ j • CHCTew c anpol!C,11,eH­

HoR MaTpHQeR K "d Ha3NB8XlTCfi CHHI'YJiffPHblMH, a l:iq = 0 - nepBHtlHhlMH 
CBff3ffMH [IO]. ,lvin: KBBHTOBOI'O OnHCBHHfi CHHI'YJiffpHHX CHCTeM ,[\HpaKOM 

!Sw.na IIpe,11,J!OllteHa odoe!ll!eHHM I'B.MHJlbTOHOBa ,ll,HH8MHKa.U01. 0Ka3YBa8TCfi_. 
'CITO BCfiKBJ'I CHCTeMa, 06JI~8Xllll8J'I JIOKaJibHOR CHMMeTpHeR, T.8, ypaaHeHHff 
,11,BllllteHHfi KOTOpoR He M8HffJOTCfi npH npeo6pa30BBHHn:x KOOp,11,HHaT, .3aBHCfi­
lllHX OT npOH3BOJlbHHX fPyHKl,\HR BpeMeHH, OnHCNBaeTcn: CHHI'YJIRpHblM JIBI'pBH­
l!CHaHOM. Il03TOM,Y THnH'CIHNR npHMep CHHI'yJin:pHNX CHCTeM ,11,aJlT KaJIH6pOBOtl­
HNe TeOpHH. 

HanHt1He CBn:3eR npHB0,11,HT K TOMY, 'CITO peaJibHO CHCTeMa ,11,BH~eTCff 
H8 B nOJmoM <»II,a TOJII,KQ no H8KOTOPOMY ero no,u;MHoroo6pas:r.m.Clne,1toBaT8Jll>-'. 
HO, B KH (I.7) H8,Jt0 orpaHHtlHTb o6JiaCTb HHTerpHpOBBHHfi ,11,0 ~H3Htlec-
KOI'O no,11,npocTpaHCTBa B ~il,KOTopoe onpe,11,enneTCff CBff3n:MH.llideHHO Ta.KOR 
cnoco6 nocTp08HHR KH peaJIH3yeTcn: B KaJIH6poaoqHl:l)C TeOpHn:xD:I],T.e.,Hc­
noJib3yn: CBff3H,MOJKHo HCKJIJOtlHTb aaBHCHMOCTb ,11,eAcTBHfl a (I.7) OT t1acTH 
HMnyJibCOB H HHTerpHpOBaTb TOJlbKO no OCTaBWHMCfi,qJH3HtleCKHM CTeneHn:M 
CB060,ll,l,I.ilpH 3TOM anpHOpH noJiaI'aJOT,tlTO y OCTaBWHXCfi ~H3HtleCKHX CTene~ 
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Hett CB060,Il,bl ~Il HMeeT CTaH,11,apTHblR_BHA (HeKOTOpoe qeTHOMepHOe eBKJIHAOBQ 
npocTpattcTBO). 0AHaKO HID!te 6yAeT npoAeMOHCTpHpOBatto, qTO AJIH 

lliHPOKoro KJiacca CHCTe~ C KMH6DOB0qtt0R rnynrro~ STO He TaK. 
IlpeAJiaraeMl,le JieK~H noca~eHU CHCTeMaTHqecKOMY 8HMH3Y CTPYK­

TYPf,I ~H3HqecKoro ~Il B KMH6pOBOlffihlX TeOpHHX. BHaqane paccMOTpeHH ca­
M!,e npO~Tbl8 MOAeRH , qTOClbl BliHCHHTb 06my1L npHtmey pe'AYK~H ~H3Hqec­
Koro ~Il B TeopHHX c KMH6pOBOtlHOR CHMMeTpHeR. Ha npl04epe CHCTeM 
C KOHellHl:,IM·llHCROM CTeneHeR CB060,Il,bl 06cYJ1QJ,eHO BJIHJIHH8 MOAHlf>HK~H ~H-
3HqecKoro ~Il Ha KB8HTOB08 OilHCaHHe B paMKax lll, T.e. npeAJIO~eH pe~enT 
yqeTa pe'AYK~H ~Il B Im, npHq8M ltCCJieAOBMHCb MOA8JIH KaK C <Soaes­
CKHMH, TaK H C rpaccMaHOBhlMH nepeMeHHYMH. 3aTeM H3yqa­
JIHCb noneBNe TeopHH. ~att attMHa ~Il noneR futra - MHnnca H noneR B 
eTaH,11,apTHOR MOAeJIH 3JI8KTpOCJia6IDC B3amtOAeRCTBHR rnamoy-BaRH6epra­
CanaMa. B IlOCReAHeR qaeTH paeeMOTpetnl HeKOTOJ)f,le ~H3HqeCKHe CJieACTBHH 
pe'AYK~H ~Il. B qaCTHOeTH

1
IlOK8.38HO, qTQ H3MeHeHHe CTpyKTypbl ~Il BeAeT 

K H3MeHeHH!l KB8.3HKJiaecHqeeKoro· OilHCaHHff (KBBHTOBOMeXaHHqecKHe HH­

CTaHTOtnl, cneKTp BeyTpeHHHX B036YllQJ.eHHR COJIHTOHa). IlpHB8A8HN apcy­
MeHTbl a nonbay cocTaaHoR · npHpO,qb! 6oaoHa XHrrca B CTaH,11,apTttotl MOAeJIH 
3JieKTpOCJia6hDC B3aHMOAeRCTBHR. 

2. IlpOCTbl& npHMepl,I 

2.I. qaCTHga a MOCKOCTH 

qT06bl npOAeMOHeTpHpoaaTb MHRHHe KMH6pOBOtlHOR eHMMeTpHH Ha 
CTPYKTYPY ~n ~H3ffqeCKHX CTeneHeA CB060,Il,bl, paeCMOTpHM MeXaHHqeeKyx> MO­

AeJib c (pyHK~eR Jlarpa.HJKa [?] . 

L (x)xJ~,~) = 1 (x-tffx)2 - VCrx2
), (2.I) 

rAe AByYepHbllt aeKTOp X = (X1, X.2) H eKMRp ~ - AHHaMHqeeKHe nepe­
M8HH!i8, T = ( ~ -6) -reHepaTop Bp8JJ1eHHR B nnoeKOCTH ( x,., X 2), 

(Tx\::. T~J XJ (~,~= i,.2..) , V -noTeH~M. Jlarp!lHlltHBH (2.I) 
OilHCblBaeT HepeJIRTHBHeTCKYJ) qaCTHtzy 8AHHHllHOA Maeebl B MOCKOCTH. 0H 
HHBapH8HT8H OTHOCHTeJibHO rpynm KMH6pOBO'llHIDC npeo6p8.30B8HHA 

x ➔ e,<p ( w T) x. ) <l ➔ <J - w., 
(2,2) 

rAe Cc)= W (t) - npOH3BOJibHM ~YHK~ff BpeM8HH, T.e. KMH6poso~e 
npeo6p8.30B8HHJI CYTb Bp8JJ18HHR ABYM8pHoro B8KTOpa. KaK YJ!t8 OTMeqanOCb, 
JIOKMbHM eHMMeTpHR B8A8T K CBR3RM Ha AKHaMHqeCKH8 nepeMeHHHe. ~eRcT­
BHT8JibHO, HeTPY'AffO npoeepHTb, qTO MaTpK~a K Bb!po~eHa: K:x:!J = 
= a~Ll-a-x o~ = o , Kli~ = ·,tL/~~'dj = o. BH'Affo, qTO Ka 3x3 
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MaTpHilpl K cTpoKa K eTon6eQ~ ?TBeqiw~He nepeMeHHOA ~' paBtnl eyn~, 
TaK KaK L _He aaaHeHT OT ~ • MoAeJib ( 2. I) MOlltHO epaBHHTb co 
eKMHpHOA 3JieKTPOAHHaMHKOtl, B KOTOpoA Bee IlOJiff aaaHeHT TOJibKO OT ape­
MeHH, a npoeTp8HCTB8Htnl8 KOl4IlOH8HTbl BeKTOpHoro IlOJiff paBHbl HYJIJJ, T,e. 

x = X ( t) HrpaeT ponb nonn MaTepHH, a ~ = A o ( t) - apeMeHHan 

KOMilOHeHTa aeKTOpHoro IlOT8H~ana. 
,n.nn nocTpoeHHff HenpOTHBOpetraBOA raMHJibTOHOBOA AHHaMHKH eHCTeMbl 

BocnonhayeMen exeMoA ~paKa [IO] • KaHOHHqecKHe HMfiYJibebl eyTb p. = 
:. a½ii-= ~t+~liJXJ, "Ji::. 'a½~=O. PaBeHeTBO .. Jr= 0 eeTb nepBH~M 

eBR3b B CHeTeMe [101. MaTpH~a K HMeeT TOJibKO OAHO eo6eTBeHHOe qHe­
JIO, paBHOe eyJIJJ, Il03TOMY Jf=O AaeT ace HeaaBHCHMble nepBH~e CBR3H. 

no npaBHJIY (I.4) HaJCOAl-!M raMHJibTOHHaH CHeTeMl,l 

H (p>x;:Jr)~)=t p.i+V(x
2)-<1 pTx 1 (2.3) 

npHqeM pT X = p~1.j :X:J • PaaeHCTBO 'Jr= O AOJilltHO BblilOJIHHTben so Bee 
MOMeHTbl apeMeHH. ·rorAa corJiaCHO (1.3) HMeeM 

dr = i Jf, HJ·,= pT::x: = O · (2.4) 

PaaeHcTac:i" (2.4) AaeT BTOpHtlHYJl canab B TeopHH [IO] , KOTopan ecTb 
cneACTBHe Tpe60B8HHR HenpOTHBOpeqHBOCTH raMHJibTOHOBOA AHHBMHKH. ~Mee, 
~Ho aHOBb noTpe6oaaTb, qTo6bl cBna b Q = p T :X:" 0 a1,1noJIHHJiaCb BO Bee 

. MOMeHTbl apeMeHH, T.e. ~.::[Gi, HJ= 0, 3TO paBeHCTBO BblilOJIHHeTCff TOllt­

AeeTBeHHO H He IlPHBOilHT K B03HHKHOBeHHD HOBl,IX BTOPH~X CBH3e~. Bee eBH-
3H B TeOpHH. HaJCO,ll,RTeH B HHBOJIDI.\HH '· T. e. HX CK06KH flyaccoHa APYr C 

APYrOM H raMHJibTOHHaHOM 38MblK!WTeff Ha CaMH eBR3H (CBR3H nepaoro POAa 
[IO]) : {G,Ti)={G;/11=0, [:ir, HJ= G;. QqeBH'AffO, qTo BTOpHtlHM 

CBH3b ~ ffMReTCH reHepaTOpOM noaopoTOB KaK B AByYepHOM KOti!IJHrypa­
~OHHOM npocTpaHeTae, nocKOJibKY { ~, G J.: T:x:, { ~1 , Gi 1 = 0 , TaK 

H a HMnyJibCHOM npocTpaHcTae, noeKOJibKY [ p, G} = T p , { p2, Gi 1 = 
== 0, . . T.e. KMHt:Spoao~e npeo<Spa.aoaaHHR cyTb O'AffOBpeMeHHoe 

Bp8JJ1eHMe aeKTopos x ➔ eicp(wTJx K p -> e)(p (wT) p. 
IlepeA,!1,eM K onpeAeJieHHD cTpyKTYpbl ~HaHqecKoro ~TI. 38.MeTHM, qTo 

CBH3b Ci BXOAHT B raMHJibTOHHaH (2.3) C coaeprneHHO npOH3BOJibHblM MHOlKHTeJieM 
~. no~TOl,\Y BC8 BeJm'IIWIH, CK06KH flyaccoHa KOTOp!,IX c G OTJIH~ OT HYJIH, 

COAepllaT H84>K3KqeeKK8 nepeMeHtnle, HOO HX H3M8H8HH8 co BpeMeHeM 38.BHCHT 

OT Hamero IlpOH3BOJia, T.e. OT Bbl6opa ~(t)(~aKTHqeeKH Bbl6op KOHKp8THOA 
~~H ~ (1:) ·ecTb Bb160p KMK6pOBKK, T,e. 3~8.HHe 3BOJIJJ~H H~H3H­
qeCKHX CTeneHeR eao60,Il,bl BO apeMeHK). CJieAOBaTeJibHO, AJIR onpeAeJieHKff 
eTpJKTYJ)l,I ~H3HqecKoro ~Il Heo<SxOAHMO HaRTH HOBNe KaHOHKqecKHe nepeMeH­
mie, KOTO!)ble HHBapHaHTtnl OTHOeHT8JlbHO npeo6p8.30B8HHR,reHepHpyewx 
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CBR3bl0 Gi. 3aKOH KaJJH6pOBO'lfflOro npeo6p830B8HHR no,n;CK831,1BaeT, trro 
ARR B~eReHHR ¢H3HqecKHX nepeMeHHl,IX HYJKHO nepeATH K nORRpHOA CHCTeMe 
KOop,n;HHaT: 

"L ==- ( 'X 2 ) ~12. 

0 = Wt.C~ X2./x1 ) 

p?, =- (p, n.z) 

P~= ri(tn8) 

) { rt, P. J = i j 
'l, 

[ e, Pe! = i ) (2.5) 

r.n;e 11't = x/ri H 11s = 1/rz. '¾e !JC - OpTbl . nORRPHOA CHCTeMbl KOOP­
.D;HHaT. Y6el!l,[\aeMcR, qTo napa KBHOHHqecKH conpRJKeHHl,IX nepeMeHHb!X ~ 

H P~ He MeHReTCR npH Bp8II!eHHRX, T.e. aTy napy cRe~eT OTO)![,D,eCTBHTb 
C ¢H3HqecKHMH nepeMeHHblMH. YrROBM nepeMeHHM, oqeB~O, OK831,1BaeT­

CR He¢HsHqecKoA, nocKORbKY ee KBHOHHqecKH conpRl!teHH!,iA HMeyRbc p
8

:. ~ = 0 
paBeH HYRIO. CJJe~eT OTMeTHTb, qTo nepexo.n; K KaJJH6pOBO'lffiO HHBapHBHr­
HblM nepeM8HHl,IM acer.n;a ,n;HarOHaJJH3Y8T CBR3H, T.e. OHH Bl,lpaJl(aIOT paB8HCT­
BO HYRIO HeKOTOp!,iX o6o6~eHHl,IX HMeyRbCOB. 

IR 6 . 
TaKHM o6pa30M, B nORHOM ~n = ¢H3HqecKH8 CTeneHH CB060.n;1,1, 

no KpaAHeA Mepe, o6paayIOT noAnpocTpaHCTBO fR't. 69 IRp'?, • Ho RerKo 
BHAeTb, qTo 't ~ 0 , Pi. E'. IR. , T.e. ¢HsHqecKoe ~n yiice HeHso-

MOp¢Ho IR 2 
• tiT061,1 Bl,IRCHHTb ero CTPYKTYPY, Hccne~eM B HeM TpaeK-

v 4 z. 
TOpHH ARR KaKoro-m16yAb npocToro noTeH~a.na, HanpHMep, = 2 X • 

PaMHRbTOHOB!,1 ypaBHeHHR .D;BHJKeHHR BM8CT8 co CBR3RMH TaKOB!,1: 

x-={x)H}= p-iTx) p-={p_,H}=-x-dTp > pT:>c:::O. c2•6 > 

PeweHHe ypaeHeHHR CBR3H eCTb P :::. A '.)C , rAe A-= A ( t)- npOH3BORbHaR 

¢YHK~R BpeMeHH. floACTaBnRR 3TO peweHHea nepBl,le ABa ypaBHeHHR (2.6) 
H KOM6HHHpyR HX, noRyqHM ypaBHeHHe, KOTOpouy noAqHHJieTCR ¢YHK~ 'i\.. 

J\ X :-( 1 + ?i.2) X > (2.?) 

T.e. npH X 10 HaXOAHM .A = - t~(const +t). Tor.n;a peweHliJI ypaBHallllii 

ABHJKeHHR (2.6), nOAqliHRIO~HeCR HaqaJJbHblM ycROBliRM x(t.=O)::: XO 
1 

p(l·~= 
= ').(o) X ~ ·= o, HMelOT BHA t . 

x(t) = wst expG Jd-cT~(-c~X0 , p(t)=-t~t x(t).(2.a> 
0 

Ilo.n;cTaBRRR (2.8) B (2.5), HaxO.n;liM 3BOJIJOL\IID ¢H3aqecKHX nepeMeHHl,IX BO 
epeMeHH 

it (-l:) = 'to I cost\ , Pii (-t.) = - to t8t I wst f . 
(2.9) 

Ha pac. Ia B ~rr nepeMeHHl,IX ~ Ii p'!:, H306p8l!teHa TpaeKTOpliR, COOT-. 

IO 

aeTClfYIO~M peweHHIO (2.9): 
'io t_!..., 

0 to· 
tso i 

-'io 
PHc. Ia PHc. I6 

BHAHO, trrO B MOMeHT BpeMeHH t = :Jr/2 TpaeKTOPHR npeTepneBaeT p83p!,iB 
Hp~ MeHReTCR CKattKOM. Hs ¢H3HqecKHX coo6p8l!C8HHA RCHO, trro HHKaKliX 
CKattKOB B ~rr ,1\8.HHOA•MeXBHHqecKoA CHCTeMbl• 61,1Tb He MOJK8T ; (cKaqoK HM­

IIYRbca· cBR3aH C "y.n;apoM" qacTHllpl O "cTeHKY" - 06RacTb, r)\e noTeH-

~a.n o6p8II!aeTC11 13 6ecKOHe'tfflOCTbj oqeBffAHO, HHKaKHX 11 CT8HOK 11 B Haqa-
Re Koop,n;HHaT ABHHM CHCTeMa He HMeeT V(x=o)=o). CJJe.n;oaaTeRbHO, 3TOT 

¢aKT ttyXHO TpaKTOBaTb K8.IC YK83BHHe Ha Heo6xo,n;HMOCTb OTOJll,[\eCTBHTb TOq­
KH npHMoA it= 0 , ReJK8II!lie Ha n0Ryoc11x R? 0 H P~ < 0 • 3To osHaqaeT, 
qTo B .D;BHHOA Mo,n;eRH WIT ¢HsHqecKax nepeMeHHl,lx rt, , Pi- eCTb Koeyc, 
paaaepraBaeMIDt B nonynnocKOCTb (pHc. I6): ~il('?,Pi.)= c.on('I"). BBH.n;Y . 
KOHHtUiOCTH ~rr nepHo.n; ~H3HqecKHX KORe6attHA OC~RRTOpa yMeHbWliJICR B.IJ;BOe, 
T.e. qacTOTa YABOHRaCb. 

38MeTHM, qTQ MO~HO 6wro 61,1 peUIHTb ypaBHeHHR ~B11ll(8HHR B nO.IIRpHhlX 
KOOAAHHaTax ,!\RSI aHaJJOrH'tfflOR MO,n;eRH 6e3 KaJJH6pOBO'lffiOA CHMMeTpHH 
( ~ = 0 B (2.I)). ilpH 3TOM no-npeJKHeuy 1z:~OH Re~. 0,n;HaKO B cne,n;yIO­

~eM naparpa¢8 6y.n;eT Il0K838HO' trro ~rr .D;RSI IlOJI.fJpHoit CHCTew KOop,n;HHaT 
IlpH OTCYTCTBliH KaJJH6pOB0qttOA CliMMeTpHH ¢8.ICTHqeCKH COCTaBRReT IlORHhle 
MOCKOCTH ,IJ;n11 nepeMeHHl,IX I'(, , p'L H e , f 8 

·PaayueeTc11, .n;RR onpe.n;eReHaR cTpyKTYp!,i ~IT MO~Ho o6oATacb 6es peme­
HH11 KOHKpeTHOA MeXB.HHqecKoR 3~aqa. Paapewa11 CB113b H no.n;cTaBRRSI 3TO pe­
meHH.e B nepBoe ypaaHeHHe (2.6),nonyqaeM ypaBHeHHe X.= (.Ht)-J(t)T)x-, pe­
weHHe KOTOporo 8CTb 

X (t):: exp { s: (Ht)- d (.1:)\) J:t} Xe . 

BHA ¢YHK~H fl (t)onpe.n;enneTc11 BffAOM noTeH~a.na. Peweime (2.IO) ,I\OnycKaeT 
cneAYJ)ll\YIO HHTepnpeT~: qacTHQa .D;BHJ!t8TC11 no OCH, npHqeM C8Ma OCb 
MO~eT nosopaqaBaTbCR B MOCKOCTH, HMeR Heno.n;BHJKHyn TOtlKY B Haqa.ne KOop­
~HHaT. B·cSMoM .n;eRe, MaTpHQa T ecTb reHepaTop noBopoTOB B nnocKoc­

TH, a ~ (t) eCTb npOH3B0RbHM ¢YHK~R BpeMeHH. TOttKH MOCKOCTH, no­
Ryq8l'.)~eca O,IJ;Ha H3 .n;pyroR KaJJH6pOBO'lffil,IM npeo6p830B8.HHeM (T.e. Bp8II!eHH­
eM IlJIOCKOCTa)' ¢H311lleCKH HeOTRHqHMl,I, IlOTOMY B1,160pOM ~ (t) (B!,160pOM Ka-

(2.IO) 
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' 

'J 

n116pOBKH ) B (2.ldl38,11,aqy MO~Ho cBeCTH K H3JlleHmo ,I.\BKl!teHHSt tjacTH~ 

no 0,I.\H08 H3 ,l.\eKapTOBb!X ocen, CKBllteM X1 ( X-2, (t) "' 0 -YHHTapHM 

KMH6pOBKa). 0AHaKO KMH6poBOtniID\ npOH3BOn He ycTprumeTCH TIORHOCTbD 

Tpe60BaHHeM X.2,.::: 0 ' TIOCKORbKY OCT8.KlTCH ellle K8.1IH6poBOtrnhle npeo6-

pa30BaHHH, CBH3aHHble C Bp~eHHeM Ha yroJI JI B llJIOCKOCTH (X1, X.:z.), 
npH KOTOpOM X ➔ - X • ClleAOBaTeRbHO. 3TH npeo6pa30BaHHH He Hapy-

1118.KlT paBeHCTBa 'X.i = 0 , HO H3MeHJmT 3HaK y X1 ➔ -X1, np11t1eM Il0A06-

Hble noeoporn MO~HO OCYllleCTBHTb ROK8.1lbHO, T.e. B nD6o8 38,l\aHHbl8 MO~ 

MeHT BpeMeHH t :t'-,.o. 0TH KMH6pOBOtlHble npeo6pa30BaHllit 38,1\aJOTCH q>yHK­

W!HMH w('t)=-.2Jr0(t-t'), rAe 0 ('t:) - ipyHKW!H XaB11ca8Aa H 0(o)::'½ • 
TorAa 

~ (-c) -~ ~ (-c) - n, 18(-l'--c). (2. II) 

EcnH B paBeHCTBe (2.10) Bb16paTb cJ('C) TaK, tlTO X,i(t)-=0, TO 

npH npeo6pa30BaHHSIX ( 2. II) X 1 (. t) 6y,l.\eT MeHR:Tb 3HaK B MOMeHT Bpe­

MeHH t -:: t' , TaK KaK 
t . 

S ch: t ( re - t.' ) = o } 1/.2 ~ i 
0 

(2.12) 

I J... · I I 
COOTBeTCTBeHHO npH t > C. ' t -= t . t <. t . a paBeH-

CTBO X.i::: 0 coxpaHHeTCH. Hrurn6pOBOtlHble npeo6pa30BaHHH (2.II) •coOTBeT­

CTBYJOT IlOBOpOTaM Ha yron :Jr OCH, B,I.\ORb KOTOpo8 ABKl!teTCH qacTH~a •. CJie­

AOBaTenbHO, q>H3HtleCKM o6naCTb H3MeHeHHH nepeMeHH08 OC'1 eCTb nony­

OCb' CKWKeM .X1 (t) ~ 0 • 1160 TO'lfKH, CBH3aHHble KMH6pOBOtlHblM npeo6pa30-

BaHHeM. qlH3HtleCKH HeOTRH'lJHMbl. C APYr08 CTOpOHH. BBH'AY paBeHCTBa p (t)= ' 
:. n(t) x.(t) • H3 X2., (t)-= 0 cne'AYeT P~ (t-) = 0 • IT03TOMY npH 

KMH6poBOtlHblX npeo6pa3oBaHHHX ( 2. II) f?i ( t) npeo6pMyeTcH no,I.\06Ho 

X 1 (t) , T.e. X1 (t)~ - X 1 (-l;), p
1 
(t) ➔-P1 (t) B npoH3BORbHbl8 

MOMeHT BpeMeHH t :: t' • )J.pyrHMH CJIOBaMH, nocne HCKnDtJeHHH He<f)H3H­

'IJ:8CIWX II8p8M8HHWC (yCJIOBR8 ;:(.t: 0) OCTaeTCH KaJm6pOBO'IJ:HaJl rpynnaz ,ROTO­

paa YJ!t8 He MOllt8T YM8lll>lllliTI, 'IllCJIO <pli3R'IJ:8CIWX CT8Il8Heit CB06o,ItH,HO a.MOllt8T 

YM8HblllHTb illC ~II. TaK KaK ee ,l.\e'1cTBHe B ~il (X-i, P1) : p., ➔-~ , x.,➔ 
-"> - x.,1 03HaqaeT, tlTO ~eHTp8.1IbHO-CHMM8TpHlllil,18 TOtlKH !pa30B0'1 llJIOC-

KOCTH !pH3HtJ8CKH H80TRHtmMJ,ii OT0~8CTM8HH8 wt (cKne'11ta) npeap~aeT 

MOCKOCTb B KOttyC con (;rr) • . 
G,u.enaeM B 3aKRDtleHHe HeCKORbKO 38l,(8qaH!l.'1. ~OpM8.1IbHO B pemeHHH 

(2.8) BMecTo cost MOlleT 6HTb Tana I cost I . 3To npo11cxo,I.\HT a TOM 

cnytrae. ecnH IlOCJI8 COKp~eHHJl Ha X B (2. 7) C'IBT8TI, IlOJIY'I81001eecJI ypaB 

HeHR8 cnpaB8,l.\nHBHM npH Bcex t • ~ T8M 0C (t) o(lp~aeTCJI B H]Jlb 

npH H3M8H8HHH 3HaKa · cos {. 1 H ,I.\MXppep8HqHMbH08 ypaBH8HH8 AJ1Ji /I ( t) ,j 

(2.7) CTaHOBHTCll H8Ilplll-118HBM!ill-ll B MOM8HTY BpeMeHH, KOf',l.\a cost= 0 • 
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PemeHH8 (2.8) HailHCaHO H3 Tpe6oBaliHH, trT06~ OHO COBTIB,1\8.110 C 

C00TB8TCTByx>lllHM pemettHeM nepBblX ABYX ypaBH8HH8 (2.6) npH ~: 0. 
BnpotieM, aaMeHa cost Ha I cost I B pemettHH (2.8) 3KBHBM8HTHa 

HeKO_TopOMY KMH6poBotrHOMY npeo6pa30Battmo. B CBMOM Aene, 38M8HR:H B 

(2.8) o0 . 

· . ~ (""c) - <1 (-c) - Jr io 8 (t - c~ +-rrn.)J , 
(2. 13) 

BH,I.\HM, trTO t3KCTIOH8HTa B (2.8) nfeo6pMyeTCH M8AYD~HM o6pa30M; 

e)(p (-T~o ,tc~(i:)) ➔ exp tiSo J~ ~(-c>) [ Cos [Jil._ e(t-(i+•x-h))]t 
. h:O 

+ T s<n. [:ir ~ e(t-(f+lro))] } -
(2.14) 

=e)(p(-TS:dt"<l(r))_c(cost), t>O 

B COOTB8TCTBHH C ( 2. 12). f',1.\8 E (x.) = i • .'.)C > 0 • E (.x.) = ~ 1. • 
X-<. 0 , T.e. c(X.) - 3HaKOI:laH q>yHI(gKSI• CJie,I.\OBaTenbHO, COS t B 

(2.8) 3aMeHR:eTcst Ha I oost I -= C<>st • E~t). 3HatJeHHJI HHTerpana B (2. 14) 

npH t = ~ + 7rn. (cM. (2. 12) He BnHHDT Ha Halli BblBOJ.\, TaK KaK a 

(2.8) 06lllHM MHOlltHTeneM CTOHT ~st-= 0 npH t = Jl/.z. + 'Jfn. B 

cnyqae ,I.\BHJleHHSI 06lllero BH,l.\a KaJIKc:lpOBOtIHOe npeoc:lpaaOBaHHe X1 (t) ➔ 
..,,Jx.(t;)I (!r,1=0) HMeeT BH,I.\ (2.13), Ho cYMMHpOBaHHe, cornacHo (2.10), 

,I\O.lllltHO npoBO,I\HTbCJI no sceM KOPJUIM ypaBHBHIUI e)(p ( S; eke))= 0, T. e. 

KOf',l.\a tracTH~a npoXO,I\HT ~epes Ha'IJ:Wlo ROOPARHaT. 

. ~OpM8.1IbHO npeoc:lpa30BaHH11 (2.12) H (2.13) CO,l.\8plltaT oc:lo6lll8HH!i18 

~YHK~H. B03HKKaeT BOnpoc O ,J.\OnyCTHMOCTK TaKHX K8JIH6pOBOtlHblX npeo6pa-

30BaHH'1. Bo-nepBblX, ~YHKQHH X3BHCa8Aa, HCilORb3yeMM B KatJ8CTBe c.,(t) 
B (2.11) H (2.13), M0llt8T 6b1Tb CKORb Yf'OAHO TOtrHO annpOKCHMHpOBaHa 

f'RB,I\KOA 'PYHK~eA. BO-BTOp!,lX, narp8HlltHaH (2.1) OCTaeTCH K8.1IH6pOBOtrHO 

HHBapHaHTHblM H B TOM CJiytrae, KOf'Aa Cu HBRH8TCH o6o6llleHHOA ipYJ{KW!88. 

IlpH 3TOM KWKYlllMCH Heonpe,J.\eneHHOCTb B pemeHHH ypaBH8HH8 ABKl!t8HHH 

( Jl(t) , ~ (t) - o6o(lllleHHble 4>YHKW!H) flBRH8TCH HRnD30pHoA, IlOCKOnb­

Ky ~H3Htl8CKHe, K8.1IH6poBOtni0-HHBapHaHTHble B8RKtJHHbl no-np8lltH8MY 3a­

BHCHT OT BpeM8HH H8Ilp8pbiBHblM o6pa30M, TOtraee, 3Ta 3aBHCHMOCTb onpe­

,l.\8RH8TCH BH,J.\OM ITOT8HW1Ma. Bee "CHHrynHpHOCTH" 3BOnD~H BO Bp8M8HH 

OTHOCstTCH TORbKO K H8q>H3HtreCKHM nepeMeHHNM, KOTOpble, OAHaKO, .!:!.!L!:!2= 
Er! BRHHTb Ha ipK3HqecKHe Ha6nD,J.\a8Mble B8RHtlHHbl. C Apyro8 CTOpOHbl, Ka­

RH6pOBOtni0-HHBapHaHTHHe nepeMeHH!ile onpeAenmoTCH ~ 3aKOHOM Ka­

RH6pOBOtrHoro npeo6pa30BaHHH (2.2) H He 3aBHCHT OT BH,l.\a B3aHMOA8ACT­

BHH (noTeHwiana) B006llle. WaKTHtr8CKH Bonpoc O KMH6poBO'lJHIDC HHBapHaH­

Ta.x 
3

TO Bonpoc TeOpHH rpynn (TeOpHH HHBapHaHTOB~ a He aonpoc ,I\HH8MH-
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KR. IlpR 9TOM CTpyitTypa HHBapll8HTOB H8 3aBRCRT OT RJiacca ip~ 
w .,. w (_ t) . .n el\CTBHTeJibHO' e,D,HHCTBeHHblR HHBapHBHT rpym11,1 

50(2.) eCTb KBa,n,paT BeKTOpa a: 2. • 3aBHCHMOCTb KOTOporo OT BpeMeHH 
rJia,IJ,KM. 3aMeTHM Ta.lO!(e, qTo HMeHHO H3 coo6p8lll:eHHA Henpep!,iBHOCTH 3B0-
JlllQHH qiHaHqecKHX nepeMeHHl,IX 6blJI coaepweH nepexo,u. K ~n (tt, fl)= con(Jt:) 
OT. noJiynJIOCKOCTH. no 3THM coo6p8lll:eHHRM ocTaTOqttM rpynna Z2 , pe­
,D,YQHPYIJ~M 4JH3HqecKoe ~n, eCTb no,u.rpynna KaJIH6poao~ npeo6paaoaa­
HHI\. BoJiee Toro, B qacTH 3 6y,u.eT npo,D,eMOHCTpHpOBBHO, qTO 3Ta rpynna 

B,ll,OJlb OCH x~. IloKa qacTHQa ,ll,BHJKeTCR no nOJIOJKHTeJibHOI\ noJiyOCH, Bbl­

nommeTCR paBeHCTBO X1 = 'l, , H HHKaKHX napa,n,OKCOB He B03HHKaeT, IlpH 
npoxoll(,11,eHHH HaqaJia KOOp,D,HHaT xi MeHReT 3HaK, a ft 3HaKa He Me-

HReT, e H p't, MeHRXJTCR CKaqKOM: e ➔ 6+ 1r , p't,:: lplc.os8 ➔ -Pi,. 
XOTR CKaqKH H He CBR38J-lbl C B03,D,el\cTBHeM KaKHX-JIH60 CHJI, OHH He npo­
THBOpeqaT ypaBHeHHRM ,ll,BmteHHR. MeJKAY TeM KHHeMaTHKa CHCTeMbl ,u.onycKaeT 

HHTepnpeTB.Qlm, n03BOJimo~ HX H36~JKaTb, B C8MOM ,D,eJie, 4JOPMYJibl nepe-

RBJIReTCR xapaKTepHCTHqecKOI\ ~JIR K8lK,Il,OI\ KaJIH6poBOtrnOI\ TeOpHH B .TOM CMl,IC­
Jie, qTO ee 38,Il,aHHe n03BOJIReT peKOHCTpyHpOBaTb Beeb Ha6op KaJIH6poaoq­
HblX HHBapH8HTOB B TeOpHH H, TeM CaMblM, o6ecneqHTb O,U.H03Hatrnoe COOT­

BeTCTBHe MeJKAY KBBHTOBblMH aMnJIHTY,U.aMH, BblqHcJieHHblMH B HeKOTOpOI\ Ka­
JIH6pOBKe (yHHTapHOI\ B ,ll,aHHOM CJiyqae), H RBHO KaJIH6poBOtrnO HHBapHaHT-

xo.u.a K TTOJIRpHblM KOOp,D,HHaTaM X-{ = 't COS 9 , X,1 = 'Z, SLn_ 0 HHBapH8H'P -

Hb1 OTHOCHTeJibHO 38MeHbl e ➔ et 'Jr , "Z, ➔ - 't , 3TO 03HaqaeT, qTo ,ll,BH­
JKeHHe CO 3HaqeHHRMH TTOJIRpHblX KOop,u.HHaT f) + 'Jr , 't )> 0 HeOTJIHqffMO OT 

,D,BHJKeHHR CO 3HaqeH1:fRMH HX e , ti< 0 • Tor,D,a qla30BaR TpaeKTOpHR 6y­
,D,eT 0,ll,HHaKOBa Kax B TTJIOCKOCTH (rt, p.J , TaK H B IIJIOCKOCTH (X1, ~) , 
qTO H CJie,U.OBaJIO OJKH,D,aTb. 

CKaJKeM HHaqe, ~Il ( 't, p't,) ecT& CJIOJKeHHaR nonoJiaM B,D,OJI& oca 1t.. = 0 
nJIOCKOCTb, Ka)K,ll,aR H3 nOJIOBHHOK IIJIOCKOCTH OTBeqaeT 3HaqeHHRM e , paa­

JIHqalJ~HMCR Ha 'Jr , n03TOM,Y qJH3HqecKHe COCTORHHR Ha 3THX noJiynJIOCKOC­
TRX pa3JIHqH!,1, npHqeM BTOpaR nOJIOBHHKa 't < 0 nepe.u. COBMe~eHHeM c 

nepaol\ !'[..) 0 noaepHYTa Ha yroJI 'Jr BoKpyr ocH R, = 0 .< BBH,D,Y cKaqKa 

HblMH aMilJIHTY,U.aMH (CM. TaKl!Ce §§ 2.3, 2.5). . 
MTaK, npH o60HX cnoco6ax Bbl,ll,eJieHHR qJH3HqecKHX nepeMeHHblX HHBa­

pH8HTOM H HeHHBapHaHTOM (qJHKCaQHR KaJIH6pOBKH), CTpyKTypa qJH3HqecKoro 
~n OKaaaJiaCb 0,ll,HOI\ H TOil JKe. MMeHHO ll1Il (tt.J P-zJ-= <t>n (x1, R) = c.on (x) • 

KpoMe Toro, npH HeHHBapHBHTHOM cnoco6e HCKJil)qeHHR HeqJH3HqecKHX nepe­

MeHHblX ,U.JIR ycTBHOBJieHHR CTPYKTYPbl ll1Il qiHaHqecKHX cTeneHeR cao6o,ll,bl 
MOJKHO nOJib30BaTbCR KaK KOOp,U.HHaTHblM, TaK H HMnJJibCHLIM npe,u.cTaBJieHHeM. 

0,u.HaKO BH,ll,HMM HeCHMMeTpHqHOCTb BblpaJKeHHR ,ll,Jl:R 1:, H p't, HJ!Jlll30p­
Ha. MOJKHO 6b1Jlo 61,1 onpe.qeJIHTb qiHaHqecKHe nepeMeHHlile KaK p = ( p,.) -1/z~ o, 
r-c..p: (p,x)/p E(R, {rir}}:: i H T.,D,. IlpH nepexo,u.e K KOHYCY 3TH ;03-

MOJKHOCTH CTBHOBRTCR HepaaJIHllHMblMH: KOHYC MOlKHO paape3aTb H no nOJIY­
OCH p H no noJiyocH rt, • 

§ 2.2 ~IT nJIR TTOJIRpHOI\ CHCTeMbl KOopnHHaT 

IlpH ,U.BHJKeHHH qacTH~ B TTJIOCKOCTH ll1Il Ka)K,ll,OR H3 ,ll,Byx ee CTeneHel\ 
cao6o,ll,},I B .u.eKapTOBblX Koop,u.HHaTax ecT& nJIOCKOcTb: ~Il ( p~, X.,) ~ IR® fR. 
L = 1 ,2 , B TTOJIRpHblX KOOp,U.HHaTax KaJK,ll,aR H3 nepeMeHHblX :Z:, , 9 npH­

HHMaeT 3HaqeHHR, JieJK~He JIHWb Ha qacTH Be~eCTBeHHOR OCH. KaKOBbl *e 

TOr,D,a ~Il COOTBeTCTBYIJ~HX CTeneHel\ CB060,ll,bl? BBH,D,Y Toro, qTO it MeHReT-
CR Ha TTOJIYOCH tr, ~ 0 , a e - OTpesKe [01 .Q":Jr] , HrutpawHBaeT-

CR BblBO.U., qTO (f1fl (re., p't,) ecT& noJiyI1Jioc1<ocT&, a (f1Il (0, Pa) - noJioca 

wHpHHOI\ JJr , TaK Kai<: P't. , Pe MeHRXlTCR B 6ecKOHeqH!,lx npe,u.e­
Jiax - oo ~ Prt., P8 ~ o0 • BoJiee BHHMaTeJI&Hoe paccMOTpeHHe noKaa1rnaeT, 
qTO ~Il B o60HX CJiyqaRX qJaKTHqecKH eCTb nOJ!Hble IIJIOCKOCTH. 

t{T06bl y6e,u.HTbCR B cnpaBe,U.JIHBOCTH CKa38HHOro OTHOCHTeJibHO 'l, ' 
p~, paCCMOTpHM ,U.BHJKeHHe qacTH~ qepe3 HaqaJio OTcqeTa B ,u.eKapTO­

BblX H TTOJIRpHblX KOOp,U.HHaTax napaJIJieJibHO. IlyCTb ,D,BmteHHe npOHCXO,D,HT 
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ii HMnyJ!bCa p'L ➔ - P,, ) • TaKHM o6paaoM, KaJK,u.00 TOqKe qiaaoaol\ nOJIYilJIOCKOC­

TH 't. ~ 0 , fl €. (R COOTBeTCTBYllT naa paaJIHqH!,IX qJH3HqeCKHX COCTORHHR, 
CJI:e,D,OBaTeJibHO, TaKM ITOJIYTTJIOCKOCTb H30MOOO)Ha ~asoaol\ TTJIOCKOCTH i,~E~ • 
Ka)K,ll,00 TOqKe KOTOpol\ OTBeqaeT TOJibKO 08HO qJH3HqecKoe COCTORHHe CHC­
Tew, T.e. no onpe,D,eJieHHll wn HMeHHO 3Ta nJIOCKOCTb ~OJIJ!tHa 6b1Tb 
OTO~eCTBJieHa C ~fI (rt, Pz_) , IlpH HaJIHqHH KaJIH6pOBOqttOI\ CHMM6TpHH e 
CTaHOBHTCR HeqJH3HqeCKOR nepeMeHHOI\ (HeHa6JID,D,aeMoR), Il03TOMY paaJIHqae 

Mell(,11,Y .U.BYMR Hroio*eH!iHMl1 ,1onyI1JiocKocTRMH HcqesaeT H ll1Il ( re.) P"Z-) = 
= con (Jt) (noaopoT Ha yroJI 'Jr BTOpoR nOJIOBHHKH qiaaoaol\ TTJIOCKOCTH t<0 

nepe.u. coaMe~eHHeM c nepaoR 't > 0 KaK pas H o6ecneqHaaeT Hx OTOJK­

.n.ecTBJieHHe cornacHo KaJIH6poBOqffOI\ rpynne Z2 , .u.eRCTBYIJ~eR B ~Il qiHsH­
qecKHX nepeMeHHIDC). 

Msyqaa Bp~eHHe qacTH~ BOKpyr HaqaJia KOOp,D,HHaT, y6ell(,ll,aeMCR, qTo 
,ll,J!R 0,ll,H03HaqttOI\ xapaKTepHCTHKH ~BmteHHR HYJKHO .u.onycKaTb H3MeHeHHR yr­
JIOBOI\ nepeMeHHOI\ B 6eCKOHe~ npe,D,eJiax e €. IR. 1 eCJIH yqHTblBaTb qHCJIO 
o6opoToa, coaepweHHblX qacTHQeR BOKpyr HaqaJia Koop,D,HHaT. 

!I K 3TOM,Y JKe BblBO,D,Y npHBO,U.HT 8HaJIH3 raMHJibTOHOBa KM B IlOJIRPHblX 
KOOp,ll,HHaTax (12, 13]: B HeM no BCeM nepeMeHHblM rt, , 0 , ft. , Pe HYJK­
HO HHTerpHpOBaTb B 6ecKOHeqH!,IX npe,u.eJiax. JiyJKHo no.u.qepKHYTb, qTO 8Ha­

JIH3 B [13] OT Haqana ,ll,O KOHQa npOBO,ll,HJICR B paMKax KBBHTOBOI\ MeXBHH­
KH H He aneJIJIHpOBaJI K KJiaccHqecKOI\ qJH3HKe. 
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2. 3. CTpyKTYpa <liII H KJ!aHTOBoe onHCaH¼itl 

IlpH aHa.JIH3e KJiaCCHtreCKOA ,ll.HHBMHKH CHCTeMbt 6blJIO H~,D.eHO, llTO pe­
)I.YKI.111H <liil Be,n.eT K H3MetteHHD HeKOTOpblX ¢H3HqecKHX xapaKTepHCTHK CHC~ 

· TeMhI. TaK, B CJiyqae OCI.111JIJIRTOpa qacTOTa KOJie6aHHA yBeJIHtraJiacb B,ll.BOe 
( § 2.I). PaccMOTpHM BJIHHHHe CTpyKTYp!:l <liII Ha KBaHTOBOe onHCaHHe. CHC-. 

TeMa (2.I) co,n.ep,KHT CBH3H nepBoro po,n.a, Il03TOMY ,D.JIR nocTpOeHHR He­
npOTW30p8'll!BOtt KBaHTOBOA TeOpHH He06XO,IJ.HMO HCilOJlb30BaTb pe~enT KBaH­
TOBaHHR .[\MpaKa [ro]' corJiaCHO KOTOPOMY KaH0HHqecKHe nepeMeHHble aa­
MeHSIDTCR onepaTOp8MH C KOMMJ'Tal.1110HHbIM COOTHOmeHHeM (I.5); a onepaTO­
pbl CBH3eA o6p8JllaIOTCH B ttyJib npH npHMeHeHHH HX K BeKTOp8M ¢H3HqecKoro 

no,n.npocTpaHCTBa COCTORHHA (nOJIHOe I'HJib6epTOBO npocTpaHCTBO COCTOHHHA 
3a,IJ,aeTCH YJ'l.e BBe,D.eHHeM CBMOCOnproiteHHblX onepaTOpOB (I.5)). IlpHMeHHTeJib­

HO K paccMaTpHBaeMoA MO,D.eJI11 a To oaHaqaeT [Xi,, p • 1-= ~ 'b~, t. ~ , 'Jr J = ~ 
(ti.~) 11 d 

i \tph> = 0 
A /\ 

pi.T~j xj \4'r"> = o. (2.15) 

IlepBOe ypaBHeHHe B (2.15) 03HatraeT He3aBHCHMOCTb ¢H3HqecKHX BOJIHOBIDC 

¢YHKI.111A OT ~ • 4T06bl pewHTb. BTOpoe ypaBHeHHeJB {2.15) BBe,n.eM onepa­

TOpbl polK,11,eHHR 11 YHHqTo*eHWI: 

"+ ("' · 11.)I " {,"' ·")I [/\ A+l . 
a,j = xd -t.pd 1{i, U.j='-xj+t.~ ltfi, °J,a,d=~~<2.r6> 

Tor,n.a ¢113HqecKHe COCTO_HHHH Bli'AeJISIDTCR YCJIOBHeM 

I\ ·("+" '1.tl\)1·1. r \·\. '--) = " o." a. 2 - 0.2. a" 't'.f1,) = o ~ ipn (2.I?) 

[ ( "+2 "+2) t 1 
YpaBHeHHe ( 2. I?) HeTpy,D.HO peUIHTb. IlOCKOJibKY 04 + az. ' -::. 0 

HMeeM 
oO 

\~ h '> ~ L c,,_ ( c>-:2. + d; 2
) n. \o), c2.rn> 

r n-=-o ..... 
r,n.e BaKYYMHOe cocTORHHe onpe,n.eJIHeTcsr paaeHCTBOM Q, i. \ 0) = 0 , C11.. -
-HeKOTOp!:le IlOCTOHHHble K03¢¢H~eHTbt. BbipBl!teHHe (2.!8) ,n.aeT 061l\HA Bl{A 
BeKTopa ¢H3HqecKoro no,n.npocTpaHCTBa, TaK KaK e,n.HHCTBeHHliA HeaaBHCl1MblA 
HHBapHaHT OTH01'!11TeJibHO SO(2)KanH6poao~x BpaJlleHHR eCTb KBa,IJ,paT BeK-

" + i ~+2 ""+, TOpa Q. : Q_, + 0 1. ; BCRKHA ,n.pyrol\ HHBapHattT ,D.OJJJKeH 6b1Tb ¢yHK-

~eA OT Hero. 2. 
HanpHMe_r., p.11sr oc~11JisrTopa V = 1/2 .X. qiHaHqecKHA cneKTp I'SMK/IbTo-

HHatta H = o...J ~ + 1 , oqeBl{AHO, ecTb Eh=- 211 +'1 , n= O~ i, • • • -> 
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cor11aCHO (2.18). Ilo,n.o6HO KJiaccHqeCKOA TeopHH qacTOTa (HJ!H paCCTOH­

HHe Me*AJ ypOBHRMH 3HeprHH) OKa3aJ!aCb y,n.BOeHHOA. 
IT011yqeHHMA peayJibTaT MOlltHO c,n.eJiaTb 6oJiee npoapatl:HbIM, ec11H 

paccY7'l-AaTb Ha R3b1Ke op6HT K8JIH6pOBOu.HOA rpynnM. K8ll(,IJ,OMY BeKTOpy X. 
MOlKHO conocTaBHTb I'1!a,IJ,K08 MHOI'006paaHe - ero op6HTY, KOTOpaH o6paao­

aatta aceB03MOlltHblMH KaJIH6poB01.l:HbIMH npeo6pa30BaHHHMH ,j, 'T.e. B 
,n.aHHOM cJiyqae 3TO oKp~oCTb S1 pa,IJ,eyca 1:x:.I. Bee KOHqmryp~oHHoe 
npocTpattCTBO IR 2. pacCJiruiBaeTcsr Ha op(SHTH rpynnM $0(.:i) - oKpYJ'l.­
HOCTH 5i. Ha.6HD,n.aeMb!MH (¢H3HqecKHMH) HBJIHDTCH TOJibKO nepexo,D.M C 

O,IJ.HOA op(SHTbt Ha ,o;pyryD' Tm< KaK ,ll.B~eHHe B,D.OJib op6HTbt' oqeBl{AHO' 
0ilHCb1Ba8TCR He¢H3HqecKOA yrJIOBOA nepeMeHHOA. Ilo3TOMY B KOH¢Hrypa~OH­
HOM npocTpaHCTB8 MOlltHO 3a,IJ,aTb JIHHHD (q>HKCHpOBaTb KaJIH6pOBKY) ' B,ll.OJ!b 

KOTopoA HayqaTb 3BOHD~ ¢HaHqecKoA cTeneHH cao6o,D.H. Ha.hpHMep, X~=O, 
·r. c .• B KatreCTBe ¢H3HqecKOA nepeMeHHOA Bb16patta Xi . 0,n.HaKO ,D.JIH O,ll.­
H03Hau.Horo ,ll.HHBMHtreCKOro OilHCaHHH He06XO,ll.HMO, 1.l:T06bl Bb16paHHaH JIHHHH 
nepeceKaJia K8.l!t,II.Y~Op6HTY T0JibK0 O,ll.HH paa, BBH)I.Y Toro, 1.l:TO TOl.l:KH, npH­
Ha,IJ,JielltaJllHe 0,D.HOA op6HT8,KaJIH6pOBOu.H0-3KBHBa.JieHTHbl. HeTpy,D.HO Bl{AeTb, 

qTO JIHHHH X:1. = 0 nepeceKaeT ace OKpJ*HOCTH c ~eHTpOM a HatraJie K0Op­
,D.HHaT ,ll.B8l!t,ll.li. G.ne,n.oaaTeJ!bHO' TOl.l:KH 3TOA JIHHHH X\ w - xi. Kam16pOB01.l:­

HO• 3KBHBaJieHTHbl, T • e. OCTaTOu.HaH rpynna Z 2, , pe.n.y~pyDUlaH <liil (x1) 
p") , nOHBJIHeTCH KaK CJie,D.CTBHe 0,ll.H03Hau.HOCTH OilHCaHHfi Ha 

npocTpaHCTBe op6HT. 
'< IlocMOTpHM, KaK ,.o6cTOHT ,n.eJIO B KBaHTOBOM CJiytrae. YHHTapHblA onepa-

~ TOp U(w) = exp~wGi , G-+= G ocYU1eCTB11neT KaJIH6poBOtrHble npeo6pa­
aoBattHsr (2.2) onepaTopoa Koop,n.HHara H HMilJJibca. Hcno11baysr ero,noc­
TpOHM paccnoeHHe Ha Ka.JIH6poao~e op6HTbl nonttoro rHJib6epToBa npocT­

pattCTBa ( CTeneHb CB060,D.H ~ yqHT1,1BaeTCH TpHBHa.JlbHO, Il03TOMY 0Ha He 
BKJ!IDtreHa B noc11e,D.yDU1ee pacCMOTpeHHe). KaK B KJiaCcHqecKoA MeXaHHK8 

0OCTOHHHH, noJiytrax>U1H8CH ,n.pyr H3 ,n.pyra Ka.JIH6poB01.l:HbIMH npeo6paaoaa­
HHHMH, qJH3HqecKH He0TJIHqHMbl, TaK H B KBaHTOBOA TeopHH CJie,n.yeT cqH­

TaTb ¢H3HtreCKH TOJK,ll.8CTBeHHbIMH B8KT0pbl COCTOHHHA, npHHa,IJ,Jiellt~He 0,D.HOA 
op(SHTe. HcnoJibaysr ¢opMYJIY BeAKepa - Xayc,n.oppa: 

,., I\ 

A A ,., ,., .,,, ~ [" " "]1 e ~e- -= ~+ [A,e,1+21 A,[A}~> + ... ) (2.19) 

HaxO,D.HM 
(,. ,\+ "+ 
u(w) Q_, u (w) 

.i\ + "-+ . -= Q~ COS W + 0 2 S1.n W ,) 

,._ A .i\+ 
U(w) Oi: V(w) 

.i\+ • At--::. - o" s(.,n w + 02. cos w . (2.20) 

Tor,n.a H3 (2.20) c11e,n.yeT, qTo onepaTOp KaJIH6pOB01.l:HblX npeo6pa30BaHHA 

rr-;~~.~-,-, .... 
I ,: •lf' . ,,, t.1,'T''A..,Y;? 
i . ._. ;_' . C1f ... ~ :;r.·/ 1; ::_T ~ 
L.._cVib!lViOTE:(.~ ...... 

- ~-- J\,~ I 

- --- I 
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U(w)HMeeT HHBap11aHTHoe noAnpocTpaHCTBo, HaTHttyToe Ha aeKTOJlbl 

G
l\,t) h.-h1 A+ \'n 

\ n-m:, m > = Q-1 ai lo> , rrt=O,l,. .. , "--, (2.2!) 

np11qeM 3TO npocTpaHCTBO flBRHeTCfl HenpHBOAHMblM OTHOCHTeRbHO Ae8CTBl1fl 
lJ np11 q>HKCHpOBaHHOM \'\.. (He pacna,t\aeTCfl B npm,yio cyrazy HHBapHaHTHblX 

IlOAilPOCTpaHCTB). G.neAOBaTeRbHO, BeKTOpbl (2.21) npHHa,t\RelKaT OAHOn op611-
Te. B KaqecTBe npeACTaB11Tenn aTo8 op611ru YA06Ho aw6paTb aeKTop ln,o>, 
llTO COOTBeTCTByeT B Knacc11qeCKOM cnyqae q>11Kca1.om Kan116pOBKl1 X.i = 0 • 
Ho aTHM Kan116poao~n npo113aon He 11cqep~aaeTcn, ocTaeTcH em;e Kan116-
poBOqttM rpynna zl• B KBaHJOB08 Teop1111 3Tl1M KaRH6pOBOtlHNM npeo6pa30-
BaHl1flM oTaeqaeT one pa Top U (Jr) . BB!i'AY ( 2. 20) no.rryqaeM 

A A n 
U(:rr) ln,o') = U(n) o;n \o) c: E-1) ln,o>. 

(2.22) 

CneAOBaTenbHO, qi11311qecK11e cocTOHHHH cyTb l~n, 0) • Ecn11 B KaqecT-

Be npHMepa B3flTb OC~l1RRHTOp,To 113ytiaeMM Cl1CTeMa ~yA_eT 3KBRBaReHTHa 
OAHOMepHOMY OC~HRRflTOpy C YABOeHHNM paccTOflHl1eM MeJK,Izy YPOBIDIMH 3Hep­
r1111. 0TMeT11M, llTO Z:i - 11Haap11attTHOCTb no3BonneT aoccTBHOBl1Tb npa­
B11Rbl-!bl8 cneKTp B Teop1111 (ypoBHH OC~RRflTOpa YABOelibl Ka.K np11 Kan116po­
BOqttO-HHBap11aHTHOM IlOAXOAe (2.18), Ta.K 11 B cnyqae q>11Kca~11 Kan116p0B­
KH). Ecn11 61,1 cTpyKTypa qi11311qecKoro ~TI 6wna npo11rHop11poaaHa, TO B Kan116-
poaKe X.i -=0 6wn 61,1 nonyqeH Heaep~ cneKTp, T.e. ttecoBna,t\BJOm;118 c 
TeM, KOTOp!,18 BNTeKaeT 113 flBHOPO pemeHHfl yCROBH8 KBaHTOBaHHflnipai{a 

(2.l7)CHCTeM CO CBfl3flMl1. 
TaKHM o6pa30M, ycTpatteHHe Bcex Heqi11311qecK11x CTeneHe8 CB060AN ny­

TeM q>11Kca~1111 Kan116poaK11 em;e He rapaHT11pyeT c~eu11n nonnoro r11nb6epTo­
aa npocTpaHCTBa AO,q>l1311qecKOPO noA_npocTpaHCTBa COCTOHHl18, B~enneMO­
ro onepaTopawt CBH3e8 B cxeMe.KBaHTOBaHl1fl .ni,ipruca CHCTeM co CBfl3Jnrn. 
Ponb A11CKpeTtto8 Kan116p0Boqtton rpyn~,PeAY~pyiom;en ~Il qi11311qecK11x cTene­
tte8 CB060AN, Ka.K pa3 11 38.KRDqaeTCfl B TOM, tlT061,111CKRDql1Tb 3TH OCT8J)­
m;11eCH H8q>l13HqecKHe COCTOflHHfl. K npoaepKe 3TOPO BNBOAa B 6onee CROlKHNX 
CHCTeMruc MN aepHeMCfl np11 paccMOTpeHHH KBaHTOB08 Teop1111 B paMKruc lU1 • 

2.4. lU1 ,!!Rfl CHCTeMN C ~11 = con (Ji) 

rAe X = (:x:1,•··, XN') 11 '<!~ - AHHaM11tzecK11e nepeMeHHNe Teop1111, T"'­
-rettepaTOJlbl rpyn~ SO(N) ( B81I18CTBeHHNe aHTHCHMMeTpH~e MaTp111.-1b[ A!xtl); 
[Tq., Te,]= tae,c Tc , t afl,c - CTpyKTypHNe KOHCTattru SO(N). Jlar-

paHlK11aH (2.23) 11HBapHaHT8H OTHOCl1T8RbHO rpyilnl,I KaRH6pOBOllHNX npeo6pa-
30BattH8 

x-~n .. ~. d dt. 1., , C 0t + d) - .si C '<\ + ~) Sl T. (2.24) 

3AeCb ..Q.. = e)(.p Wa,(t) Ta - aneMeHT rpyn~ SO (N) , Wa (t) -
npoH3BORbHNe ¢YHK~l1 apeMeH11, d ~~"To.. , ..Q. ,- -Tpancnott11poBattHM 
MaTp11~a _Q_ ! Jl _n_T =.Sl.TJl:! • KanH6pOBOllHN8 npeo6pa30Blilll1.fl (2.24) 
CYTb apam;eHHJt B N -MepHOM npocTpattcTae BeKTopa JC • IloaTOMY op6H­
m KM116pOB0qtt08 rpynITl,I SO(N) 8CTb eq>ep1,1 s"H B KOH¢11ryp~11-
0HHOM npOCTpattCTBe ~N (:x:.) . KaK 11 B § 2.3,MOlKHO 3a,t\aTb RHHHD, 
BAOJib KOTOpon 113M8HJteTCSI eA11HCTB8HHaSI gJl1311tleCKM nepeM8HHM Teop1111. 
Hanp11Mep, KMH6poaotrnhlM npeo6pa3oaatt11eM acerAa B8KTOp X MOJKHO 
HanpaBl1Tb BA_ORb 0AH08 113 'A8KapTOBNX ocen: X ~ = 0 ~-I 'r,. • OA_HaKO 
3Ta JIHHl1fl KBllr,eyJ) cqiepy C Q8HTpOM B Hatzane KOOPA_HHaT nepeceKaeT 'ABaJ!t­
A!,!. CJ!8AOBaT8JibHO, A_JIH 0A_H03Hatmoro OITHCaHHSI CHCT8Ml,I HylKHO Clll1TaTb 
COCTOflHlffl X1 :. 'L H X1: -"l, gJH311lleCKH TOlK,IJ,eCTB8HHb!Ml1' 
T.e. ¢n(x-1,P-,)=c.on(JV. K TOMY lite peayJibTaTy B8A8T 11 8HaJIH3 ra­
MHRbTOHOBa gJOpMaJIH3Ma. 

KBHoH11tzecKHe lfMIIYJibcw cyTb Jro.. =- 'o¼~o..=o, Pi.= c-;)¼x~= 
- ~. + '-' , . X • • I'8MlUibTOHH8H CHCT8Mbl 11M88T BHA 
- ...\,(, <JLJ d 

Ii-= ~ pi+ V(x2
) - c1o.. Ge... ) c2.25> 

rAe Q CL::: {Jro.., H }=flTi.j~· =0- B'l'OplfCIHlle CBHSH,OHR HaXO,Itll'l'CJl B mI­

BOnD~H ( cana11 nepaoro POAa t 101 ) f G'a Gt \ :; "tc~e.c ~- IlocKORbKY Kan116-. ) 

POl:SO\ffi!,[e npeo6paaOB8HHH CYTb Bp~eHl1H BeKTOpa 0C , TO eAKHCTBeH-
H08 q>KaHqecKo8 nepeMeHHo8 HMHeTCH rt, s:= ( x, z.) 1/z. ~ 0, ~Il ft,_ 11 

PaccMoTpHM npocTe8mee Hea6eneao 0606m;eH11e MOAen11 
lKHaH HMeeT BHA [ 71 

p't :::. ( X) p) /rr., - K8HOHl1tleCKl1 conpRlKeHHOro lfMIIYRbca, ecTb con (Jr) 
no C006paJlteHWIM,81!aJJ:Orli'IHHM Bl,llll8113ROlK8HHNM B § 2.2 ( B AaHHOM cny­
llae TaKJKe ace yrnoa1,1e nepeMeH!il,le IV -Meptton cqiep11t1ecK08 c11cTew 
KOOpA_l1HaT - H.314~8CKR8,ll09TOMY HaJlOllt8HHli8 APYI' Ha A_Pyra nwzynnoc­

( 2 • 1 ). Jlarpan- !I TH 't. < 0 H 'l.. '> 0 gJa3oaon IlJIOCKOCTH /R ( '1.) © fR (Pt.) OTOJ!tA_ecTB­
nRDTc11). OTMeTHM, llTO 06m;11M pemett11eM ypaattett118 CBSl311 Go.= 0 6yA_eT 

L = ~ (x -t~c.Tx/ - V(x 2
), 

18 

"'""-·-'-' --•· i1rft5t ttt 

P = fl JC. , noaTOMY B KMH6poBKe X l = Oi i X1. noJ!YllaeM P~ = o , 
(2.231 ~ "- /J./:,1 ... , N , a B ~Il (x1, p1 ) A_e8cTayeT rpynna Z2. , T.e. ~Il (X-1:, 

P1)-= con (Jr) • 
Ilepe8A8M K KB8HT0B08 Teop1111. Hamen OCHOBH08 38,I:\atzen 6y'AeT'nocT-
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00 

<tl'f>> = ~otri ~tJ-" ~V\ri.)~(ri,) 
(2.28) 

0 

poeHHe l{H C ytteTOM pe,nyKW{H qJH31{qecKoro <I1I1. IlocKOJibKY 3HaqeHHH 

8,11.HHCTBeHHOR qJH3HqecKOR nepeMeHHoR JieJKaT Ha nonyocH B paccMaTpHBae­

MOR MO,IJ.eRH, TO ecTeCTBeHHO B03HHKaeT BOnpoc 06 onpe,11.eJieHHH HH KaK 

Ha qJH3HqecKOM <I1I1 = con (Ji) , TaK H Ha 4JH3HqecKOM KOHq>HcypaW{OHHOM 

npocTpattCTBe rt,E.IR~=[o, 001. ToQHee, peqb ff'AeT 06 YKMaHHH peQenTa OTMeTHM 0,11.ey oco6eHHOCTb, B03HHK8lOieyIO npH HcnoJib30BaHHH cxeMbl KBBH-

BblllHCJieHHH KH. 0TM8THM, trrO ,11.~e KOH8QHOMepHb!R r~yccoB HHTerpa.n, TOB8HHH ,[\Hpaxa. COCTOHHHH B nOJIHOM rHJib6epTOBOM npocTpBHCTBe ,IJ.O~-

KOTOpblM 06HQHO•annpOKCHMHpYJOT HH, He BHQHMHeTCH HBHO Ha noJiyOCH. Hli HOpMHpOBaTbCH corJiaCHO CRaJIJipHOMy IIpOR8B8,IJ.8HlilD, B KOTOpoe BXO,IJ.HT 

Cne,IJ.OBaTeJibHO, npocTeRmee coo6p~eHH8 - 38MSHa o6JiaCTH HHTerpHpOBBHHH HHTerpHp0B8HH9 no BCSM CTeneHRM CB060,ll,bl, B 6ecKOH8trnblX npe,11.e11ax, 

¢f\-=- (i).2 8 (I.7) Ha <I1I1 = c.on ("lt") - He npHBO,IJ.HT K JKe11aeMOMY pe3yJib- T.e. c MepoR Qcl~o. cP1,x. • JierKo, 0,11.Haxo, noHHTb, qTo 4JH3Hqec-

TaTy, TaK KaK ITOJiytI8lOU1llRCH o6~eKT He onpe,11.eJieH ,11.~e ,11.JIH npocTeRmHX KH8 BOJIHOBHe 4JYHKQHH He RMRIOTCH HOpMHpOBaHHb!MH C 3TOR TOqKI{ 3pe-

CHCT9M: CB060,IJ.HaR qacTHQa' OCQHJIJIHTOp. HHR. ,[\eRCTBHT9JibHO. t p h, He aaBHCHT OT ~ 0.. • I{ HHTerpaJI no HHM 

IlOCKOJibKY onHcaHH9 B paMKax HH ,IJ.O~HO 6HTb SKBHBaJieHTHHM onepa- ,11.aeT 6eCKOH9tlHl,IR MHOJKHT9Jib. CnpamHBaeTCH, Ka.K TpaKTOBaTb 3TOT 

TOpHOMY no,11.xo,ny. TO MPO onepaTopa :3°BOJIIOQHH CHCTeMbl CJie,nyeT ITOJlytIHTb' 4)8.KT? 3,11.ecb eCTb ,II.Ba nyTH. Bo-nepBHX' 11H9HOpMHpyeMOCTb" t pk. T8.KO-

HCnOJib3YH pemeHHH ypaBH9HHH lllpe,11.Httrepa, T.e. npH noMO!IIH cneKTpaJJb- ro JKe po,11.a,Ka.K "HeHOpMHpyeMOCTb" co6CTB9HHOro B9'5._TOpa onepaTopa HM-

Horo pa3JIOJK9HHR (qiopMYm,1 <I?eRHMatta - KaQa) [14 ,15] • Ilepexo,11. K KBatt: nyJibca (n11ocKoR BOJIHbl). B CaMOM ,11.e11e, ypaattettHe 'Jlo. 4'ph:. -Lo/~~ .. lfyh"' 0 
TOBOR T90pHH OCY!ll9CTBJIR9TCH 38M8HOR acex KBHOHHqSCKHX nepeMeHHblX on - osttaqaeT, qTO co6CTB9HHOe 8HaqeHH9 onepaTopa HMfiYJlbCa paBHO ttyJIIO 

paTopaMH [ ~ ~, pjl,,t.8lj• [ ~o. ,i-e, 1 = L ba<!, , a onepaTOPH CBHseR Bbl,11,e- (qacTHb!R c11yqaR n11ocKoR BOJIHbl: ~xp (i ka, ~a..)IKa~J->. Ilo3TOMY qi ph. 
JIHIOT qJH3Hq9CKOe no,11.npocTpBHCTBO COCTORHHR. B f 93Y~bTaTe HMeAeM K~f-) HOpMHpOBatta KaK 0606I11eHHHR B9KTOp COCTOHHHR, no,11.06HO nJIOCKOR BOJIHe, 

Toay10 38,11,atzy B Koop,11.1rnaTHOM npe,11.cTaMeHHH C PJ = -c. '¾xJ J 11"~=-c. %<J.. Bo-aTopwc, HaM tteT HHKa.KoR Hyllr,IU.l c11e,11.HTb sa HeqJHSHqecKHMH cTeneHRMH 

{

" . I, _ (- 1- ~ +- V (x2)) t h = E 4' 11 cao60AJ,1, nocKOJibKY OHH He ,11.B!lT BKJI8,ll,a B qJHsHqecKHe aMnJIHTy,IU,I, Cne-

H '1' ph - .:2- (N) · P P J <2 • 26a) ,11.oBaTeJibHO, 38,11,aB. rBMHJibTOHHBH a qiHsHqecKOM no,11.npocTpaHcTBe, uolKiio 

G~ .t, H3M9HHTb Mepy HHTerpHpOBaHHH B CKaJIRpHOM npOH3B9,IJ.8HKK, HCKJI!Oql{B H3 

o.. 'f ph = O, (2 • 266 > Hee HeqiHsKqecKHe nepeMettHble, T,e, llcJ.~G\ cJ.Nx =- Qol.~o.. d J2.,.,,,z,"'Hc{,z, 
~ ,I, ➔ rr_N-~ ci '& , r,11.e ol..S2.,v -3Ji9M9HT a T9Ji9CHOro yr11a B (R ti , HMeHHO 

r,11.e A(N) - N-MepHb!R onepaTop Jian11aca ( CBH3b :JTQ 't'ph::OpemaeTcn ' sTo 6HJ10 c,11.e11BH0 B (2.28) 

TpHBHaJibHO: 'Vph He saBHCHT OT ~ 0. ) • tJTo6H pemHTb HBHO ypaBHBHHR I PeWHM BHaqa.ne 38,11,atzy O nocTp09HHH !:ill ,11.JIR KaKoro-HK6y,IJ.b npocT0-

(2. 266 ), HYJKHO nepeRTH K IV -MepHoR cqiep1,1qecKoR CHCTeMe Koop,11.HHaT, I ro c11yttan, a saTeM noITHTaeMcn 0606I11HTb no11yqeHHblR pe3yJibTaT, Pac-

11ocKoJibKY KaJIH6poaoQHble npeo6paaosattHH reHepHpYJOTCH CBH3HMH Ga.., CMOTpHM cHcTeMY c N = 3, V= 1/.t 't,2 , Tor,11.a ypaBHBHKe (2.27) noc-

c11e,11.0BaTeJibHO I ~-~ = p lq'X = 0 03HaqaeT o6p~eHH~ . B tty Jib acex KOM- ) 119 ITO,IJ.CTBHOBKH 4' = 1/'l., If npeBp8111aeTCR B CTaH,IJ.apTHOe ypaBHSHHe lllpe,11.HH-

nOH8HT yr11oaoro MOlileHTa qacTHll,1,1 (nosopom B IR reHepHpYJOTCH yrJio-
1 

repa ,IJ.Jifl 0,11.HoMepHoro OCW{JIJIHTopa c BOJIHOBOR qiyHKQHeR ':P • IlosTOMY 

BliM MOMSHTOM)' T.e. qJH3HqecK09 no,IJ.npOCTpaHCTBO o6pa30B8HO COCTORHH- . ' cpa3y MOJKHO HMHCaTb OTBBT 

RMH c ttyJieBHM yrJIOBHM MOMeHTOM 'fph (x.) =\\'(ii.), B qiKsHqecKoM no,11.- I C . ( ~ 2.) 
npocTpaHCTBe ypaBH8HK9 (2.26a) HMeeT Bff'A I t = ~ ~ n ( 'l,) exp\.-~ 'l, ) Y\ = o, 1 J ... 

[ i. ~2 (N-~)(rv-3) + V(? . .2) 11 ( 't) = E lV('t). <2.2?> ) ri "t. 
~ 1 't, + t 'r, 2. J I r,11.e H n -no11HHOM1,1 opMHTa, C n. - HOpMKpoBoQHHe nocTOHHHHe. Ilepexo,11. 

" . -~ ~ ,, v ·'-G•'-~) i ! K cqiepHqecKoR cHcTeMe Koop,11.HHaT RBJIHeTCH CHHrym1pHoR aaMeHoR nepe-
3 D - - 1, rt, ""'l. 1., - 3pMKTOB onepaTOp HMnyJibCa., v- IV 1;. • 

,11.ecb r't, - 0 ( ) I M9HHHX (HK06Hatt nepexo,11.a 06p8111a8TCH B tty Jib B Haqa.ne KOOp,IJ;HHaT). Ilos-
Il 9MblX B npaaon qacTH 2.27 8CTb p8,11,HaJibHM qaCTb 

epBHe ,n;aa CJiara TOMY TOQKa 't. = 0 HBJIH8TCH oco6oR' H H906XO,IJ.HMO npoBepY.Tb. '!n'06H 
JI ca 6. ) B cqiepHqSCKHX KOOp,11.HHaTax (yrJIOBM ~acTb 

onepaTopa anJia (N q, ( ) ·'·( ) ) B ,f, ,I, op peweHHe (2.29) y,n;OBJIBTBOpflJIO HCX0,11.HOMY ypaBHSHHIO B ,11.eKapTOBHX KOOp-
eHeHHH K x = 't' '2. • OJIHOBHe ~yttKQHH 'f H - j I I 

,11.aeT ttyJib B npHM ph ,11.HHaTax (2.26a) B 0Kp9CTHOCTH 't. = 0 T,e. ttylKHO ITOJIOlltHTb 't. = X 
MHpYJOTCfl B cooTaeTCTBHH co CKaJIRPHHM npoH3 Be,11.eHH

9
M I a (2.29) H nocTaBHTb a (2.26a) [B, c. 219] .B oKpecTHOCTH rt,= 0 

(2.29) 
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4'2.l'l ~ uinst · ¼ , o/in•~"" eon st • TorAa, 11cnoJibSY.fl 11saecTHOe co-
OTH0111eH11e 6, (-,.) -Y.1. -:;: _.t[ii b ~ L 9C), B~l1M, tlTO qll13l1qecKHMl1 peweHl1.flMl1 

Cl1CT8W (2.26) .flBJl.fl!OTC.fl qlyttKU,ml (2.29) C H8tl8THb!M ti,.,"" .2h'l +-1. 
PeweHl1.fl (2.29) C qeTHblM n-=i In, AOJDKHbl 61,1Tb OT6poIIl8Hbl, TBX KBX 

0Hl1 He YAOBJ18TBOp.fl!OT 11CXOAHOMY ypaBH8Hl1!0 IJ.1peAl1HI'epa B OKpeCTHOCTl1 
HaqaJJa KOOPAl1HaT. Taxl1M o6pa30M, ql11311tl8CKl1A cneKTp Cl1CT8W eCTb 
Em= .2,m + 3/.;i ( a cneKTp OAHOMepHoro oc1J,11JIJI.RTopa (2.29) En.= 
-::. h, 1- 1/:1 HYJ!IHO nOACTaBl1Tb V\.-:. 2, m + 1 ) • ToT lK8 pesyJibTaT noJiy­
qaeTC.fl npl1 aHaJJl13e B I'OJIOMOpqlHOM npeACTaBJI8Hl111 (CM. ilpl1JIOlK8Hl18 A). 

" . H.n,p~ onepaTopa 3BOJIJ01J,11l1 cttcTew • H . t 
<ri1u;1ir'> = u: (ri/z.')= <1i1 e" ph \ri'> ~ (2.30) 

I'Ae 3HaqoK u C II yKasb!BaeT Ha KOHilllKOCTb ,;liil, no onpeAeJieHl1!0 eCTb 

(qiopMYJia i;l)eAHMatta - Kau,a ) * • -t u; ( ri,ri') -=: I. 4'e (it) tE (rz/) e·- l. t: = 
E: 

~/,2. ,2.) ·.L( "°) 
CO 2. -r\."i +'l, -L~ 211+ ~ 

=) C2nH ~ (tt) ~ ('l!) e . e 
L rt I'[,' .:int1 .2nH . 
h=O 

(2. 31) 

CyMM11poaatt11e aeAeTC.fl no aceMY qi11s11qecKOMY cneKTPY c11cTeMbl. BMecTe_ 
C TeM, onepaTOp 3B0Jll01J,11l1 o6bltIHOI'O OAHOM8pHOI'O OC1J,11J1Jl.flTOpa C nJIOCKl1M 

,;liil 11MeeT MPO 
o0 ,i (, 2, 12.) '-1:( ~) 

U ( tt/z!) =/'> c; HJ rt) H ,,l ri') e- :[\.re,+ rz; e -" n + .2 

t L > 
ns 0 

(2.32) 

np11t1eM Cn-:: n C n ' TaK KBX np11 HOpM11pOBKe qlyttKlJ,1111 (2.29) 11H-

T8I'Pl1PYJOTC.fl no noJiyoc11 ( CM. (2.28)), a BOJIHOBble qiyHKlJ,1111 06bltlHOI'O 
oc1J,11JIJI.flTOpa Cn Hnl"t-) e){p (-1/~ rr}) HOpM11pOB8J!l,I Ha ac10 ocb: 

'L, l"L1 E. IR a (2.32). ConocTaBJI.fl.fl (2.31) 11 (2.32) H YtIHTb!BM, 

tlTO H l'I l- 't) =(:-{)"" H..,('t-)HwcOAHM 
~ , . 

U~(ri/i:)::: ~ :::, Ut (rr./c.") Q(ri'~ ri') rc,/i' ~ o, 
\.. -oo ·v } (2.33) 

Q(ri'<,ti')= ~(rr.''-rc,')+ i(rz.'1+'L
1
). (2.34) 

0TCJOAa CJieAYeT, 11To saoJIJOlJ,11.fl JID6oro cocTO.flHH.fl ~ t=O ( 'Z,) onpeAeJI.ReTc.fl 

22 

t 
it 

no qiopMYJie 
00 C>O 

11,lrr.,)=rdrr,'r/·u\rii)~ (rr!)= 'otit'tz,
1 

uri tt')Ylri') (2.35) 
'rt\ J . t ) t20 J I'{, t \ J -0 \ ) 

0 . -oo 

rAe 00 

"9: (rt')= ~ ch" Q(ri'/i") o/b,o (ri'') ~ (2.36) 
A 0 

T.e. onepaTOp Q. AOOnpeA8Jl.fl8T BOJIHOBYJO qiyHKlJ,1110 B H8qil13Ht18_£KOA o6Jiac­
Tl1 It.<. 0 COI'JiaCHO (2.36). C APYI'OA CTOpOHbl, onepaTop Q CHMMeT­
pH3yeT MPO onepaTopa 3B0Jll01J,l1l1 AJI.fl aHaJIOI'HtlHOA Cl1CT8Mbl C nJIOCKHM i;l)Il 

no rpynne Z:i.. c HeKoTopoA MepoA, npH 3TOM noJiyqaeTC.fl MPO onepaTopa 
3BOJIIOU,11H C Wil:: C.On(Jr) • WOPMYJlbl (2.33), (2.35) no CYI1l8CTBY pewaioT 
nocTaBJI8HHYJO 3~atlY, nOCKOJibKY AJI.fl .fIApa (2.32) cnpaBeAJIHBO CTaHAapT­
HOe npeACTaBJI8Hl18 I'8.fl1JlbTOHO Bb!M Jill ( I. 7) t 

Ut('t/t') =- j fl c{p(~)otri(i:) ~xp[i )~'C [Pri -½(p2+t2)]} c2.37> 
't"'O J"JT" O ..> 

I'A8 "L(o) =- re,' , 'C,(t) = I'(, -CTaHAapTHble HatlaJibHble YCJIOBH.fl B Jill [9] . 
WOPMYJia (2.33) HMeeT npoCTYJO ·HHTepnpeTa1J,l1!0. CYilleCTBO AeJia saxJ110qa­

eTC.fl B TOM, qTO,AOCTHrttyB TOqKH "(.=0, qacTH~a ABIDK8TC.fl B o6paTHOM Han­
paBJI8HHH.8TO HanOMHHaeT ABIDIC8HHe no no.nyocH, OI'patt11qef1H08 HenpoHl1uaew,iM 

6apbepoM B ttyJie, KOI'Aa H8p.fIAY C fip.RMOA TpaeKTOpHeR, C08AHH.flIO~eR TOqK11 
'[,, 'l;.~BKJI~ B 8.MilJIHTYAY nepeXOAa AaeT TpaeKTOpl1Jl,OTp8llC8HHa.fl OT "CT8HKH" 

[16-niPasHHU,a, O)lHaKO, B TOM, tfTO B nOCJI8)1H8M CJ1Ytla8 HMeeT M8CTO HYJI8-

B08 rpattHt1ttoe ycJIOBHe \\'lt=o=O,acJieACTBtte qero BKJI~ OTpallteHHq! Tp~eK­
Top1111 6epeTC.fl C o6paTHHM 3HaKOM, l1 npOAOJIJKaJJlllHR onepaTop Q('t,i?=8(t-'Zf)-&ttt') 
aHTHCHMM8Tp11qeH no 't, 'l,

1~8]. B paccMaTpttBaeMoA lK8 3~atle H8T Hl1KaKOR"cTeH­
Kl1. B HYJie, HO CYI1l8CTBOBatt11e ocTaTotlHoR Kan116poaot1HoR rpynlll,I Z2 3~eK­

THBHO BBOAHT rpaHHtlHOe ycJIOBHe B~a ol\'/ori l1t.--o A= 0 I KOTOpoe B8A8T 
K CHMMeTpHtlHOMY no o6oHM apI'YM8HT8M onepaTopy Q ( 2. 34). (8To JI8I'KO 
npoaepttTb Ha npl{),(epe CB060AHOI'O OAHOMepHOI'O ABl1llt8Hl1.fl, I'A8 BOJIHOB!:,18 
4>YHK1J,Hl1 noAqHH.flJlTCJI yCJIOBHll d'1'/d)(/.x-o = 0 • OnepaTop SBOJilllJ,1111 

AJIH 3TOA Cl1CT8Mbl 6y~eT HM8Tb B~ (2.33), HO Cl1MMeTpl13au,11.fl 6yAeT npoao­
.IU!:T:f>CH 6ea Mep1:,1, a Ut B AaHHOM CJIYtiae 6yAeT onepaTopoM aB~ .ItJIJt 
CB060AHOR qacTHQl:,I Ha OCH 6es rpattl1tlHOI'O YCJIOBl1.fl B ttyJie). 

MOJKHO CKa3aTb l1Haqe: KBaHTOBaHl18 Cl1CT8W C Wil = COt!(,r) 3KBl1B8Jl8HT­

HO 3~attl1!0 Bcex 8MJIJIHTYA AJI.fl cooTBeTCTBYJO~eA cttcTew c wll = IR 2. , a 
qlH3HqeCKHe Ha6JI:IOAaeMble B8JIHtll1Hl,l AOJIJ!tHbl noAqHH.flTbC.fl AOnOJIHHT8JlbHOMY yc­
JIOBID) JlOKaJibHOA Z :2.-HHBapHaHTHOCTH. 8 3TOM CJlYtlae TOtlKH 't, I l1 - ,7/ 
OTBeqBi)T 0AHOMY H TOMY lK8 qll13Htl8CKOMY COCTO.flHlflO, fi03TOMY nepeXOA 113 
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I I 
It, B t(, H "?, - 't, B 't, ecTb 0.IJ.HH H TOT l!Ce npOQecc, H corJiacHO 

npHHQHny cynepno3HJ.IHH noJIHrut aMIIJIHTY.IJ.a aToro npoQecca ecTb CJMMa aM-
, I ,-, 

IlJIHTY.IJ. nepexo.11.a 113 - rz_. B rz.. H ll~ rz; B v • 

OcTaeTCR paCCMOTpeTb CJiytlai\ npOH3B0JibHOro noTeHQHaJia. Ha npe,11,bl­
,lzylllero RCHO, qTO cnpaBe)J.Jil1B0CTb npe.11.cTaBJieHHA (2.33)-(2.35) C8MO­

oqeBH)J.Ha, ecJIH HH1PHH11Tea11MaJibHblA onepaTop 3BOJIDJ.IHH nepeBO.IJ.HT qeT­

HYJO cpyHKQHD B qeTHYJO • 3TO BblilOJIHfl6TCR np11 YCJIOBHH ue (- IC, > 1t1 
) = 

-:: Ue('L, -'i1)TO(e2
) , E.,.- 0 , T.e. ecJIH noTeHQHaJI - qeTHrut 

cpyHKQHfl 't, • B TeOpl1flX C KaJI116poaoqHOA CHMM6TpHeA 3TO Tpe6oaiume Bbl­
IlOJIHfl6TCH_, H peayJibTaT (2.33) cnpaB6)J.JIHB )J.Jlfl npOH3BOJibHOro nOT6HQHa-
Jia, 

G.nyqai\ N 'F ~ xapaKTep113yeTCH TOJibKO HaJI11q11eM acpcpeKTHBHOi:t KBaHTO­

aoi:t .11.06aBKl1 K noTeHQHaJIY, KOTOprut, KaK 6HJIO TOJibKO qTQ BhlRCHeHo, He 
BJJHHeT Ha aim Q . IToaTOMY a cnyqae rpynnH SO(t.J) MPO cp11a11qecKoro 

onepaTopa 3BOJJDQHH HMeeT BH)J. 

C. .) r olrt-" u(") ut c 't/t' = - ~ c It re,")~ t c I? /t:1) Q c ri'~ ri') ) (2. 3) 

U(N) 
r.11.e t OTJIHqaeTCfl OT (2.3?) TOJ!bKO acpcpeKTHBHOi:t )J,06aBKOi:t K noTeHQHa-
JJY (N-t)(N-?>) /gt 2., • l13MeHeHHe Mep!,! HHTerp11poaatt11R, oqeaimtto., CBfl-

. 2.o( N-41 
3aHO C H3M6HeHHeM Mepi,1 B CKaJiflpHOM npOH3B6)J.eHH11 (2.28) 'r, 't➔ 't'; Ol"t, 
OTMeTHM, qTo O~QHqaTeJJbHM cpopM;yJJa (2.38), XOTR H on11cuaaeT O.IJ.HOMep­

HOe )J.BHJKeHHe, 3aBHCHT OT paaMepHOCTH KaJIH6pOBOmiOi1 rpymru, T.e. OT 
q11cia HeqJH3HqecK11X nepeMeHHblX. HaJI11q11e Mepu 11 acpcpeKTHBHOPO noTeHQHaJia 

B (2. 38) OTpaiitaeT KpHBOJJHHei:tHbli:t xapaKTep cp11311qeCKHX nepeMeHHHX • ~op­
M;yJia (2.38) TaK~e MO~eT 6b1Tb noJiyqeHa .11.pyr11Mcnoco60M 6e3 paccMOTpeHHR 

KOHKpeTHOA KBaHTOBOMexaH11qecKoA 3a,n,aq11 - nyTeM aHaJIHTHqecKoro npo­
)J.OJDKeHHR cp11311qecKHX aeKTOpOB COCTORHHA [15] ~ B IlpHJIOl!CeHHH A)J.aH 

BblBO.IJ. Kl1 (2.38) a POJJOMOJ:XPHOM npe.11.cTaBJieHHH, r.11.e He Tpe6yeTCfl flBHOro 
B1:,J,11,eJieHHR qJH3HqecKoA CTeneHl1 CB060,ll,bl KaK11M-JIH6o o6pa30M, a R.IJ.PO one­
paTopa 3B0JIDQHH RBHO KaJIH6pOBOlfflO-HHBapHaHTHO. 

2.5. nffKIJl:'11 rp11Ha B KBaHTOBOi:t MeXaHHKe 

IlpOHJIJIDCTpHpyeM yTae~eHHe, qTO KBaHTOBaHH6 CHCTeMbl C <JiII= C.Ol'l(lr) 
3KBHBaJieHTHO 38,IJ,aHHD acex aMilJJHTY.IJ. )J.Jlfl COOTBeTCTByio~eA CHCTeM!il C 

<p fl= IR .2.. c Tpe6oBaHHeM :l.i JIOKaJibHOA 11HBap11aHTHOCT11 acex q,11311-
qecKHX aeJI11q11H. EcTeCTBeHHO, qTo B KaqecTae "3TaJIOHHOA", npaBHJibHOi:t 

KBaHTOBOi1 Teop1111, C KOTOpoA npOBO.IJ.HTCR cpaBHeHHe, CJie)J.YeT B3f!Tb KO­
JIH6pOBOlfflO-HHBapHaHTHYJO cpopM;yJIHpOBKY (cM. IlpHJIOl!CeHHe A). B KaqeCTBe 
8MnJIHTY.IJ. B03bMeM II np11q11HHble" qlyHKJ.IHH rpl1Ha B KBaHTOBOR MeXaHHKe. 
,!l,,IR 06!,ltlHoro O.IJ.HOMepHoro .IJ.BHl!CeHHR, onHCHBaeMoro KOOp.1J.11HaToR X Ct), 
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OHH onpe)J.eJIRDTCR no.11.06Ho np11q11HWM cpyHKQl1flM rp11Ha B KBaHTOBOi:t Teo-. 
pHH IlOJIR [I9 J 

(h)( ) < A ;\ ) ]) t 1 .. ,/n :. Tx..(t1)··•X(tn) 
0 

\ 2. :0':!) 
) , 

r.11.e T~ -~Hax ynop~oqe,.HHR ~o BpeMeHH onepaTOpOB re ( t) =-
=exp( Wt) X(o)expfiHt)(. X(o)=X,flpocTeAwei1 cpyHKQHeA rp11Ha (2.39) Ha­

JIHeTcR "nponaraTop" J:>.'2>(t1,t.1.)= J)(t;-t.J. O)J.HaKO B KBaHTOBOA Mexa­
Hl1Ke HeT DOHRTHfl nponaraTopa B TOM BH)J.e, B KOTOpOM OHO ecTb B Teo­

PHH IlOJIR, nOCKOJibKy B HeA OTCYTCTBYJOT OTpl1QaTeJibHble 3HeprHH, COOT­
aeTCTBYJOilll1e aHTHqacTHQ8M. TeM He Mettee' Mb! 6y)J,eM HCnOJJb30BaTb 
3TOT TepMHH, qTQ(51,1 no.11.qepKHYTb aHaJIOPHD C Teop11eA IlOJJfl. 

~HKJ.IHR rp11Ha ~ (t1- t.1) y.11.oaneTaopHeT ypaatteHHD 

- A: ]) l t) - ]) Ct) = 1 8 ( t) d~ , (2.40) 

ecn11, npo.11.omtrut attaJiorHD c Teop11eA noJJH, cq11TaTb H -= H
O 

+ V l.rit , 
r.11.e HO - OCJ.1HJJJJRTOpHb1i:t raMHJibTOH11att ,( c e.11.11H11qHoil qacToToA), a V;.,.t-

- aHrapMOH11qecKrut .11.06aaKa ( CaMO)J.eAcTBHe), 11 3aTeM npette6peqb Vint , , 
T.e. paCCMOTpeTb CB060)J.Hblil "nponaraTop". ,ll,eAcTBl1TeJibHO, onycKrut B 
(3.39) V i.nt , HaxO.IJ.HM.,. · • , " 

/.) iE0t ;\ -'I.Hot,._\, ) -t,tot ,. il·lot \, 
]ht= 0(-1::)e (xe x/4 +e(-t e (xe x~_<2.4n 

Bl:,ltJHCJieH11e BaKYYMffi,ix O~H)J.aHHA Y.IJ.06HO npoBeCTH, IlO.IJ.CTaBJIRfl paano~e­
Hl1e,_e)J.HHHQl,I -i= L: lh)<hl MelK,ll,Y onepaTopaMH, P)J,e \1'1)= (l'l!f 2 a•n1Q> 
11 H0 ln): (h+E0) In). Tor.11.a nonyqaeM [I9] 

~ ) -~t J ) '\t ']) (t)-: :i., 0(t e. + r 0(-t e. (2.42) 

HeTpy)J,HO npoaepHTb. BbIIlOJ!Hf!R )J,HcpcpepeHQHpOBaHHe no BpeMeHH ]) (t) • 
qTo (2.42) Y.IJ.OBJJeTBOpf!eT ypaBHeHHD (2.40). ,lv!R Toro, qTQ(51,1 C)J.eJiaTb 
attanorioo c Teop11eA nonR 6onee npo3palffloil, HaA)J.eM q,ypbe-o6paa l) (t) : 

00 -~vJt 
)(w)= ~olte J)(t)-= --

'l. 

~ .I • Go -·.1.+1,t 
) E. ➔ 0 (2.43-) 

BH)J.tto, qTo nonric "nponaraTopa" oTaeqaeT "O)J,HoqacTHlffloMY" ao36~e­
H100, IloJIH!,Jil "nponaraTop" nonyqaeTCH CJMM11pOBaHHeM pR.IJ.a Teop1111 B03MY-
IlleHHA no V i.11t . · · 

IIepeA)J.eM K paCCMOTpeHHD cfJYHKI.IHA rp11Ha (2.39) B MO)J,eJIH (2.23). 
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Tenepb y onepaTOpOB ~ ( t K) B ( 2. 39) HYJKHO nocTaBl1Tb BeKTOpHblR 

11H,D.eKc x.(t"-)-"> 'X.t"-(h) 11 l)C")_.,. :Dt"! .. i,.._ • Cpe,D,11 Bcex noJiyt1eH-
HblX Ta.Kl1M nyTeM qlyttKl.1,110 ql11311qecKHM11, T.e. OTBeqruo~HMl1 peaJibHblM Ha.6JIIO­
,D,aeMblM npOL\eCCaM, srnmnoTC.ft KaJ1i16pOBOt1HO-l1HBap11aHTHble qiyttKl.1,1111 fp11Ha. 
HanOMH11M, qTO KaJ1i16pOBOllHO-l1HBap11aHTHYIO 4JOPMYJI11p0BKY Mbl cq11TaeM "sTa­

JIOHOM11 • KBaHTOBa.Ft Te0p11.Ft CHCTeMbl C chn= Coh(TC) ,IJ,OJDKHa CO,IJ,0plltaTh pOBHO 
CTOJibKO HHqlOpMal.\1111, CKOJlbKO CO,D,eplltl1T 113TaJlOH

11
• 11MeHHO 3TO cOOTBeTCTBH~ 

Mbl 11 6y,n.eM 11CKaTb mDKe. 
QqeBl1,ll,HO, BCe KaJli16poBOllHO-l1HBap11aHTHHe aMnnHTY,ll,H 11cqepm.lB8lOTC.ft 

qiyHKL\11.ftMH ~ (~n){; ) < I\ 2 A 2 ~ A'l I\ .I\ ']) \.l
1
) ... ,t .. ,:::: T <)C (tJ "' X- (t,.)/

0
) X=X~XC:•( 2.44) 

,!J,n.Ft Bliql1CJieHl1.ft (2.44) MO~HO BOCCTOJ!b30BaTbC.ft pasno~eHHeM e,n.HHl11.\bl B 6a-

311Ce {A.3). 0TMeTl1M cJie,D.YIOreyJO oco6eHHOCTb. Kan116poBOllHO-l1HBap11aHTHa.Ft 
4JYHKUl1fl fp11Ha j5 (.'l.n) MO~eT 6HTb TaKJKe BlitlHMeHa B 6as11ce qll13HqeCKO­

ro no,11.npocTpaHCTBa ( A.4). 0,11.Ha.KO e,11.11HHI.\Y '1~ L. \n;>pl, <n \ cne,nyeT 
BCTaM.FtTb Mellt,IIY KaJ1i16pOBOqHO-l1HBap11aHTHblMl1 o6~eKTaM11, TOr,11.a pesyJibTaT 

6y,11.eT TOT ~e. B npOTHBHOM cnyqae, T.e. np11 nO,II.CTaHOBK8 p83JI0~8HH.ft e,11.11-

HHL\bl M8J(,ll,Y ,11.Bywl one~aTOpaMH, o6pasyr:>Il\HMH 0,11.HH K8JlH6poBOllHO-HHBap118HT­

Hb1.R onepaTop, D (.2n TOJK,l\eCTB8HHO oC>paII\IU>TC.ft B HYJib, Ta.K Ka.K. 

¾ <::o\ ocJ \ n>P" ..(.n \ oc,; ltn>p1i = o. . . 
CHCT8Ma CO,ll,8plltl1T O,D,HY qlH3HqeCKYIO CTeneHb CBOC>O,D,H C Q)n = C.Oh ~). 

B KaqecTBe sToR cTeneH11 cBo6o,D,H B03bMeM, HanpHMep, X~ , T,e. XJ= 
=- OJ{ x,{ {ytt11TapHa.Ft KaJ1116poBKa), B KB8HTOBOR T80p1111 qiyHKl.1,1111 fpK­

Ha. 3TOR cTeneHK CBOC>O,ll,H TO~eCTB8HHbl. {2.39). HeTpy,11.HO 3aM8TKTb, qTO 
8MilJIKTY,D,li (2.44) K (2.39) HMelOT p83JIHllH08 8H8JlHTHqecKoe noB8,D,8HH8, Ee­
JIU qiyp1,e-06paaH( 2. 44) co,11.eplltaT non10ca B Tot1Kax W = .Q n , TO { 2. 39) 

HM8IOT HX npH w = n. . IloTpe6yeM Tenepi, ''1T06H qlli3li'10CIWMli aMIJJll1TY.D;aMli B 
yH11TapHoR KaJJH6poBK8 JlBJUIJlliCI, TOJibKO. )[2 KaJIH6poBot1HO-HHBap11aHTHb18, 
T,e. ql113Hll8CKl1e qlyHKL\1111 I'p11Ha HHBapH8HTHbl OTHOCHT8JlbHO npeo6pasoaa~ 

HHR X (t"-)➔ - X(t ... ),11.JI.ft K8llt,II.OI'O MOMeHTa apeMeHH tK HesaBHCHMO, 
OlleBl1,IJ,HO, qTO T8KHMl1 qiyHK~ I'p11Ha cpe,11.11 {2.39) 6y,nyT :D (.~h) t B 
KOTOpl:l8 KSlK,!!.liR onepaTOp X (tK) BXO,ll,11T no KpaRHeR Mepe~B!3lK,IJ,li ( B o6~eM 
cnyqae qeTHOe q11cno pas). Tax11e aMMHTY,D,H o6o3Ha'llHM ]) P~"'>(t1) ... ,t.,) . 
Tor,11.a HM88T M8CTO C00THOW8HH8 ~ (:i ) . (21t) ( "\ 

1) h ( t1, ... , t .. J-= co"~t J) p\. l~, ... > t.., /. 
{2.45) 

BBH,DY TOI'O, 'llTO B onpe,11.eJI8HH8 {2.39) BX0,11.HT xpoHOJIOI'HqecK08 ynop.ft,11,0qe­

Hl1e, TO B3aHMHOe pacnono~eH11e onepaTopoa oc.(t) np11 0,11.HHaKOBb!X apeMe-
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ttax aec~eCTB8HHa, CJie,11.oBaTeJibH~ 06~11A B11,ll, qi11311qecKoA qlyHKl.1,1111 fp11Ha 

eCTb 
(Jn) ( i_ \ < A 2 ,\ 2 ~ 

J) ph "t1) ... J l: h) = T xi (tJ ''' -:ti (tn )/o · (2.46) 

. ~ 

,nanee saMeqaeM, 'llTO < O I xf I h) i- 0 np11 qeTHHX \'L , nosTOMY B BM-

nJIHTY.DY (2.46) BXO,ll,flT TOJibKO cpeAHHe B11,ll,a 

J\2 t ➔ A A ➔ < 2 n \ X" \ .2 m > = CC\'\ s < h- I XJ Xd I m > ) (2.47) 

np11 paBHblX 3Hepr11.ftX COCTOflHl1R 12 h > . 1.2 m '> 11 I~>., Im> 
COOTBeTCTBeHHO ( c~eCTBeHHO, 'llTO C:OnS t He 3aBl1Cl1T OT m 11 i ) • 
3.n.ecb I W> ~as11c {A.3). Hs paBeHcTaa (2.47) HeMe,D,JieHHO cne,nyeT 

co0Tttomea11e (2.45). ITp11ee):\eHHoe pacc~eHHe cnpaae.n.n11eo ,D,JIR "ceo6o.n.­
ttoA" qiyHKl.1,1111 I'p11Ha, Kor.n.a npeHe6perruoT B3aHMO,D,eAcTBl1eM Vi.nt. 0,D,tta­

KO' BBl1,D,Y KaJlli6pOBO'lHOfi IDIBap.ll.aHTHOCTli v~ht :::. v~t ( 'X. 2.) 11Jll1 
Vi,t,t -=- Vuit (._ 'X~) B ytt11TapH08 Kan116poaKe, 'llJieHH p.ft.n.a Teop11H B03MY­

~eH11A no V~nt OTJil1'1laJOTCfl OT BHpa~eHH.ft ,D,Jlfl cBo6o.n.HoR qlyHKl.1,1111 ~Htta 
TOJibKO HaJ111q11eM ~ T- npo11sBe,1J,eH11H .n.onontt11TeJibHblX cTeneHeA X,2 

.I\ J\ A 2 ., 
11 OC.•X;-=-X COOTBeTCTBeHHO ,ll,Jlfl (2.46) .11 (2.45), T,e. pacc~ett11e, 

d a . 
OCHOBaHHOe Ha paaeHCTBe (2.47~ OCTaeTCfl B c11ne. G.ne,D,OBaTeJibHO, 
{2.45) cnpaBe,D,JIHBO ,ll,Jlfl IlOJIHblX 4JYHK!-\HA I'p11Ha. 3TO 11 ,ll,OKa3hlBaeT, qTO 
KB8.HTOBaHl1e Cl1CTeMbl C ~IT= COh(Jr) 3KB11BaJieHTHO KBaHTOBaHl1~ Cl1CTe-

Mbl c <I/IT = IR2 
c .n.onoJIHHTeJibHHM Tpe6oaaH11eM Z2, - KaJ1116poBot1HoR 11ttaa­

p11aHTHOCT11 acex qi11311-qecK11x BMilJil1TY.D., Tpe6oeatt11e :Z.:1,. -HHBapHaHTHOCTl1 

n03BOJifleT YCT8HOBl1Tb B3aHMHO OAH03HatlHOe COOTBeTCTBl1e aHaJ111Tl1qecKl1X 
CBOACTB qi11311qecKl1X 8MflJIHTY.D. B yHHTapHOH KaJI116poBKe 11 .ftBHO KaJI116po­
BOllHO-l1HBap118HTHblX 8MI1JJl1TY,D,, 

B OCHOBe Toro, 'llTO Tpe60B8Hl1e l1HBap11attTHOCTl1 KBaHTOBblX aMilJil1TY,D, 

OTHOCl1TeJibHO ,ll,HCKpeTHOH KaJIH6poBOllHOA rpynrru, pe,ny1.1,11pY10~e8 qi11311qecKoe 
~n. no3B0JI.ft8T peKOHCTpyHpOBaTb .ftBHO KaJJH6poBOllHO-HHBap11aHTffYIO aMnJil1TY­

,ny, Jie~l1T 113BeCTHa.Ft B TeopHl1 rpynn TeopeMa llieBaJIJie [20-2~.IlOAp06ttoe 
06c~eH11e ee 11cnoJib30BaHl1.ft B KaJ1116pOBOllHHX TeOp11.ftX 6y,D,eT cp;eJiaHO B 
KOHL\e § 3,3, 

2.6. rpacCM8HOBli nepeMeHHHe 11 KaJJl16POBO'llHM Cl1MMeTPHfl 

~epMH-CHCTeMH B qll1311l<B on11CHBa!OTCfl aHTHKOMMJTHPYJ0~11Ml1 11JIH rpac­
CM8.HOBHMl1 nepeMeHHblMl1, Ilo3TOMY npeACTaBJifleT 11HT8pec BOnpoc O BJIH.ft-
HH11 K8JI116pOBO'llHOH cHMMeTp1111 Ha CTpyKTYPY <I/IT qiepMHOHHhlX CTeneHeH cao6o­
A!,I. C STOA Q8Jlbl0 paCCMOTpHM MO,D,eJib, s~aeaeMJIO Jiarp~11aHOM 

27, 



L =- i (t+J\tt - (1\t)\v)- v(4'+~), (2.48) 

rAe 1)t -= Ot + i 'l, i , Y, = ( l\i-1, ~ .i) - .n;ByxKOMIIOHeHTH!lli 1toMIIJie1tc­
CHblll cmmop H ~ cocTaBJIRIOT AHHaM111.1ecKHe nepeMeHHble B Teopm1_; V -noTeH­
QHJI, <\. :: ( 'b~

4 
) - onepaTop aJieKTpH1.1ecKoro aap.fJ,IJ.a, T. e. BepXHfiH KOMIIO­

HeHTa CITHHOpa 'i'1 HMeeT 3ap.fJ,IJ. +l ' a HIU!tHHH ~.2, - :..1 • 3pMHTOBO con­
pmKeHHe onpeAeJieHO CJie,IJYIOl!lliM o6pa30M: (~-t-q, r = t+I.}) H \J>+4' '=< \.P,.:ll'ljl'l +'(l:\ 
AJIH JII06Hx ABYX cnHHOpoB lV , ~ • narpa.HlKHBH (2.48) HHBapHaHTeH 

oTHOCHT8JibHO KaJIH6poBo~ npeo6pasoBBHHll H3 rpyn~ U(-1) 

t : ~ )(p (- ,i ol l' ) t ) <l ➔ j + cl . (2.49) 

3AeCb o(_ =- cJ.. (t) -npo~3B0JlbHaH ipyHKQHH BpeMeHH. 
06paTHM BHHMaHHe Ha CJieAYIOl!IYIO oco6eHHOCTb CHCTeM c rpaCCMaHOBLIMH 

nepeMeHHblMH H KaJIK6pOBOI.IHOR rpynnoR. CnHHOp 4' COAeplltHT 4 se111ecT­
B8H~X rpaCCMaHOBblX ipyHKQHR Bp8M8HH (4cTeneHH CB060,[J,!,1~ HO HK OAHa 
K3 3THX ipyHKQHR He M0llt8T 6~& o6p~eHa B HYJ!b KaJIH6poBOlfflhD4 npeo6paso­
B8HK8M (2.49) ( B OTJIHI.IH8 OT 6038BCKOJ:'0 c.nyqaa),nQ'IOMY tlTO ol. (.t) "'.'"" 
o<i~M 6038BCKM nepeMeHHM, -~6opoM KOTOPOR H8Jlb3H COKpaTHTb tlKCJIO 
rpaCCMaHOBblX o6p8.3yx>IIIHX s 'V • CnpwmrnaeTCR; COKp~aeT JIH KaJIK6pOBOtlHaH 

CKMM8TpHH tlHCJIO rpaCCMaHOBblX CTeneHeR cso6oAJ,t? Hmite 6y,n;eT ITOK8.38HO' 
tlTO ABHHM CHCT8Ma HMeeT TOJ!bKO O,n;HY ipH3Htl8CKYJ) CTeneHb CB060,IJ,!,I, npH­
tl8M ABB CTeneHH CB060,[J,!,1 ycTp8.HRIOTCR CBR3RMH BTOporo po,n;a. BCBI'Aa co~ 
rtyTCTByx>IIIKMH ipepMHOHHLIM CT8II81UlM CB060'A}l, · ff e111e OAHa CTeneHb CB060AH 
nsxaeTcn ueipK3Ht1ecKoR scxeACTBHe KaJiff6posot1HoR cHMMeTpKff (2.49). EoJiee 
TOJ:'O, y 8AHHCTB8HHOR q>H3Ktl8CKOR CTeneHK CBO<SO,I\bl !JlII = con (Tl), T.e. 

ffM88TCR noJIHM 8HaJIOI'HH C 6038BCKHM CJiyqaeM. 
Ilepe£lAeM K I'aMHJ!bTOHOBY ipopMaJIH3MY• KBHO.Hfftl8CKK8 HMnyJ!bCH cyTb 

al _ ~ ,1. + -r.- _ 1L _ ~ .1. 
Jr t -= 0 \f' - J, 'f ., Jl '¥-t- - 1 ~ -t- -:- ~ 'f • 

(2.50) 

3,n;ecb ff HKllt8 npOK3B0AHbl8·ITO rpaccMBHOBHM nepeMeHHLIM noHKMaIOTCH KaK • + • 
Jie~e. BBH,IJY JIHHBRHOCTK JiarpBHlltffaHa (2.48) no CKOpOCTHM 'V K \jl, . • -t-
pas:HCTBa .,,_ (2.pO) AaIOT CBH3ff BToporo poAa [IO] G,:'= "Jr'~"'-- t 'fGC =0 
G;.:i,:. 'Jrq,+ - ,t l}o<-=O, ol,f' = 1,.2. , TaK KaK ffX cKo6Ka IJyaccoHa 

ecTb t1KCJIO {, G.-1,'\ Gf } -::: _ ~ botf. CKo6~ff Ilyaccoaa B <:Jiyqae rpac­
CMaHOBblX nepeMeHHblX onpeAeJIHIOTCH CJIBAYIOIIIKM o6p8.30M [21]; 

[ 
1 _ 'o A o & + o A d & + oA 'i) & -+ ~ A ~ B 

A,~ .1 - o tt1 o'lr,i, · o11"t o '11 to\11+ o'Ji.,,+ ~'Jf,i,+ o'l'+ • <
2

-
5n 

CK06Ka (2.51) o6x~aeT CBORCTBOM: 
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{A,B} =(:i)p [B,A} 
. ' (2.52) 

ecJiff A ff B-qe~e ipyHKQHff rpaccMaHOBHX KaHOHKt18CKHX nepeMe~, 
TO P = I, ecxff xoTR 6w OAffa ff3 rf>YHKQHR A K B - Het1eTHM, TO 
p = 0, ()qeBffAHO, tlTO (2.52) BYT8Ka8T ff3 aHTffKOMMJ'TffBHOCTff npOH3-

BOAHHX no rpacCMaHOBYM nepeMeHHYM. HMnyJibCY (2.50) K8HOHKtl8CKff conpn­
llt8HY COOTB8TCTBYJ)l!IKM KOOAAHHaTaM OTHOCffT8JlbHO CK06KH (2.51). 

IlpHHaJIHI.IHff B Teopffff csn3eR BTo_poro po~a Heo6xoAKMO nepeRTH OT cKo6~ 
Kff nsaccoHa K CK06Ke ,nitpaKa [IOJ. tlT06Y ff36aBHTbCH OT HeipH3fftl8C­
KffX nepeMeHHYX. CK06Ka ,[(HpaKa CTpOffTCR TaK, tlT06Y OHa o6p~aJiaCb B 

HYJib ,n;JIR Jill6blX ,n;syx B8Jlfft1HH, o,n;Ha ff3 KOTOp,IX 8CTb CBH3b BTOporo po­

Aa. MolltHO y6e,n;HTbCR, tlTO CK06Ka 

{ .}'.I) = l J -c { , c;;i°'H c;;;, J- •L (df~t53) 
3TOM;y Tpe60B8HHX> YAOBJI8TBOpR8T. 

HaR,n;eM CK06Ky ,nM:paKa ,n;JIR nepeMeHHYX \jJ ff ij,+ 

l t~ , ~;} ~ { ~/, tJ = - i sot J . (2.54) 

Il03TOM,Y td ff 4'; YA06HO BY6paTb B Kat1eCTB8 HOBHX K8HOHfftl8CKKX ne­
pewe~, a HMrtyJibCY Jrq, , Tq,+ HCKJIDtlaJJTCH K3 TeopffK c noMOl!lbll 
CBR38R (2.50). TaKHM o6p8.30M, CBH3ff BTOporo po~a B TeOpffff COKpaTHJIH 

nOJIH08 I.IHCJIO CTeneHeR CB060,[J,!,1 Ha 2 , nOCKOJ!bKY 4' ! YJ!t8 H8 KEIHOHH­
tl8CKBJI KOOPAKHaTa, a K8HOHKtl8CKHR HMrtyJibC. 0TM8THM, tlTO CK06Ka ,n;ffpa-

Ka (2.53) TaKllt8 o6x~ae~ CBORCTBOM (2.52). ~ 

IlOMHMO CBH38R BTOporo po,n;a B TeopHK HM88TCH CBH3b nepBOI'O po­

Aa Jf~ = 0 L/o ~ = 0 . rawHJibTOHffaH CffCT8MY HM88T BH,Il; 

H V l\Vt-'V) - ~ ~Tq, ~. (2.55) 
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--,. 

H3 ycJIOBHH H8npTHBOpeqHBOCTH 'AHHB.MHKH HaJCO'AHM BTOpH~D CBH3b nep-

BOro po'Aa j-!i = t 'Jr':!, H \ =- '\'+ ~ 'V ==- 0 • 

qT06H paso6paTbCH C BonpoCOM O BJIHHHHH KMH6pOB0qff08 CHMM8TpHH 

Ha 'AHHaMHKY rpaCCMaHOBblX nepeMeHHWC, pemHM KJiaccHqeCKH8 ypaBH8HHH 

'ABIDl(8HHH BM8CT8 CO CBH3HMH 

1i, ::Jt Hl =i.lfQ ~ -i~ V'(~t-Jt) 
'1' °' l 0(, J'.D <1 ~o1J J c( • (2.56) 

IIocJie nO'ACTaHOBKH 4' ( t:) = e ')(. p [ i 9-, s td.'i:" ~ ('c)] ~ ( -t:) 
~paBH8HH8 (2.56) npHMeT BH'A 

0 

. 
-q;ot = - i~ ol V1C IJ/-t-t). 

(2.57) 

TeneP,b BOCnOJib3V8MCH ypaBH8HH8M CBH3H 4' + Q t = 0 , CJ18'AOBaT8JI bHO' 
~+ ~ ~+ -- ,... -y q, i '-\\ : l\' ~ '\',?. , TaK KaK ljJ H 1,\1 OTJIHqaK)TCH 4JasoBHM MH0lKH-

T8Jl8M, IIO'ACTaBJIHH 3TO COOTHOW8HH8 B (2,57), Bff'AHM, qTO 3BOJID~H ~~ 
BO Bp8M8HH nOJIHOCTbD onp8'A8JIH8TCH 3BOJID~88 ~i 

~i = -l, (tV'(i~:fi), ti= -t fz V'(2~i1-q\). (2.58) 

Bonee Toro, BBH,D.y rpaCCMaHOBOCTH nepeM8HHWC lf i MOlK8M HanHcaTb 

V'(2 ~: ~J = W + 2,Sl~1.+~1 ( W , J2.. - KOHCTaHTH), TOr'Aa 

H8TPY'Aff0 YBff'A8Tb, qTo BTopoe CJiaraeM08 He 'Aa8T BKJIB,l\a B ypaBH8HHR 
~i ~~ 

'ABHlK8HHR, TaK KaK l!Ji = 0 ( aHMOrHqffO 4' ~ = 0 ) , II03TOM;Y 

683 orpaHHqeHHH 0611lliOCTH noTeH~M B T80pHH MOlKHO CqJ1TaTb OC~HJIJIRTOp­

Hl,IM V = W 'l'+'Y, Tor'Aa pemeHHe (2.56) HM88T BH'A 

t 

t (!:) = exp[-iwt + i'\, Ve~ ('l:) 1 * (o). 
0 

(2.59) 

Kpowe Toro' C nOMOiqbD ypaBH8HHR CBH3H \It~ i. =- 4{ ~ 2, MOlKHO BHpa3HTb 

o6pa3YDlqH8 '4'i. (t) qepe3 4'i. (i:) H \Vi.+ (t) , )J,e8CTBHT8JlbHO, HM88T 
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M8CTO yaeeHCTBO 4',i(t)-i)1 (t}4'◄ (t)+ ~.z.(tH,;(t), r'Ae KOMnJieKcHHe 4JyHK~H 

~,t2. lth'AOBJl8TBOpRD'1' YCJIOBHD l),,d2 - I ~;z. 12· = ~ • B MOM8HT Bp8M8HH t= 0 
ecer~a MOJKHO Cqff'l'aTb ~2, (t ... o) -= 0 , nocKOJibKY MO'AYJ!b I ht (o) / 
MOlKHO BKJ!DqffTb B HaqMbHOe 3HaqeHH8 f,i ( 0) HJIH, . qTO TO lK8 .C8M08, 

e 4'.i (o) •. Ho TOr'Aa Ha (2.59) CJie'AYeT, qTO A,2 (t)-=-0, 711 (t) = 
=~)(p (-:it !;,h:~(tl)H ~2.(0) = l\'1 (o) , TaxHM o6pa30M, B8Cb npOH3B0JI 

B HaqaJibHHX YCJIOBH/DC 'AJIR i'2. HcqesaeT, H 3BOJID~R t (t) 0'AH03Haq-

HO onpe'A8JIH8TCR '-i',i , HanpHMep, B KaJIH6pOBK8 ~=0 ~ 2 (t)= o/1(t), 
B oTJIHqHe OT 6oseecxoro cJiyqM 3'A8Cb H8Jib3H ebl6opoM iliYHK~H ~cc) 
(eu6opOM KaJIH6pOBKH) o6paTH'l'b B ffYJ!b O'AHY H3 KOOP'AHHaT, TaK KaK ~°' 
rpaCCMaHOBH, HO, T8M He M8Hee, KaJIH6pOB0qffM CHMM8'1'pHR coxpaniaeT 

qJ1CJIO 4lH3Hq8CKHX CTeneHeR CB060'Abl H B CJiyqae 4JepMH-CHCT8M, 

06paTHMCR Tenepb K Bonpocy O CTpyxType ~II e'AHHCTB8HH08 CTeneHH 

cso6o'Abl B ~aHHoR TeopHH. HcXO'AR H3 CTPYKTYPH pemeHHR (2.59~ cnHHop 

o/(i) MO;iKHO fiP8'ACTaB!Tb B Bff'Ae tot (t):: lit)(e~+~ et) (HeT CJMMHpOBa­

HHR no o{ ) , r'Ae e,, i:-o6pa3YDiqH8 rpaccMBHOB08 anre6pu ., z°' Ct) -
- KOMrlJ!eKCHH8 iliYHK~~ BpeMeHH. Onp8'A8JIHM ~II ( 4'o1 J t./) KaK COBO­

KYilliOCTb TotreK MOCKOCTH ( Re i!'.oi(t)) 'Jm l"'(t)). ,IJ,BHHoe onpe'AeJieHHe 

aHaJIOrHqffO 6038BCKOMY CJiyq81J, TaK KaK fiJIOCKOCTb (x, p) MOlKHO paccMaT­

pHBaTb Kax MOCKOCTb (Re 0., 'Jn,a.), r'Ae Q.= (-oc-+~p)/v'z, [a,, 
Q,l(,J:::: - L (cp, C (2,54)), 

Bw6opoM K8.JlH6pOBKH (BH60pOM ~(t:)) BC8r'Aa MOJtHO 'A06HTbCII paBeHC'l'!la 

o/i. (t) =- % (i) (cJie~CTBHe (2.49)H(2.59))H, He HapymM ero, MOlKHO H3-

M8HRTb . 3HaK . y 4JHSKtl8CKOR KOMIIOH8HTH 4'i ➔ - lp i. JIOKMbHO BO BpeMeHH C no­

MO~bD OC'l'aTO'llH!ilX KaJIH6pOBO'llH!ilX npeo(SpaaOBaHH8 (2.11) H3 rpynnH Z~• 
CJI8AOBaTeJibHO, ~8HTp8JlbHO-CHMM8TpHqffH8 TQqxH Ha ~a30BOR nJIOCK~C'l'H r., 
( Re i◄ct.~ Jm l1 (t)) KaJIH6poBOqff0-3HBHB8.JleHTHH, T .e. <t>n ( ~~> 'Vi.)=COh(l;. 
OrweTHM, tlTO npH npeo6pasosattHRX f!Ct}➔- flt) %(~➔ -q,2. (-c), HO 

paBeHCTBO 4'1:::: 4':2. , oqeBH'AHO, He HapymaeTCR, CJie'ACTBHeM KOH~oc-

TH WIT ( f ,f > \/1,t) , KaK H B 6oaeBCKOM CJiyqae, HBJIReTCH Y~BOeHHe qac-

TOThl ¢H3HqecKHX KOJI86aHHA, 0TMeTHM, qTo B cJiyqae rpaCCMaHOBhlX nepe­

M8HHblX HMeeTcn KaJIH6poexa, B KOTopoA ocTaTOtIBM rpynna Z
2

oTcyT-

CTByeT, HO, TeM He MeHee, ¢H3HqecKM qacTOTa KOJie6aHH8 no-np8JKH8MY 

paBHa .2.c.u. ~e8CTBHTeJibHO, KaJIH6pOBOlffib!M npeo6pa30B8HHeM (2.49) MO*-

HO 'AOClHTbCR,paBeHCTBa ~(-c) = - c.c) • Tor'Aa %_ (t:)=t(o)H ii,,, (t)= 
= exp (-.'hwt) ~-1 (o) cornacHo (2.59), Tenepb HeJib3ff_co­

eepmaTb npeo6pasOBaHHH (2.11), TB.K KaK OHR HapymaDT paBeHCTBO 'f,(t)= 
-:: 'V-i (0) , BBW HX JIOKaJibHOCTH no BpeMeHH, 0'AHB.KO ~({) OC~JI-

IU!pyeT C qacTOT08 .'2W • MOlKHO CKa3aTb, qTo KOffYC WII ('¥.,i,lJ,',t) B 3TOM 
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cnyqae napaMeTp113Y8TCR TOqKaMH WIOCKOCTH, nepneH,D,HKYRRpHOA OCH Cl1M­
M8Tp1111 3TOro KOHyca. 

2.?. KBaHTOBOe onncaHHe rpaCCMaHOBbIX CTeneHeA CB060)lbl C 

~rr = con C:rr) 

~aHTOB~TeOpHH MOA8RH (2.4B) nonyqaeTCR nepeXOAOM K onepaTo-

paM 4' ot , '1-'l c aHTHKOMMYT~HOHHblM cooTHomeH11eM 

[to() i; 1+ ~ ;, l 4'o1) t;}J) = bo{~ (2.60) 

CBH311 nepBoro pOAa B~eRRIOT ¢11311qecK11e COCTOHHHR 
A I\.+ I\ 1,0 '-. :n; I~ ri. '> = 0 ) r i 4' \ 'Jfh /::: 0 . (2.61) 

Anre6pa (2.60) MO~eT 61,1Tb peMH30BaHa Ha ¢YHK~HRX ABYX KOMW18KCHblX 
rpaCCMaHOBblX nepeMeHHliX <e~t':fl>.: If (e.JI).: ~O + ':f'ot E}: + ~2 e,tre; 

A ~ 0 
'¥«+ P(eli) = e: p(e) ; t g( lf Ce*)= 1 e; ~(e*). 

(2.62a) . 

CKMRpHOe np013BeA8HHe onpeA8RReTCR cne,JJYJO~HM o6paaOM. 

<<l>I~> = ) de"'J.e e-
0:e.. ( <l,(e•t <P(e"') (2.626) 

rAe de*ote = de: ole,t de: de2. • i1cnonb3YR npaB11na HHTerp11pOB8l-IaR no 
rpaccMattOBblM nepeMeHHblM [II,22] , HanAeM <ct>\~)-= ct,:(j)0 + <t>: ~01-+ 

+ <t>,.: P..f . CooTHOWeHHR (2.62) onpeAeRHIOT ronOMO~HOe npeACTaBne­
HHe ARR rpaccMattOBblX cTenetteA cBo6oAH (II,23]. 

B 3TOM nP,eACTaBneHHH BTOpoe ypaBHeHHe (2.61) nerKO pemaeTCR. 

I1oCKORbKY o/ci ~+-= e: ½e,t -e:-Yi~❖ TO HMeeM 

<e*\ 'fph> ~ ~o + 'f-12. e; e: , (2.63) 

I1ocne KBaHTOBaHHR nORMR8TCR npo6neMa ynopfiAoqeHHR B raMHRbT~HB;lle 
CHCTew. i13 coo6p8lKeHHA 3pMHTOBOCTH I'8MMbTOHHaHa onepaTOp 41+ '¥ 

~ t:1'+" A"+) "+A B (2.55) cneAYeT 38MeHHTb Ha -r,q, ljl-lf '\' = 'I' o/ - ! B COOTBeTCTBHH . 
C onpeAeneHHeM (2.62a). TorAa ypaBHeHHe IIlpeAHHI'epa 38llHCYBa8TCR B 
Bff'Ae 

V Wt- 1)< e*IE'> = [w($'H 4 f wi-1fl<a'IE):E(e'IE> (2.64) 
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HeTPYAHO npOBepHTb, ~o pemettHRMH ypaBH8Hl1R (2.64) RBRRIOTCR:(0~fo)=J._, 
Eo~-w+ f j <G*IE;>ol-= e: («= ◄.2-) J E-1=0, T.e. OAH~epM110HHOe COCTOR­

Hl18 ABYKpaTHO Bblp0JKA8HO, 11 <e*IE2 > = et e: ' E.,2. =- W+ 1 . 
Bee COCTORHl1R OpTOHOpMHpOBaHli OTHOCHT8RbHO CKMRpHoro np0113B8A8Hl1H 
(2.626). i13 (2.63) cneAYeT, qTo 6aa11c B q>H3HqecKOM noAnpOCTpaH­
CTB8 06paay10T B8KTOp1,1 < e~ I Eo,~. 0TM8T11M TaKJKe' ~o pMHOCTb 
M8JKAY ABYMR q>l13J1qecKHMl1 YPOBHRMH CHCT8MH I:,. E ph:. E2.- Eo = 2w paBHa 
YAB08HHOA qacTOTe qiepMH-OC~RHTOpa B nonHOM COOTB8TCTBJ111 C TeM, 
qTO ~rr e)\HHCTB8HHOA q>J13J1q8CKOA CTeneHH CB060AH ecTb con (-.rr) • 

IlocTpOHM onepaTop aBon10~11. Ilo q>OpMYne ~eAHMatta - K~a MO~eM 
H8llHCaTb ARR fiApa q>H3HqecKOI'O onepaTopa 3BORIO~H 

c( 
1
\ > -i.Et -£ \ -~EJ * . -if,J 

u-!: e~ e; =L e <e*lc:~(l'(E); =- e t e~ e,,*e,te2. e . (2.65) 

E= Eo,'2. /\ 
AHMOI'HqttO HaxO)\HM flAPO onepaTOpa 3BORIO~H Ut B nORHOM I'MRb6epTO­
BOM npocTpaHCTBe COCTOSIHMA, 6aaMC a KOTOpOM o6pa3YIOT pemeHHR ypaB­
HeHHR (2.64), 

-d:at ..,_ -i.E1t -i.E2 t 
( .,,.. ) -,.. ~ * ¼ e > e = e. + eol eol e + e,1 e

2 
e1 e2 e . 

(2.66) 

~ononttHT8RbHoe (BTopoe) cnaraeMoe a npasoA qacT11 (2.66) no cpaa­
HeHHD C (2.65) IlORBMROCb OT BKn~a Heq>H3HqecKHX COCTORHHA <e*IE1>« 
B cneKTpMbHYIO CJMMY B ~OpM,Yne ieAHMatta - H~a. YcTaHOBKM CB.Fl3b Me~­
AY (2.65) H (2.66). Mo~HO y6eAHTbCR npRM!ilM Bl,lqHCneHHeM e cnpaBeARH­
BOCTH cneAYIO~ero paB8HCTBa: ~ * ~ 

u:ce~) e) = ~de~Je e-eol.eot U"t(e:e)Q(e~le) (2.67) 

rAe onepaTop Q cHMMeTpHayeT no rpynne 2' .2, , nOA06Ho aHMOI'HqttO­
MY BYp8llteHHX> AR.Fl 6oaeBCKHX nepeMeHHblX (2.33) H (2.34) 

Q(e~e)= ~(expGe:eo()+€1f e:e~)= de:ec(. c2.68> 

0TM8THM, trrO exp eol.¥<-gol. -8CTb MPO 8AMHHqttOI'O onepaTopa, T.e. 
"A8RbTa - ~YHK~R" B ronOMO~HOM npe,l\cTaBJieHHI{ [II ,23]. Mt!OlltHT8Rb 
I/2 B (2.68), KOToporo HeT B flAP8 (2.34), CBR3aH C paanHqHeM B HOp­
MHpOBKax q>HaHqecKHX COCTORHHR (2.63) H (2.29). EcnH COCTOJtHHR (2.29) 
np11 h=2.mt 1 HOpMHpOBaTb Ha BceA OCH, a He Ha nonyocH (cM. (2.28)), 
TorAa Cn= C,. a CYMMax (2.31) H (2.32), qTo Be)\eT K noRBJieH11IO MHOJKH­
TenR I/2 B npaBoR qacTH (2.34). C ,l\pyroA CTOpOHb!, HOpMMpOBKa rpac-
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CMaHOBblX aeKTOpOB COCTO.fIHH8 Ha "no11yocH" B006Uie He MOJKeT 6b!Tb onpe.o.e­

JieHa, TrurnM o6p8.30M' pe.o.yKQH.fl qJH3HtleCKOI'O WII B MO,IJ.eJI.fIX C rpaCCMaHO­
BblMH nepeMeHHblMH Taroit8 Be,IJ.eT K MO,IJ.HqJHKBJ.\HH !ill. OrMeTHM, tlTO ,IJ.11.fl 

.fl,IJ.pa (2,66} cnpaae.o.11HBO CT8H,IJ.apTHOe npe.o.cTaBJieHHe !ill [11]. 
t 

u te',e) = ~ ~[Jf (,id'V(tj eip(½½)ei<pi1ck[~1 (-v:,t-f:t.)-Y~·t] 
t. "=o J 0 

npHqeM <ps t:(i:)\\'i-l:)-t- ~~(o)t~ (o) H tc(t(t): e:, fc((o):: eo(-
-CTaH,IJ.apTHble HaqaJibHbl8 ycJIOBH.fl a)rn:. 

2.8.HeKOTOPble BbIBOJlbl 

IIepetlHCJIHM KpaTKO OCHOBHble pe3yJibTaTbl, KaCruolliHeC.fl pe.o.yKQHH q>H-

3HtleCKOI'O wrr B MO,IJ.811.fIX C KaJIH6poaot1Ho8 rpynno8 H KB8HTOBOI'O onHCa.HH.fl 

cTeneHe8 cao60,IJ.1:,1 c pe.o.yqHpOB8HHb!M WII. 
I} Pe.o.yKQH.fl WII qJH3HtleCKHX nepeMeHHblX He 3aBHCHT OT cnoco6a Bbl~ 

.o.e11eHH.fl noc11e,IJ.HHX (HHBapHa.HTHbl8 HJIH HeHHBapH8HTHbl8). 
2) Pe.o.yKQH.fl q>H3Ht1ecKoro WII CB.fl3aHa c ocTaTOtlH08 ,IJ.HCKpeTHOR 

KaJIH6poaot1HoR rpynno8, KOTOpaH ocTaeTC.fl noc11e HCKJIXlqeHH.fl acex He­
q>H3HqecKHX nepeMeHHblX H .o.e8CTByeT B WII qJH3HtleCKHX CTeneHe8 CB060,IJ.l:,l, 

OTOllt,D.eCTBJI.fl.fl H8KOTOpb18 TOtlKH B HeM, 
3} CTpyKTypa qJH3Htl8CKOI'O WIT B3aHMOCB.fl38Ha C qJH3HqeCKHM I'HJib6ep­

TOBblM npocTpaHCTBOM COCTO.fIHH8 (T.e, oHa BJIH.fleT Ha cneKTP CHCTeMbl), 
KOTOpoe Bbl,IJ.811.fleTC.fl CB.fl3.fIMH B cxeMe KBa.HTOBaHH.fl ,lv{paKa, B 3TOM CMb!C-

118 Jtl8T pe,IJ.YKQHH WII 3KBHBaJI8HT8H nOCJI8,ll.OBaTeJibHOMY KB!UiTOBOMY OnH­

CaHHXl CHCT8Mbl B pru,fl(ax cxeMbl,lv{paKa. 
4) Pe,IJ.YKI.\llii !l!II ae.o.eT K MO,IJ.Hq)HKBJ.\HH I'8MHJibTOHOBa !ill. Tpe6yeTC.fl 

BKJia,D, B 8.MilJIHTY.D.Y nepexo.o.a "oTp8llt8HHblX11 Tpa8KTOpH8, 
5) KB!UiTOBa.fl ,IJ.HHaMHKa CHCT8Mbl C p~poBaHHUM !}II 3KBHB8JleHT­

Ha KB8HTOB08 ,IJ.HH8MHKH COOTBeTCTBYl)llieA CHCT8MY C IlJIOCKHM"WII, HOC ,IJ.O­
no11HHT8JlbHliM Tpe60B8liH8M HHBapH8HTHOCTH scex qJH3Htl8CKHX B8JIHllHH 
OTHOCHT81IbHO npeo6paa0B8HH8 H3 ,IJ.HCKpeTH08 K8JIH6poBOtlH08rpynnbl, pe.o.y­

QHPYl)Ui8A qJH3HtleCK08 !l!Il ,IJ.8HH08 CHCTeMbl, 
XOT.fl B 3T08 r11aae ace 3TH Y'f'Bep,tt,qemm 6b11IH npoaepeHlil TOJibKO 

AJI.fl MO,IJ.e11e8, r.o.e q>HaHtlecKoe ~II 6bl1Io C oh (:rr) , a OCT8.TOtffl!l.fl ,IJ.HC­

KpeTHM rpynna coana,n,ana C A 2. , TeM He M8Hee, B CJie,ll.yDllieA I'JiaB8 

6y,IJ.eT nOK8.38liO, 'IITO I)-5) HMellT 06UiH8 xapaKTep. 
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3. MonenH C npOH3B0JlbH08 KanH6poBOtlH08 rpynno8 

3.1. KnaccHt1ecKM MeXaHHKa C npOH3B0JlbH08 KaJ1H6pOBOtlH08 

rmnnoA 

4To6bl nOCTpOHTb MeXaHHtl8CKYJO MO,IJ.81lb C 3a,D,8liH08 Ka.JIH6poBOtlH08 

rpynno8 G; 'HYJ!CHO aa,n,aTb npOCTp!UiCTBO npe,IJ.cTaBJieHH.fl 3T08 rpynl1bl, 
a KOTOpOM 6y,IJ.eT ,IJ.BHI'aTbC.fl O,IJ.Ha HJIH HeCKOJibKO qacTHQ, T.e. KOOp,IJ.H­

HaTbl 3THX t1aCTHQ 6y.o.yT KOOp,IJ.HHaTaMH B ~pocTpaHCTBe npe,IJ.CTaaneHH.fl, 
npHqeM narp8HlKH8li TaK08 CHCTeMbl cne,IJ.YeT Bb16paTb HHBapHaHTHb!M OTHO­

CHTeJihHO I'JI06aJibHblX npeo6paaoarum8 1'13 Gi . 3aTeM He06XO,IJ.HMO "y,n,­
JIHHHTh II Bee npOH3BO,!\Hbie no Bp8M8HH no H3B8CTHb!M npaBHJlaM, TOI',IJ.a 

nonyqHTC.fl M8X8liHKa C KaJIH6pOBOtlH08 rpynnon G· • llocKonhKY ,IJ.a.Jih­
He8we8 ttamen qenhn 6y,!\eT H3yqeHHe ~IT none8 .Httra - MHnnca, KOTOpble 

npeo6paaj'IOTC.fl no npHcOe,!\HH8HHOMY npe.o.cTaa11eHHD, TO OI'paJiHqHMC.fl 
H3yqeHHeM MeX8liHt1eCKHX MO,!\eJie8 C npOH3B0JlhHOH KaJIH6pOBOtlH08 rpynnoA 

H npHCOe,IJ.HHeHHb!M npe.o.cTaaneHMet.t,!\JI.fl KOOp,!\HHaT qacTHQbl, 
OcHOBHM Q8Jlh, KOTOpYJO Mb! 6y,!leM npecne)J,OBaTb B 3TOM naparpaqie, 

38.KJIDtlaeTC.fl B TOM, t1T06bl BCKpbITh 06UiH8 npHqHHbl pe,IJ.YKQHH qJH3HqecKOI'O 

WII a MO,IJ.eJl.flx c KaJIH6pOBOtlHOH rpynnoA, T,e. IlO-CJllieCTBY, npoaepHTh 
yTaepllt,IJ.eHIDI !) H 2) B § 2,8, 

PaCCMOTpHM CHCTeMY c narp8HlKH8HOM [24,25] 

. ~ ( )2 l ·= 2 Trt. J)t X - V ( X) ~ (3.I) 

r.o.e ])t X = X -+ [ ~., X.] - KoaapHattTHM npoH3BO,IJ.HM (-x. = d,e), 
X , ~ - ,!\HHaMHt1ecKHe nepeMeHHble, aneMeHTbl anre6p1,1 JIH X Ka­

JIH6poaoqH<jA, nonynpocTo8, KOMnaKTH08 rpynI1hl Q a opToroHaJihHOM 
1 

6aaHce: X=. ~t XL , ~-=~~Ai. , h- (Iii, "J )--= ~lj , ['At)\u: 
= fljK AK , 1..,J,K::: i,2, .. ,, N=olunGt, tjtc. - cTpyKTypHb!e KOHCTaHTbl; -v­
- noTeHQHaJI. Jl.arp8J{Jf(H8li (3.I) HHBapHaHTeH OTHOCHT8JJbHO KaJil16poaoq­
HblX npeo6paaoaa.HH8 

("'I-! -1 r-,. '\ r, -i 
X-+ ft X~L J ::1~.n_d°S2, + .:::..1- Ot:l.L. , (3,2) 

r.o.e ..sl.-=.sl(t) E G; , ecnH V(St.x r,:i)= V(sx:.). !l1aKTHqecK» 

3TO TeOpHH,HHra -.MH11nca B npocTp8liCTB~ BpeMeHH (0 + 1) C noTeHqHa­

JIBMH /I- ' = A ' (t) , r.o.e i '- = A0'(t), a X;, = Xe: Ct) Hrpa­
eT po11b •l.:aTepHHf.; X: npeo6paayeTc.fl no npHcoe:1,Hi;ettHOMY npe.o.cTaane-. 

HHD. IIepexO~.fl K I'aMHJihTOHOBY qiopMaJIH3MY p = 'oly~x = ~ X ' <jf: 0 ¼j-= 
= Q , HaxO,IJ.HM I'aMHJlbTOHH!Ui 

~ = i T'l.p2 + V(-x.J -~(~ [x)pJ). (3.3) 
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HcHo, tlTO cHcTeMa co.n.ePJKHT N nepBHtffiblX cB11aen [ ~o] Jr= 0 H N 
BTOpHtlHblX cB11aei\ :Jr"= {Jr1 H}-=[-x:,p]:Gi=O.Bce CBH3H HBJllUOTCH cBJI­

aHMH nepBoro po.n.a[~o]: [Gj,Gi.}=-"tljKGK, HO He ace OHH HeaaBHCliMbl. 

HcnOJlb3yeM CJle,DylO~Hi\ MeTO,ll, )l,JlH Bbl,IJ.eJleHHH !pH3HtleCKHX nepeMeHliNX. 

J!Jo6oi\ aJieMeHT 'JC E X MOJKeT 6blTb npe.n.cTaBJieH B BH,IJ.e [20, c. 459] 

X = s h, s-i ) G = e)(.p j! ) h. E: H , (3.4) 

r.n.e l E. X \: H - aJieMeHT opToroHMbHOro .n.onoJIHeHHH K no.n.Mre6pe 

KapTa.Ha H . lfa (3.2) cJie,D,YeT, tlTO "l - HetflHaHtleCKHe nepeMeHHble 

(npeo6paaoBaHHfl c i! E. H He MerunoT h. ) . IloaTOMY 4JH31itl8CKHe 

nepeMeHHble B TeopHH ecTb h. = Ao( hol E H , r.n.e [ >-c< ),j!>] =- 0 , 
ol.,f> = I,2, ••• , e= cl~m 1-\:~nkG. Ta.KHM o6paaoM, cpe,D,H N BTO­

pHtlHblX CBf!3ei\ Gi j = 0 TOJlbKO N- e f!BJl.fOOTCfl HeaaBHCHMblMli. 

BBH,D,Y CBf!aen [ p)x 1-= 0 MaTpHI.~ X. H p MOryT 6blTb ,D,Haro­

HMH30B8Hbl O,D,HoapeMeHHO. 0Tcro.n.a 38.KJIIOtlaeM, tlTO HMnyJibC P11, , Ka­

HOHHtleCKH conpJ'DlteHHbli\ h, B (3.4), T8.Kl!t8 npHH~JlelKHT no.n.a.nre6pe 

KapTaHa. IlepeA.n.eM. Teriepb K HayqeHHD cTpyKTYp,l q)Il Ch., P11..) • HaBecT­

HO, tlTO B no.n.Mre6pe KapTa.Ha .n.ei\cTByeT rpynna Bei\J111 W [20, c. 469], 
KOTOpM o6paaoaa.Ha BC8B03MOlltHHMH OTpBllteHHflMH OTHOCHT8JibHO rHnep­

MOCKOCTei\' OpTOrOHMbHWC npOCTl,IM KOpHeM Cu [201 { CM. T8.Kl!t8 

I1pHJIOllt8HH8 B). 3Ta ,ll,HCKpeTHM rpynna,c .n.pyro8 CTOpOHH, flBJifl8TCfl no,11,­

rpynnon KMH6poaot1tto8 rpynm1 G , no.n.o6Ho rpynne l 2. a Mo,D,eJ111x 

npe,Il,blAYllle8 rJiaau. Ilo onpe.n.eJieHHD HMIJYJibC p npeo6paayeTCfl npH Ka­

JIH6poaot1HWC npeo6paaoaa.HllilX TaK xe,KaK RX , noaTOMY h. H Pn. 
0)1,HOBpeMeHHO npeo6p8.3yrJTCfl no.n. .n.e8CTBH8M w . G.ne,11,oaaTeJibHO ' w 
oToJK,D,ecTBJIHeT HeKOTOp!,le TOtlKH a qiaaoao8 MOCKOCTH IR t@ ~ f>i. • IIo,11,­

qepKHeM, tlTO rpynna W .n.ei\CTByeT JIOKMbHO BO BpeMeHH, T.e. npeo6-

p8.30B8HHfl H3 w MOJKHO coaepmaTb B paaJIHtlHl:,18 MOMeHTbl Bp8M8HH H83aBH­

CHMO .n.pyr OT .n.pyra, nocKOJibKY W -no.n.rpynna KMH6poaot1Hoi\ rpynm,i G 
JlJo6o8 3JI8M8HT h EH"'~ e ( ~ -3H8.K H30MONH3Ma) MOllt8T 6blTb 

nonyqeH H3 COOTB8TCTByri~ero 3Jl8MeHTa, npHH~8llt81Jl8ro no,11,MHOllteCTBY B 

H , KOTopoe H8.3blBa8TCfl KaMepo8 Bei\JI11 K+ [20].KBMepa Bei\JIH on­

pe.n.eJ111eTc11 KB.K no,11,MHOJKecTao aJieMeHTOB H , JI8JK81JlHX BHYTPH MHOro­

rprornoro 'yrJia, o6p8.30BaHHOrO rHnepMOCKOCTHMH, KOTOp!,l8 opToroHMb­

HN npocTblM KOpH~M W aJire6pbl X, H HanpaaJieHHoro a noJIOlltHT8JibHN8 

rHnepKa~paHT. ,lijlyrHMH CJIOBBMH, ,D,Jlfl acmwro he: K+ cnpaae,D,JIHaoT-z.wh,-o 

(ycJIOBHe Tit. \-i Cu = 0 · onpe.n.eJ111eT rpa.HHtzy o K+ ) ,11,JlH JID6oro npoc­

Toro KOPHH CJ [20] • c.nroaaTeJitHO' 4lH31itl8CKHe 3Hatl8HHH k JieJKaT 

B K+, a ace TOtlKH B IR.,_© IRri W \,,w-1 = w h. , w Ph. w-
1 
.. 

= w ph. , w € W , he K+ 11aJ1~Tc11 q>HaHtlecKH aKaHaaJieHTHNMH. JJ.n11 
O,ll,H03Hat1Horo a~aHHfl cocTOflHHfl cHcTeMbl a q)Il ( h., Pk.) 3TH TOtlKH ,D,OJIJK-
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Hbl ()b!Tb OTO~eCTBJleHbl ( CKJJeeHbl) • Mb! npHXO,ll,HM K 3aKJ!IOtleHHIO, tlTO e 
qi11311qecKoe irr (h I P1,.) ecTb r11nepK0Hyc, 3KBHBaJJeHTHhli1 k + ® fR • 

B KaqeCTBe npHMepa paa6epeM rpynI1b1 SU(2)"' S0(5) 11 SU(~) • 11o.n.­

a.rrre6pa KapTaHa ,D,JJfl SV(2.) HaTHeyTa Ha e,IJ,HHCTBeHHblii aJieMeHT - .n.11a­

roHMbHYIJ MaTpHcy ilayJJH 't:., ·, noaTOMY W = Z2 , cJie,IJ,osaTeJibHO, <Pfl 
(x?>, p?>) = con (Jr) B IlOJJHOM COOTBeTCTBHH c peayJJbTaTOM § 2.4 

(MO,D,eJlb(2.23) c N= 3 ). B CJiyqae rpymru SU('~) e-=2 , H nO,IJ,8Jl­

re6pa KapT8Ha HaT11r11saeTCH Ha',IJ,Be ,IUlaI'OHWll>HH8 MaTpH~ feJIJI-M8HHa~3,B• 

ITpocTble KopHH SU(?>) HMeIOT O,D,HHa.KOBYJO HOPMY H pacnoJIOJKeHbl no,IJ, yr­

JIOM c:ITy.3 .n.pyr K .n.pyry (cM. IlpHJJOJKeHHe B). CJie.n.osaTeJJbHO ,· KBMepa 

BeiiJIH eCTb ceKTOp c yrJJOM pacTBOpa Jr/~ (CM. pHc. 2) ,a rpynna Bei1JIH 

COCTOHT 113 rnecTH 3JJeMeHTOB, o6paaoaaHHblX paaJIHtlHb!MH KOM6HHB.QHHMH 
" " . oTpruiteHHA npocTbIX KOpHeA W1W1 -=-:- W1 H Wz. W2 =- - W2, • 0TMe-

THM cJJe,nyioieyIO oco6eHHOCTb .llHHaMHKH CHCTeMhJ c <l>TT = K + ® H . EcJIH 

B KaqecTBe V B3f1Tb OCl..lHJIJIHTOpHbIA noTeHIJ,HM t 'Ti, x 2 = "! T'?. h,2 
, 

TO, K8.38Jl0Cb 6bl,4JH3HtleCKHM C.TeneHHM CB060,D,bl OTBetlBJOT ,D,Ba He3aBHCHMblX 

ocQHJIJIHTOpa c e,IJ,HHHtlHOi1 qacToToii. 0,IJ,HaKO cp,13wrecKHe 3HatleHHH h E I('~ 
noaTOMY, ,D,OCTHrHyB rprurn~- 0 K+ , qacTHQa oTpa.;f(.aeT.CH OT Hee, tlTO 

HeHa6eJKHO Be,D,eT K nepepacnpe.n.eJieHHIO HMnYJibCa MeJK,IJ,y CTeneHHMH CB060,ll,bl 

h.o(. , Il03TOMY HeaaBHCHMble KOJJe68HHH HeB03MOJKHbl. B03HHKaeT caoeo6-

pa3HO8 IWH8MaTHli8CRO8 cneIIJI8HR8 OCnwIJIJITOpOB BCJ18,ll,CTBR8 pe,n;yxnw1 

'1111 (_ h., P1-,) • iloHHTHO, tlTO pacc~eHHe cnpase,IJ,JIHBO H s cJJyqae 

,ll,BHJKeHHH B npOH3B0JlbHOM noTeHQHaJle. 

B CJJyqae 0)1,HOA (pH3HtleCKOA CTeneHH CB060,D,bl KOHl1tlHOCTb ee ·irr npH­

BO,IJ,HJia K Y,D,BOeHHIO qacTOTbl KOJie68HHA OCl.l,HJIJ!HTOpa. llOKaJKeM, tlTO pe­

,D,YKIJ,HH lpH3HtleCKOro <l?IT B paccMaTpHaaeMoA MO,D,eJIH TaJ<JKe Be,IJ,eT K H3Me­

HeHHIO (pH3HtleCKHX qacTOT KOJie68HHA OCIJ,HJJJJHTOpa. B KatleCTBe npHMepa 

B03bMeM rpynnbl pattra 2, T.e. SU(3) , Sp(li) ~ S0(5) , G2 
(CM. ilpHJIOJKeHHe B). C QeJib!O Bbl,IleJJHTb lpH3HtleCKHe CTeneHH CB060,ll,bl 

BBe,D,eM K8JIH6poBOtlHO-HHBapH8HTHble nepeMeHHble 

,l:.. ( 2.)½. ,+- ,J:,._rz, 't 
'±'1 :: T't. X > ~ ,i = '±'1 T'l. X (3.5) 

3,11,ecb c:, -cTeneHb BToporo 

llp11JJoJ1teHHe B, Ta6JJHtzy I ) 
HeaaBKCHMOrO onepaTopa KaaHMHpa (CM. 

w 1<+ 
' ' 1 '4J, 

:{·'.: '.,'.•'.:+:,:.; . .• 
;/\!,,,. i'./ ...... • ·,,. 
~•• .::,•~•••L•t I,,,, ........ •'• .,..., 
"f/2;'::: ; .. : ...... 
~-.••;., " 1.-+ 
:;.! ..,,,, - W2 ' 

' -c.>,-! ::·)\?, .,... I ........ ~""+I\,\+' _,,. w,w2,w,. K W2.W-1K .... 
PHc. 2. 
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T-z. w~ = Tiiw; = i 

T't W"Wz = - ½ 
Ti. ,>.~ °)\ g = o 

T1. ~;=Ti.A~~ i 



l 
I 
! . 

0npe,IJ.8JJHM ,IJ.Ba 3Jl8M8HTa a.nre6pbl J!H e-i,2 , KOTOpN8 oprorOHaJlbHbl 

,IJ.pyr ,IJ.pyry: \'l.et.e2- = 0:, e-\:: ()~4/o'X. = 'JC::jq,-i.:, 9.z"" o'1>z/2x:: 
-: i(cp~\\; T'tAf~'t-i -~~24>2,x) ,?x,=~~J° rnaBHOe CBOl:\CTBO e -1) 2 38.KJIJOtla­

eTCH B TOM, tlTO OHH MOryT 6b1Tb O,IJ.HOBp8M8HHO ,ll,H8.I'OHaJIH30BaHN, Ta.K 

Ka.K [ e1,e2. l= 0. Ilo3TOMY 3Jl8M8HTli e-1 ) 82, MOJKHO B3HTb B Katl8CT­

B8 JIOKaJibHOI'O 6aaHCa B \--\ • BlitlHCJIHM HOpM,Y 8 -1., 2 HJJH K03(ppHI.\H8H-
7'."' 2 ,-: 2- 2. - -2. C 

TN Jlru.ra. OtleBHAHO, tlTO l't, e-1 : 1 , l'l, e?.. = l'C, <!>" C2, -t 
' I',ll,8 +C14?2.-4>f)=ri2<}~( o<. - C~z- ~)2.) 

J1 = cvz, ol = C2,-+ Ctj-9 , a llOCTOHHHli8 c-\,2. aaBHCHT 2. 
OT CTPYKTYPHblX KOHCTaHT H onpe,IJ.eJJmoT pa3JIOJKeHHe no o6pa3YJOII\HM T'l. X , 

Tii. Xi, a a.nre6pe llOJIHHOMOB Ha X llOJIHHOMa Tii. >--vx 't-:1. Trz.,ili.X't-;, 
= (c1 ~2 +C2.)~/Cri-◄~ HanpHMep, ,IJ.JJH Sul'~) C1 =0, G:2, =~ (,i .. 3). 
~3 ycJIOBHH noJIOJKHTSJibHOCTH HOpMhl €2, HaxO,IJ.HM - 1. .f:. ( ~z- J,)/V<I ~ :i • 

Onpe,11,eJJHM HMfiYJlbCbl, K8HOHHtl8CKH conpHllt8HHli8 ~ o{ (o<=!,2)CJI8,ll,YJO­

IJ\HM o6paaoM: Jrol = T1:..eo1 p (T'l-e; t·. MoJKHO y6e,IJ.HTbCH, tlTO [4>o1,~}= 
= [ '.Jio(, 'Jr~ 1 :: 0 H £ ~o<, X.r,) = gol.Y, • Tor,11,a H3 onpe~JieHHH .Jr°' 
H Op!,OI'OHcl.JlhHOCTH e o<. BblTeKaeT pa3JIOJKeHHe P = Jfo( eol. + {> , r,11,e 

T'?, p e<>I = 0 • B HOBblX nepeMeHHblX ypaaHeHHe CBH3H npHMeT Bff'A 

[ p, 'X 1 -::: [ p.) :x: ] = 0 ' tlTO 03HatiaeT B03MOJKHOCTh O,IJ.HOBpeMeHHOl:\ 

. ,IJ.HaroHanHaat\1111 p 11 X=1>li, cne,11,oaaTeJJhHO, p' = Po<' e o(. , HO aTo 

HeaoaMOJKHO, BBHAY T'Z.. p eo< = 0 • IloaTOMY p = o ecTh perneH11e 

ypaBHeHl1H CBR311. 
3an11rneM I'aMl1JJhTOHl1aH a HOBbIX KaHOH1111ecKHX nepeMeHHblX ( V = 

= 4t T't xz a (3.3)) . 
1-\ =- 1 Tu ( ?2. + x-2) = ~ ~2 + i 

i2 Jr. 2. cf;/ col- (_f> -pS1 + i cti. (3.6) 

faMHJJbTOHOBbl ypaBH8Hl1R ,IJ.BHJK8Hl1R 

• { } ·c,2·:rr:21 2] . f } 
Jr1.= Jfi)H =-~i+ 'P-132. Lo(-(~-Pz) , ~1=1<1\,H =:Tri ~(3,?a) 

• 1 t 23f[ · i
2x 2.7 

Jr2.={~JHr= cf?; c~e.-t) , ~2= {~2/11~ <1?/·[r.(-c~-½2.)J<3.76) 

,11,onycKB.lOT OCI.\HJIJJl1PYJOIJ\88 perneHl18 He3aBl1CHMO ,IJ.Jl.ff KaJK,11,0l:\ CTeneH11 CB0-

60,IJ.bl. OTO ~ 2, = Jr2,-= 0 ' 

<f>-1 (-t') = A \ cos i \ J Jl:i (t) = - A stht E (cost), (3.Ba) 

r,11,e A = CO\I\S t , E - 3Ha.KOBM 4iYHKI.\HH; MO,IJ.yJih B ~i noc-

TaBJieH BBll)J,y llOJIOlKl1TeJJbHOCTH ~ :1. • BTopoe pellieHHe HM88T Bff'A 

"Jr1.-=. 0 , <.t-= 'lr= COIA.St 
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. tr 2. 

4'.i(t)= g, +Vci co5 rit .> Jr,2(t) =- 7.,~ slhtt • (3.d6) 

Hs peill8Hl1l:\ (3.8) Bff'AHO, tlTO He3aBHC11Mb!Ml1 qacTOTaMl1 KOJ1e6att11l:\ RBJIHJOT­

ciii 2 11 ti ' T.e. CTeneHl1 He3aBl1Cl1MblX onepaTOpOB KM11M11pa. lio,11,qepK­

HeM, qTo B KaJJH6pOBKe X-:: h, (6e3 ytieTa pe,IJ.yKI.\ll!H ~II) qacTOTbl 

He3aB11Cl1MbIX KOJJe6aHl1H OCI.\HJIJIRTOpa e,11,11HHl.Ili,le. IToJiytleHHblH pe3yJihTaT 

Ha}(0,11,HTCR B COI'Jiack11 ,c KBaHTOBblM paCCMOTpeH11eM. 

3.2. OOh6epTOBO npocTpaHCTBO COCTORHl1H 11 CTpyKTypa \!?ii 

B KBaHTOBOH TeopH~ Xi,, P~ , ~ i, , °Jr[ CTaHOMl'CR onepaTopa-
r A A 1 •(' [ ,,.,, 

Ml1 1-Xt ,Pj = t.OtJ = ~~, Ji"j J. B cooTBeTcTa1111 co cxeMo» KBaHTOBa-

Hl1R Cl1CTeM co CB.ll3RM!i [IO] B8KTOpb1 qi11311qecKoro I'l1JJb6epTOBa npocTpaHCT­

Ba Bbl,ll,8JIHJOTC.ll YCJIOBHRMl1 
J\ 

Jr. 14'ph.> ::; 0 ) 
d . 

A 

GJ \ *rh> = o. (3. 9) 

PerneH11e nepaoro ypaBHeHH.ll B (3.9) Tp11B11aJJhHO: B KOOp,IJ.HHaTHOM npe,11,-

CTaaJieH11H l ~ph > He aaBHCHT OT ~ j • 1fro61,1 pernHTh a-ropoe ypaa-

HeH11e (3.9), nepeH'AeM K npe,11,cTaBJieHl1ID BT0p11trnoro KBaHTOB8Hl1R. On-
/\("' ")' 

pe,11,eJIRH onepaTOpbi a. j =- :X:. j -+ L PJ /n, , noJiytiaeM yp~a!:e~11e, Ko-

TopoMY IlO,IJ.tll1HHJOTCR qiH311t1ecK11e ae,.poPJ,I COCTORHl1l:\ ft~ I< 0. J a. K \ 'f p1,7 = 
= 0. OtieBff'AHO, Ba.KYYM IO> ( a j IO> = 0) np11Ha,n,JieJK11T qil13Htl8CKO­

MY I'HJih6epTOBY npocTpaHCTBY COCTORHl1H. Tor,11,a JIID60e qi1131111ecKoe COCTO.ll­

HHe noJiyqaeTC.ll np11MeHeH11eM 11HBap11aHTHOro OTHOCl1T8JlhHO npHcoe~HeHHO-

ro ,11,eACTBl1R rpynilbl G; IlOJll1HOMa OT onepaTopa Q, + :: /\ ! 0., J 
( Otl8B11,ll,HO. tlTO eCJil1 HeKOTOpM qiyHKI.\11R f OT onepaTopa a,+.,.. o6Jia,n,aeT 

CBOHCTBOM,.. fC a+)= f c S2. a+ ..rr1). n e. G . TO c fC &.+) ~ Gr J 1 = u . 
T8.!{ K8.!{ G · - reHepaTOpN npeo6paaoaatt11ti H3 rpynilbl G , n03TOMY 

+ca+) lo)d - qil1311tl8CKOe COCTO.RHHe).Tor,IJ.a COPJiaCHO TeopeMe 2 Cilp11no­

*eH11e E) Ha}(0~11M 6aa11c qil1311tleCKOPO no,11,npocTpaHCTBa COCTOHHl1l:\ 

[ 
A+'t 1Yl,i [ ,\ "t ]11,e 

Trta i ••• h.a+ e lo>, 
r,11,e Vlo<. = O,I, 

"1+ -'I ::. a. . O..· + 
J d 

•••• B tlaCTHOCTH,,11,JI.R cneKTpa OCI.\HJIJIRTOpa 

N/z 11a (3.ro> cJie,IJ.YeT 

e . 
E )'\, = L.. n.o( 'to{. + rv/2 , 

o(:i 

(3.IO) 

H= 

( 3. II) 

T.e. 8CJJl1 He np11HHMaTb BO BHl1MaHl18 3H8pI'1110 Ba.KyyMa, 3aBHCmeyIO OT IlOJJ-

HOPO tll1CJia CT8ll8H8l:\ CB060,ll,bl, TO Cil8KTp ( 3. II) 3KBl1BaJJ8HT8H e OCI.\HJIJIH-
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TOpaM C qaCTOTaMl1 '"Lol • 3TO 11 Ha6JilO,IJ;aJIOCb npH aHaJIH36 KJ1acc11qec­

KHX ypaBHeHl1A ,ll;BIDKeHH.11 C yqeTOM pe,IzyKQl{H ill cpH3HqecKHX nepeMeHHblX. 

3. 3. ill:L.l!.JI.11 c11cTeMhl c_ iIT = K+ ® H 

faMHJibTOHOB Klf, Ka.K 6NJIO BN.IICHeHO B qacTH 2, 3aBHCHT OT CTpyK-

TYPN cpH3HqecKoro ill. He cocTaBJI.lleT HCKJilOqeHH.11 H paccMaTpHBaeMaR 

3,n;ecb M0,IJ;6Jlb. 4To6N nocTpOHTb Im: • pemHM ypaBH6HH6 lllpe,n;HHrepa B KO­

op,n;aHaTHOM npe,n;cTaaneHHH: PJ: -t 'oh,:x: j .,il,n.11 .IIBHoro paapemeHH.11 ypaaHe­

HH.11 CB.11311 H aanHCH raMHJlbTOHHaHa B cpH3HqecKOM no.n;npocTpaHCTBe, nepeA­

AeM K HOBblM KpHBOJIHHeAHbIM KOOpAHHaTaM hot, ~a. (3.4). Tor.n;a 4'p1,(~)= 
=lf (h-) • T.e. B onepaTope nannaca - BeJibTpaMH B KpHBOJIHHeAHblX KO­

OP'AHHaTax (3.4) CJie,zzyeT OCTaBHTb TOJibKO cnaraeMble,3aBHC.11!11H6 OT npo­

H3B0'AHblX no h, , qT06hl nonyqHTb raMHJlbTOHHaH B cpH3HqecKOM nO'AnpocT­

paHCTBe. C 3TOA l.\6Jlbl0 HaJ!'AeM MeTpHqefKHH T6H30p B KOOP'AHHaTax (3.4). 

l1MeeM d s2 :: T'?. cl.x?. = T't ( d (S h.~r~). flocJie HeCJIOJKHblX. BbltrHCJieHHH npH-

XO'AHM K cpOpMYJie 2 1 I rl-i 1s1'2, _ 
d s.?. = T't. d k + T't, L Y\, > ;:;, °' = 

= L. dh! + L ~o.~(h,1) diaJici~ (3.12) 
• o< GI,~ 

H~ KOTopoA cne,zzyeT, qTo Tettaop 3 ~ HMeeT 6no~ cTpyKTYPY ( bo< ~ , 
3a~ ), a,~7e+1, e+ii., ... , N •• HcnoJib3YR npeACTaBJieH11e 

s-◄ds = Ai. F~(l) dza. , r'Ae F~ - H6KOTOpNe HeH3BeCTHbl6 MaTpl'll~, 

Mbl HaxOAHM 

~a~= F:(z)8cot(h)!="e,d(r)J 

3
0

~ = Cu
0
c(h)u\~(h) J W0 q,(h)-= ho<to<aei. (3.13) 

TorAa onepaTop RanJiaca - BeJibTpaMH eCTb 
-1'· ··½ 2 2.) 6 = 2-r~ ot~!.J~ 2.oJ =- JU-- (k)'oot0 fA (h d°' + 

-+ Q-½ 1 0 c; a e, Q ¼ ~ Q i I< Q • = S ~ 
<l a. <l <I u~ , <l <l KJ d J 

(3.14) 

r'Ae 'ot = ( oo() 'oa..) , ool= 0/2hc1. ,(Jo.= 0/ota. H, cornac-

HO ( 3. 13), 1/, 
~"-/1.. = (delllgtJIIJ :i = det w(h.) ~ F(e) -

(3.15) = f2(h.) jt/·(i:). 
11ocKOJibKY <pH3HqecK11e coc.TO.IIHH.11 He 3aBHC.IIT OT 

onepaTop rru.nm1>T0Ha HMeeT Bl'l'A 

:lo.. , TO cp11a11qecKHA 
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HA ~(h)~ C:-½ LfC'" 1:0r + V/h) +V(k))~ = E t\J) 
p\.i o/.. I 

! -i. ( 2, \ (3.16) 
r.n;e v'I = V2 f- oo( f J - 11KBaHTOBaR 11 .n;o6aBKa K nOT6Hl.\HaJIY 

(3cpcpeKTl1BHb!A noTeH~aJI), nOTOMY qTO p.-2 o;o}'-2 = f-t.O:°f + 2. V1 • 
Mepa f. 2. ( h,) MOJKeT 6b!Tb Bblq11cJieHa .IIBHO. ,Lvi.11 3TOro BOC-

nOJib3Y6MC.II B (3.13) 11 (3.15) 3anHCb~ CTPYKTYPHhlX KOHCTaHT B 6a3HCe 

KapTaHa - BeAn.11 t26](npHJIOJK6HHe B (E.5) ). QqeBH'AHO, qTo cnpaae'AJIH­

ao pa3JIOJK6HHe ~ = E c~:eo1+-;z-e ).Ha onpe'AeJieHH.11 (3.13) CJie,zzy-
J 0(>0 '1x -o( 

eT, qTo MaTpHl.\a Cl) ( h.) ecTb onepaTop np11coe'AHHeHHoro npe,n;cTaane-

HH.11 aclR h. (cM. (B.6) >, pe,zzyQHpOBaHHhlA Ha noAnpocTpaHcTBO X\ H 
(nocneAHee o6o3HaqeHo aHa~oM "R 11 

) , T.e. 113 MaTpHllbl (ad It,) i · 
ycTJ>aHeHbl cTpoK11 11 cToJI6llbl, OTBeqa101I111e nOAaJire6pe KapTatta: Wo.e, dch}= 
= l_ad h,) a.4 • Tor.n;a H3 onpe'AeJieHH.11 onepaTopa ad X H (B.5) · 

BblTeKaeT, qTo e, 6aa11ce KapTaHa - BeAn.11 MaTpHl.\a Cu ( h,) AHaroHaJibHa 

H .n;11aroHaJibHble 3JieMeHTbl paBHbl ± ( o< > h..) , r'Ae ol npo6eraeT ace 

noJIOJKHTeJibHble KOpHH B X . Yq11TNBM CB.113b 6aa11ca KapTatta - BeAn.11 

C OpTOrOHaJibHhIM 6a311COM (B.7), HaXOAHM, qTo B opTorOHaJibHOM 6a311ce 

Cu ( h) HMeeT 6JIOqttO-,n;HaroHaJibHb!A Bl'l'A, np11qeM K~A 6JIOK ecTb 

8HTHCHMM6TpHqttaR MaTpHqa 2x2 (O(,h) Cjtv ' J", \) = i ,2., Eu= i. ' E,,.,r=' 
=-E/"v 

CJieAOBaTeJibHO, 

Jl(k) = n 
oC>O 

(o() h, )~. 
(3.17) 

HopMl1pOBKa 6a311ca AJI.11 KOMIIB.KTHNX rpynn acer.n;a MOJKeT 6b!Tb Bbl6paHa 

TaK, qTo Tit. ~ k. =",kl'= (.o( ,k.), T. e. 3TO o6Nqttoe CKaJI.llpHoe npoHaae-

AeHHe B H ~ IR • iaKTHqecKH }A 2 Ck) nponopl.\HOHaJibHa oi1>eMY op6HTbl 
3JieMeHTa'. h. , Ta.K Ka.K d"x: j.2 (c)r}.."'-ti f 2 Ck) ot h, 
H BBH,ll,Y KO.tnaKTHOCTH rpynTibl G HHTerp11poaatt11e no ~ a Mepe AaeT 

noJIHblA "TeJieCHb!A yron" op6HTbl 3Jl6MeHTa h, . 3TO TB.KJICe 03HaqaeT ·e 
q,ro q>Ha11qecKHe BOJIHOBble if>YHK~l1H MOJKHO HOpM11poaaTb ycJIOBHeM SKI- d h 
JA2

(\,} ll\'12.:: i , T.e. J.t. ( h.) ecTb Mepa a cp11311qecKOM KOHcpHry-

pa~oHHoM npOCTpaHCTBe ( 0 "HeHOpMHpyeMOCTl111 cpH3HqecKHX COCTO.IIHHA 

no nepeMeHHblM ~-= >tj~j cM.<pOPMYJIY (2.28) 11 ee o6c~eHHe). 

0CTaJIOCb BblqHCJIHTb V~ • l1MeeM paBeHCTBO 

v, - .i -ic a2 ) - ! L co1~ s,) 
i~if o<f -2«#-J,>O(ol,h.)(_f,,h.) (3.18) 

PaCCMOTpHM nJIOCKOCTb B KOpHeBOM npoCTpaHCTBe, npOXO,ll;.llll1YlO qepe3 ABa 

nOJIOJKl1TeJibHNX KOpH.11. Ylx B3aHMHOe nOJIOJK6HHe onpe.n;en.11eTC.II qeTblpbM.11 CJIY­

qrutMH (pHc. 16). Onpe~eJIHM cyMMy (3.18) ~JI.II 3THX qempex cnyqaea, 
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T.e. Heo6xO,I\HMO B1,1qacJ1HTb ½ )J,11:.R acex rpynn p81Ira 2 SU (:3) , 
Sf.(.li)"' SO (5), <i2. • lzy"TeM .fIBHoro a1,1qacJ1eHH.fl y6e~aeMc.R, ~o 

½-= 0 ,!\JI.fl 3THX rpynn. HanpHMep, a cJ1yqae SV(3) corJ1acHo cxeMe 

~KHHa J:.-ot HaxO'AHM (cM. npHMep B IlpHJ1011CeHHH B) 

\l(h)-== Cw1,W12.1 + Cwt,w.2) + (w~2..,CJ2) = o. 
~ (h1 w1)C~i.tl•2) (h,w1)(hJ.tl2) (h.,Wt2)(h

1
w2 ) 

HCXO,l\.fl H3 3TOI'O Ha6JIIO,l\eHH.fl, 3aKJIJOqaeM: 

( ol}~) 

¼ = ~ L L Go1 h.) ( (2, 1,_) 
I noctl\OC.- cl.#f>O J J.> 

1<.oc. TjlM I!, n11ocw;ocn1 

= 0. 
( 3. I9) 

Ilepeit,n.eM K nocTpoeHHIO Ktt [15,24]. BHaqane orp81IHqHMCH CJlyqaeM 

cao60'AHOro 'ABHJKeHH.R: V-= 0 B ( 3, 16). QqeBff'AHO, nO,I\CT8llOBKa 4'= f-i':P 
CBO,I\HT ypaBHeHHe (3.16) K COOTBeTCTByx>~eMY ypaBHeHHIO lllpeAHHrepa ,I\JIH 

qacTH~ c nJIOCKHM !Pil. OTCIO'Aa 4/(h )~ f-1(h) ~xp(t liph), rAe E=½ T'2. p2., 
p E: H . 0,1\HaKo /IA (h) = 0 . , ecJIH h. 61K+ , T.e. B T01lKax 

nJIOCKOCTett ( h, w}= O, W -npocTl\le KOpHK B X . IloaTOMY TaKKe ~ (h) 
OKa3l\1B81lTCH CKHryJIHpHl\lMH npH h. E () K+. BoJIHOBue 4!YHK~H AOJil!Uil\l 61,1Tb 

KOHetrnmm B KOHcpHrypaI.\HOHHOM npocTp81ICTBe [a] (CM. Truute § 2.4 ) • 

B COOTB8TCTBHH C 3THM qJli3HqecKHe BOJIHOBlile 4lYHK~H'AOJUlllil,I. 6J,ITb KOHeq­

HWH B H . IlpoaepKM, ~o 41YHK~H 

~p (k) = (.1Jr)-e;i. L (r~cp) f (w k)r
1 exp (i Tri pwh.) 

. w (3.20) 

Y'AOBJleTBopmo; 3TOMY Tpe6oBaHHIO. CyMMHp0B8llHe Be,l\eTCH no Beet\ r.rynne 

Bettmr W, W h,-= w h w-i, f (wk)-=cleit W f(h.)= ± f-,t Cit.) ( f Ck)-
- HHBapH81IT ciTHOCHTeJibHO w , n03TOMY f(h.) M011CeT M8HHTb 3HaK 

npH npeo6pa30BaHHHX 113 w . Joo6oA 3JI8M8HT w eCTb KOM61lli8.I.\HH OT­

paJKeHHit OTHOCHTeJlbHO ranepnJiocKocTeA (h1 w) = 0 ; ecJ1H t1HCJ10 oTpaJKe­

HHA qeTHoe , To det W= i, Het1eTHoe , TO ol et w = - l ) • Koa!WJiu~HeHTl\l B . 

(3.20) BH6paHl\l H3 coo6pa.JKeHHA HOpMHpOBKH H CHMMeTpHH MeJK,Jzy HMnYJlbC-· 

HHM H KOOp,I\HHaTill,IM npe,I\CTaBJleHHHMH e ! s i~r2Ch.) t(CI-L) tr,C\i) = z. s (p-wp') [fCp)yCwp')]-= 
K+ w 

_ [ ( ) ( ')]-! C' t( _ ') p IE K+ (3.21) - f P JU p o P P ) ,P . 
AHanorHqJ-Io,4>ypbe-npeo6pa30B8llHe onpeAeJieHo CJie,JzylllilHM 06pa:30M: 
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~ ,lp J'i(p) \),;(h,) ~(h,') = L ~e(h,-wh!) [f(h)r(wli')T! 
K+ w 

= [~(k)J(~')]-i8e(k-h.') ~ h,'e 1<+. 
J ' ' (3.22) 

B oKpeCTHOCTH rpattH~ OK+ Mepa }A (h.}vronst(l,,w), I''Ae W -HeKo­

TOplilA npocToA KOpeHb (rpatt~a () K+ o6pMOB8lla nJIOCKOCTHMH (h.,w) :0), 

CJI8,I\OBaTeJibHO, 4'= r,rt (/ 6y,l\eT KOHetlHOA Ha nJIOCKOCTH ( W .> k.): Q , 
ecJlH \f(h.) ueHneT 3Hax npK nepexoAe t1epe3 nJIOCKOCTb (.w., h) = 0 • 
I1ocJ1eAHee CJie'A.}'eT K3 onpe,l\8JieHH.fl ( 3. 20) H CBOACTBa Mep!,1 f ( w It,) -= 
-= - f'.l (h..) ' eCJIH w eCTb OTpa.JKeHHe OTHOCH'l'eJibHO nJIOCKOCTH (w)h)=O. 
OTMeTHM, tlTO CBOACTBO tl8THOC'l'H qJH3HtleCKHX BOJIHOBYX ¢YHK~A (3.20) 

OTHOCHTeJibHO rpynmz BeAJI.fI w 'f'p(wk)= 4'p (h-) n03B0JIHeT 8llaJIHTH­

t18CKK npO,I\OJI11CHTb HX Ha BCD nOAaJire6py KapT8lla H c coxp8lleHHeM 

COOTHOWeHHt\ (3.21) H (3.22), 

,IJ,n.fl Bl\lBO,l\a Ktt BOCnOJib3yeMCH OnHTb qJOPMYJIOit Wet\HM8lla - K~a: 

utc(h),!)= jclpj/Cp)~lli)~;(~i')~xpt i flip2
-). 

K+ . (3.23) 

IlO,I\CTaBHB B (3.23) HBH!\IA Bff'A 41YHKQHA Y'p (k) H3 (3.20), nocJie He­

KOTOP!\IX npOCThlX Bl\ltlHCJieHHA Hax:O,I\HM 

Ute (It),})= 5 /"Cr;;•~•"J ¼ (It),") Q (k'~ k'), cs.2•1 
H 

r,l\e 

QC~)1.')= I: Se(h.- wh') (3.25) 

.W ) 
- .11,11po onepaTopa, cHMMeTpH3yx>~ero no rpynne w , H ut (h., k' 
eCTb .11,11po onepaTopa 3B0Jll)~H ,!\JI.fl COOTBeTCTByx>~eA t -MepHOA CHCTeMl\l 

C nJIOCKHM Wil, T.e. 06l\ltlHOe .ll,llpO ,!\JI.fl CB060,I\HOA tlacTH~: 

¼ (h, \,,") = (~Jf~t )-e/.i ~xp :i.\ 1i (h.- l-/)2 
(3.26) 

.lin:.R nepeXOAa OT (3.23) K (3.24) CJie'A.}'eT, BOCnOJib30BaBWHCb qeTHOCTbD 

il>YHKQHA (3.20) ~wpCh.)==- 4'p(h.), nepeATH K HHTerpHp0B8llHIO B (3.23) 

no Bee« noAanre6pe H: SK+ ole.p = N;1 SH dep , r;a,e Nw-='l-t'r.2.··•'l;e 
- nop.11,110K rpynill\l Bet\JIH HJIH tlHCJIO pa3JIH"tlHWC 3JieMeHTOB B W , nocJie 

~ero HHTerpan no HMnyJibCY JieI'KO Bl\ltlHCJI.ReTCH. TaxHM o6pa30M, pe3yJib­

TaT 0Ka3aJICH 8llaJIOI'HtlHl\lM (2.38). qT061,1 nOJIYtlHTb aMnJIHTY'A,Y nepexo'Aa 

B CHCTeMe C MO,I\HqJHQHpOBB.HHl\lM wll,Heo6xo,I\HMO CHMMeTpH30BaTb no rpynne, 
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' pe,eyu11pyID~eA rf)11311qecKoe ~IT, T.e. no rpynne BeAna, a.Ha.Jior11tmy10 aMnJIHTY­
,ey ,I\Jlfl TOA JKe CHCTeMbI C nROCKHM ~IT C yqeTOM KpHBOJIHHeAHOCTH rf)H3Hqec­
Kl1X KOOp,IlijHaT (3TO OTpaJKaeTCfl MepoA (3.24) 11 (2.38)). ~OpMJJia (3.24) 
nOK8.3NBaeT TrutlK0, ~TO, nOMHMO npaMOA TpaeKTOp1111, coe,I\HH~~en TO~H 

h,' h.'' BKJ18,11, B aMnJIHTy,ey nepeXO,I\a ,I\~T TpaeKTOpHH, OTpaJKeHHble OT 
rpaHHUbl KaMepbl BeAJifl, CJie,eyeT no,I1qepKttyTb, qTQ HHKaKOA "HenpOHHQaeMoA" 
CTeHKH Ha rpaH11ue .ok+ HeT (paccMaTpHBaJJOCb CB060,IIHOe ,IIBl{JKeHHel ), 

n03TOMY _BKJl8,ll, Bcex OTpa.JKeHHblX TpaeKTOpHA 6epeTCfl C noJIOJKHTeJibHblM 3Ha­
KOM (cM. paccylK,I\eHHfl nocJie (2.37)). 

PesyJibTaT (3.24) JierKO o6o6~aeTCfl Ha eJiyqaA npOH3BOJibHOro noTeH­
UHaJJa, ITo onpe,I1eJieHHID sBOJIIDUHfl rf)11311qeeKoro eoeTOHHHH \V (h,) BO Bpe-

M8Hl1 sa,n.aeTefl paBeHeTBOM 

4' (k) = r deh., Utc(h.)i'.) o/(h.') f/-(h.') · 
t ,\:.t- (3.27) 

i\ C 

1103TOMY, eeJIH 11Hrf)HHl1Te3HMBJ!bHl,ltt onepaTOp 3BOJIIDU1111 L' f. nepeBO,D,HT 

qeTHYID no rpyrrne W cpyHKUHID B qeTHYID, TO (3.24) oeTaeTefl enpaBe,I\JIHBhlM 
11 B cJiyqae npoH3BOJibHOro noTeHUHa.Jia V . TioeJie,I1Hee HMeeT MeeTo rrpH 

yeJI~Bl111 UE. (.wh., h,1 ) = UE. ( k, WT\,!) +,_ O(c:2 ) , C ➔ 0 
( \VT - TpaHeITOHHpOBaHHNA onepaTOp W ) , T.e. KOr,Ila noTeHQHa.JI 

- qeTHaa rf)yHKQHfl V ( W h,) -= V (k) , qTo 1 oqeBH,I\HO, cnpaBe,I\JIHBO BCJie,I\­
CTBHe Ka.n116poaoqHoA e11MMeTp1111. B ~TOM CJiyqae IT~l1 HTepaQHH HHrf)HHHTe-

" C .,-. 
sn~ankHo_i::o ~pa _enepNoRa U E -= [fe Q Bee rrpoHOCHTCfl Hanpaao 

Q VE Q = UE. Q 2-:: Ue Q , qTo ,n;aeT ( 3. 24) ,n;Jia KOHeqHoro rrpoMeJKyTKa 
BpeMeHH, r,I1e BMeCTO (3.26) CTOHT KH 

t- e deh t u (h, ~)::: \ n J p('C) e (~) ex i ~ch: [Trz,(p ~ -± p2)-V(hU 
t J 't"O (2JT) p O (3.2d) 

c Haqa.nbHNMH ycJioa11aM11 h.(o): h,1 
, h. (t) = h, 

Ilo nocTpoeHHID MPO U{ (h., 'n,') HHBapHaHTHO OTHoe11TeJibHO W , cJie­
,n;oaaTeJibHO, no TeopeMe illeBaJIJie [20, c. 5561 OHO KaK cpyHKUHfl ,n;Byx 
rrepeMeHHblX ~ 11 k,' ,n;onycKaeT e,I1HHCTB8HHOe, KaJll16poBOqttO-l1HBap11aHT­

HOe, aHaJIHTHqecKoe npo,n;OJIJK8Hl1e (no KaJK,I\OA rrepeMeHHOA He3aBl1CHMO) Ha 
BCID aJJre6py X 11 MOJKeT 61,1Tb HBHO BNpa.JKeHo B TepMHHax Kan116poBoqtto­

HHBap11aHTHblX rrepeMeHHblX, T,e, rrpe,n;eTaBJieH)KaK <pyttKQl{fl e H83aBl1Cl1M!,IX 
rroJil1HOMOB Tri. X 'to1 = T'l. \-i. 'tot , T't. X 1 '?o( = T'?.. ~ 't"'- , 'to1.. -eTene­

HH He3aBHeHMblX onepaTopoB Kas11M11pa B X > tx=-!,'2r•·, e. TaKHM o6pasoM, 
yqeT pe,eyKQ1111 ¢11311qeeKoro ~IT (11JIH Tpe60Ba.HHe HHBap11a.HTHOeTH Beex (pl1311-
qecKHX aMl1Jil1TY,I\ OTHOeHTeJibHO KaJIH6pOBOqtt0A ,I\HCKpeTHOA r~yrrrn.i BeAJia) 
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IT03B0Jlfl8T rryTeM a.HaJIHTHqecKoro npO,I\OJlllteHl1fl yeTaHOBHTb B3aHMOO.n;H03Ha~­
HOe COOTBeTeTBHe MelK,IJ,Y on11eaH11eM, KOTOpoe noJiyqaeTefl rryTeM flBHOro 
Bbl,ll;eJieHHfl <pH3Hq8eKHX nepeMeHHblX 11 KaJI116pOBOqHO-HHBapHa.HTHblM no,n;xo­
,IIOM, B 3TOM CMblCJie yqeT pe,eyKQHH <pH3HqeeKoro ~IT B KDa.HTOBOA·Teop1111 
eeTb noeJie,n;o.BaTeJibHOe 11enOJib30Ba.Hl1e cxeMH KBa.HTOBa.HHfl ,nHpaKa, 

3.4 HenpOTHBopeqHBOCTb A11HaM11KH 11 cxeMa KBaHTOBa.HHH ,Il,Hpaxa 

B KaqeeTBe cpaBH8Hl1fl npHBe,n;eM npHMep 11cnOJib30Ba.HHfl YHHTapHOA 

KaJIH6pOBKl1 ,I\Jlfl nocTpoeHl1fl KH 6e3 yqeTa pe,eyKUHH rf)H3H4eeKoro ~rr. IlOJIO-
lKHM X = ~a. /I ct 4- Ao( hi , r,I1e ol ttyMepyeT 6aa11e B 1-\ , a Q, HYMe-
pyeT 6aa11e B X \ H . B KaqeeTBe ,I1onoJIHHTeJibHblX yeJ10B11A Bb16epeM 

J,o. (x-) = :Ea =0, ~j=O. HanoMHHM , t1To cpe,I111 N cssrneA (;J He Bee 
flBJ!m>Tefl He3aBHeHMNM11, Y B8KTOpa X= \,_ HMeeTefl CTaQHOHapHafl no,I1rpyn­
rra - no,I1rpynna KapTa.Ha, n03TOM;,y B Kat1eeTBe HeaaB11e11MblX CBH3eA MOJKHO 

Bbl6tTb G0 = ta!l,c Pe. le. + -\:Qe.« Pe, h.,,.. + fa.a1e. PC: 2e, =- 0 , 
p °' 11 Po.. - 11MnyJibebl, · KaHOH11qeeK11 conpfllK6HHble ha< 11 2 Cl eooT-

BeTCTBeHHO, Tor,I1a corJiaeHo peuenTy [II] Ktt ,n;JIR e11eTeM1,1· (3,I) HMeeT 

B11,I\ 

( ') ( i $ ( N N ('N-e \ ¼_ h,h: = j1>(p,x;Jr,~) e ~ S ('J)S (Jr) o <.~)~g(Ga)o/,
3

•29 > 

r,I1e 6=cAet M , Mall,= {G0 Zt1 I 
O

, Mepa B KH (3.29) onpe­

,I\eJieHa CTa.H,I\apTHO D (p)x.) 'Jr)~)= n~[(2J1')-.2.N d"'~ J. N~ dNxd,.,p]J 
Pi.= (Pa, P~ ) , ~eAeTBHe. e11eTe~ onpe,l\_8JieHo Ka.HOHHqecKHM o6pa-

30M S = S; ch:: (~c:. ~ L + Pa.Xo... + P: ho< - H J , H - rB.MHJibTOHl1a.H ( 3. 3). 
HHTerp11poBaH11e no Jr , ~ 11 l BblnOJIHHeTea Tp11BHaJibHO, ,I\JIH HH­
Terp11p0Battl1H no P~ ttylltHO npeo6paaoBaTb ,I\8JlbTa-cpyttKUHID OT eBH38A 

Q o(G(l) 1-z=o=Q o(Mo.e.P~)-=ll-iQ8(po.).CJie,l\OBaTeJibHO, onpe,I1eJIHT8Jlb a B 
Mepe ( 3.29) coKp8lllaeTen, HHTerp11poBaH11e no Po.. JierKo BblnOJIHHeTen. B 
peayJibTaTe noJIYqaeTeH KH, KOTOpb!A COBna,n.aeT c (3.28). C ,l\pyro0 CTOpo­
Hbl,&UlJll1TY.I\a (3.28) eO,I18p~11T BKJl8,IJ,.H8cpl13HqeeKHX eOCTOHHl1A, B § 3.2 
6blJIO noKaaa.Ho, tlTO cneKTp oeuKJIJIHTOpa B MO,l\8Jll1 (3.I) onpe,I\8Jlfl8TCH CT8-
neHHMl1 tteaaBHeHMblX onepaTopoB Kaa11M11pa B X , n TO Bpewr Kax Hano­
~eH11e KaJI116pOBOqffOro yenOBl1fl 'X= h. H nocJie,eyIO~ee KBa.HTOBa.Hl1e (qe­
MY <paKTHqecKl1 H OTBeqaeT 8.Ml1Jll1TJ,D;a ( 3, 29 )) B6,I\8T K cneKTpy e H63aBH­
C11Mb!X OCQHJ!JlflTOpOB egHHHqttOA qaeTOTbl, IT03TOMY 3aKJI~qaeM, qTO yeTpa­
H8HHe Bcex H8cpl13KqeeKHX eTeneHeA CD060,ll,bl rryTeM <p11Kcau1111 KaJIH6pOBKl1 
e~e He rapattTHpyeT eYJKeHHR nOJIHOro rHJib6epTOBa npocTpa.HeTBa coeTOfl­
H11A ,I\O <p11311qecKoro no,n;npoeTpaHeTBa, Bbl,ll;8JIR6MOro onepaTOpaMH eanaen 
B exeMe KBaHTOBa.HHfl ,nHpaKa. CJ!e,IIOBaTeJibHO, 11rHop11pOBa.HHe eTpyKTYpbl 
~IT <pH3HqecKHX nepeMeHHNX Be,IleT K Q'l'_Kaay OT cxeMbl KBaHTOBaHl1fl ,nHpa-

45 



~- YlKe Ha np11Mepe OCW{JIJIHTOpa (CM. KOHeQ § 3.2) BH,11,HO, 'IITO 11rHOp11po­

Battl1e CTPYKTYJ)bl qi11311qecKO~O ~Il 3KB~B~eHTHO Ha.wmeHl110 BTOporo ycJJOBl1H 

( 3. 9). ,Uanee, nocKOJJbKY D-l?i"'J = i [ 'JLJ, H1 rv l1iJ -#, O , TO J*e B cne­
,Izy!OI.I\Hil MOMeHT BpeMeHl1 :Jr· "-/- O , 'IITO HBHO npOTf!Bopeq11T 11CXO,ll,HOil 
q!OpMe JiarpaHllWBHa ( 3. l) • ~03TOM,Y HeJlb3H OTK83aTbCH OT BblIIOJ1HeHl1H 
CBH3eil, 1160 B npOTl1BHOM cnyqae Mbl nonyqaeM J11160 npoTl1BOpeq11a~ ,ll,11HBMl1-
KY, J11160 COBCeM ,I!,pyr~, He Ka.JI116poBOqtt,YJO Teop~. 3&1eTHM, qTQ B (3.29) 

6blJIO anp11op11 noJJOJKeHO <t>n(h,Pk.)-= !Re@ IRe, , T.e. l1HTerp11pOBaHl1e B 
(3.29) Be,ll,eTCH no nOJIHOil r11nepnJJOCKOCTl1 (R 2 & (XOTH,C ,I!,pyroil CTO~OHbl, 

Mbl He yMeeM Bbltrl1CJJHTb Jill (,ll,aJKe rayccoa)no Ka.Kotl-J11160 qacTH IR2 
11 

Tpe6yeTcH ,ll,aTb onpe,ll,eJ1eH11e Ta.Karo o6~eKTa). 06paTl1M BHHMatt11e Ha e~e 
O,ll,HY oco6eHHOCTb. A,IH onpe,ll,eJ111TeJ1H B (3.29) nonyqaeM .1 = co11st p2C~) 
nocKOJJbKY Ma,q,-= fato< ho1. (cornacHo (3.13) 11 (3.1?)). Cne,ll,OBaTeJJbHO, 
A-=- O np11 k E: o K + , 11 ,ll,OnOJ1H11TeJ1bHOe ycnoa11e HenpHMeHHMO np11 
h e o K + , n03TOMY HJ*HO orpatt11qHTb o6naCTb 11HTerpHpOBBHl1H no k 

,ll,O 1<+ , HO TOr,ll,a acTaeT aonpoc o a1,1q11cneH1111 Jill (3.29) no K+c IRe. 
~aKT11qecK11 (3.24) npe,ll,nl1CblBaeT peQenT perneHl1H 3TOil npo6JJeMbl B COOT-. 
BeTCTBl111 co cxeMOil KBaHTOBaHHH ,QHpaKa. 

~l131{qecK11e nepeMeHHble, KOHeqttO, MOJKHO B1,J,1J,eJJl1Tb 3~aHl1eM J0060-

ro e -MepHoro rJJ~Koro MHOroo6pa3HH, 1130MOp¢Horo IRe • B nOJJHOM 
KOHqi11rypaW{OHHOM npocTpaHCTBe IR 111 , qTo cooTBeTcTayeT 3~BH1110 N-i 
yCJJOBl1il !f.o. (x.) -= 0 . 0,ll,Ha.KO ~Il HOBblX nepeMeHHblX. XOTH 11 BblPJlfiAeJIO 
61,1 cnoJKHee, He 61,1no 61,1 tt30MOp¢Ho IR2e • 3To cne,eyeT J*e H3 Toro, qTo 

op611Tbl Kan116pOBOqttOtl rpymrn B ,ll,8HHOJ.l MO,ll,eJ111 eCTb 3&1KttyTble KOMnaKT­
Hble MHOroo6pa311H pa3MepHOCTl1 N-e. "B1,J,1J,eJ1eH11e qi11311qeCKHX nepeMeHHblX 

C nOMO~blO Ka.JI116pOBQqtt0rO yCJJOBl1H eCTb 3~aHl1e "JJl1Hl111" ( e -MepHOJ.l 
noaepXHOCTl1) B nOJJHOM KOHqi11rypaW{OHHOM npocTpa.HCTBe, B,ll,OJ!b KOTOpoil 

113MeHfl!OTCH qi11311qecK11e nepeMeHHble. "Jllm1rn" JKe. He MOJKeT nepeceKaTb 
3&1KttyTOe MHOroo6paa11e TOJlbKO O,ll,11H paa, nO,ll,06HO TOM,Y, KaK JIHHl1H, 
npOXO,ll,H~M qepe3 BHyTpeHHOCTb cqiepbl, nepeceKaeT ee,no KpatiHeil Mepe, 
,ll,BHJ!W,1 (KcTaTl1 CKMaTb, 3TOT cnyqatl pean113yeTCH ,ll,JIH rpynn pattra { = i , 
T .e. su(i)"' SO(~) , r,ll,e op611Tbl eCTb cqiepbl S 2. ) • Cne,ll,OBaTeJlbHO, 

Ha 11JIHHl1H 11 6y,eyT c~eCTBOBaTb TOqK11, np11H~JlelK8JilHe O,ll,HOil op6HTe, 
11Jll1 OHi{ 6y,eyT Ka.JI116poBOqtt0-3KBHBa.JieHTHbl. Il03TOMY npOH30il,ll,eT pe,eyKW{H 
qi11311qecKoro KOHqi11rypa.Q110ttttoro H qiaaoaoro npocTpaHCTB, qTo co6cTBeH-
HO 11 6blnO BH'AHO np11 a.Ha.JIH3e nepeMeHHblX (3.4). K BOnpocy O 3MHCH Jill 
B•np0113B0JlbHOil Ka.JI116pOBKe C yqeTOM pe,eyKW{l1 qll131{qecKoro ~Il Mbl aep­
HeMCH B KOHQe CJle,IzyJO~ero naparpaqia, B KOTOpOM 6y,ll,eT 06cYJ1,D,aTbCH Ka.Jil16-
pOBOqttO-HHBap118HTHblil nO,ll,XO,ll, K nocTpOeHHD KH. 
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3.5. POJJb ~a.n116pOBQqttl,IX l1HBap11aHTOB npH nocTpOeHHH Jill 

B npeAblAYllleM naparpaqie 6blnO CKMaHO, qTQ HHBap118HTHOCTb qll13H­

qeCKOJ.l &innHTY,ll,bl nepexo,ll,a OTHOCl1TeJJbHO ,ll,HCKpeTHOA Ka.JI116pOBOqttOJ.l rpyn­
fil,I, pe,eyW{pJD~eJ.l qJH3HqeCKOe ~Il , n03BOJJHeT C,ll,eJJaTb atta.JIHTHqecKoe 

npo~oJil!CeHHe 3TOil aMilJIHTY,IV,I B nonttoe KOttqiHrypaW{OHHOe npocTpattCT-
B0 CHCTeMbl (BKJ!Xlqa.K)~ee I{ HeqJH3HqecKHe CTeneHH CB060AJ,1) Ka.JI116pOBOqtt0-

11HBapHaHTHblM o6paaOM (TeopeMa IlleBa.JIJJe). 3,ll,eCb 6y,ll,eT npeMOlKeH cno­
co6 3Toro atta.JIHTHqecKoro npo,ll,OJil!CeHHH. 

Ilpe)K'Ae qeM nepexo,ll,HTb K pewett1110. 3TOJ.l a~a~ B o6~eM BH,11,e, pa3-

6epeM npocTOJ.l Bonpoc O Ha)(O)K'AeHHl1 Ka.JI116poaoqHQ-HHBap118HTHblX BOJIHO­
BblX. qlyHKW{J.l, HanpHMep. ,ll,JIH OCW{JIJIHTOpa C rpynnotl pattra e -= 2 [15 l. 
B TeOpHH rpynn 8CTb YTBep)K'AeHHe [20,26]' qTQ BCHKHtl nOJll1HOM B nO,ll,a.JI­
re6pe H , HHBapHattTHblil OTHOCHTeJJbHO rpynIIbl W , pa3JJaraeTcH no 
06pa3y10~HM Tr-i h, 'Z:.o( • r:,{_ = ,I, ,i, ... ) e = ct~rnH. Cne,ll,OBaTeJJbHO. qT06b! 

ttailTl1 HBHh!8 qJOPMYJJbl ,ll,JIH UHa.Jil1Tl1qecKoro npO,ll,OJllK8H11H,HJ*HO npe,ll,CTa­
BlfTb qi11a11qecK11e BOJJHOBble qiyHKI.\HH KaK qiyHKI.\1111 OT T't.. h 'to< • Ilocne qe­
ro 3aMetta T'l..h 'lo1. -> Trz.xt"',ll,aeT JKeJJaeMbltl pe3yJJbTflT. 4T06bl peaJ1113oBaTb 

3TY nporpa.MM,Y B CJJyqae e = 2, nepetl,ll,eM B ypaBHeHl111 ( 3. 16) 

K HOBblM nepeMeHHblM ~A= (T'2.h2 )-Yz.~o, _4>2=(-j3+ 1ih1/cpi)/roz , 
~2, € [-!, 11 (cp. C (3.5)). ITyTeM HBHOro a1,1q11cJ1eHl1H y6elK,ll,aeMCH, 

qTo.i j\'2 (h) = eo11~t 4>/·'t. ( ~- ii) . Ilepen11c1,1BBJI onepaTop JianJJaca 
0o( ( c(=!,..Z) B (3.16) B Kp11B0J111ttei1Hh!x KOOp,ll,11HaTax Poe 11 

,11,eJJaH 3aTeM nO,ll,CTaHOBKY 4'e;-= J,t-1.y>E , nonyqaeM ypaBHett11e 

( 
!. 0 Ci) t 2 

2 ½ c) 2 ½ 2) 
- <l> o:t"~~ o<I, + <p_i(i-JJ1~ c0-~2 ),....~:J; + ~~ ~=2E~(3.30) 

-t ~~ ~ ~ ~i O~z 

KOTOpoe 6y,ll,eM pernaTb MeTO,ll,OM pa3,11,eJ1eHlifH nepeMeHHh!X 

-=. f (~J }:" (qi
1
). B pe3yJ1bTaTe HaXO,ll,11M 

- ( 1- ~;) -t' I + Cl2. t I + C t = 0 ) 

~E" (~~,42J= 

( 3. 3Ia) 

- !=" 11
- J, F' + ( "-~': + 9/:-2£) F = o, t3.3!6l 

r,11,e C - nocTOHHHaJI pa3,ll,eJJettaH nepeMeHHbIX. IlocKOJJbKY \f E' ,ll,OJllKHa 
6b!Tb KOHeqttOil, He06XO,ll,lifMO noTpe6oBaTb BblnOJJHeHHH rpattHqttl,IX ycJJOBHtl 
t ( ± { ) = 0 ( JJ-. = 0 npH ~2. = ± :!. ) • 0TCIO,ll,a Ha)(0,ll,11M pewe-

H11H (3.3Ia) f::: (i-~:r1.z. um C~:J = S~h[(m+1)a.'l.-CC0$4?7. J,2. 
Uh"I -MHOroqJieHbl qe6blllieBa BTOporo pO,ll,a, rlJ = 0, !,••• ,) C: -(m+i) • 

YpaBHeHHe (3.316) CBO,ll,HTCH K CTaH,ll,apTHOMY IlO,ll,CTaHOBKOil F(~◄)-= 
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1.t(h\+ ◄) (_ ':i::l.) ( ) ;i:.:2 t 
:: q?~ ~xp,-z ~4 ~ i ◄ 1-t 38MettoA He3aBHCHMOA nepeMeHHoA '.±'1 : 

t 2''+ [ rt(m-t-1) + i- t 1 f +½ [E + ri(m+A)-i 1 ~ = o. <3•32> 

Ero perynRpttoe a eyne pemettHe ~aeTCR BHpOJK,D,eHHOA rHnepreoMeTpHqec­
KOA ipyHK~HeA S = "F., ( i (IH: J, ¥, t) , o: 'im-+ t. + ! . lfa ycnoa1-tR 
y61,rnaHHR F Ha 6ecKOHeqttOCT1-t nonyqaeM cneKTp Enm = 2 h + 'l:.m + 't+ ! , 
n > m -::. 0) ! > • • • ' qTo HaxO,D.HTCR B COOTBeTCTBHl-t C KRaccHqecKHMH 

peweHHRMH (3.8) H KBaHTOBblM onHCaHl-teM B npe,n.cTaBReHHH BTOpHqttOPO 
KBaHTOBamrn (3. II) ( Nh. = 't + :i ,D.RR rpynn c . e = 2. ) . YqHTbl­
BM CBR3b ipyHK~l-t 1 F1 c o6o6ll\eHHb!MH nonHHOMaMH Jlareppa L ! [21] 
1F, (- K, s+-1,t) = L~ (t) r(K+1)r(s+-1)/r(K+S+-1), 
HaxO,D.HM OKOHqaTeRbHOe Bblpa.JKeHHe ,D.RR HHBapHBHTHb!X OTHOCHTeRbHO W 
ipyHK~HA 

zm ) L t(mH) 2 r :t 2) t = e-0~st ~, U~C12 n (~1 )e)(p,-r<.P1 • (3.33) nm ,. 

lfonORb30BaHHe nepeMeHHWC ~oe. no3BORReT nerKO OCyn\eCTBHTb 8.HaJIHTH- . 
qecKoe npo,n.oJIJKeHHe ( 3. 33) '\I nm ( h) = lfn m (~) B nonHoe ROH!pHrypa­
~OHHOe npocTpaHCTBO cHcTeMbl, ·T. e. 1a aq10 aJire6py X ; oqeaH,n.Ho, 
3TO cao,n.HTCR K aaMeHe a (3.33) li h, ➔ i;_ X 2 , 7i k. 'i ~ T,z, xi. 
TaK no ,D.HCKpeTHOA rpynne BeARR BOCCTaHaBRHBaxJTCR KaJIH6pOBOqttO-HH­
BapH8HTtHe BORHOBble ipyHK~H. 

IlepeA,n.eM K aonpocy aHP.JIHTHqecKoro npo,n.on*eHHR aMnRHTY,IU,I nepexo­
,n.a (3.24). IlOCKORbKY 3aBHCl-tMOCTb OT nepeMeHHOA ~ B ,D.8.HHOA MO,D.eRH 
TpHBHaJibHa, TO B ,D.8RbHeAweM He 6y,n.eM o6p~aTb Ha Hee BHHMBHHR. Tor­
,n.a B KOOp,D.1-tHaTHOM npe,n.cTaaneHHH HMeeM KBBHTOBYIO 38,Ilatzy [28] 

{ 

[ ~ ~ t,.M + V(oc)] fe (:x:) = E ,J,0 (:x.) 

G- fe(x)-= o ~ 
J 

(3.34a) 

(3.346) 

r,n.e f1 (N) - N -MepH!,!A onepaTop Jlannaca. 
06oaHaqHM qepe3~ nonttoe PHRb6epTOBO npocTp8.HCTBO COCTORHHA, 

KOTopoe o6paaYJOT peweHHR (3.34a), nycTb ~p~ - ipHaHqecKoe no,n.npoc-
TpaHCTBO, \f i; € 'de, ph. , ecnH ~E' y,n.oaneTBOpReT ( 3. 346). HcHO, 
~o 4'e- (.SL -:x: st;)-= tE(x)E'Jtph • IlocKoRbKY r8MlfRbTOHHa.H a (3.34a) 
KOMMYTHpyeT c G. , TO rjt pacna,I1aeTcR B OpTOrOHaJibtty10 CYMMY 

d . . 
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tjt = ~Ph Et) fj{,nph.., . (3.::15) 

T.e.,...Ha ipHaHqecKoe H HeipHaHqecKoe no,n.npocTpa.HcTaa. ]1ycTb \jlE'E /j(ph 
H '-Pc E: ~nph o6paayIOT 6aaHcbl a t;!tph H ljenph , T.e. 

<~EI ti:'>= ~Ee:' , < q;E I~='>= 's' 1=E' , <tlte I (v'E,> == 0, 
r,n.e & EE' H £ E' E' - R,D.pa e,n.HHHqtt!,IX onepaTqpoa a npocTpaHCTBe 
cneKTpaJibH!,IX napaMeTpOB ,n.mr tjt p\i H , .f;!t hp h. COOTBeTCTB8HHO, CKa­
J!RpHoe npOH3Be,n.eHHe onpe,n.eneHO B nORHOM KOH!pHryp~HOHHOM npocTpaHCT-
ae X <'-914')= Sd"'x ~'tx.)'\'(x). 

KaK H B § (3.3),,D.RR pemeHHR ypaBHeHHR (3.346) c,n.enaeM 38M8tty ne­
peMeHHblX (3.4). MaTeMaT1-1qecKH oHa oaHaqaeT pacmenneHHe anre6pbl 
X = op6HTa © K + , r,n.e K+ -TpaHcaepcaJibHoe npocTpaHCTBO, OT­

HOCl1T8RbHO npHcoe,n.HHeHHoro ,n.eACTBHR rpynnbl [29]. KoHeqttOCTb peweHHA 
ypaatteHHR (3. 16) Ha rprurn~e OK+ no-npeJKHeMY rapaHTHpyeTCR HX HHBa­
pHa.HTHOCTbIO OTHOCHTeRbHO W. ,[(eno B TOM{ qTO BCRKHA HeqeTHblA OTHOCH­
TeRbHO W nonHHOM B H .n,enHTCR Ha _f(hJ [29, cne,n.cTBHe W.3.8] . )],nR 

HHBapHaHTHOPO OTHOCHTeRbHOPO w pemeHHl'! (3. 16) ~E = f-1
feHMeeM 

':PE ( ~ h) = cfe t w ~eC\i),noaTOMY, BBH.D.Y aHMHTH1.JHOCT11 g> E H no 
TORbRO qTo ynoMRttyTOMY caoAcTBY, '-PE (h) N Co11s t }AC h) a OKpecTHOC­
Tl-t oK+ . 

Ilpe,n.nOROJKHM, qTO \Pe- 113BeCTHbl, Tor,n.a OHl-t HOpMHpOBaHbI ycnOBHeM 

~ deh,~;(h)4>E,(h)-=;,. SEE', 
K+ (3.35) 

r.n,e 1l= S p.2(c) d ~ , T.e. V-_f2 (h.) ecTb o6oeM op6HTbl aneMeH­
Ta h. ( CM. 3aMeqaHHe O HOpM11pOBKe COCTORHHA nocne (3.17)). 0TCIO,D.a 
3aRJIIQqaeM, ~o paaROJKeHHe e.n,HHHll,bl B r-jt p h ( R.D.PO npoeKTopa Ha ~ pl,. ) 
HMeeT B11,ll. 

Q (x)~'): L tix) \¥1:*(-x') = l [yi(h)J(h')r~E(h)~:(h~= 
I:. E (3.36) 

= t [~Ch)J<(h')]-1. ge(h-k'), h,h'e K: 
qT06bl aanHcaTb (3.36) a RBHO KaRH6poBOqttO-HHBapHaHTHOM BH,D.e (¢aKTH­

t.JeCKH aHMl1THqecKl1 npo,D.ORJKHTb npaayIO qacTb paBeHCTBa (3.36) Ha BCIO 
X ), aocnonbayeMCR ¢opMYROA [29, JieMMa ill. 3.7J 

I O. ( ) 
,M 1 . ~~; \\ = c yCh) , o1,r=1,2, ... ,e, c="'''k 371 

r.n.e j.,/h) '= T'Z.. k, 'to< , T. e. 11cnonbayeM TY JKe cTpaTerHIO, qTo H a 
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CJiytJae OCl..\l1JlJIJ'ITOpr, ( 3. 30 - 33): BeJil1trnHbl, 1maap11aHTHble OTHOCl1TeJibHO 
W , Bblpa.1KP.eM tJepe3 o6pR3YIOil111e J ... ( h) . 3mieT11M, tJTO aa11,rzy Cl1M­

MeTpl11i 4'1l~h) = fe-Ch) npaBaR ttacTb (3.36) MOJKeT 61,1Tb npo,IJ.OJIJKeHa Ha 
ac10 H tteTHblM o6pa30M OTHoc11TeJibHO W (cp. c (3.22)). Ha~eM 
mffLJ1or11ttHoe npO,I\OJIJKeH11e Mepb1 .f Ch) a X . IlocKOJibKY fa (h) > 0 , 
h E. k-t- ( (h)o<)?Onp11 h € k+ , ecJI11 ol>O [20] ) , TO .f Ch)= 
= (f-A2(h) )½ = (j\l(:x:)rv2 , h € K+ , TaK KaK Jll(h)-= J?(x.)-

HHBapaaHT OTHOCl1TeJibHO w- . CJie,IJ.OBaTeJibHO, no TeopeMe illeaa.nJie MOJK­
HO 3aMeH11Tb h, Ha 'X , npe,IJ.Bap11TeJibHO a1,1pa311B JU2 Ch) ttepe3 Jih). 
Tenepb 113 (3.36), (3.37) 11 npaa11Jia 3aMeHbl apryMeHTa a MHOroMepHon 
g - q.iyHKq1111 Bb!TeKaeT 

~ ) c[ 2 ;i-¾e(\(· ' :\ 
Q (x/X 1 = 1J jlt (x) y?(x')J n O J./~)-dix.')) (3.38) 

o(=i 

J'IBHO K3Jll16poBOtmo-11HBap11aHTHbln B11,IJ. e,IJ.11Hl1tJHOPO onepaTopa B ~fh. 
PrccMOTpl1M onepaTop 3BOJIIOl..\1111 B noJIHOM I'l1Jlb6epTOBOM npocTpa.HCTBe. 

!lo q>OPMY Jie t>enHMaHa - KB.L\a Haxo,IJ.ttM 

· ,1,* -tE't. ~ "'* -il:t 
Ut:(X/x-1)-= L fE(x}re(x')e + Z Y'r::(x)(jJE(x?e . 

EE'll'pn E€~l\,rh (3.39) 
IlepBaR cyMMa a ( 3. 39) ecTb R,IJ.po onepaTopa 3BOJIIOW11i a 'de ph , KOTOpoe 
0603H/l.tJl1M u:h l X} x') ( 3,IJ.eCb 3aMeH11Jll1 3HattoK "c" B ( 3. 24) Ha II ph : 
TP.K KaK Tenepb HeT J'IBHOPO Bb!,I\eJieHl1J'I !pl13l1tJeCKliX CTenetten CB060,IJ.bl (¢11K-
ca1..11111 Ka.n116poBKJ1). ace nepeMeHHble X BXO,IJ.RT paBHOTipll.BHO. AJIR . . "l,IJ.pa 
(3.39) cnpaae,IJ.Jil1BO npe,I\cTaaJieH11e 

t 

~ (x)~') = ~1):l'.: ~xr L ~ Jdt (Tri ~l - V(x))] 
0 ) 

(3.40) 

r,I\e ]) X. -cTc<H,IJ,apTHfJJI Mepa B N -MepHOM KOH1p11rypawioHHOM npocTpatt­
CTBe c11cTeMb1, JC==X(t), X.1=:X(o). IlocKOJibKY onepaTop (3.36), (3.3d) 
ecTb npoeKTOp Ha 'de.ph (cJie,IJ.CTBlie (3.35) 11 (3.36)), TO 113 (3.35) Bbl-
TeKaeT 

rrPh ') Vt: (-:x:J:X:. ~ 
tJ ,..... 

= d x" U (oc -x: 11) Q (x.u x') t. ) ) . 
X 

(3.41) 

g_iopMYml. (3.4!) pewf:.eT nocTaBJiemzy10 3a,IJ.at:zy. CTpyKTypa ee atta.nor11tJHa 
CTPYKType (A.7), nO3TOMY (3.41) MOJKHO paccMaTpliBaTb KaK He3aBliCliMOe 
onpe,IJ.eJiett11e KM, ~e Tpe6y10I11ee 1p11Kca~1111 Ka.n116poBKli ,IJ.RR B1,1,IJ.e,I\eH11R 1p11311-
qecK11x nepeMeHHbJX. 
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qT06hl IlOJIJtJ11Tb KOppeKTHOe BblpaJKett11e ,IJ.JIR KH B KaKon-JI1160 KaJI1i6-
poBKe .'.1a (:x:.) = 0 • CJie,rzyeT B ( 3.4!) nepenT11 K KpliBOJI11HenHblM KOOp,IJ,11-

~ J. rt G ~ HAT&.M X = S,:x:,$- , r,IJ.e v -:rneMeHT rpynilbl , a 'CC TOJK,I\ecTBeH-
HO Y,IJ.OBJieTBOpReT YCJIOB11J'IM :Jo. (£) =- 0 , nocJie ttero BblnOJIHl1Tb 11H-

<'"1 ~u Terp11pOBaH11e no V B ( 3. 41) Ii X . Ha npaKTl1Ke. O,IJ.HaKO' R,IJ.-
po D-e (:x:>x") TOtrno Het13BeCTHO, noaTo,zy yKa3aHHy10 npo1..1e,rzypy ner­
tte B!iITORHl1Tb )J,JIJl 111-IqlHHHTe31iM8JJbHOPO R,IJ.pa (3.41) (t= E-> 0) , a 
3aTeM BblilORHHTb 11TepB.L\l110, qTo6y IlOJIYtJl1Tb R,IJ.pO ,IJ.JIJ'I KOHetJHOI'O npoMe­
JKYTKa BpeMeH11. HanpHMep, trro6y noJiytt11Tb KM a ·Ka.nHCipoaKe X.-= h. , 
cJie,IJ.yeT nepenT» K nepeMeHHLIM (3.4) H npo11HTerp11poaaTb no HElfPH3Hqec­
KHM nepeMeHHLIM c IlOMO~bD ~OplzyJll,l [29, Teop. Il.5.35] ~ (3.41), TOI'­
,D,a ,IJ.RJl HHq)HHKT83HM8JlbHOI'O R,IJ.pa onepaTopa 3BOJl!O~HH IlOJIYll11M 

rrfht. ') y( ,e,n _,.c2(\:') [ii::ri A1uf• V(h)u·Q~('"h'' 
Ve ~h,~ = {; t h )'(h)f('"h';fXP c. l'tl•-W•r'f ~ . n,, ~-<3.421 

111 IlO,IJ.CTB.HOBKa (3.38) B (3.42) 11 IlOCJie,!zyJOI11ee liHTerp11pOB8.Hl18 no n. 
npl1BO,IJ.JlT K pe3yRbTaTy, COBIT~8JOI11eMY C (3.24) C yqeTOM HOpM11pOBKli 
(3.35) 

u:ckJ) = L [v-J"(1ilJ11(Wh.'ft{ch,wi:). 
w 

(3.43) 

OTMeTHM, qTo (3.41) IlO3BORJ'leT noJiytJl1Tb npaBl1JlbHOe,T.e. COOTBeTCTBYJO­
I11ee KBJJ116poBOtJHO-liHBap118.HTHOMY IlO,IJ.XOAf, Bblpa.JKeHl1e ,IJ.Jll'I Ill 11 B TOM 
CJiyttae, KOI',IJ,a "Jil1Hl1R11

, Bb!,I\eJIReMM Ka.n116pOBO'l!HblM YCJIOB11eM, nepeceKaeT 
pa3Jil1t!Hble Op6HTbl pa3Jil1trnOe q11cJIO pa3 ( a He O,IJ.11HaKOBOe ,IJ.Jll'I BCex 
op611T , KaK B np11Be,IJ.eHHOM np11Mepe). 

3.6. CTpYKTypa ¢11311ttecKoro I'l1Jib6epTOBa npocTpBHCTBa AJIR 
~Ml1-Cl1CTeM!iI 

PacCMOTp11M 06O6I11eH11e MO,IJ.eJI11 § 2.6 Ha CJiyqrui npO113BOJlbHOn rpyn­
Ilbl. AnR 3TOI'O 3aMeHl1M B (2.48) KOBapli8.HTHYJO npO113BO,IJ.HyIO :Dt '¥ = 
= Ot lj, + L ~, 4' 1, 4' -:: \; If J , t+ = A J 'i'{ 11 nOCTUBHM 3H8.K T"?-
nepe,IJ, Kl1HeTHqecKol1 attepr11en (3,I\eCb '¥J. - KOMnJieKCHM rpaccMattoaa 
nepeMeHHM J : .i. 12,, .•. 1 N ) . K8HOHl1tteCKlil'l !pOpMBJJli3M atta.nor11tteH 
§ (2.6). IlocJie ycTpatteHttR CBR3en BToporo po,IJ,a (2.50) 11 nocJieP;X10~e­
ro KB8.HTOB8.Hl1.fl C ITOMOI11b!O CK06Kl1 ,[\11pru<a (2.53)' (2.54) [ ~- J 'l':1+= 
= 8JK (1; = i) , BMecTo (2.6!) noJiyttaeM d 
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.A 
I\+ A 

(3.44) Jr· \ ~ph > =- 0 , J ~ V 

r.[\e "Jr~ - onepaTOP 11imyJibCa, KaHOHl1t!8CKl1 conp.fL'K8HHOI'O ~j . l!To-

ttjK '\'A 'l'K \fp1,? =0 J 

6bl peWHTb BTOpoe ypaBH8Hi18 (3.44)' BOCTTOJ!b3Y8MCH M8TO,IJ;OM, H3JIOJK8H­

HbJM B § (3.2) ,ll;J!H pemeHl1H aHaJJOI'Ht!HO~ aa,n;at!H B CJiyt1ae 6038BCKHX 

nepeM8HHblX. Ot1eBl1,ll;HO, BURYYM Io) ( \\Ii,:. lo):: o)HBJIH8TCH qll13H~CKHM 

cocTOHHH~M, cJie,n;oaaTeJJhHO, l~plll = t- (~+) \o), r,n;e .f(Q.'1'+..n_-
1)= 

·s. + ( "'+) -11HBapHaHTHaH 4JYHK1.111H OTHOCHTeJJbHO Ka.1rn6pOBOt!HblX 

npeo6pa30BaH11i-l, re~ep11pyeMblX CBH3HMH (3.44). 0,n;Ha.KO, BBH,IJ;Y rpac­

CMilHOBOCTH onepaTopoB t't- , cpyHKl.111.FI f ,IJ;OJJJKHa p8.3JJaraTbCH no HH-

aap11a.HTHblM a.HT11Cl1MM8TDl1t!HblM TTOJJl1HOM8.M Ha rpacCMaHOBOi-1 aJJre6pe JlH. 

.f1CHO' t!TO ~rnsap11aHTHblMH TTOJJHHOM8.M11 B rpacCMa.HOBOA a.nre6pe JlH HB­

JJHkiTCH aceB03MOJKHhJe npo113ae,n;eHHH cJJe,n;oa T1, ~+n ( T 'v OTHOCHTCH K · 

6a3HCHblM M'>.f PHI.18.M t\ j ) . ,..HeTpy,n;Ho y6e,n;11ThCH, t!TO, BBH,IJ;Y a.HlHKOMMJTa-

THBHOCTH i\i{ , T'?- 1j1+21'1 == 0 . PaccMOTpi1M paseHcTaol/J+a:A· &.= 
\ -"+" ! "\ ~t- '"'t- A L L 

= At AJ 'I'~ 't[ = ~ ''K tid.j 1¥.:. 4'A • OnepaTopbl BL KOMMJTHPYIOT MelK,ll,,Y 

co6oi1. HcnoJJb3.YH 3TO COOTHO;JJ8Hi18' HaJCO,IJ;l1M 
,I\ A I\ A 

"T +(2.rn H) _ ) ii,+ B tl 
1'1-l\' = lrr.(\AJ~··Aji Tt J~--1-}ji · 

.'\ 

( 3. 46) 

Ta.K K8.K B1 KOMMJT11py~T MelK,lJ,Y co6oA, TO cJJe,n; a ( 3.45) MmKHo c11MMeT-

p11aoaaTb nl:5 11H,IJ;eKc11M J . C,n;eJJaew3aMeHy a (3.45) · j\L,..A!rn-=-
= Ajm At + f (. i I< A k , Tor,n;a cJJaraeMoe -h·, K 4'! Bi..,., = 

i. 1 -\'. A <l~ _,., + 4h'\ 0 - - •• K .,.nJ· \LI~ 4'+ ,11. - 0 o6pa.niaeTCH B HyJJb B CHJJY TOJK-
- 2, ~Jr,, .,,_ i-,, Ti. \'I T ,_ - · 

JJ,8CTBIJ. flK0611 ,IJ;JJH CTpyKT,YpHblX KOHCTaHT "t ~~ ic.. • U03TOMY B8Cb CJ!8,ll; 

B ( 3. 45) MOJKHO 3aM8HHTb Ha Ci1MM8TpHllliblA T8H30p paHra m + 1 . Be.H­
K Hi-I Ci1MMeTpHt!Hbli1 HHBapHaHTHbli-1 T8H30p paaJJaraeTCH no 06paay10~HM T8H-

30paM pa.HI'OB tr_ o1. (3Ti1 T9H30pH o6paayIOT Cl1MM8TpHt!Hb18 11HBapHa.HTHble no­

JJHHOMbl a Mre6pe JIH (cM. TeopeMJ 2 a ilp11JJoJKeH1111 B). KaJK,ll;bli-1 113 aT11x 

T8H30pos ecTh Cl1MM8TpH30BaHHbli1 no 11H,ll;8KCaM CJJe,n; Trr, ( Aj~ •·•A Jn) , 
r,n;e h : ti 

7 
t.2 , ". > 'Le J e::: wnkG. KaJl(,IU,li-l 113 T11Kl1X CJJ8,IJ;OB nopoJK­

,n;aeT 68.311CHblA rpaccMaHOB TTOJJl1HOM B pa3JJOJK8Hl111 TTOJJl1HOMa (3.45) 
T't ~+(2'to1-i) H T't. \j/+ 2.to< = o , np11t1eM nepahrll noJJyt1aeT_QH, 

Kor,n;a O,IJ;l1H 113 11H,ll;8KCOB C11MM8TpHt!HOI'O T8H30pa csopat111Ba8TCH C \V{ 
a (3.45), a aTopoA- Kor,n;a ace 11H,IJ;eKCbl c11MMeTp11t1Horo T8H30pa caopa­

t!l1BaIOTCH c Bi B (3.45), 11 OH, ot1eB11,IJ;Ho,paseH ttyJJKJ a c11J1y a.HTl1KOM-
o "+ 

MJT11Tl1BHOCTl1 o/J .• Il03TOM;y (3.45) OTJ!Ht!8H OT H_yJJH TOJlbKO B TOM 

CJJYt.!118, KOI',IJ;a h1 +-\ :: 'to( . Ta.Kl1M o6pa30M, MH np11XO,IJ;HM K 3aK-

JIDt!8HIID, qTQ 68.311C B qJH3Ht!eCKOM I'l1JJb6epTOBOM npOCTpaHCTBe COCTOH­

HHR HM88T B11,ll; 
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[ T'L ~ + R~ J 11~ . . . [ T'L ~ + Re rl e IO> ) (3.46) 

r,n;e R ol:::: .2. 'to< - 1. 11 V\ ol = 0, 1 ( np11 I'\°' ~ 2 cooTBeTcTBYDl!lM 

cTeneHb Het!eTHOrO 3JleMeHTa rpaCCMB.HOBOR aJJre6p1,1 T0~8CTB8HHO paBHa 

eyJIJ:>), o( = I,2, •.• , l = run,k G'. 
HecMOTpR Ha TO, t!TO C ITOMOl!lbD Ka.JI116pOBOt!HblX npeo6pa30BaHHR 

\p , Sl. 4' ..51- l HeJib3R RBHO ycTpaHHTb HecfJH3Ht!eCKHe CTeneHH CB060,IJ;!,1 

y MaTpHI.~ t = ~ t ~h , TeM He iteHee, Ka.JI116poaot!Ha.FI c11MMeTp11n se,n;eT 

K COKP8.1118H111l t!HCJia CTeneHeR CB060,IJ;l,I. KaK H B 8.Ha.JIOI'Ht!HOM 6o3eBCKOM 

CJJYt.!118,t!HCJIO ~H311t!8CKl1X CTeneHeR CB060,IJ;l,I onpe,n;eJJR8TCR pattrOM. Ka.Jil16-

pOBO'IHOil rpymm,a ~3R~8CK08 r:wrb69pTOBO npocTpaHCTBO - CT9ll9H.f!MH H8-

3aBl1Cl1MblX onepaTOpOB Ka311MHpa B COOTB8TCTBYIO~en aJJre6pe n11. Hanp11Mep, 

B CJJYt!ae N -MepHoro OCl.lHJIJIHTopa (V-= T't 41+ \.\I -= lfj '-fj) c e,n;HHl1t!HOR 

qacTOTOi-1, ~11311t!8CKl1A 6a311C (3.46) COOTB8TCTByeT e. qiepMH-OCl.lHJIJIHTO­

paM C t!11CTOTaMl1 !}. 'to( - i , 

4. CTpYKTypa ~Il no.11eR flHra - Ml1JIJJca 

4.I. CTpYKTypa ~Il noJJH flHra - Ml1JIJ1ca c ·rpynnoi-1 SV(2L 

Ilpe~e t!8M nepexo,n;l1Tb K ITOJID Httra - M~JIJICa C npOH3B0JlbHOi1 rpyn­

noA, paCCMOTpHM npOCTei-lllIHR CJiyt!ai-1 rpynTTbl SU (i) . JlarpaHl!(l18.H 

8CTb 

V ! It. yv 
ol= -~ Fr"' F o... , o.-=1,2.,3., c4.n 

a. ~ Cl \ AQ Q~CA~ A' Ao.. 
r'Ae F,:-v = Cl_f Av- 0 11 }Jo+~ E. f' v - cTaH,IJ;apTHhrll TeH3op [rn J , J'-
-n~eH1.1Ha.Jibl TTOJIR ~ra - Ml1JJJICa. KaHOHl1t!8CKl18 11MIIyJlbC!,1 cyn JI";: 
= %A{-= FJI~ , cJJe,n;osaTeJJbHO, 11MeeM neps11t!Hyl) CBH3b 'Jrg- = 0 • 
Onpe,n;eJil1M B8KTOp!i B 1130TOITHt!8CKOM npocTpa.HCTBe :Jr I<.:. 'Jf :- 't: O.. , 

r,n;e '1:Q, -MaTp11~ IlayJIH. Ilo'A ,n;ei-lCTBl1eM KaJI116pOBOtrnblX npeo6p8.30BaHl1R 

OHl1 npeo6p8.3YKJTCR no np11coe,n;11H8HHOMY npe,n;cTaBJieHl1K) 

S -!. 
'JTK ➔ 'JrK s , S = ~){p [ iwa.(xYto.], (4.2) 

r,n;e wll( :)C) - np0113B0JlbHl,18 cllYHKI.11111 KOOp,n;11HaT 11 BpeMeHH X-: Ct J x). 
~11311qecK11e CTeneHH CB060,ll;bl Bbl,IJ;8Jll1M CJie,n;yKJJill1M o6p8.30M, 030TOITl1-

o 
t!eCKHM ITOBOpOTOM (4.2) B TOt!K8 X = X. scer,n;a MOlKHO ·HanpaBHTb BeK-

TOp 'Jf1, B,ll;OJ!b TpeTbeR OCH, T.e. :Jr/ (&)-='lf £' (rr.)=0. 0TM8Tl1M, 

qTo scJie'ACTBHe 'Jr O = O nepeMeHHM Ao Jm7!Sl8TCSI ne:pna:irqecKo!. 
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0.o,HaKO C nOMO!J1blO l130TOn11qecKoro noaopoTa (4.2) MOJKHO l13MeHl1Tb 3HaK 

Jf 1?, , He 3aTparnarui YCJI0B11H Jr ~2. (x) == 0 ( Hanp11Mep, S =- S = 
-::e><-p[-i.w(:x:)'1:,l.1 'r.o,e W(-:X.:)-= Jr/2. ,xe REC'i:)11 wCx)==O., 

ecJI11 6c E Re(x) , Re.Cx-)=={x: l~-xl<E, lt-t\<£; e~o} 
- oKpeCTHOCTh TOqK11 x = x 6ecKOHeqtto-MaJIOro pa,n;11y­

ca). 8To 3Haq11T, qTo ¢11311qecK11e 3HaqeHl1H 11MnyJibca JieJKaT Ha noJiyoc11 

Jr,? E: [ 0, cx:i], a TO apeMH KaK Af 113MeHHeTCH Ha aceil oc11 iR • 
Tor.o,a B cooTBeTCTBl111 c attaJJl130M rJiaBbl 2 3aKJJIDqaeM, qTo ~ll(At .J'Jif)=-

= con (:Jr) - I<OHyc, pa8B8pTHBa8MllU B noJiynJIOCKOCTb. ~o 

cJie.o,yeT Ta!Oite na Toro qiaKTa, qTo npeo6pa30BaHl1R (4.2) c S = S . 
onp0eJIHIOT xan116poaoqeyIO rpynny Z ~ Ha qia.3oaoil nJIOCKOCT11 (:Jr)• .,A~)➔ 
➔ -:n-21 -A3) 1 , 1. • 

11ocJie ~Toro ocw,eTCH KaJI116pOBOtffibltl ITp0113BOJI' CBH3aHHblH C Bpi:uw;~ 

Hl1HMl1 B 1130TOn11qecKOM npocTpaHCTBe BOKpyr TpeTbeil 0Cl1: . S = S 1 = 
:. e><p [ i lJ(xrc?,] - CT1iL\l10HapHaH ITO,ll,rpyITITa l130BeKTOpa Jrl'"C ,3 • Hc­

noJib3YH KllJ!l16posoqHbJe npeo6pa30BaHlrn, MdJKHO .o,0611TbCR paBeHCTBa Jf/-= 
= 0. Tor.o,a OITHTb ocTaeTCH KaJI116pOBO~ru! rpyrma "Z 2 ' CBH3aHHaH C 

npeo6pa30BaHl1RMl1 s I ' B I<OTOpblX 1f (x) = w (x.) . Otta 113MeHReT 
2. 2 0 

3HaI< y I<OMilOHeHThl !If 2 -"> - J[" 2. B TOqKe :X: ""X. . CJie.o,oaa-

TeJibHO, <tin (:Jrf JA~)TaJ<)Ke eCTb C.Oh (:ir) 
. ~ 

TaKl1M o6pa30M, cpe.0,11 .o,eBRTl1 nap KaHOH11qec1<11x nepeMeHHblX Jrk , 

AKo., Tp11 OI<8.3blBaIOTCR Heqi11311qec1<11M11, a 113 ocTaarn11xcH 4111311qecK11x 

CTeITeHeH CB060,ll,hl .o,ae l1MeIOT ~n = COh (JI") . 0.o,HaKO np11Be,D,eHHblH atta­

Jll13 l1MeeT o.o,11H He.o,ocTaTOI< - cIToco6 Bbl,ll,eJieH11H 4111311qecK11x ITepeMeHHblX 

Hel1HBap11attTeH OTHOCl1TeJibHO ITpOCTpaHCTBeHHblX Bp~eH11!1. 8TOT He,ll,OCTa-

TOI< MOlKHO JierI<O ycTpaH11Tb, 3aMeTl1B, qTo ll80B8KTOP 'Jr K MOJ!OiQ. ITpe.o.-

CT8BllTl, B CJie.D,yIO!J1eM B11,ll,e [30]: 

:rrK = VK~ pj . , ii pd. p\'l = 0 , n-/. d ) (4.3) 

r.o,e U UT.= UT l) -= i . MaTpm~a UKj HBJIHeTCH 1130TOn11qecKl1M 

CI<aJIHpOM 11 ITpOCTpaHCTBeHHblM BeKTOpOM ITO ITepBOMY 11H,ll,eKcy, 1?· d 
o6p8.3YJOT Tp11 OpTOPOHaJibHblX 1130TOITl1qecKl1X BeKTopa, KOTOpb!e He 113Me-

HHIOTCH ITpl1 npocTpaHCTBeHHblX ITOBOpOTax. TeITepb Beeb Bliillel13JIOJKeHHblil 

aHaJil13 6e3 113MeHeHl1H ITepeHOCl1TCH Ha HMnyJibCHhle nepeMeHHble PJ , Ko­

Topi.e np11 KaJI116poaoqHhlx ITpeo6pa3oBattHRX ITpeo6paay10TcR KaK Q, ~ 
➔ S p. S -i. • d 

d 
4.2. CJI:r,ail np0113B0JlbHOA rpynillil 

)vJH 8HaJil13a BOCIT0Jlb3yeMCH ITpe.o,cTaBJieHH8M ITOJIYITpOCToR· aJireCipbl 

JIH X B 6a3HCe KapTatta - BeRJIH [B.51 • HCHO, qTO m.myJibC!,t"JrKe z, 
11 ,D,JIH HHX cITpaae.o,n11ao paano~eHHe 
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"')""( ,fol -~ ) 1 w 
JrK = L Jr K eo( + 'JT K e_"' + L "JrK. w .J 

~>o wen (4.4) 

,r±o<. rrr-W 
r,D,e .JI K , ,;l K - lpJHKQHH 'X , n - Ha6op ITpOCTlilX KOpHeR, 

o( > 0 03HatlaeT Cj™MHpOBattHe ITO BCeM ITOJIO~l1T8JlbHlilM KOPHHM. KaJI116-

pOBOtlHH8 npeo6pa30B8HHH JrK MO~HO npe,D,CTaBHTb B CJI8.D,y!Oll\8M Blf,ll,e 

(CM. (B.6) ); 
I\ /\ 

(4.5) jfK ➔ f~ J\K. > fd = e)(.p ad. J.(x.) • 

YqffTlilBaH oITpe,D,eJieHHe OITepaTopa ad , y6ellr,IJ,aeMCH B 3KBHBMeHTHoc­

TH (4.2) ·11 (4.5). ,lvIH :f. Ta!O(e CITpaae,1vr11ao npe.o,cTaBJieH11e, no.o.o6Hoe 

(4.4), 

Y. -= I. ( 11: eel + A-: e _ ex J + Z. 11 w w (4.6) 
o1>0 wen 

c N ( = dlrn G; ) npo11aaoJihHl:lMH 'PYHKQHHMH A! (x) , 11 w (:c) • 
Ilocne 11cKJlllqeHHH H84JH3Hll9CKHX ITepeMeHHHX A o , J\o ( Jro = 0) oc-

TaeTCH 3 Iv nap KaHOH11qecKHX ITepeMeHHHX :Jr K , A K , cpe.o,H KO-

TOp!,IX TOJibKO Q. f,/ (pH3Hll8CKHX. 

Bo3bMeM Jri. Jl1J60R 3JieMeHT anre6pbl X MO~HO npe . .11cTaBHTb B · 

CJI8.D,y!Oll\8M Blf,ll,8; 

· :rr; == Q)(p[L (rtaoteo<+ fl~ ade_~JCh ~h-=Z)rtw o<>o ·, , ,{4.7) wen 

~3 COOTHOW8Hl1H ( 4. 7) BlilT9KaeT, tlTO Jr; HMeeT TOJibKO f lpH311-

qecKl1X KOMITOHeHT ( i"= d i,m H = tzcn,k Q) . OcTaJibHhle KaJI116poBoqHl,le ITpe­

o6paaoaattHH CBH3BRU c OITepaTopaM11 

§h.. = e><p [ I_ Aw adwJ=e'l{pad)i, c4.s) 
wen 

KoTopi.e He MeHHIOT Jr; h , T. e. o6pasYJ'.)T CTalUlOHapHYJ) no,ll,I'pyrmy 

3Jl9M8HTa Jf1 h. 0,D,HaKO, KaK 6HJIO ITOKa38HO B rJiaBe 3,_ B ITO'AaJire6pe 

KapTSHa H 'AeilcTayeT ellle .o,HcKpeTHM rpyITITa BeRJIH W , KOTopM B 

'AattHOM cnyqae HBJIH8TCH ITO,D,rpyrmoR. KaJIH6poaommlt rpyrrm,r G . fpyITna 

W 'AeilcTayeT a ipaaoaoR IJJIOCKOCTl1 HMnyJibCa Jf1~ E H 11 KattOH11qecK11 

coITpRJKeHHoR eMY. Koop.o,HHaTe A1~, OTOJK.D,eCTBJIHH Ha Heil H8KOTOpble Toq-

K11, HMeHHo :Jf
1 

h ➔ w :IT1 h. , A
1 

I, ➔ w A.,."'- , W € W • B KaqecTBe 

o6pa3YJOll\HX rpyIIIlli BeRJIH MO~HO B3HTb (CM. (B.?)) 
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,I, 

--

As 2wc:x:) , n 
W Lo,) -== e 'l'-D 1f; aa S...., > w E. , (4 9) 

I (w w) 2 • 
0 J 

PA8 W(i:x:)_ ¢YHKQl1H, onp8A8Jl8HHM B § 4.I. HTa.K, 113 Bliill8113nOJK8HHOro 

Bl,IT8KaeT, t.lTO <liil (At .1f f )= K+@IRe· 
PaCCMOTpHM Tenepb npeo6pa3088.HHH, CBH38.HHbl8 C onepaTOpaM11 (4.8). 

B COOTB8TCTBl111 C (B.5) §h, e 0(. : e.xp (IJ>o<) e <>L ') y>o( =fr ~w(Wp}: 
=- C >i,o<) • TorAa, npHMeHHH (4.8) R Jf 2, , MOJKHO o6paTl1Tb B Hynb e K03~11QH8HTOB npH OpTOPOHMbHblX 6a3HCHblX 3n8M8HTax (E. 7), CRa-

JK8M np11 Cw • ).LeAcTBHTeJibHO, nonarM 

Jr2 = 'Jf2h + :z:__ C JG! so(+ :JT;~ co(') <4.rn) 
oC>O 

( CBH3b C pa3JIOJK8H118M ( 4. Li ) C Ytl8TOM onp8A8JI8HHH (B. 7) 0'48B11)1,Ha)' 
11M88M 

J1 ']f2 = ~h + L.. l_(Jrto< ch(A_,ol) + Jf2~ sh(~)~)) 501 +c 4 .II) 
~ ~>O . 

+ (Jr2~ ch(A1ot) + 'Jfi~ sh.(A,ot))c°'] 

TorAa Bb16opoM t\ == I\ (x) MO)!(eM A0611TbCR paseHcTaa 

Jr 
2
CW ch_ (>,Jw) + Jf2Sw sh_ (11,w) = 0 

1 
WE: n J (4.12) 

nOCKOJibKY MaTpHQa CKMRpHhlX np0113B8A8Hl1A npOCT!,!X KOpHel\ Mww• -=(wlwj, 
H8B!,!pOlK,ll,8Ha, T.e. CHCT8Ma ypaBH8Hl1A (4.12) acerAa paapern11Ma OTHOCH­
T8JlbHO ~ w ( fr Aw W == f\ ) • 0AHaI<O, He HapyrnM ycnoa11A ( 4. I2) , 
MOJKHO 113MeHRTb 3HaK KaJI116pOB0'4HhlM npeo6pa3081lHl1eM He3aBHCl1MO y KaJK­
AOA 113 e KOMnOH8HT np11 Sw ' T.e. OCTaIOTCR KaJI116pOBOtlHbie npeo6pa-
30B8.Hl1H (4.8) BH,L\a. 'Jl"iw• ➔-'JT"~:,r, 'Jl"iev-"> :IT" ~w , w :/- w 1 

, 

W 1 
- ¢11KC11p0B8.H , np11 ycnOBl111 'Jf"2,~:::: 0 . B COOTBeTCTBl111 C 

(4.II) nony-qaeM, tlTO npeo6pa30BaHl1H AOJIJKHbl nOAtll1HHTbCR ycnOBl1RM 

sh.(\w)=o 
1 

ch.(>i.,w)= (i-2bwui•),wE-n (4.13) 

11 w' - ¢11KC11p0B8.H. C11cTeMa (4.13) 11MeeT perueHl1H OTHOCl1TenbHO -;\ 
np11 KaJKAOM W 1 , Ta.K KaK· MaTp11Qa Mww' He ai.polK,ll,eHa. CneAoaaTenb-
HO, B ¢aaoai.~ nnocKOCTHX K!l)!(AOA 113 e,. nap K8.HOH11tleCKl1X nepeMeHHbIX 
('Jl'ffw, Aiw) AeAcrayeT rpynna Z2 , T.e. ~Il(Jfz~.,A~w) = 
= Co h (Jr) • B RatlecTae o6pa3YJO!lll1X rpynni. ( ® Z2,) e. MOJKHO B3HTb 
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npeo6pa3088.Hl1H (4.8) C ~w ' YAOBneTBOpH!Olljl1M11 (4.13)' 

~ -= ~){p' 4i. w(x) L. (z.. (M-t.)ww" - i (t,f~ww')adw'] <4. 14) 
w L w' wn • 

" MOJKHO y6eAl1TbCH,~ tITO Ww S'-<.11 = (i-2~ww~S.J, COBMeCTHO C o6pa- -
3YJOilj11Ml1 (4.9) Ww AaJOT nonHyio {11CT8MY 06pa3y10~nx )\HCKpeTHOA 
KaJ1»6poaot1Hotl rpynITl,I W© (® Z2), peAJQHPY10I11eA ~TI noneA flHpa - Mttn-

Jica. , 
B OC>IljeM CJiyqae peAJRTHBHhlX rpynn n11 [201 KOTOpi.e eCTb npRMOe 

npoH3BeAeH»e nonynpoCTOA 11 a6eneBl,IX rpynn, CHTYaQHH AJ!H ,a6eJieBhlX 
noArpynn attanorKtIHa cnyqa10 aneKTPOAHHBMl1R11, rAe ~Il acex ¢11311qecK11x 
cTeneHeA CB060AlJ nnocKoe, TaK KaK K8.HOH»qecKHH HMITYJlbC (aneKTp»­
qeCKOe none) ecTb Kan116poaotIH1JA KHBaE»BHT. TaK11M o6paaoM, AnR pe­
AJKTl1BHbIX Kantt6pOBOtIH!,!X rpynn pa.Hra I! ~Il .fl (e- fa,) CTeneHeA CB06o­
AH OTJIKtIHO OT CTaHAapTHOtl nnOCKOCTl1, r,IJ,e ell, -pa3M8pHOCTb l1HBa­
p11aHTHOtl a6eneaotl noArpynflbl. 0TMeTl1M TaKJKe, qTO Cl1MM8Tp11H OTHOCl1-
TenbHO npOCTp8.HCTB8HHbIX Bp8Jil8H11tl np11 Bl,!AeJieH»H ¢»3Htl8CKHX nepeMeH­
HblX MOJKeT 6hlTb BOCCTaHoaneHa 11cnonb3088.Hl1eM npeo6pa3oBaHHH (4.3), 

rAe P J - aJieMeHT anre6pi. JI11 X [30] 

4.3. ~Il noneA B MOAeJIHX X»rpca 

BHatiane paccMOTpHM npocTeArnyio Cl1CTeMY, B KOTOPY~ KpOMe KaJll16-
pOBOtIHblX noneA BXOAHT TaKJKe nonH MaTep»H - CKMHpHy!O aneKTPOAl1H&O!Ky. 

JlarpaHlltHaH eCTb 
2 

::f= -! FJ-A~ + i (o_r~+ eA.f T':P) - V('f
2
). (4.I5) 

3,IJ,ecb F _)'(" : OJ'( Av -Ov Ay. - aJJeKTpOMarHHTHOe none, \jl "'(\JI 11. , l.!>2. )­
.n;ByxROMIIOH8HTHoe BeiljeCTBeHHoe cKaJJHpHoe none, T: (~1. ~ ) -rettepa­
Top Bp8Jll8HHR B MOCKOCTH (If&.> l.j> 2.} , e -KOHCTSHTa CB.R3H (aneK­
TpHtI8CKHR 3apM); V - noTeHQHaJJ. JlarpB.HlltHB.H ( 4. I5) HHBapHattTeH OT­
HOCKTeJibHO KaJJK6pOBOtlHHX npeo6pa30B8Hl18 Af ➔ Ar-of' w • ':P ➔ 

-» e)(p~ wT) ':P • 
'B paccMaTpHaaeMoA cHcTeMe ecTb .n;aa T11na noneA, KOTopi.e npeo6pa-

3YJOTC.R no O,Il;HOA H TOA ~e KaJJ116poBOtIHOA rpfnne OAHOBpeMeHHO, n03TOMY 
He4lH3HtieCKHe nepeMeHHble MOl!tHO Bbl,D.eJIHTb Ka.K cpeAH CTeneHeA CB060Abl BeK­
TOpHoro nonH' Ta.K H cpe.n;H BeJJHtil1H 1 . 0AH8.KO peAJKQHR ¢»311t1ec­
KOf'O ~Il CYilleCTBeHHO 3aBHCKT OT TOf'~ B Ka.ROM ceKTope TeOp11H Mlil Bl,1-
AeJIHeM ¢»311tieCK»e nepeMeHHble. CJieAOBaTenbHO, aonpoc O CTPYKType ~Il 
B KaJ1116poeotIHWC·TeOpH.RX, r.n;e KpoMe BeKTOpHblX noneA KMelOTC.11 .n;pyr11e 
nonR (nonR MaTepH11), Tpe6yeT cneQHaJJbHOrO KCCneAOBaHHH. 

C 3TOA Qenb~ BbJ,D.eJIHM ¢H3KtleCKl18 (Kantt6pOBOtIHO-HHBap11aHTHble) ne-
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11·· r :_:1,, 
f ,,. 

! ' 
I 

I' peMeHHble B Teop;rn. flf?peXO.JJ..f! K P8Ml1JlbTOHOBy q>opMaJI113MY ~: °o/1a,;.µ=~o 
( "Jr0:O-nepa11qHM CB.f!3b [io] ) p = 'o::l/219 :. 1:f + eA 0T<J> , Ha-
xo.n.11M raMl1JlbTOHl1aH Cl1CTeMh! 

H = S/>.x [ i (Jr/+ &t + p2. +(Dl<\f )2 )-- Ao~ + V 1, (
4

•
16

) 

r.n.e ])r<::: c)K + e AK T , ~K = ~ EK1-1e. l="n e. -f,!arH11THoe 

noJie, G; = 0 KJrK + e pT':P = 0 - BTOp11tIHM CB.f!3b B Teop1111: f 'Jf0 ,H}= 
= G; = O. l!To6bl Hru\T11 Kan116poaotIHo-11Haap11aHTHbte 

nepeMeHHb!e., HYJKHO IlOCTp011Tb KaHOHHqecKOe npeo6pa30BaHHe' IlOCJie KOTO­

poro CB.f!3b G=0 Bblpa.JKana 6bl paaeHcTBO ttyJIID HeKoToporo o6o6~eHHO­

ro HMnYJibCl:i. PaCCMOTp11M HOBbie nepeMemrue [?] 
-1 " A -1 

o{h = An - On f:::,,_ OK K > c11 = Jfh -On~ OK:JfK, 

:S = ~- 1 onAn. Jf:s_ = -Oh'Jfn. , (4.I?) 

lf = ~:,;p eT ( ! ) P
0 

= plT\J> D _ CP, 4)) 
) ,~- ~ 5'· 

lie COCTaBJI.f!eT Tpy.n.a y6e.n.11TbC.f!' qTo ( 4. I?) onpe.n.eJI.f!eT KaHOHHqecKoe 

npeo6pasoBattHe, np11qeM nap1,1 (oCn, En), (~_,'Jr5), (e,Pe)11 (f., P_s,) 
.f!BJl.f!IDTC.f! KaHO!JJ,JqecK11-conp.f!JKeHHb!Ml1 nepeMeHHbIMH. B 3Tl1X nepeMeHl!blX CB.f!3b 

G 11MeeT a11.n. G ::: - 'Jf.:s + e P8 = 0 . Tor.n.a, BBO.JJ..f! nepeMeHHble 

~ = Cs+ i/e e) J,l :J.= (-3+1/e6), Bl1.JJ.HM, qTO rx -Heq>H311-
qecKM nepeMeHHl:i.f!, TaK KaK ee KaHOH11qecK11A HMflYJibc P:x =½Gi' = 0 
o6p~aeTC.f! B HYJib, B TO BpeM.f! KaK 1 -Kan116pOBO'lHO-l1HBap11aHTHa, 

T.e • .f!BJI.f!eTC.f! ql11311qecKOA nepeMeHHOtt. 0TCID.JJ.a CJie.JJ.YeT, qTO npO.JJ.OJ!bHa.f! 

KOMilOHeHTa BeKTOpHOPO IlOJl.f! :S 11 q>asa 3ap.f!JKeHHOPO IlOJl.f! e CYTb 

JIHHettHble KOM611Ha~1111 O.JJ.HOtt q>l1311qecKOtt 11 O.JJ.HOtt Heq>H3HqecKoA nepeMeHl!blx: 

S = C iz - Y. )/2, . e -= e ( '2 + -:x )/2, . , 
Tor.n.a HMeeTC.f! .n.ae B03MOJKHOCTH pacnOp.f!.JJ.11TbC.f! Heq>l1311qecKoA CTeneHbID 

CB060.JJ.bl r:i. . EcJIH ~ OTHeCTJ,! B np0.JJ.OJibHYID KOMITOHeHTY BeKTOpHoro h . p 
nOJI.f!, . a '2 B qia3y sap.f!ll(eHHoro n0JI.f!, T. e. B ( 4. 16) AK ➔ o("' = AK 
~➔ ~Ph= ~ = e ~(ezT) ( i ), TO P8Ml1JlbTOHHaH B q>H311qecKOM no.n.-

npocTpaHCTBe ( P:x = o) npHMeT B11.JJ. 

H \ 3 [ i [ ~ 2, D'l, f-r..i. )2. 2 • -i • J vr. .211 
ph = .) cl :x.1~ th+ Bn + ·~ +\.JIK ~ - e do & Jo + \¢ lj_}4. !8) 

J. ~ 
r.n.e 1)K ::: OK + e lXKT, d 0 ::: pq:> T ~ :::. . p T ~ -IlJIOTH0CTb 

3JieKTpHqecKoro sap.f!.JJ.a. faMHJ!bTOHl1aH (4.18) Oill1Cb1BaeT B3aHMO.JJ.ettCT­

BHe sap.f!lKeHHblx qacTH~ c nonepellliblMl1 q>OTOHBMH ( On oln =- 0). KaJrn6-

poaotIHO-HHBap11attTHoe CKaJI.f!pHoe Il0Jie ~: ex:p (e&ionA.nT) ~ 
Oill1Cb1BaeT sap.f!lKeHHble qacTHL\bl BMeCTe co CB0HM KYJIOHOBCKHM noneM (B 
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KBAHTOBoA TeopH11 nJIOTHOCTb 3HeprnH 3JI~KTp11qecKoro noJI.f! ~K
2 = - Sic A' 

cocTO.f!HJ,!.f! 1¢) = ¢ lo> eCTb <¢I- 87s A~ 19>) (V 1::.-i. ' T.e. t< 

coBna,IlaeT C IlJI0THOCTbID 3HeprHH KYJIOHOBCK0ro B3al1MO.JJ.eACTBl1.f!). Qqe­

B11.Jl.HO, qTO Ha 06JiaCTb H3MeHeHHff ~H311qeCKl1X nepeMeHHbIX C(h, ~ 
HHKa.Kl1X orpaH11qeHHR HeT, Il03TOMY COOTBeTCTBYID~ee HM ~II - IlJIOCKOe. 

lliIM CHTya~H.f! B03Hl1KaeT, Kor.n.a Heq>l13HqecKa.f! nepeMeHHM 0THO­

CHTC.f! B qiasy sap.f!lKeHHOro noJI.f!, T. e. AK , A~":: o( K - c)K 2 , P➔ ( ~) 
B (4.16). f8MJ,!JlbTOHHaH B q>H3HqecKOM no.n.npocTpaHCTBe HMeeT Bl1,IJ. 

2' 

H [ .3 [H. i 2. 2. (onEn) f. f- 2Af'li2 2.] "r. )11 
pl,= JciX a;LE.,+Bn +Ps + e2-_s>~ +1._oi,.g,+e k. ~ +nf.~(4.19) 

r.n.e Eh= Eh+ ~i On Pt - HMflYJibC, KaHOH11qecKH conp.f!lKeHHb!A A~" . 
0.n.HaKO ra.MHJ!bTOHl1aH (4.19) He P0.JJ.HTC.f! .JJ.JI.f! Te0pHH B03MY~eHHtt, noc­

KOJ!bKY OH CHHPYJI.f!peH np11 ~=- 0 . Bee B03paJKeHl1.f! CHHMaIDTC.f!, eCJIJ,! 
HMeeT MeCTO ,IJ.IIBB.MHqecKa.f! nepecTpOttKa OCHOBHOro COCTO.f!HJ,!.f! (11Jil1, KaK 

roBOp.f!T, Cil0HTa.HH0e HapyrnettHe CHMMeTpHH). B 3T0M cnyqae Te0pH.f! B03-

MYII\eHHR CTp0HTCa .JJ.JIH OTKR0HeHHtt Il0JI.f! J OT csoero Ba.KyyMHoro 

cpe.n.Hero. Ho B Ta.KOR Tpa.KT0BKe HMeeTCH 0.JJ.Ha TPY.O.HOCTb, 0 KOTOpoA peqb 

noA.n.eT B § 5. 3.n.ecb *e 0CT8HOBl1MC.f! Ha sonpoce O CTPYKType ~Il q>l13H­

qecKHX neperemn,nc ripH 11 CilOHTa.HHOM HapymeHHH CHMMeTpHH". QqeB11.JJ.HO, 

lfl'O ~Il A J 11 E h - IlJIOCKoe, nocKORbKY HHKaKHX orpaHHqeHHtt Ha HX 

3HaqeHH.f! HeT. C .n.pyroR CTOpOHbl, ql113HqecKl1e 3HaqeHH.f! IlOJI.f! £l JieJKaT 

Ha noJiyoc11. TaK KaK qiasa noJI.f! ~ np11 .JJ.HHaMHqecKoA nepecTpoAKe BaKY­

yMa CTaHOBHTC.f! Heq>l1311qecKoR, TO e.n.HHCTBeHHOM q>l1311qecKoA CTeneHbID 

CB060.JJ.bl, co.n.ep*~eRC.f! B ~ ' .f!BJI.f!eTC.f! ~ = ( ~y/2. ~o. Moirno 

pacCyJK.JJ.aTb HHaqe. IlocJie ycTpaHeHH.f! q>Mbl y IlOJI.f! ~ Bb160pOM KaJIH6poa­

KH ocTaeTC.f! ellle KanH6poaotIHM rpynna l 2. ( TotIHee £I® ""l. 2 , X -Hy­

MepyeT TO'IKH npocTpaHCTBa), KOTOpM 113M8H.f!eT 3Ha.K y IlOJl.f! 5' , OT­

CID.JJ.a CJie.JJ.YeT, qTO q,n (~> Ps-)=coh(:JI). 
Ilp11Be.JJ.eHl!ble Bblille pacc~eHl1.f! ~eJIHKOM nepeHOC.f!TC.f! Ha MO.JJ.eJib 3JieK­

TpocJia6blX B38.HMO.JJ.eAcTBHtt fn3rnoy - BattH6epra -CanaMa (IBC). l1ocJie oT­

HeceHl1.f! q>a30BblX CTeneHeA CB060.JJ.bl .JJ.Y6JieTa IlOJl.f! X11rrca ':P = ( ':P:i) ':Pz_) 
B IlpO.JJ.OJ!bHble KOMITOHeHTbl BeKTOpHb!X IlOJieli ( w± , -zo - 6030HOB) OCT!leT­

C.f! CKaJI.f!pHoe II0Jie ( 0 > s>) . Ero ~Il eCTb con (Jr) , IlOT0MY qTQ q>l1311-

qecKHe 3HaqeHl1.f! 3Toro noJI.f! noJIOJKHTeJihHbl ~ ~ O (nocne nepexo.n.a ( ':f.t, 
~) ➔ (o,p) OCTa8TCH B03MOll!HOCTb KMH6po~Otn!!,W npeo6pa30B8HHeM M8HRTb 

3H8K (oJp)➔ (o,-_p), T;e. ,neRCTBY8T KaJrn6poB0~8JI:- rpynna '22)-
Ha .f!3b!Ke ~OPMYR .n.eAcTBl1.f!, onHcaHHb!e Bblrne .JJ.JI.f! M0.JJ.eJIH IBC, BblPJI.f!­

.Jl..f!T CJie.JJ.YID~11M o6pasoM. MCXO.JJ.Hb!A JiarpaHJK11aH B03bMeM B Bl1.JJ.e 
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i 

r 

~ = - ! Fr~ Fp~ --¼ Fr~ Fr~ + (1) .f ({)) + ('.l)r ~)+ 

+tL~1)t ~L + fRi.~(}-i.t r A,;,)tR + f (iL \fl)%+ h.c. -V(~+1), (4.20) 

~ o . C Q) 
rAe f="J" v , ~" - HanpRJKeHHOCTH Hea6eJJeBa Af H a6eJJeBa (A;p KaJJH6pOBOtUibIX ITOJJei1' ]),-.. = of- tg '¥ A14 - ts' y A; = v,..­
- iJ(t A; ' lfL = Ct"-) ) ~ .. (~;J, ~'.'i.. = - i , '1. R -= - 2. ' 
'i. ~ = i . KoHCTaHTbl CBfl3H ~. H 8' OTBetrn.IOT rpyITITOM CHMMeTpHH 

SUL(?.) 11 Clt(i) cooTBeTcTBeHHO, '.I.. -I'HITep3ap~, + - IOKaBOB-

CKM KOHCTaHTll CBfl311. lfro6bt He 3arpOMOJK,JJ,aTb BblKJla,Il,KH' paccMaTpH-

BaeTCfl TOJlbKO OAHO cpepMl-lOHHOe ITOKOJJeHHe \\f L. , \jJ R, 

3a,n,aqa COCTOHT B TOM, qT06bl ITepeITHCaTb (4.20) B CHHI'JleTHb!X 

ITO ITOAI'PJITITe CJJa6oro H30CIIHHa sq_,(2) ITepeMeHHblX. ,lvJR 3TOI'O BOCIIOJlb-

3JeMCfl MeTOAOM, ITpeAJJO~eHHblM B pa6oTax [31,32]. B OTJJHqHe OT pa-

306paHHOI'O a6eJJeBa CJJyqrur nepeXOA K YHHTapH08 KaJJH6pOBKe B MOAeJJH 

me l.j/:. ( 0 J r) He qJHKCHpyeT IIOJlHOCTbIO KaJJH6pOBOqttbli1 ITpOH3B0Jl, a 

CBOAHT ero K OAHOMepHOMY, a6eJJeBy, 3aBHCflllleMY OT OAH08 ITJl~H3B0JlbH08 

cpyHKW!H W (x.) , TaK KaK KaJJH6pOBOqttM rpyITna- SU (2)©V u>.BBeAeM 

YHHTapeyIO MaTpHtzy, OITHCb!BaIO!I\YIO cpa30Bble CTeneHH CB060,ll,hl ,ey6JJeTa ~ 
[32] •. y , o< 

1,0("[" t ""j; 

e. (e. '9.i U=-- I)( 

Y. \J'-9+':9 e-~aip: 
ii ) - e 19

1 
• I>{ 

-tz ':P.* e z . 
(4.21) 

HaJJH~e B u y npOH3B0JlbH08 qJYHKW!H ol (::ic.) Oll'paJKaeT OCTaTotrnl,18 KaJJH6-

pOBOtnn,rlt IlpOH3B0Jl B YHHTapHOR KaJJH6pOBK8. B KaqecTBe HOBYX nepeMeHHl,IX 

e (4.20) B03bMeM SU1..(2.) KaJJH6poBoqtto-HHsapHBHTHble 

~ = Ur"'1 'f = (~) > XL= Ur=-1 fL =- Ct\.) 
eR:: UY=-i tR U - 'l,o( 

'i=-2. = e ' (4.22) 

3 f 1',;- + <'J' Y p,; = U1 (f~); + 8' fA~- t 0/')u:_ 
HoBble ITepeMeHHble BYp8lltax>TCSI qepea cTapble (cM (4.20)) SU(2)-11HBapH­

BHTH1,1M o6paaoM, HOC H8KOTOpb!M npOH3BOJIOM, 3aBHCfl!IIHM OT cp8.3bl o<. 
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( + )¼ ·c~+.,. '/ -iolc + ) 3 = 'P ~ , l)L = y> iL, J , eL ... e I..{) q,L- /y , 
- ~ol ,l, · t:l o o ! 3 i 1r.+-eR = e T,R o = A + - 1 ol B = - "' vt:' t.P 1" ) r ,.,. t r ' r t<1 'Pt-~ ·t-s~., 

+ .i. • 2. i_ ,-.,+- tD 1o( nw:r-= 1, _ <,{l., -== ~ y:> v"";,- e. v1.- = ("'+)+ (4.23) 

f 'ft 1. ~ 'i+ ~ ' f - wf ' 
'\ . -cq a. ~ +, . 

rAe t}. = u~-t_i 2. At' , lpO(-= f..t.y, Y' - ,IzyaJJbHO coITpltllteHHoe cKannp-

Hoe noJie, v; =V,_.-(~J = 13)"'-itf~ A;.np11cyTCTBYJ011lH8 e (4.23} npott3BOJI 

MO~eT 6b!Tb'.JACBSl3aH C a6eJJeeo8 KaJJH6pOBOmt08 rpyITITOA 3JI8KTp11qecKoro 

3apMa Q : e><p iQol • t{To6H ITO~H'l'b IIOJJe, OITHCHBaIOll\ee qJOTOH, 3a­

MeTHM, qTo KOM6HHaUHR IIOJieR 

Zo= r 
OE>3-9\(,0 
d r (I r i 
Vt·+ S'z., = - 'ft+3'1. 

y,+ ~ '-P 
t. 

½>+-1.J> . (4.24) 

He COAe~HT ITpOH3BOJia oj(o(. H cooTBeTCTByeT HeRTpaJJbHOMY BeKTOp­

HOMY 603oey. OpTOI'OHaJJbHM K (4.24) KOM6HHa~Hfl 

I ~ 0 t+--
fJ ::: 3 P>p + s £> f . Cl n ° . e \{) \7/P i _, 
Jtµ ~=;::::==- = COSv D + S,n ~ - Q 01. 
, Vt+ a12. f i3 ~+'9 e r • (4.25) 

I'Ae ts 0-::: ~'/ ~ • e = K .... - 3JleKTpHtieCKH8 aap~. COOTBeTCT-

ByeT ITOJIIO qJOTOHa. "s-2+ ~,2. 

B ITpaBHJlbHOCTH 3TOI'O Bbl6opa MO~O y6eAHTbCfl, ITepen11cae JJarpaH­

*HaH (4.20) B TepMHHax KaJJH6posoqHO-HHBapH8HTHblX ITepeMeHHblX (4.22). 

OTO HeTPYAHO CAeJJaTb, ITOCKOJlbKY ITepexOA K HOBblM ITepeMeHHb!M ITO CytlleCT­

ey CBR3aH c KaJJH6posotIHhtM ITpeo6paaosatt11eM B (4.20) c MaTpH~e8 U:t . 
IloJJytteHHbl8 JJarpaHJKHaH (cM,[32]) cosna,n,aeT c xopomo H3BeCTHhlM JiarpBH­

*HaHOM MOA8JlH me C yqeTOl>i' ttCITOHT8HHOI'O HapyrneHml'. CHMMeTpHH" • flpe­

o6pa3088HHfl (4.23) CHHryJ1S1pHhl ITpH J =- 0 · , IT03TOMY ITO~eHHbli1 acp­

~eKTHBHbl8 JJarpa.HlKHaH_6yAeT HMeTb CMb!CJl TOJlbKO TOI'Aa, KOr~a AHH8MHKa 

CHCTeMbl ycTpOeHa TaK, qTQ ITOJie s> He ITpHHHMaeT HyJJeBbDC 3HaqeHHA. 

OTO peaJJH3yeTCfl' HanpHMep. B. CJJyqae. eCJIH < s> >o i O I T. e. HMeeT 

MeCTO 11CITOHT8HHOe HapyrneHHe CHMM8TpHH 11
• OAffa.KO CJle,IzyeT ITOAqepKHJTb, 

qTo ITepeMeHHble (4.23)_ ~e KaJJH6poBOmt0-HHBapH_aHTHbl, TaK qTQ I'OBOpHTb 

0 CITOHTaHHOM HapyrneHH.H KaJJH6pOB0m{08 CHMMeTpHH KaK O flBJieHHH, ITOA06-

HOM CITOHT8HHOMY HapyrneHHIO I'JJ06aJJbHOA CHMMeTpHH, HeJlb3SI. 

KaK cJJe,eyeT Ha (4.23), 5> =·(41+4>)~0JcJ1eAOBaTeJ1bHo..>~II ~OJIR XHr-
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rca B MO,l.l,8JU1 I1lC 8CTb COn(Jr) , 3TO B8,IJ,8T K qlJH,ll;8.M8HTaJlbHh!M CJI8,IJ,­

CTBl1.RM ,IJ,Jl.R Xl1rrcOBCKOrO 0030Ha, 0 KOTOpbtX OOH,IJ,eT peqb B § 5,0. 

5. HeKOTOpbJe CJI8p;CTBl1.R pe,n,yKg1111 4>11311qecKoro (]?fl 

5. I. Kaas11KJJacc11tiecKO_Jl__on_11_cm~JJ.R c11_G_TeMbl__G_ -~= K+® ~--

KaK 6HJIO noK113aHO B § 3.3,pe,D,YK!.111.R qll1311qecKoro gill Be,IJ,eT K MO­

,IJ,11cp11Kar(lll1 KM. B CJJyqae, JWI',l.l,/1 11CXO,IJ,HOe ,IJ,eHCTBl1e Cl1CTeMbl KBa,n.paTl1~0 

no ,!],l1HaMJ1t<8CKl1M nepeMeHHhIM, .RBHOe Bblq11cJJeH11e MO,IUi~pOBaHHOro IGf 
nOK8.3b1BaJJO, qTo pe,n,yKQl1.R ~ll l13MeH.ReT qll13l1qecKl1W cneKTp Cl1CTeMbl. BTo­

pbtM, 11, Dl'.,IJ,11MO, no Ka 8,IJ,11HCTB8HHh!M, MeTO,L\OM HerrepTyp6aTl1BHoro Bblqv.c­

JJeHtt.fl 1rn .RBJJ.ReTc.R Knas11KJ1acc11qecKoe np116JI11JKeH11e. Hameti 6JJWKB.H!lleti 

Q8Jlb10 6y,J1eT BblffCHe1-111e Bonpoca O BJJl1.HHl111 MO,L\l1qll1K,au:1111 !ill ( 3. 24) Ha 

KB/l.311KJJacc11qecKoe onHca.1ure [25, 33]. 

Hat!HeM c npocTewmero np11Mepa KBaHTOB0MexrurnqecK11x HHCTaHTO­

HOB a MO,IJ,eJJ11 (3,I) c rpynnoti SV(2)"'SO(~) 11 c rrep110,IJ,11qecKttM 

noTeH1.111iutoM V = 1. - c.os (h x 2Y'2• B sToti MO,IJ,eJJ11 ttMeeTc.R BblpmK,n,eH11e 

BaKYJMHOI'9 COCTO.RHl1R l'i_ X 2 : (7."lrm)2., YY\ - QeJIOe. B KBaHTOBOH TeOp,111 

BblpOll',IJ,eHHe CHl1MaeTC.H 3a cqeT TYHHeJJbHhlX sqxpeKTOB, !{l:t'K,lJ,Oe COCT0.HHl1e 

B OKpecTHOCTl1 JJOKaJJhHOI'O Ml1Hl1J\iYMa I10TCHI.\11aJJa · paCIJJWB88TC.H B 30HY, 

3qxpeKT MOJKHO on11caTb C ITOMOIJlb!O HHCTBHTOHOB, KOTOpb!e llBJI.HlOTC.fl pewe­

Hl1RMl1 KJiacc11qeCKl1X ypaBHeHv!W ,IJ,B11:il\eHHR B · MlrnMOM apeMeH11 [35' 34] • 
T, e, HJlKHO paCCMOTpeTh eaKJil1,IJ,OB aapttaHT Teop1111: t. ➔ -t '""C , ~ ➔ i.<f , 
~ -'> L E -=- ~ T1.(J)t::X).?. + V(x) . 

B CJiyqae rpynoo paHra e:i ttMeeTC.fl TOJibKO O,IJ,Ha ql11311qecKWI 

cTeneHh cao6o.D,hl: 'l. =- (Ti.)::2-)¾, np11qeM ei:t oTaeqaeT gi[1 = COh ('JT) • 
Ha.ma sa,n,aqa COCTOHT B TOM, qTo6bl Hai:!Ttt 113MeHeHtt.H 113BeCTHblX cpOpJ\iYJI 

,IJ,JI.fl aHaJIOrtttlHOA MO,IJ,eJIH C O,IJ,HOJ:I CTeneHb!O CBOOO)l,hl (6e3 KaJI110pOBOt1HOJ:I 

c11MMeTp1111), gill KoTopon ecTb IR 2 • Ta.KM MO,IJ,8Jib paccMaTp11aanacb B 

[ 36] • '\ "oLr: oLs • '). 
PeweH11.fl KJiacc11qecK11x ypanHeH11n ,l.l,BIDK8HWIO't 1) x .:: 'ox , X= "ex 

B03bM8M B B11,L\8 

Xt115 (<t:) = 'Lty,s (--c:).A 3 ) "li.ns tc) = ~aut~ expcc-TJ +23f m, (5.I) 

r,IJ,e l'Yl - qenoe, ~ (-c) E. H , ~~ - e,D.l'IHCTBeHHbii:t 6as11cHbli:t 3JIBM8HT B H , 
Le -=-COIIISt • PeweHl'le (5.I) onpe,IJ,eJieHo c TOtrnOCTbIO ,D.O KaJI116po­

aotrnoro rrpeo6p8.30B8.HH.fl (3.2). OHO CB.fl3NBaeT noK!lJlbH!,18 MHHID.!yMbl I10TeH-

1.111ana:lixrhs--?(2JTh1)2 , l: ➔ 00 11 -+(2Jr(m-i))2. , l:,➔ -oo, 
T.e. 06Jia,n,aeT xapaKTep11cT11qecKHM CBOACTBOM 11HCTaTOHa [34]. EcJI11 q>l13H­

qecKl19 rrepeMeHHble Bbl,IJ,8Jl.HIOTC.fl ycJIOBl'lllMH 'X1, 2 -=O, g = 0 J x~ = 't- , 
TO peweH11e ( 5. I) coana,qaeT c attaJIOI'l1trnllM ,D.JI.fl Mo,IJ,eJIH [36, 35] L 1: = 
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i ·2 = z "c. + i - c..os tr., • 0,IJ,HaKO OTJil1qHe. KOTOpoe 3,IJ,8Ch CYIJleCTByeT, 

COCTOHT B TOM, qTo gill 9,L\11HCTBeHHOA CTeneHl1 CB060,IJ,H B MO,L\8Jil1 

[36] rrnocKoe (~11 = (R2 ) , a B Hamett MO,IJ,eJI11 gill e,D.11HCTBeHHOA qi11311qec-

Kon CTerreHl1 CBOOO)l,hl 8CTb C.Oh (1r) • . . 
qT06bl yqecTb pe,n,yKQ11!0 q>l1311qecKOI'O Qll, BOCI10Jlb3JeMC.fl ~OpJ\iYJIOA 

(3.24) 

~c ('t/i') = 't,! ,.,_,, ( U-c(rz,rz.i )- ¼: ( '2.)-i.')). (5.2> 

CorJiaCHO 11,IJ,80JIOI'l111 11HCTaHTOHHOA ¢tt3HKl1 [33,34J,,L\JI.fl Toro, qTOOhl HaHTH 

ypOBHl1 B 30He 11 rrp116JI11:il\eHHOe BblpaJK8Hl1e ,IJ,JIH BOJJHOBOA qiyHK!.11111 ypOBHR 

B HWKHeA 30He. Heo6XO,IJ.11MO B!,lql1CJil1Tb aMfIJIHTYAY (5.2) rrp11 !'(. = 2Jr m. • 
tr.1=-2Jrm 1 '""C--;> o() B rrp116JI11:il\eH1111 11HCTSJiTOHHOI'O rasa [ 35] • AM­
nJil1Ty,IJ,a U-c (2Jrm 1 2Jrm') ,D.JI.H cooTBeTCTBYHJIJlew c11cTeMbl c nJIOCKttM QIJ Ehlm1c-

JieHa B [35 J 11 paBHa . I\ I 

I -1:H I I 11 (2Jrm> '2.Jrm') = <21nn e 2Jrm > = 
,,: 2.Ji '( ') 2:,r -l:E8 1 m-m f) , _ S <2JrmleXel.2Jrm1> e de= r ot!, e e-"t. Es <

5•3) 
J2]i-r'2. , 

0 0 

I',IJ,e Ee::: i - e )(pf So} VSo I< cos e - ypoBHl1 :rnepr1m B H11JKHei1 30He, 

K - ttHCTaHTOHHhlA ,IJ,eTepM11HaHT c Bb!I<11HJTbIMl1 HyJJeBhlMl1 MO,IJ,a1111, OTHOpM11-

poBattHbtA Ha ,IJ,eTepMl1HaJiT OCQHJIJI.HTOpa [35, C, 308Jie HJMepyeT ypOBHl1 B 

30He, 3aM8THM, qTO 38.MeHa e➔- e B I10KU3aTeJI.fIX 3KCITOHeHT B {5,3) 

He M8H.H8T 3HaqeHl1.H 11HTerpana·( B 3TOM JierKO y6e,IJ,ttThC.H, C,IJ,eJiaB 3aMe­

HY rrepeMeHHb!X B 11HTerpa.ne e➔ -e-+ 2Jr ) • TO!',IJ,a 

ff( ')- r2
~e -i:Ee(· ~(m-m')e -i(tn-m')0) 

"'t 2)rm) 23fm - j 4Jr¥2. e e + e (5.4) 
0 • 

llO,IJ,CTaBJIH.fl (5.4) B (5.2). nonyqaeM ,IJ,JI.H 11KOH11qecKow" aMITJIHTY,IJ,hl rrepe-

XO,IJ,a 2Jr nee . •) ! 5 4t. 2Jrm> 2Jrtn = ~k. cfe 
. 4:Jr 0 

SLh m0 Sihh1
1
8 -1:Ee 

mm' e . (5.5) 

}13 (5.5) B11,IJ,HO, qTo pe,n,yKQl1.fl ¢11311qecKoro gi[1 He BJitt.HeT Ha ypOBHl1 3Hep­

I'l111 B Hl1lKHei1 30H8, ITptt6JJWK9HHOe BNpaJKeHtte ,D.JI.fl BOJIHOBOH q>yHKl.11111 f} -Ba­

KJJMa (ypOBH.H Ee ) <ttl 9 > Bu611paeTCH B B11,L\e JilmeliHOA KOMOttHa-

1.11111 BOJIHOBUX q>JHKI.\11A OCHOBHblX COCTORHl1A B OKpeCTHOCTl1 KruK,!J,OI'O Ml1Hl1J\iY­

Ma V- , T,e. <ttl2Jrh1)rve)(.p[-¼.(iz.-.2Jrrn)2], TaK
1

qTo6bl 

<t=2Jrmle> = ~2.Jl"h'l \ e) [35]. AMnJil1Ty,IJ,a <21rmle> HaxO,IJ,11TCH 113 
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pa3JlO~eHl1H (5.3) B 

,il,rrH ~IT = ~2, 

cnytme ·liil = iR2, 11.,Ji3 (5.5) )l,JIH <Pil = COtJ(JV. 

11MeeM [351 · <~e) = CCM«.t l. ~,~c.1ne)¢-l2JTt1 • B TO 

BpeMH KaK 113 (5.5) Bb!TeKaeT 

C ~ 

<rile>: Cbn<;;t L 
m:-oo 

ms-oO 

si.11 me <itl 2"Jrm> .­
m (5.6) 

B COOTBeTCTBl111 C (3.27) )l,.'IH Q?YHKl.\11H (5.6) onpe)l,eJieHO CKaJIHpHOe npo1rn­

Be)l,eH11e <el&'>'= 5'°dt t2 (el·t >c<il0'f. Ta.Kl1M o6pa30M' pe)l,YKl.\11fl Q?l1311tI8CKO­
ro ~IT He M8HH8T ~Heprl1IO e - BaKyyMa, HO 113M8HH8T ero BOJIHOBYIO 41fHK­

Ul1IO. 0)1,HaKO CJ18)J,.Y8T OTM8THTb' 4:TO 8CJ111 6bl ypoBHli B 30He 6b!Jlli )l,liCK­

peTHbJMl1, TO HOKOTOpb!e 113 Hl1X OK/l.3aJiliCb 6bl liCKJlIOtieHHb!Ml1 113 aMTTJlliTY)l,bl 

(5.2), T.e. 6b!Jll1 6bl H8Q?li31itI8CKl1Mli. CJie)l,OBaTeJlbHO, )l,liCKpeTHb!H cneKTp 
B 30He 3aBliCliT OT CTpyKTypb! <PIT. B 3TOM JierKO y6e)l,11TbCfl Ha np11Mepe MO­

)l,eJHI C )l,Byrop6bIM noTeHUl1aJJOM V= (ri2- a2
)

2/4!' paCCMOTpeHHOM a[34]. 
C11TyaUHH aHLl.TIOrHtrna TOtIHOpernaeMb!M CliCT9MaM:CB060,J:Orafl '!aCT.11Il;a li ocww­

JiflTOp. Pe)l,YKUHH <PIT BJlHHeT Ha cneKTP OCQliJlJlHTOpa 11 He BJlliH8T Ha 

cneKTp CB060)l,HOH qacTHl.\bl. 
Pe3yJlbTaT (5.6) MO*HO 0606[1\HTb Ha CJiyqaA np0113B0JlbHOA rI?_YnIThl, 

He np116eran ·K perneHHIO KOHKpeTHOA MO)l,eJI~. ITycTb noTeHQHaJI Vfx.J= V(h), 
h E H B MO)l,9JIH ( 3. I) MMeeT a K 6ecKOHetJHYIO cep1110 Bb!po~eH­

HIDC MHHHMYMOB mlt1 V:::: V ( h m) , ht = I , 2, • • • • Tor)l,a ao Bcel1 H 
noTeHUMaJI V(h) 11MeeT M11Hl1MJMOB B /Vw. (tt11cJ10 3JieMeHTOB a rpynne 

BeAJIH w ) pa3 60Jlbf!Je: m~n V=- V(hm)=V(whf)!). Yl!eT pe)l,YK­
UliH <PIT ¢113114:erKliX cTeneHeA cBo6o)l,bl h, ,::. fl ol h 01 (o( = i,2, ,., ~ ~:c-'lmf.V 
rrpOli3BO)l,liTCH no Q?OpMJJie (3.24), KOTopyro C yqeTOM paBeHCTBa 

u""C (\t, h,1 ) ~ U-c(w\i.) w~), wE W, (5.7) 

cJie)J.YIOll\ero 11:i c11MMeTp11,1 noTeHUMMP V ('.,) -=- V ( W h) , nepenwJieM B 

BM8 i 
U1t(~){)= -fx I [f(wh)f(w'li')1- ({(wh)w'h'). \5 _0 ) 

. w w,w' 
AHWIOrli'!HO (5.3), 3aIDllll9M aMIIJIRTYAY nepexo)l,a ,IJ,)Ul CJIY'!M IIJIOCKoro ~II: 

_-cEe 
u't (~hm 

I 
w'hni,) ~ s ~e< whr,Je>< e\w1hr/> e , (5.9) 

r)l,e Ee - ypoBHM 3Heprmi B 30He, a e -,ao06Ule rOBOPFI' 
MHOroMepHHR napaMeTp, HyMepyroll\MA ypOBHK B 30He. ilO)l,CTaBJlFIH (5.9) B 

(5.8), HaxO)l,KM BMl1JIKTY)l.Y V-t ( hm, \.t.ni•). Tor)l,a, corJiacHo 06Ill9MY pe­
qenTy nocTpOeHlifl BOJIHOBOH Q?JHKI.\HK e - Ba.KYYMa,KMeeM )l,Jlfl Hepe~-
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pOBBHHOrO Wfl 

<hie>= co"st LL <whmle><hl ~h,,.'>, 
w m=! (5.10) 

r)l,e ..(\\ i;,h,,. '> ~e)(p[-½ Tt.(1,- ~hJ] - BOJIHOBa.H ¢yHKU11a ocHOBHoro coc­

TOSIHKR B oKpecTHOCTK MHHHM;yMa noTeHUHaJia h."'" w h"" E H se3 yqeTa 
TyttHeJlbHbIX a¢¢eKTOB (cqMTB.BM, tJTO qacTOTN M8JIWC KOJiec58Hl1H 8)1,KHKtI­

HH ) • CyMMHpoBBHKe B ( 5. IO) Be)l,eTcsr no aceM JIOKaJibHHM MHHKMJMaM V 
B H • C .n;pyroR CTOpOHli, K3 ( 5. 8) CJie.zr..yeT .D;JIFI e - BaKYYMa C yqeTOM 
pe)l,YKU11K I} II . 

<1\ ~ _ t > ~ Cy <w1hml0>) <h\~h ') 
h ~/ - cons LL ~ c·A ·h ) m • 

W lrt.:! W JV' W m 

(5. II) 

BOJIHOBM ~j'HKL{Hff (5.11) RBnReTCfi ~eTHOR OTHOCKT8JlbHO rpynm,i w 
< ~h le'1= <hi 8) C ' a (5. IO) 3TKM CBORCTBOM He Oc5JI~aeT. Or­
CIO)l,a, B qacTHOCTK,B!itT8KaeT ynowmyToe BN!lle paaJIKqHe .IJ;HCKpeTHOro K 

HenpeJ)l,IBHOro cneKTpOB Ee . EcJIK (51,1 cneKTp E 0 c5wi )l,KCKpeTHHA, TO 

'!aCTR ypoBHeH B 30H9 (5.10) OTBetJaJIH (51,1 HetieTHHe OTHOCKTeJibHO 

w COCTO.RHHFI. IloaTOl,\Y 3TH ypOBHK OK8.3BJJKCb 61,1 HetpK3KtI8CKKMH K 

He nonanM 61,1 B (5.11). Ana Henpep!,IBHOro cneKTpa HeT paclllelJJieHMR 
no CBORCT~y ~eTHOCTK OTHOCHTeJlbHO w 

~Ulifl (5.II) MO~eT c5L!Tb npO)l,OJIJ!teHa KBJJKc5pOBOtmO-HHBapM8HT­

HblM oc5paaoM Ha BCIO anrec5py X no TeopeMe llleBwIJie, BBW ee KHBa­

pKBHTHOCTK OTHOCKTeJibHO W • XOTFI CJle)l,YeT oc5paTKTb BHKMaHKe H8 

To, trro Me)!';lzy (5.10) K (5.II) HeT npKawrnoR CBSI3H [24] \\'e- (h) = 
::: L. J"-ic wh) \f EC~ k) ' r.n;e "'11; ( \,) - BOJIHOBM Q?YHK-
l.\1111 ~KcTew c pe.zr..yQKpos8HHLIM wn, lfe{h)- BOJIHosaJJ ~ymcqKa cooT­
aeTcTBYIOilleA CKCTSMLI C nJIOCKKM ~n. KOTOpasr BL!TeKaeT H3 8HBJJM3a ypaB­

HeHKFI lllpe.n;MHrepa (CM.§§ 3.3 K 3.5, TB.KllCe (3.20)). 
B03MOllCHO,BM8CTO (5.II) CJie)l,YST HanMcaTb 

<\-Je'/ = z_ r4-1 (wh) <·wh\e>., (5.12) 
w 

KCXO.IJ;FI K3 8HBJJH3a ypaBHeHKII Illpe.n;HHrepa. CoOTHOWeHKe (5.12) cnpa­

Be,D;JIMBO .D;JIFI (5.11) K (5.10) TOJlbKO B TOti:Kax JIOKSJibHOro MHHKM;yMa 

noTeHQKana h : w I, .,, . Bonpoc o TOM, tJTo npe.n;notJTKTeJibHee~ 

(5.12) KJIK (5.II~ 8CTb, no CYJ!l9CTBY, Bonpoc O KB8.3KKJiaCCKqecKOM npKc5-
Jll1l!C9HKli B KpKBOJll1H9RHNX KOOp)l,KHaTax, T.e. BOnpoc O TOM, KaK IlOCTjllaTb 
C Mepott B Kif (KOTOpafi BCer.n;a IlpliCYTCTByeT npR OIIHCaHrui B Kpmiommeil­

Hl,O{ KOOp)l,KHaTax) npK ero KBa3HKJiaCCl1tieCKOM Bb!tIKCJl9HKK. 0)1,88.KO, C 
.n;pyroA CTOpOHb!, c KB8.3KKJiaCCHtieCKOR CTeneHbIO TOtJHOCTM (5.12) K (5.II) 
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MO*HO cq11TaTb COBTI8,ll,aJ0~11Ml1, nocKOJJbKY BOJJH0Bhl8 ¢YHKQ1111 cocpeAO­

TOqeHhl B OCHOBHOM B 0Kp8CTHOCTl1 h.. = W h, n,,. - ToqeK JJOKa.JlbHOI'O 

M11H11MYMa nOT8HU,11aJia, 

5.2. CneKTp B036Y)K)l,8Hl1H KBaHTOBO~O ~OJJl1TOHa ~~H = C011 (JT) 

CTpyKTypa :i?il BJJl1f!8T Ha cneKTp BttyTpeHHl1X B036~eHl1H KBaH­

TOBOI'O COJJl1TOH8., 11To6i,; npOA8MOHCTp11pOBaTb 3TO' paCCMOTp11M 3apf!­

*8HH08 CKaRF!pHoe noJJe B (I+ I) - rrpocTpaHCTB8~Bp8M8Hl1, Al1HBMl1Ka 

KOTOporo 3a,IJ,aeTCf! JJaI'paffiK8BOH nJJOTHOCTblO 

\.J ( ) 1 2. I . A \2 m
4
(, '17ilfl ) 

cl. X>t -=--4~....,+ ~(f+i,e r\f} --t-~\COS"""'in°-i;(5.I3) 

rAe ~" =";JpAv-Ov A.rw- - aJJeKTpoMarHMTHoe no;;e,j-<JV=O,.l._, 
Yn. , I\ , e - KOHCTaHThl, Teopl1f! AOITYCKaeT COJJl1TOHhl B 

CKMHpHOM ceKTOpe. ~eHCTBl1T8JJbHO, MO~HO rrposep11Tb, qTO 

JI. ~o 
f 

'12':P-= -=- 4m sih(m1rt(i+1r
2
) ) -¼ 1· 

' j' -iX" [ '1f ch(m:x:(Htf)-~) 15.141 

y,noBReTBOpH!OT ;mrpaH)i(eBblM ypaBH8Hl1HM ABl1*8,Hl1f!, 1J" -napB.MeTp. (flp11 , 

ITOACTaHO,BKe B ;;arpaH*eBhl ypaBHeHl1f! ABl1*8Hl1f! .A fJ. = 0 11 cp:. f /"2 
OHM CBOAf!TCf! K ypaBH8Hl1IO ABl1*8Hl1f! MOA8JJl1 c11eyc - ropAOH [35:) ITp11 
KBaHTOBaHl111 B 0Kp8CTHOCTl1 KJJacc11qeCKOPO peweH11f! ¢aay 3ap~eHHOI'O 

ITOJJf! (TOtruee ¢11311qecKyio KOMTIOH8HTY ¢a3hl, CM, § 4.3) CJJ8AJ8T OTHec­

Tl1 B rrpOAOJJbHYIO KOMTIOHeHTY B8KTOpHOPO ITOJJf! (Kan116pOBOllliM Cl1MM8T­

p11H "cnOHTaHHO HapyweHa"), rrp11 3TOM Be~eCTB8HHOe CKaJif!pHOe rro;;e 

6YA8T 11M8Tb <I?IT ::. C-Oh(Jf) , KaK 6MJJ0 Bhlf!CH8HO B § 4,3 , 
Hawa 3a,i£aqa 3aKJJJOqaeTCf! B TOM, ~06hl HaHTl1 KBaHTOBhle ypoBHl1 

COJJl1TOHa (5.14). TaKl18 ypoBHl1 scer.n,a cy~eCTBYJOT y COJJl1TOHOB, IT8P.11-
0A11qecKl1X BO Bp8M8Hl1. PeweH11e (5.14) 11MeeT rrep110A "t= 2Jf(1.ttr

1)1'¼,tt . , 
11 B MOA8JJl1 Cl1HYC- I'OpAOH OHO Ha3hlBa8TCf! 6pl138pOM, B KBaHTOBOH Te­

op1111 OHO l1HTepnpeT11pyeTCf! KaK CBf!3aHHOe COCT0f!Hl18 COJJl1TOHa 11 aH­

Tl1COJJl1TOHa [35], 
,ltorrycTl1M BHaqa.ne' qTO <l/IT ITOJ!f! f ITJJOCKOe. TOPAa ypOBHl1 

BHyTpeHHl1X B036ylK,fl,8Hl1H MOlKHO ITOJJyq11Tb M8TOA0M BKE [35]. CyTb ero 

COCTOl1T B TOM, qTo HY*HO Bblql1CJJl1Tb ~ACTBl18 COJJl1TOHa (5.14) KaK 

¢yHKQl1IO rrep110Aa t : S,on (,:) = s:di I'!i~116'f'\1¥'\>' 3aTeM orrpeA8JJl1Tb 

rrep110A KaK ¢YHKQ11IO aHepr1111 COJJl1TOHa E =-¼-c Sc0 J't) . KsaHTO­
Bhle ypoBHl1 aHepr1111 E HaxOAf!TCf! 113 CTattAapTHoro ycJJOBl1f! Eopa -

3oMMep¢eJJb,I(a 
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W(E) =- seo,/t(E)) + E1:(E)-=- 2Xh 
1 

n= i,2, ... , (5.15) 

B Teop1111 ITOJ!f! 3TO YCJJ0B118 H8CKOJJbKO OTJJMqaeTCf! OT YCJJOBl1H E,opa-

3oMMep¢eJJbAa B KBaHTOBOH MexaH11Ke. 3TO Bl1AHO 113 (5.15), B rrpaBOH ~ac­

Tl1 (5.15) OTCYTCTByeT BKJJ8,ll, BaKYYMHblX KOJJe6aH11i1. A8JJO B TOM, qTo B 

TeOp11H ITOJ!f! q11cJJO CTerreHeA CB060Ahl 6eCKOHetruo, IT03TOMY BaKyyMHM 

3H8pPHf! TalCJKe 0Ka3!,1BaeTCf! 6ecKOHeqHoi1," CJJ8AOBaTeJJbHO, Tpe6yeTCH rrepe­

HOpMHpOBKa. ITepeHOpMHpOBaHHOe 3HaqeH11e BaKyyMHOH 3Hepr1111 OTHOCHT B 

TaK Ha3hlBaeMoe peHopM11posrumoe AeAcTB11e, T.e. B (5.15) S'ec, 11 (c)·➔ 
~ Sc!:H ( '"C ). (A,rn rrepettopM11posK11 ::lHepr1111 saKyyMa B 

11CXOAH08 A8HCTBl18 BBOAHT H806XOAHMble KOHTpqJJeHhl AJJH COKpaIIj8HHH pac­

XOAHMOCTeA). 3Ta rrpoQeAJpa AJJf! 6pH3epa IT0,I(p06HO paao6patta B C::i5J. 
YpasHeH11e (5.15) AaeT En~ !1,-m Su,~! , rt.. = I,2, ... <. 
< &Jr/~ ' I'A8 (= Ol/m2 )( i- 71/i:n-m2.) [36] . Ilp11 11 > 11'%-

6p1138p AHCCOQ1111pyeT Ha COJJHTOH 11 aHTHCOJJHTOH, TaK KaK ero rrepHOA 
CTaHOBHTCH 6ecKOH8'lffiblM 't(f: I'\)-> oO • 

PacCMOTpHM Bp8M8Httyl0 3B0JJIOQl1fil peweHHH (5.14) B ¢HKCHpOBaHHOH 

TOqKe rrpOCTpaHCTBa X , KOHHqHOCTb \Pll ITOJJf! j 03HaqaeT, qTo B 

KBJK,I{OH TOqKe npocTpaHCTBa X Ha !pMOBOH ITJJOCKOCTH ~ (:x- > t) 11 ~ = 
-=- Ot: J (x I t hoql(lf ( 9, R ) 11 (:- S' )-PS') KaJJ116poaotruo-aKa11aB.JieHT­

Hbl, CJJeAOBaTeJJbHO' rrepHOA 'H3HtleCKHX KOJJe6attHA 6pH3epa 1: C 6y- , 

A8T B,J:\B08 M8Hb!Il8 1 T,e. '1:C: 't'/z (ITOA06HO OCQHJIJJHTOpy CM. § 2.I), 
MH,n,eKCOM II C II HHJl(8 CHa6lltaeM ace B8JJl{ql{Hl,I ' O'l'HOCmltK8CSI K ClIC'l'8M8 

c Ill ':: COh C;x-) • l\JlaccHqecKoe A8RCTBHe Sc~ (-c) 3a rrepHO,J:\ '1: c rro­

nyqaeTcH 11HT8I'pHp0BaHHeM no BpeMeHH OT ttyJJH AO rec JJaI'pllHJl(HaHa 

(5.13) Ha pemeHHH (5.14). BBlf,lzy KB~paTH~OCTH ~ no ~ HM88M 

S ~A ( rec) ~ ~ Sec" (2 Tc) (5.16) 

C c C d$Ct.c). 
Onpe,J:\eJJHM "'C KB.K <py-HKQJ,ffil 3HeprHH E ypaBHeHHeM E == -ctt,c cc,/C • 
~fa (5,I6) HaxOAHM Ee=- cl/Ji: ScO/\ (-c.) h:=,:.c, OTCD,J:\a 'Cc (Ee.)= 
-:: 1/,2.'t(f=c). HaKoHeQ, yCJJOBH8 KBaHTOBaHHf! ,J:\aeT WC(EC)= 5~0 1\('Ccft 
+ E. Ctc(EC):: 1/z Seo/\ ('t(EC))+ Y2 Ec't(EC)= 1/2, W(EC)= 2Jth. 
CJJeAOBaT8JJbHO, crreK'rp COJJHTOHa C \PIT = CO r, (:7r) HM88T BH,q 

-C r 
C:. h = t:: 2. n, ( 5. I?) 

) 

PAe E 11 orrpeAeJJeHl:l a1,1111e, ,!\JIii coJJl1TOHa c ITJJOCKHM Ill. TW<HM o6pa.aoM, 

P8AJKQ1111 \Pil B8A8T K HCKJJJlqeHHD qacTH BttyTpeHHHX B036YllfA8HHA KBaHTOBO-

l'O COJlliTOHa II3 i:mCJia \PIISII~ecxnx (Ha~aeMWC). 
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5. j. ll~a 6030Ha X11rrca 

B § 4.3 6b!JIO noKa3aHo, qTo cTpyKTypa ~Il ¢11311qecK11x CTeneHeA 

CBOQO,D,bl 3am1c11T He TOJibKO OT B11,D,a Ca.MOH CI-ICTeMbl, HO 11 OT ee qm-
3l1'18CKOtl TpaKTOBKl-1, Teopirn' om1Cb!BaeMa.ff ['aMl-!JlbTOHl-!aHOM ( 4. Id) ' 

co,o,epJK11T TOJibKO KaJil16poaoqHO-l1HBap11aHTHble nepeMeHHble, np11qeM ~Il 
acex CTeneHetl CB060,D,bl ITJIOCKOe. ViHa.ff Cl1Tyau11.ff B03Hl1KaeT np11 ,D,l1Ha­

M11qecKoA nepecTpOt!Ke OCHOBHOf'O COCTORHHR, T.e., Kor,o,a l1M88T Mee-

TO ¢eHOM8H X11rrca. 0 ~OpMMbHOtl (MaTeMaT11qecKotl) TpaKTOBKe 3T0f'O 

RBJieHHR noJie cf, :e~pe2Tl[han11c1,rnaeTcR a rioJIRpHoA c11cTeMe KOop,o,11HaT, 
nocJie qero ipa3a z_ ( Kan116poaoqHb!A HHBapHa.HT) nepeHOCHTCR a npo­

,D,OJibHYJO KOMnoHeHTY aeKTOpHoro nOJIR A K = o/.,:;.-0..:1 • B pe3yJibTaTe no­

Jiyw1eTCR raMl-!JlbTOHl1aH ( 4. I9), np11rO,D,Hbltt ,D,Jlll on11caHl1ll ¢eHOM8Ha X11r-

rca. BeKTOpHOe noJie CTBHOBI-ITC/l MaCCl1BHblM, a noJie X11rrca ~, 

KaK 6b!JIO HaA,o,eHO, 06Jia,D,aeT KOH11qecKl1M ~Il. 
0CT8HOBl1MCll 6oJiee no,o,po6HO Ha aHaJil-138 ,!J,l1HaMl1KH CKaJIRpHOf'O ITOJ!ll 

c ~n '= con (Ji) , !Iepaoe, Ha qTQ CJie,o,yeT o6paTHTb BHl1MaHl18, 3TO 

nOCTpOeH11e CaMOCOrJiacoBaHHOA KBaHTOBOA Teop1111. 

lloJie ~ ~ 0 He MOJKeT cq11TaTbCll HOpMaJibHOA KaHOHl1qecKoA 

nepeMeHHOA, ITOCKOJlbKY COOTBeTcTayio~HA eMY KaHOH11qecK11-conp.l!lKeHHblA 

onepaTOp HMITYJibCa He RaJIReTCH C8.MOCOnp.RJKeHHNM 11 He pacw11pReTCll ,!J,O 

Hero. Cne,o,oaaTenbHO, a CTporoM CMl,ICne He CY!ll8CTayeT KaaHTOaoA Teo­

p1111, OCHOaaHHoA Ha raMHnbTOHHa.He (4.I9)x). 0,D,HaKO 3TY TPY.O.HOCTb ' 

MOllCHO o6oATH, ecnH CTpOHTb KaaHToayD TeOpHD e nonHOM KO!i¢Hrypa~oH-

HOM npOCTpaHCTae. KOHW{HOCTb ~n non.ff s> yq11raaaeTC.ff Tpe6oaaHl1eM 

:24 KaJI116pOBOQHOtt l1HBapHaHTHOCTl1 BCeX ¢1131-!QeCKHX BenHQHH. Ho rrpH 

TaKOM no,o,xo,o,e 3neM8HTapHOe nones> He MO~eT awonH.ffTb ponb non.ff XHr­

rca. ,I:(eAcTa11TenbHO' era aaKYYMJi08 0~11,D,aHl1e 74 -H811HBap11aHTHO: 1T = 
= < ~>

0 
= - < s>'>c.-=- - 'IT, T.e. V-: O • Bonee Toro, none c· 

~Il: COh(Jt) He MOJKeT pacnpocTpaH.ffTbC.ff, nOCKOnbKY ace era ¢YHK~H BaAT-

J " • di. ,. "'+ " X 0603HaQHM p :: - L ft{x:. PacCMOTpl1M p Ha nonyoc11. qT06bl p -= p, 

no onpe~eneHHKl1HYJKHO, QT06bl ab!TTOJIHMOCb paaeHcTao S"°J:x: (ptp)~ 4'= 
("° *(" ) 0 = Joolx f P lj, • 0TCKJ,D,a cne,D,,YeT, QTQ ace IPYHK~H ,!J,O~ ...._ 

y,o,oaneTBOPHTb ycnoaHJO ljl(o)-= 0 • C ,o,pyroA CTOpOHbl, ,...ecn11 p+ ... P, 
TO, Kruc 11 acRKOMY CaMOConp.RJKeHHOMY onepaTopy , p ,o,omKHa 
COOTaeTCTaoaaTb nonHall CHCTeM~ C05CTB8HHb!X ~YHK~A. 0,D,HaKO HeTpy,o,­
HO npoaep11Tb, QTO ypaaHeHHe p 4' -= p 4' , r,o,e p -ae~ecTaeHHoe 
q11cno, C ,o,ononHHTenhHblM ycnoaHeM q, ( 0) =- 0 He HMeeT peweHHA , 
KpOMe Tp11a11aJibHOro ljl' ,:: 0 ' fl03TOMY p+ "" p . OTl1 cooC>paJKe-
Hl1R MOJKHO Ha3aaTb ipl13l1QeCKl1Ml1. CTporoe MaTeMaTHQeCKOe ,!J,OKa3aTenb­
CTBO Toro, QTO p + -J p Ha nonyoc11 11 He pacw11pReTCll ,!J,O Ca.MOCon­
p.RJKeHHOro, MOJKHO HaAT11 e [ 37 l . 
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Matta TaKJKe paBHbl HynKJ < ~(x!) .•• g(xh·t-= 0 (MO;KHO .13MeHHTb 3HUK 

B JIKJ60A TOQKe oc H83aBHC11MO)' 8CJ!l1 X1 i ... -f;. X It. • 3,o,ecb Mb! BOC­

noJib30BaJIHCb KaJIH6pOBOQHOA HHBapHaHTHOCTbKl BaKyyMa, KaK JII06oro ,o,py­
roro ¢11311qecKoro coCTORHI-IR, 

CJie,o,yeT no,o,qepKHyTb rrp11HUHITl1aJibHOe OTJil1q11e CITOHTaHHoro Hapywe­

Hl-lll rJI06aJibHOtt CHMMeTpl-111 OT "HapyrneHl-lll" KaJI116pOBOQHOtt CI-IMMeTpl-111. B 

rrepBOM CJiyqae ,!J,1-!HaMHKa MOJKeT Clb!Tb B rrp11Hl~,me TaKoA, qTO BUKYYMHOe 

OJKl1,D,aH11e reHepaTopoB CHMMeTpl-111 raMHJibTOHHaHa OKaJKeTCll OTJil-!qJ-ibJM OT HY­

Jlll, T.e. OCHOaHoe COCTORHl-!e 1-!MeeT Cl1MMeTpl1!0 M8HbillyKl, HeJKeJIH f'B.Ml1Jlb­

TOHl1aH. 8 KaJI116poaoqHoA Teop1111 reHepaTOpbl Cl1MM8Tp1111 raM11JlbTOHl18Jla 

.ffBJllllOTC.ff O,!J,HOBpeMeHHO 11 CBll3llM11,·KOTOpble o6pauiruoT g' HyJib BCHK08 cp11-

311qecKOe COCTOHHl1e, a TOM q11cJie 11 BaKyyM, CBR311, C ,o,pyron CTOpOHH, 

Bb!paJKaKJT YCJIOBl-lll HerrpoT11aopeq11aocT11 TeOpl-!11, IT03TOMY OTKa3 OT ttX Bbl­

nOJIHeHHll ae,o,eT K OTKa3Y OT HCXO,l(HOro JiaPpaHJKl-laHa Cl1CTeMbl (n1160 K 

npoTHBOpeq11aoA ,D,l1HaM11K8)' K,aK 3TO 6b!JJO rrpo,o,eMOHCTp11poaaHO B § ::i. 4. 
ITo3TOMY KaJI116poaoQHM CHMMeTpl1ll He MO~eT 6b!Tb HapyUieHa KaKl1M-n1160 

o6pa30M (CM. TaKJKe [3I, 32]. B pa60TillC [:,r]*, aBTOllll, ll3J"1MM0,1(9JII, 

rBC Ha peUieTKe, npl1UIJIH K aHaJIQ['l-!qHOMY Bb!BO,D,y: <':9(-x:J "Z= 0, a ,o,ayx­

ToqeqHble rpyHKUl111 f)mHa o6pauiaroTCH B HYJ!b B Henpepb!BHOM rrpe,o,eJie). 

0,o,HaKO' KaK 6b!Jl0 ITOKa3aHO B KOHUe § 4. J np11 OITHCllHl-111 cpeHOMeHa 

X1-1rrca, MOJKHO BB8CTl1 KaJJH6poaoqHQ-l1HBap11aHTHOe noJie ~-::: y1.p+lp
1 

' 

Tor,o,a < s> '>o::. 'lf f O. KaK ylKe roaopHJIOCb Bbliile' TaKOe 3JieMeHTap­

HOe ITOJie He RaJIReTcH xopoweA KaHOH11qecKoA rrepeMeHHOtl. IT03TOMY B 

KBaHTOBOA Teop1111 era CJie,o,yeT TpaKTOBaTb KaK COCTaBHOA onepaTop 1-!C­

XO,!J,HblX rrepeMeHHbIX Y, . )l.nR Toro, QT06bl TaKoe COCTaBHOe noJie 1-!MeJio 

KOprrycKyJI.ffpHoe rrpOllBJieH11e (3TO Heo6xo,o,1-1MO ,D,JIH rrepeHOpM11pyeMOCTl1 

MO,o,eJI11 fBC), MaTpHqJ-il,Je 3JieMeHTbl 3T0['0 ITOI'.ll )\OJIJKHbl o6Jia,n.aTb ITOJIKJCHbl­

MH oco6eHHOCTllMl1 a 1-!MITYJibCHOM npOCTpaHCTBe. TeM CaMb!M rrpo6JieMa 

CBO,!J,11TC/l K I\l1HaM11qecKOMY aorrpocy O cyu1ecTBOBuHl-ll1 CB.ff31lHHblX COCTO.ffHl-ltl 

noJiett ~ • TaKHM o6pa30M, ITOJie X11rrca OKH:lb!BaeTC.ff COCTaBHblM 
o6oeK~. 

CJie,o,yeT e111e OCTaHOBl1TbCll Ha pa3Jil-!Ql111 KBaHTOBOA MeXaHHKl1 H Teop1111 

ITOJill. B KBaHTOaon MeXaH11Ke KaJil16poaoQHO-HHBap118HTHOe CKaJIHpHoe rrpOl-13-
)\ "+ ae,o,eH11e orrepaTopoa po~eHl1ll Qt Q {. rrpH ,o,eAcTBl111 Ha aaKyyM ,o,aeT 

co6cTaeHHblA B€KTOp' raMl1JlbTOHl1aHa. B Teop1111 ITOJIH 1-!HBapttaHTHbIM 6v,o,eT 
I\ A A+ '.S\ +c ') TOJibKO ITpOl13B8,D,eHHe ITOJieA ~ (-X:) lpo((x) B TO BpeMR KaK Qo( (K) Qo( K 

( K -HMITYnbc) He HaJiaeTc; Kan116poao~M 11Haap11attTOM, TaK KaK :"nrx) 
~~ A ~~ 

1-1 Q. lK)caHs!lHbl HeJIOKaJibHbIM rrpeo6pasoaatt11eM. 0,o,HaKo rroJie ~ocCx)lp«(..x:) 
He y,o,oaJieTaop.ffeT ac11MITTOT11qecKOMY ycJioa11KJ JleMatta- C 11MaH311Ka - UHMMep­

MaHa [381 (CM" TaKJKe [39j rA. 16] ' T,e. ,!J,Jlfl Hero He c~ecTayeT COOT­

B8TCTB11.fflfi-x:)Pcx(x)➔Ji.~fx:) 
1 
t +!00 , r,o,e f int - JIOKaJ!bHble acHMITTOTl1tlec-

' out OU 

* CM. TaIO!te pa6oTy/5I/. 
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Kl'l8 CB060,IJ,Hbl8 nOJIH, RHWb ecJil'I Cytll8CTByeT anpoKCl'IMl'lpyD~ee noJie f(X.), 
A '\ ;\ )' TaKoe,t1ToJ➔ ~-~ ,t-? ±oo H<'.:l{)~)Wc,((~)J(~.,0-1:0 ,T.e. 

ecnH cy~ecTayeT cB~3\HHoe cocTOHHHe nonetl V'~ , OTBetl:aJ()~ee nonD · J 
TOnbKO B 3TOM cnyqae MOJKHO roaopHTb O KopnycKynHpHOM npOHBneHHH nonH 

CjJ o{ , Ilp1rne,IJ,eHHlie paccylK,l\eH11H HBnHDTCH cne,IJ,CTBl'JeM 6ecKoHetl:HOCTl'I 

tl:HCna CTeneHe8 CB060,Il,bl B TeOpHl'I nonH, Ilone cp B (4.18) onHChlBaeT 3a­

pHJKeHHYD qacTl'ltzy BMecTe co CBOHM KynoHOBCKHM noneM. Ilpl'I ¢opM8JlbHOM 

onl'ICaHHl'I ¢eHoMeHa X11rrca Mbl "oTOpBaJll'l 11 KynoHOBCK0e none t1aCTH~, OTIH­

CYBaeMOe nepeMeHH0tl rt7 l'I 3TY CTeneHb CB060)J,bl nepeHecnH B npO,IJ,OnbHJD 

KOMTI0HeHTY BeKTOpHoro nonH' TeM CaMblM nepeuum K ( 4. 19) • Ho C ¢1'13Htl:eC­

K0tl T0tl:KH 3peHHH 3Ta npo11eAfpa H8Y,!1,0Bll8TBOPHT8Jll,HS, TaK KaK KynoHOB­

CK0e none peanbH0 Henb3H OT0pBaTb y aapHJKeHHOtl qaCTl'I~ (OHO HBnHeTCH 

ee aTp116yTOM). Ilo3T0MJ MOJKHO nonpo6oBaTb paccylK,l\aTb HHatle. B.npl'IHQl'lne, 

Hl'ltlTO He 3anpe~aeT B raMHJibTOHttaHe (4.18) B KatiecTBe V(df) no-

TeHQl'laJI x11rrcoacKoro T1ma, T,e. n-.i.n V -= V(ct>2 =='U'2.) . raMHnbTOHHaH 

(4.18) o6n~ae,r TOnbKO rno6anbHOtl SO(2.)-cHMMeTpHel1, no3TOMJ Ha nep­

Bhltl B3PJIM 0Ha MOJKeT 6hlTb cnOHTaHHO HapyweHa, T,e. B KatieCTBe OCHOB­

HOP0 cocTOHHl'IH M0JKHO 61,1J1d 6hl Bhl6paTb, Hanp11Mep, <1r \¢&. It}·= 1f", a ¢2. 
OTnpaBl'JTb B npO,!!,OnbHYD KOMTIOH8HTY BeKTOpHoro nonH, 0,IJ.HaKO TaKOe 

COCTOHHl'Je He HBJIReTCR OCHOBHblM, T.e. B8.l{YYMOM, TIOCKOnbKY ero 3Heprl'IH 

oKa3hlBaeTCR a1,1:ue, t1eM y cocTORHHR <o( ¢°' I o)=O. ,neno B TOM, tl:TO KOH­

,IJ,eHcaT nOJIH 4? MMee'I' 3apR:I ( KOH,IJ,eHCHpyeTC!fl ::iapHJKeHHOe none) , no3TOMJ 

B BaK~yMe nJIOTHOCTb 3.neKTpH'lleCKOPO 3apMa Jo (oc) 6y,IJ.eT OTnHtIHa OT 

ttyJIR J-
0
(~}<YQ= C.OKS t . YBeJ111t1eHHe KYJIOHOBCKOYJ aHeprHH KOH,JJ,eHcaTa 

npeBOCXO,!J,l'IT yMeHblUem1e :rnepr111'1 Ca.MO,IJ,etiCTBl'lfl nonR q:> npl'I nepexo,IJ,e B 

cocTOHHl!e <1i I 4'~ \ lf/ = 'lf. ,netiCTB11TeJJbH0, B03bMeM CT~apTHhlti noTeH- · 

11,w,;1 V= A ( ¢2. -1J'2.)2/ 4 l , TOr,IJ,a H3MeHeHHe aHeprHH caMO,IJ.etlcTBl1.H· 

ecTb 6.E"' -11154 V , r;\e V- 061,eM cHcTeMbl • .vl3MeHeHHe KyJJoHoBcKoi'l 

3Heprl11'1, ot1eBl1,!1,HO, µaBHO aHeDPl'll1 KYJJO~0BCKOPO pacTaJIKl1BaHl'IH KoH,JJ,eH-

CaTaL1£KYI\~ ~cl~ j
0 
6-J j

0 
~ J0

2 V .5/l ( l1HTerp~1poaaHHe no K~Otl KOOP:-

,!1,HHaTe ,IJ,aeT MHOJKl1TeJJb V1/3 ) MPO A-'~\x-~I L,IJ.aeT ~ y-1/3 
). !1oc­

KOJ!bKY v~ 00 , TO 0tl8B1'1,!l,HO, '4TO AE KY/\">"> b~ , JI03TOMJ aJJeMeHTap­

HOe 3ap.HJKeHHOe noJJe TaKJKe He MOJKeT o6pa30BbIBaTb KOH)J,8HCaT} BBl1Af 

,!J,aJlbH0,IJ.ettCTBM.F! KYJJOIIOBCJ{l1X Cl1JI, CJieAfeT, O,IJ.HaKO, OTMeTl1Tb, t1TO yKa-

3aHey~ TPY,IJ,HOCTb C KYJIOHOBCKl1M pacTaJIKl'JBaHl'J8M MOJKHO o6otiTl'I, eCJJl1 

B3HTb, CKa:reM , ,IJ,Ba CKaJJHpHblX TIOJI.F! C npOTl'IBOn0JJOJKHblMl1 3apM8.MH, TaK, 

'4T06hl OHl'I KOH)J,8HC11pOBaJJl'ICb C O,!J,l'IHaK0B0ll TIJI0TH0CTb~. OTO npHBe,IJ,eT K Hy­

JJeB0i'l nJJ0THOCTl'I 3apMa BaKyyMa, nO,IJ,06H0 caepxnpoB0,!J,Hl'IKY, r,IJ,e 3apM 

KOH)J,8HCaTa noJJR Xnrrca (nOJIR KynepOBCKl'IX nap) KOMTieHCHpyeTCH 3apfl,I\OM 
aTOMHOPO OCTOBa (Bnpot1eM, TaKOe pacc~eHKe OKa3YBaeTCR cnpaBe,IJ,Jil'IBhlM 

TOJlbKO ,!1,JIR MO,IJ,eJietl C a6enesoR CHMM8Tp11eA(40]). 
HTaK, MY npHXO,!l,HM K BYBO,!l,,Y, tn'O KaK g,opMaJlbHM (MaTeMaTl'ltl8CK8JI), 

T8.K l'I <l>H31'1t18CKM TpaKTOBKa <I>eHOMeHa XHrrca B KaJIH6poBOtiHOR T8OpH11 se-
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/JYT K 0,!1,HOMJ l1 TOMJ JKe BhlBOAf: ~JJeMeHTapHoe CKaJJRpHoe none He M0~eT 

BhlTIOnHHTb pOJib nOJJR XHrrca. EcJJl'I ,IJ,OnyCTl1Tb, 4TO none XHrrca nocTpOeHO 

118 KaKl'IX-JJl'J60 ,IJ,pyrHX TIOJJeti, TO, B006Jlle roBOpH, MeHH6TCR 3UKOH KaJJl'J6-

pOB0'4HhlX npeo6pa30BaHl1ti. OH COBna,I\aeT co CTaH,JJ,UpTHblM TOJlbKO D JJOK'.JJJb-

HOM npe,IJ,eJJe, T.e. KOr,IJ,a KaJIH6poBO'llHhl8 ¢YHK'-1l11'1 MaJIO MeHHIOTCH Ha 

paCCTOHHl'll1 nopMKa pU3Mepa CBH3aHHOPO COCTORHM.F!, Y TaKoro TI0JJH nocJJe 

OTH8CeHl1.F! ¢aahl B npO,!!,OJlbHY~ KO~moHeHTY B8KTOpHoro nOJJH y:~e He 6y,IJ,eT 

H6Tpl1BWlJJbHOti ,IJ,l'ICKpeTHOti 0CTaT04HOM KHJI116poBOtl:HOti rpynrn,r: ,!1,JIR Kait',1\0-

ro 1'13 ,IJ,Byx cocTaBJJHIO~l1X noJJell 3TO 6y,IJ.eT rpynna Z2, (Ka.rr116poaol1lfoR rpyn­

na l'IM66T paHr I), no3TOMJ ,IJ,JIR COCTaBHOf'O TIOJJH OCTaTOtl:HaH rpynna - Tpl'I­

Bl'laJJbHaR, COCTO~afl 1'13 6,IJ,l'IHl1~, Tor,IJ,a 3aKJIIOt1aeM, '4TO B Ka.m16pOBOl1HblX 

T80pl'IRX nepeCTpOtiKa OCHOBH0PO COCTOHHl'IR, CBH3cl.HHUH C IlOHBJl8Hl1eM y 

aeKTOpHhlX noneti MaCChl, ecTb npo11ecc, QeJJHKOM o6ycJJOBJJeHHhlYl ,IJ,1'1HaMl1KOti 

Cl'ICTeMbl: OH B03MOJKeH nl'l~b np11 HaJil'l41'11'1 COCTaBHhlX CKaJIHPHbIX noneti C 

sq¢eKTl1BHblM caM0,IJ,etlcTBMeM XliI'rCOBCKOro Tnna. 

B 8aKJllO'l8Hli8 KOCH6MCR BOnpoca O CBepxnpOBO,!l,l'IMOCTl'I KaK np11Mepa 

T80plrn. P,IJ,e KOHH'llHOCTh \PU H8KOTOpb!X ¢1'131'1'll8CKl'IX CTeneHeA CB060,!J,hl 

(nbJJi 3neKTp0H0B npoBO,!J,11MOCTH) npHBO,!l,11T K cocTaBHOMJ noJJ~ X11rrca, b 
cBepxnpoBo,!l,HIDte KaJ1H6poao'tlHaJ1 cHMMeTp11H U(i) B3aHMO,IJ,eAcTBHR Me~­

Af 3JJ6KTp0HaMl1 np0B0,!1,_l'IM0CTH "HapymaeTCH", T,e. aneKTpOMarHl1TH08 none 

e caepxnp0B0,IJ.H11Ke npHo6peTaeT "Macey" - 3qxpeKT MelkHepa [",u, § 8.41. 
Cne,IJ,OBaTeJJbHO, B ¢opMMbHOM no,IJ,X0,!1,8 ¢11311-qeCKaH K0MTI0H8HTa ¢aaH cn11-

HOpHOPO (rpacCMaHOBOro) nonH 3neKTp0HOB qi OTHOCHTCR B np0,!J,OJibHJD 

K0MTI0H8HTY 3neKTpOMarHl1TH0ro nOJIH. Ilp11 3TOM ¢aaa Cill'IHOpHOPO TIOJIR 

CTaH0Bl1TCH He¢H31'14eCKOA, tlTO B8,IJ,8T K KOHKtlH0CTl'I IPil ¢1'13l1tleCKl1X K0M­

TIOH8HT cn11Hopa (CM, § 2,6). B KBBHTOBOtl Teop111'1 3TO 03HatiaeT, tlTO ~l'l-

3H'lleCKl1MH een11tI11HaMH HBJJHDTCR Z2 -JJoK8JlhHO-'lleTHble (cM. § 2, 7), T,e. 

KaJ1H6poeotlHb!Ml1 HHBapHaHT8.Ml1 3JieKTpoHHoro noJJH oKaah!BaJ()TCH 'Pc< ( :x:) 'Vf'(?c) 
( o/. , ~ - HJMepJDT nonnp11saQ11H aneKTpOHOB) • ,naHHOe JIOKa.JibHOe noJJe 

6y,IJ,eT l'JMeTb K0pnycKynRpHOe npOHBJl6Hl'le, ecnl'J ,IJ.l'IHaMHKa ycTpOeHa TaK, 

trTo cyI11ecTayeT CBH8aHHoe cocTOHHHe noJJetl 'VQ( (:x:.) (CM. paccylK,ll,eHHR, 

npoBe,IJ,eHHbie Bhlill8 0TH0Cl'JTen&HO COCTaBHblX onepaTopoB). 3To, ,IJ,eACTBl1-

TeJJ&H0, Ha6JJIO,IJ,aeTCR Ha npaKTl'JKe, pOJJh KBru!TOB 3T0P0 COCTaBHOPO nonR 
11rparoT KynepOBCKl'Je napbl. AHaJJ0Pl'J'llHaR TpaKTOBKa CBepxnpOB0,!J,l'IMOCTl1 

6una ,IJ,aHa BatlH6eprOM [42], P,IJ,e OH rrpe,!J,Il0JIOJKl'IJJ, 'llTO KaJJH6p0BO'llHM 

rpynna 3JJ8KTpO,!!,l'IHaMHKH U(-t) HapywaeTCH ,IJ,0 'E:2 B caepxnpoBO,!!,HHKe~ Qqe­

Bl'l,IJ,Ho, 'llTO B HaJUeM nO,IJ,X0,!1,6 3TOro npe,IJ,nOJJOJKeHl'Jfl He Tpe6yeTCH, a cox­

P3.H8Hl'Je l'.2, KaK KaJJ1'16poBO'llH0tl rpynnhl eCTb CJJ8,!l,CTBl'Je KOHH4HOCTl'I \Pi1 
~l131'1tiecKoro cnl1H0pHoro n0JJR, 

Tenepb BCT8H8M Ha ¢1'131'1'46CKJD TO'llKY 3peHMH, T,e. He 6y,IJ,eM OTph!BaTb 

KYJJ0HOBCKOe none OT 3JJeKTpOHOB, KB.I{ 6hlJJO C,!1,8JlaHO B ¢opMaJJhHOtl TpaK-
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TOBKe. KaKoA o6oeKT HrpaeT ponb npOAOnbHOA KOMI1OH8HTH BeKTOpHoro nonff 

B 8TOM CJiy,rae?O~eBll,Il;Ho,aTOT o6~8KT - Ky~OHOBO no.ne aapSJ,D;OB,HO ~ 
HH8 ero conpOBOl!flla8TCff ~BH~8HHeM CSMHX 3apff,llOB. B CaMOM A8n8,ABHJ!t8HH8 
aneKTpOMarHHTHOA BOnHH BY3YBaeT BO3MYJ1!8HHe 3SpJat8HHOA cpe~.(KOH,11.eHca­

Ta KYnepOBCKHX nap), Kone6aHHff STOA cpe~ nopOJK'AB.HlT Kone6aHH.R ee Kyno­
HOBa non.R, KOTOpYe H o6paayET ~eKTHBHO npOAOnbHYI) CTeneH~ CBO6o~ y 
BeKTOpHoro nonn. 

IlOABeAeM HTOrH paCCMOTpeHHff ponH AHCKpeTHHX KMH6pOBOtlHlilX rpynn, 
pe~IJYlllllHX ~Il ~H3HtleCKHX nepeMeHHHX s TeopHK nonn. Bo-nepsYX, none 
C pe~pOBaHHYM ~n He MO~8T pacnpocTpaHRTbC.R H He HM88T KOpnycKynHp­
HOro npOHBneHKff. HCHO, ~o BYBOA cnpaB8~HB KB o6~eM CJiy,raB,T.8.KOr~ 
~n pe~pyeTCff KMH6pOBOQHOA rpynnoA BeAnff (mmap:rumTH rpymn,i BeAn.R 
B nll6oM npeACTaBneHHH BCBrAa 8CTb nonHHOMU CTeneHK 6onbme e~). 

Bo-BTOpYX, Tpe6OBaHK8 KHBapKaH'l'HOCTH OTHOCKTenbHO AHCKpeTHOA Ka­
nH6pOBOtlHOA rpynnH npHBOAHT K He06XOAHMOCTH paccMaTpKBSTb COCTaBHY8 

" onepaTOpY B Katl8CTB8 onepaTOpOB ~H3Ktl8CKKX noneA, cneAOBaTenbHO, BOn-
poc O KOpnycKynffpHOM npO.RBn8HHK TaKHX noneA CBOAKTC.11 K sonpocy O CY1118CT­
BOBaHKH CBff3aHHHX COCTOIIHHA HCXOAffYX noneA T8OpHH (cneACTBKe 6eCKOHetl­
HOCTH tlHCna CTeneHeA CBO6o~ (CM. CTp. 69). IIocneAHee HaxOAHTC.11 B non­
HOM COOTB8TCTBKH C TeM, ~o Ha6nl)AaeMYMH B npHpOAe .RBnRETCff TOnbKO Ka­
nH6pOBOQHO .. HHBSpKaHTHH8 o6oeKTH, TaK KaK, HCnonb3Y.R T8OpeM,Y lllesanne 
(20] , MO~O BOCCTaHOBKTb no AHCKpeTHOA rpynne see KMK6pOBOQHYe KH­

BapKaHTH IJYT8M aHMKTHQ8CKOro npOAOa8HH.R. ·3To B KOH8tlHOM HTOre 3KBK­
BMeHTHO .RBHOMY pemeHHKl CB.R3eA B KMKdp0BOtlHOAT80pHK. 

8 -TpeTbKX, peAfKW{.R ~Il BCerAa HM88T M8CTO, KOrAa KMH6pOBOQHY8 
npeo6pa30BaHH.R 3aTparKBSET "~a3OBY8 11 CTeneHH cso6o~ KCXOAHHX noneA. 

Ilo3TOMY none XHrrca BcerAa KMeeT pe~posaHHoe ~Il, T.e. aneweHTapHoe 
none XHrrca He MO~eT o6ecneQHTb no.11sneHK8 MSCCY y BeKTOpHYX noneA. 
TaKHM o6pa3OM, ~H3HtleCKHM nonHM B MOAen,oc XKrrca OTB8QSET KMK6posoq­
HO-HHBapKaHTHY8 COCTSBHile onepaTOpY (cw., HMpKMep, (4.33) An.II MOAenK 
rBC), KOTOpY8 HMBET qacTKI..1enoAO6HHe B036YJK'A8HK.R, ecnH AKHaMHKa T8OpHH 
AOIJYCKS8T COOTBeTCTBYJ)~e CB.R3aHHY8 COCTOIIHK.R. B BOKMbHOM npeAene 
(npH HH3KHX 3HeprH.RX) TeOpK.R onKCYBaeTC.11 a4Jll,eKTKBHYM narp8HlltHaHOM, KO­

TOp!,IA COBn~aeT co CTSH,11.SpTHYM narpaHlltKaHOM MOAenK XHrrca, cneAOBaTenb­
HO, TeOpH.R BO3M,YiqeHKA B HH3KO3HepreTHtl8CKOM npeAene OCTa8TC.R 683 K3M8-
H8HHA (B qaCTHOCTH, narpaHl!CHaH f'BC MO~O ~OpMMbHO nepenKCSTb B nepeMeH­
HHX (4.33) [32] ) •. 

* Hanp.BMep, B pa6oTax/50/ aBTOpH npewmram paCCWlTp.iman Ha6JIJuta,8Mml 
8JI8KTpOH KaK CBJl3SHHO8 COCTOJIIDI8 "ro.noro" 8JI8KTp0Ha H XHI'rcOBCKoro 
6O3OH8 B MOA~ fOO, ~O COOTB8TCTBY8T BB8A8WW COCTSBHHX Oil8paTOpOB 
(4.22). 
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llpMJimrnttv.e A 

).i,1IR pemett1rn ypasttemrn {2,266) BOC[1OJlb3Y8MCH f'OJJOMOp:pHHM npe,n­
CTaBJJ8HH8M, KOTOpoe BBO,nHTCH aa,nmmeM orrepaTODOB po.;,;,u,emrn H YHlltfTO­

JK8HHit (2.16) (i,j,K-:: !/2., .. .,N) , npHtleM BeKTOpY cocTOHHHA .11BnmJTc.R 
IJIYHKI..IHRMII KOMITJJ8KCHOH rrepeMeHHOV. Q. j = ( ::C. J - (. PJ )/vz H 

~jtCi.*) = ajHa*) , a,J ~ca•)= ~!r ~Ca•) 

CKaJJRpHoe IlpOH3Be,neHlrn orrpe.n,eJJR8TCR CJl8,!1,YIOJjl1M o6paaoM; 

(A.I) 

S d'\a,~a,) [Y1/a*)]* t2 (a;*) = <ti!4'/>_, 
N · (A.2) 

N( * ) (, ·)- dN * J/' ( lt ) 
r.n,eMepad ~a,a, =-~2Jr1. ~ a/xp-aJaj. T,e. l1HTerp~osa-
m1e se.n,eTCR no noJJHOl'{Y <Ii!1 = fR ® /R CMcTe~'.hl. i.icf!Koe cocTomme s 
f'OJIOMOfXPHOM rrpe,ncTaBJJemrn MO1!'8T 6b!Tb pn.'lJI0?.{8HO no 6aav1cy 

tJ n-
<a,*l\'11,• .. >n,.,">-= Di (u,t) /VYli! -=<o.*ln>. (A.0) 

3.necb rt t .:: 0, 1,.,. . bFi311c ( A. 0) opToHopMUpoBaH OTHOCHTem,Ho 
CKa.JiitpHOf'O npowase,neHl1R ( A. 2). OrrepctTOpb! CBH3etl ( 2. 266) rrpHHl1Ma.!OT 

..... Q. "+ ~ 
BH,IJ, Ga.: Ttj O..j, a;j . 0TMeT11M, tfTO 3_necb tteT rrpo6JJe1,11,1 yrrop;r,noqe­
H:.fa orrepaTopos B CBR3f!X, BBH.n,y attTl1CHMMeTp:1t!HOCT11 MaTp111.1 T ~ . 

QqeBH.U,HO, BaKyyM <a*lo> = .i y,nOBJI8TBOpReT (2.266), CJJe.n,o­
BaTeJJbHO, BCRKOe qll13llltf8CKOe COCTORHHe CTpOHTCH llpll!MeHeHHeM K HeMy 

HeKoTopg__ti rf:YHKI..1llll1 OT orrepaTopos a,J ' KOTOpafl KOMMyTHpyeT co 
BC8MH G;,.. • JlerKo IlOHf!Tb, tfTO JII06:J.R WiK/l.fl rpyHKQ11ff paaJJaraeTpR B 

.., "'+ A+ 
PH.n ITO CT8118Hf!M orrepr1Topa a..k. 0, K , IlOCKOJJbKY BCf!KHtl IIHBapHaHT B 

fR N OTHOCHTeJJbHO rpyrrnH BpaIIJeHMtl SO(N) Bh!pB)l(aeTCR qepea 
KB13,IJ,paT seKTop11 a IR N ( CM. § 2. 3). Tor,[\a 6aall!c rpv1av1qecKoro 11O,nnpocT­
pattcTsa HMeeT B1-!A 

~ *I/A+- A+)l'll 0-.. [ * 2 ]n. < Q ( 11 '>-h = Cn <a \PK QK 0/::: Cn Q.K n =0.,1, .. , • 
p ., (A.4) 

HoputtposoqHb!tl MHOJKHTeJJb Ch Bbl'll1CJIReTca corJJacHo ( A. 2) 
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-2 r(i f}h [ .,alh. 4~h!r(h+~) 
<n\n'1>h-= Dnn' ' Cn = L oat_ J aK j -= r ( ~) . 

Z . (A.5J 

IJoJJHhlM 6a311c (A. ::J) HyMepyeTCfl N 11eJJ.blMH HeoTp1111aTeJibHblMH ti:IICJTaMH 

h. i.. , TaK KaJC c,1cTer,m co,IJ,epJK11T /V cTerreHeii cao60,I1bI. Ba311c (A.4) 

3a,n.aeTCR e,[\11HCTBeHH0M 11eJIOtil1CJieHHOM rrepeMeHHOM \1.. ' T.e. CHCTeMa 06-

JI'-'l,JJ,aeT e,IJ.11HCTBeHH0M qJH311ti:eCK0H cTeneHb~, CB060Abl• 3a.MeTl1M' tITO cneKTP 

H "+ ""+ ,.. 
raMl1JlbTOHl1aH8. 0Cl.\11JIJlflTOpa ': Q. IC. Q K + ~ B qll1311tieCKOM llO,!].llpOCTpaHCT-

Be OKa:3h!BaeTCfl paBHhlM E = i11 + /1//2 . Bl1,!J.HO, ti:TO paccToruw:e M8JK,ey" 

ypoBHflMl1 y,IJ.B0eHO, ti:TO yKa3h!BaeT Ha KOmtIH0CTb qll1311tieCKOro ~n. ToT 

JKe pe3JJTbTaT MOllCHO noJiyti:ttTb, pemM ypaaHeH11e (2.27) c V =- 1/z 't-2 [7] 

H,n.po onepaTop& aBOJIIOI.11111 B ¢11a11ti:ecKOM rro,IJ,npocTpB.HCTBe 3an11meM 

c llOMO~bIO ¢opMJJThl ~eMHMB.Ha - K~a (2.31) 

ph -* ) ph . ·* f . pl, . * ] ·* _ i. E t ul (_µ. )Q ·= L_ o/1= (a ) L 4'1: (a ) e • (A.6) 

E 
3,IJ,eCb 113MeHeHO 0603Hati:eH11e ¢11311qecKoro orrepaTOpa 3B0JJIDI.11111: BMeCTO 

~ ~ . 

aHam<a C , aae,IJ.eHHoro B (2. 30 ), 11cn0Jib30BaH 3Hati:OK " ph v ,nocKOJih-

Ky · a (A.6) HeT flBHOPO Bbl,ll.eJieHHfl 11KOHHqecKOH
11 

CTerreHH cao6o,!J,1,1 (ace 

CTeneHH CB060,!J,1,1 BX0,!J,flT paBHOnpaBH0, HeT ¢HKCal.11111 KaJIH6poBKH). CyM­
MHpOBB.HHe B (A.6) ae,IJ,eTCfl no BCeMY ¢11311qeCKOMY crreKTPY PaMHJibTOHH­

B.Ha (2.26a). ECJIH cyMMHp0BB.HHe B (A.6) npoBO,[\HTb no IIOJIHOM,Y cneKT­

py raMHJ!bTOHHB.Ha (2.26a) (CHCTeMa (2.26) 6e3 ycJJOBHfl (2.266), TO 

noJJyqHTCfl SI,11,pO orrepaTopa 3B0Jll01.\1111 tJ-MepHOH CHCTeMbl B nOJJHOM npoCT-

pB.HCTBe COCTOJ'IHl1H (A. 3), K0TOpoe o6oaHaqHM Ut (a"',a.). " 
,,_3El,ll,aqa aaKJJIDqaeTCfl B TOM, ti:To61,1 ycTaH0BKTb CBH3h Mell\DY Ut. 

K u[f1 , He KCKJJKJqafl flBHO H8¢~11qeCKKe CTen.eHK CB060,!J,1,1, T.e. 

He ycTpaHHfl t.J-i rrepeMeHHblX Cl 1< a1,16opoM KaJJK6pOBKH. Tor,[\a IIOJJY­

qHTCH HOBh!A peuenT nocTp08Hl1H Ill B KaJJK6pOBOtffiblX TeopHHX, B KOTOpOM 

He Tpe6yeTCfl RBHOf'O Bbl,ll.eJieHHR ¢11a11qeCKl1X CTeneHeA CB060,!l,l,I. Beene­

peMeHHble BX0,[\11Jll1 6bl B Hero paBH0rrpaBHO, npH 3TOM no nocTpOeHHIO cox­

pa.HffJJaCb. 6h! RBHM !Ca.JI116pOBOtlHM l1HBap118.HTHOCTb. 

3a.MeTHM, qTo rrp11t=O U/:10 (a*, a,)=G(a.*,a..) p~ 
eCTb npoeKTOp Ha ¢11a11ti:ec1Coe no,I1npocTp8.HCTBO, TaK Ka!C ¢YHKI.11111 'Ve (a~ 
o6pa3YKJT noJJHYIO CHCTeMY B ¢11a11ti:eCKOM no,[\npocTpaHCTBe. IlocJJe,[\Hee 

cne,[\yeT 11a,,., caMoconpnllCeHHOCTH rB.MHJJbTOHHatta. H 11 KOMMJTaT11BHOCTH 

Ga. c H B (2.26'.l), T.e. npocTpaHCTBO aeKTOpoa, HaTflHYTOe Ha 

co6cTBeHHble aeKT0phl H, M0JKeT 6h!Th paaJJO)l(eHo B npflMYIO cyMMJ ¢11a11-

qecKoro 11 tte¢11311qecKoro no,IJ.npocTpaHCTBa. ttcxo,IJ.R 113 aToro 3a.Meti:att11n, 
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3aKJJIOti:aeM, ti:TO 

ut (a~a) = ~d"( g: g) Ut (a~ g) Q(g·~ a.). (A. 7) 
A 

0nepaTop Q yc_.TpaHHeT B!CJ!a,IJ, He¢.1311qecKl1X COCTOflHl1H B cneKTpilJlb­

!IJ!O CYMMJ ,IJ.JIR Ut (attaJJor11t1ttYKJ A.6) 2a cti:eT cao11x npoeK11110HHhlX 

CBOHCTB. ,Li.n.fI SI,11,pa OrrepaTopa Ut ( Q. it-, Q) CIIp8B8.JJ,7llU30 CThH)J,apT­

HOe npe)J,CTaBJJeH11e Ktt [II) no IIOJJHOMY <Iii! = IR 'il.N 

\ t (t *d"J 1 i$ 
U/a~a)= J!]J (:m.)~ exp{i(Q:(t)a"{t)tQ:{o)aioJ}e, <A.ti) 

P,!l.8 Q *(t) :: Q -)E- , Q (0) ::::: a - CT~apTHOe rpaHl1tIHOe JCJ10B118 

,IJ.JIH Ktt B roJIOMOPIJHOM npe,I1cTaaJieH1m, $ = ~ cl'C [ ¾,- ( ci ~ IA i.: -

- Q ~ a.I<) -H(o.~a)] - ,IJ.ettCTBl1~ Cl1CT8MLJ, B~JJJOqruo~ee" £1 H8q'Jl13l1l{8C!Cl1e 

cTerrett11 cao60Abl, H (Ct~ a..),_ - .fI,!J,pO r•aw1JibT0H11aHa ~2.;.26a), J0T0-

poe rroJiy-qaeTC.fI 113 orrepaTopa H 3aMeHOtl onepaTopoo C\." 11 a. 1<. H&. 
-it, A A+ 

ti:11cJia (). i< , Q K nocJJe paccTaHOBK11 scex O." crrpaaa OT a 1<. • 

Ta.Kl1M o6pa3oM, 31l,[\ati:a caeJJacb K no11c1Cy SI,11,pa Q (Q.~ a). iloc-

1coJihKY Q - npoelCTOp Ha !p.13Hti:ec1coe IlO,!].IIp0CTpaI!CTBO, a BeKT0pbl (A. 4) 

o6pa3JIOT 6a3HC B HeM, TO BOCIIOJlb3JeMC.fI pct3JJ0i~eHl1eM e,IJ.11H.11..\bl B q':i13l1-

qeclC0M IIO,IJ.npocTpaHCTBe: 

- 1-~ 

oca~o.)= z. c! C a:2 a/Y' = r (~)~ ~ r~-i Ci:;), __ 
h=O :l. · (A.'J) 

r)\e <t: == .!. (o ~2 a~) i/2. I 
.:>a_ KJ '\I 

JUI. 

- MO,!].WIJ11Ujljp0B3.HHaH q')yHK[(.ifl becce-

ifJopMJJibl ( A. 7) ' ( A. 9) pernaIOT IIOCTaBJI8HHY-iO 31l,[\ati:y • B11,IJ.HO' tITO 

CTpyKTyphl (2.~x:l) 11 (A. 7) 8HaJIOI'l1tIHhl, HO B (2.Jd) onepaTOp Q orrpe­

)\eJieH TOJJblCO Ha qJl13lltI8ClCOM lCOHq)l1ryoaIJ.10HHOM npocTpaHCTBe, B TO BpeMH 

}{al{ a (A. 7) Q onpe,[\eJJ.fieTCfl a IT0JIHOM <//II Cl1CTeMbl. 

MO;itHO II0HTl1 )J,aJ!bWe • ttCIIOJlb3J.fI 8.HMl1Tl1tIHOCTb Q ( A. 7), l{yj MOJK­

HO np11,!].aTb CTaH,!lapTHb!H' B11,!J. 

up\a~u)= ~n[tta~a)~(a~a)1 exp~ e)(p 1 $et. (A.IO) 
-l 'C J 

3)\eCb J< (o. ~, o..) - H8lCOTOpa.R Mepa B IIOJIH0M <Jill Cl1CTeMbl' s e-{- -
-aqxpelCTHBHOe ,!].8HCTB11e B HeM, <p -MHO;it11TeJJb, CBR3aHHbltl C Bb160pOM 

Hati:aJibHhlX YCJIOBHH, aHaJI0Pl1tIHhlH MHO~l1TeJJIO B (A.ti). CorJiaCHO (A.6)>. 

SI,11,pO onepaTopa lJ t Y,!\OBJ18TBOpReT ypaBHeHl1IO 
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\ 
! 

\, . 
i. \ u;h(o~a) = ~(at-_,a.) Utl' (o.~o.) 

A p~ A (A.II) 
C Hatrn.JJbHblM YCJJOBl1eM u t=O = Q (OTM8THM, l!TO H,ll,pO (A.8))TaKJKe 

Y.IJ,OBJJ8TBO~R8T yp'l.BH8Hl11() (A.II), HOC Hal!aJJbHbIM YCJJOBH8M Ut=o(a~a);;; 
= e_)(.p Q K QK - R,IJ,pO 8)],HHi1l!HOI'O onepaTopa B ITOJJHOM rrpOCTpaHCTB8 

COCTORH11ti ( A. 3)). 113 ypaBH8Hi1fl (A.II) )],JJR HH411iHHT83HMaJJbHOI'O R,ll,pa . 
.. pl, 

onepaTopn· U E. , £ _,,. O noJTyt1aeM 

·u rhra~ a.)= Q(a~a.) exp 1-iE Hef(a~o.)] -t O(El) 
£ \...' ' L ' (A.I2) 

I'll,8 

Het (o~a) = Q(a';o.) H (a•, {a.) Q(o.•,o.) 
i 

( A. I3) 

~lTep11pyH H,npo ( A. ~2 > corJJacHo CKaJIJIPHOMY npo.11aBe.n;emno ( A. 2), rroJJyt111M 

H,ll,po onepaTooc, U/h :1r. 1coHet1Hblti npoMeJKyToK BpeMeHH B Bi1.ll,e KM 

(A.IO), B KOTOpOM 

.f (a*,a) == Q (a11-_,a) , 
(A. I4a) 

t 

$.f = ~,11:[ ~ ( a: :a:- a.~) Q - 11./a•,u)] , 
(A.146) 

0 

*( . *f ! e Q(a*(t), a(t)) 
<p=- QKli:)Q,it)-QKlo)Q._(o)- 2. h Q(a4(o),a(o)) (A.14B) 

H Q*(t)= a.t- J Q (o) = a. . 0TM8THM, l!TO npH OTCYTCTBHH KaJJH6poBOll-

HOA CHMM8TpHi1 Q(Cl~Q) = e)(.p Q'!_ Q. K H (A.IO) nepeXO,IJ,HT B (A.a). 
MTaK, l!T06bl H36eJKaTb HBHOI'O B!,l,ll;8JJ8HHH ¢H3Hll8CKHX cTeneHeA B 

KM, MOlKHO BOCnOJJb3OBaTbCR npoeK4HOHHOA ¢opMYJJOA (A.7), JJH60 H3M8HHTb 

B o6bll!HOM KM no nOJJHOMY ~IT Mepy,HHTerpHpOBD.HHH H ,ll,8ACTBH8 no pe4en­

TY (A.IO), (A.I4). Cy~eCTBO ,IJ,eJJa, O,ll,HaKO, 3aKJJ~t1aeTcR B OTbICKaHHH 

onepaTopa Q B o60HX CJJYllll.RX. "' 

8 Kat[8CTB8 npHMepa Bi,it[HCJIMM onepaTOp Q MIi MeXaHHltH futra­
- MHJIJica [451c rpynnoA 5U(7.). &ra M0)],8Jib IlOJIYt[aBTCII H3 O!S!,[t[HOR 
TeopHH futra-MH.11.11ca (CM. § 4.I) npH )],OITOJIHHT8JibHOM YCJIOBHH, 'IITO BCe 

no.1111 3aBHCIIT TOJibKO OT BpeMeHH, T.e. OHH npOCTpaHCUeHHO o~opo~. 

76 

f 

CTPYKTypa ~Il ¢H3Ht[8CKHX nepeMeHHWC B 3T08 CHCTeMe onpe.D,eJieHa B §4.I, 
T.e. ,11,HCKpBTHM KaJIH!Sp0BQt[HIU[ rpynna,pe~YJlllaH <liil,ecT:E, Z2@ z~ 
( B cxyt[a8 TeOpHH ITOJl.fl 3Ta rpynna .D,eACTBY8T JIOK8.JlbHO Tru<llte H no 
npocTpaHCTBeHHHM nepeMeHHHM ( B K8lt,ll,OM Y3Jie pemeTKH = T0t[K8 npocTpaH­
CTBa)). 

An11 y,11,o!SCTBa 3anHllleM narpaHDaH B CJl8,ll,Ylll!l8M BH)],8 [ 461 ; 

L = ~ T7.(-:x:+crx:)T(ri+cr)C) -V(x). 
(A.15) 

3,11,ecb 'X. - B811l8CTBeHHa11 MaTpHqa 3x:3, d -aHTHCHMMeTpHt[HM MaTpHqa. 
JlarpaHJKHaH (A.15) noxyt[aeTCII H3 Jiarpa.tWfaHa (4.I), eCJIH ITOJIOlKHTb 

Xai, (t) = At(t) ( a.,. 1,2,3, i ,. I,2,3 - JiYM8pym' H30TOila\c c 
t[8CKHe K npocTpaHCT!leHHYe KONIJOHeHTY cooTBeTcTBeHHo) H~atCt)=-3t 'A';,(t) 
r.D,e 1 - KOHCTaHTa CB.fl3H. Tor,11,a V = ! 32 [ (T'L xTx.f· - T't- (';x:T;x:.)2 J. ' 
O~aKO MIi HamHX qe.11eR BH)], noTeHqHaJia H8CYJll8CTB8H. 

JlarpaHlltKaH (A.15) HHBapH8.H'1'8H OTHOCHT8JibHO K8.JlH!SpOBOt[Hl,IX npeo!Spa-
30BaHHA 

~c ~ ...G.. x ., ~ - 52..dsi.T + Sl d-t. Sl' J (A.16) 

r.D,e .sl-= .sl ( t) , .Q .Q. T =.sl T 52 -= i , .si - OpTOI'OHaJibHM MaTpHJ.Vl. HeT 

~ no,11,po!SHO paccMaTpHBaTb raMHJibTOHOB ~OpMaJIH3M )],JI.fl 3TOA CHCT8MY, 
IlOCKOJibKY HM88TCII IlOJIHM aHaJIOrH.fl C noJieM HHra - MHJIJICa (CM,·§ 4.I). 
OcTaHOBHMCII KpaTKO Ha HHBapHaHTHOM cnoco!Se BH)],8JI8HHH ~H3Ht[8CKHX nepe­
MBHHYX MR Mo,11,e.11H (A.I5) [46,47,30]. Qt[eB~o, 'llTO mmyJibC, JtaHOHH­

t[8CKH conpneHH!iR ~ , o!Sp~aeTc11 B HYJib: 'c)L/?>j = 0 , no3TOMY M -
- He<J,H3H'll8CKM nepeN8HHM, H MW He !Sy,11,eM 3a HeR CJl8,11,HTb. BTopHt[H!,18 
CB113H IIBJl.flllTCK reHepaTOp8JllH H30TOilHt[8CKHX Bp~eHHA CTOJI!SQOB MaTpHq!,1 
X ( CJI8,11,CT!IH8 38l<OHa KaJIH!SpOBOQHWX npeo!Spa30BaHHR (A. !6)}. Bc.11Xy1> ae-

111ecTB8HHyll MaTpHey X M0llH0 npe,11,cTaBHTb II BH)],8 nOJI!lpHOro pa3JIOllt8HHII 

[ 48] X = 'U J , r,11,e 'U - oprorOHaJibHM MaTpHqa, a .? -noJIOlltHT8JibHO­
-onpe)],8JI8HHM CHMM8TpHt[HaJI NaTpHqa 2 T = 2 . HCHO, 'IITO 'U. co,11,eplltHT 

TOJibKO He<J,H3Ht[8CKH8 CTeneHH CB0~0)],1,1 (OHH MOryT !SYTb HCKJIE'll8HH KSJIH!Spo-
T · T 

BO'llHHM npeo!Spa3oaaHHew X ➔ 'L< X , T. e. J2. = 1.t ) • Ta.KHM o!Spa-
30M, TeopHII co,11,eplltHT meCTb ~H3Ht[8CKHX cTeneHeA CBO!S0)],1,1. 0MaK0 ~H-. !R 6 3Ht[8CKOe KOH)Hrypa.qHOHHOe npoCTpaHCTBO He coan~aeT C , nocKOJlb-
KY Ha ~ HaJI0ll8H0 orpaHHt[eHHe: f - IlOJIOlKHT8JlbHO-Onpe,11,8JI8HH8.11 MaT­

pHqa. CJie)],OBaT8JibHO, ~H3Ht[8CK08 xoH)Hrypa.qHOHHOe npOCTpaHCTBO OKa3Y­
naeTCll·YJl8 IRG , T.e. 11sx11eTc~ ero no,11,MHOllteCTBOM, Iloc.11e~ee, KaK 
YJ!t8 H80~0KpaTHO ,ll,8MOHCTpHp0B8JIOCb BYllle, CB113aHO C pe.D,yKQHeA ~H3Ht[9C­
KOro ~Il B )],aHHOR CHCT8Me. 
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HcHO, Q'l'O npK nocTpOeHHH KH B03HKKaeT npo6JieM3. KHTerpKpOBaHH.fl 
no noJIOlKKT8JlbHO onpe,11,eJieHH!iM MaTpKQBM S' • OHa MOllt8T 6HTb pemeHa 
no.n.o6HO TOMY,KaK aTO ,11,eJiaJIOCb B rnasax 2 K 3. BBK,Jzy HeKOTOpoA rpOM03,ll,­
KOCTK BHKJIB,11,0K Ml,I He 6y,11,eM pa36HpaTb BYB0,11, KH ,11,Jl.fl aTOA CHCTeNY B 
~H3KtleCKOM ~n. 0,11,HaKO pesyJibTaT MOllteT 6YTb Jierxo noJIYlleH, eCJIH HCnOJib-

30!1/l.Tb peQenT (A. I4) ,11,JIH KM. 
3BMeTHM, trro nocne nepexo.n.a K roJIOMOpt,HOMY npe,11,cTaBJieHHD no KWlt-

.n.oA KOll(ll0H8HTe MaTpHQY XQ~ , Bee ~H3HqecKH8 BeKTOpY COCTO.IIHKA 
,11,0J!miH 6YTb KaJIH6poBOqff0-HHBapKaHTHY, T.e. 

ti, ( *) - ,11 (Q. *) * - ...!... (, . - . } 'rh a - 'ph a , Q°d - ~ ~x~. 1.poJ , (A.I?) 

r.n.e Pa·:=. 11/oxaj - HMIJYJibC, KaHOHKqeCKK conpgeHffYA ~, .n.SlT= 
-= ..Q.,.J.51 -= i. • JlerKO nOH.flTb, qTo BC.FIKKA BeKTOp 4'p1, (a*) ,11,0JillteH 

6YTb aHaJIKTKtleCKOA ~YHKQKeR OT 3JI8MeHTOB MaTpKQY Ca >it-Ta '')ij = 
= 'Cf't~ (). t · , KOTOpYe ODHCYB8.llT meCTb H83aBKCKNYX CTeneHeA CB0-

60,11,Y B ,11,aHHJ\t CHCT8Me. ~eRCTBKT8JlhHO, K3 (A.16) CJie,n,yeT, Q'l'O X co­
,11,eplltHT TpH TpeXMepHYX B8KTOpa (CTOJI6QY MaTpHQY X ), KOTOpY8 o.n.-. IRi HOBpeMeHHO npeo6pasyDTC.fl no.n. .n.eRCTBK8M OpTOrOHaJibHOA rpynnY B • 
IloaTOMY JID6oR rpynnoBOA KHBapKaHT CTpOKTC.fl H3 BC8B03MOlltHYX CKaJI.FlpHYX 
npOH3B8,ll,8HHA 3THX BeKTOpOB (49]. H3 KOTOp!,IX H COCTaBJI8Ha MaTpHQa 

X TX. • OTCD,11,a 3aKJIDqaeM. trro opTOHOpMKpOBIUIHYR 6asKC B ~H3H'Q'.8CKOM 

no.n.npOCTpaHCTBe KMeeT BH,11, 

<a.,,..ln> = C(ni) r (cr>tTa~) ... ] n~ "'"="i 
0 l .d " ~ I "'~ I ... , 

> o (A.18) 

r.n.e i ~ ~ , HopMHpOBKa COCTO.FIHHR onpe,11,eJI1i8TC.fl corJiaCHO CRSJifiPHOMY 
npoRaBe,11,eHlilO (A,2), r.n.e s Mepe cJie.11.YeT noJIOlltHTb N = 9 - noJIHOe qffCJIO 

cTeneHeA cso60,11,Y s Mo,11,eJIK, a B noxasaTeJie aKcnoHeHTH ffYlltHO nocTaBKTb 
-Tri,alfTa_ = - c:rt

0 
a.ai. • HopMHposo'll'.HYe K0:$1JKQKeHTY C. C nu,) 

(HeT CyMMHp0B8.HKH no i ) nonyqaDTCH K3 (A.5) no,11,CT8.HOBKOA YI= YI.:~ 

H N = 3, a C (h~J) , ~ -'.. j , noJIYllallTCH H3 (A.5) oT6pacYBaHHeM 

~aKTopa 4 n. c nocJie,n,yllll:l~A sBMeHoA n -= Yl lJ K N-= G • 
Tenepb socnonhsyewcn pasnollteHHAlM e,11,KHKQY B ~KsKtleCKOM no.n.npocT­

p8.HCT!le COCTOHHKA ,11,J!.fl OTUCKaHK.fl Q. • Ilo.n.o6HO ByqffCJl8HKD (A,9), 

HM88M 3 3 
-k. -ih ) n -2 ( ) 

Q(a>t,a.):: Jr 
3 fl 3~~ 11. (3~~ . . ~r I2 23i:; , <A.19> 

t.=i ;!. "<J=i a 0 
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1,.1 • 
~ [ ( -!IT 11-) ( T ) ] a • • 

r.n.e ...5 -iJ = a o. ij a Q. iJ , 1 ~ J : 
~aJiee no ~OpM,YJIBM (A.13-14) BOCCTaHaBJIKBaeM KH ,11,JIR KaJIK6pOBO'Q'.HO-KH­
BapKaHTHOro H,11,pa onepaTopa 3BOJIDQKK, onpe,11,eJieHHoro B noJIHOM Ill= 
= R9

@ IR,9 
CKCTeMW, JIH6o MOlltHO socnoJih30BaThC.fl ~opyYno8 (A.?). 

....... 
B 3aKJIDqeHKe YKMeM rpynnoBo8 MeTo,11, syqKcneHHH onepaTopa Q 

,11,Jlff Jill608 MO,ll,8JIK C KOH8'1lHHM qKCJIOM CTeneHeA CB060,ll,Y H npOH3B0JlhH08 
KaJIH6pOBOtnlOA rpynnoR. ftyCTb CK06KK <() > 03Haqaxrr CKM.FlpHoe 
npOK3B8,ll,8HKe B H8KOTOpOM npocTpaHCTBe npe,11,cTaBJ18HH.fl KOMIIaKTHOA KaJIK6-

pOBO'Q'.H08 rpynm,i G , a Ta - rpynnosoA SJl8M8HT B 3TOM npe,11,cTaB­
JieHHK. Tor.n.a 

Q(a~ a) = fG, S d j"Ca) e"f' <at :13 a. o > 
c;; (A.20) 

3,11,ecb J<~ - o!Si.eM rpynnosoro npocTpaHcTBa, d .f (3) - npaso H Jieso­
KHBapKaHTHM wepa Xaapa Ha G [43] , KH,11,eKc i ffYMepyeT '11'.HCJIO 
"qacTHQ" B npOCTpaHCTBe npe,11,CT8.BJl8HH.fl,, T. e. CTeneHK CB0(5o,ll,Y HY14epym­

CH KH,ll,8KCOM i K rpynnOBl,IM KH,11,8KCOM, Ha KOTO~ .n.eRCTBYDT onepaTo-
pY ~ • Taxllte npe,11,noJiaraeTCH. Q'l'O 13 YHKTapHY OTHOCKTeJibHO BY6-

paHHoro CKaJI.FlpHOrO npOK3B8,ll,8HKR: <Tel Q~, Ts Q,: )- = < a1_ , ls1°~Q,:)= 
= <:a>it-1 , a,:> , T.e. ls t- = T~-L • Tenepb HeTpy,11,Ho nposepKT&, 

trro Q(a-it; a): Q(~a~~a). &ro CJie,n,yeT K3 YffHTapHOCTK ~ H KH-
BapK8.HTHOCTK MepY J }( ( s-l 80 [) -= d f(3o). 

·~oK8Jlt8M npoeKQKOHHYe CB08CTBa onepaTopa (A.20). ftyCTb /1/ -noJI­
HOe 'Q'.KCJIO CTeneHeR CB060,ll,Y, Tor,11,a 

A r i ~¼ J"'t -lt° -l- * 
QIV=j (2JTi)"' exp(-<Q,i,gi>)Q(a,~)tp(e, )= 

(A.21) 

= /. J J.r(%)) ~:~:;! ex~t<tt,~;7) 1\1((\\ T3+a*) , 
G, 

= J'~ Sc. J J"~) ~ ( T3+ o.*) . (A,22) 

.l{Jiff nonyqeHH.fl paB8HCTBa (A.21) eocnOJib30BaJIKOb onoeneJieHKeM (A.20)K 
* ll•-.+ * C'A8JlaJIH 38M8ffY nepeMeHHYX KHTerpKpOBaHKH ~ i - '5 i -... I 3 a. i 

IlpaB8..fl 'Q'.aCTb (A.22) 03HaqaeT, 'Q'.TO .n.eRCTBKe onepaTopa Q 3KBHB8JI8HT­
HO • onepaQKK ycpe,11,HeHKR BeKTOpa cocTOHHKR no rpynne G . QqeBlf,11,HO, 

trro STa onepaQKH CYTb npoeKTOp,Ha ~K~H'Q'.8CK08 ~o.n.npocTpaHCTBO COCTOHHKR. 
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l1p1iJIO)KeH1'!e B 

(KpaTKlie eBeAeHliR no TeOplili rpynn n11) 

TeopeMa ,!JpJHKliHa: JIID6M npoeTM anre6pa n11 xapaKTep113yeTeR OA­
HOA 113 eJieA}'IOI11liX exeM (exeM ~KHHa) [20,261: 

i i i. !.. A o-o- ... -o-o 
e e~i, su(e+i) 

i :I. i 2. 
0-0- . .. -a:::::a 

Ce ~ Sp (2.e) , t ~ 3 

~---~L 

Ee, e= 6,1,~ 

2 2 2 i. ..__._ ... -c:o 

Be ~ 50(2.e + i) , e ~ 2. 
i l .:- Y"-
0-0-· .. ~ 

:De~ so(2.e) , e~4 1 
' 

22.ii 3 i 
.-C:0-0 ' ~ 

F~ G2. 

(B. I) 

PAe e yKa3b1BaeT q11eJIO KpylKoqKOB. 
no exeMe ,IJj,IHKHHa aoeeTaHaBJIHBaeTeR JIID6M npoeTM anre6pa n11. ~eJia­
eTeR 3TO eJie~IJ1HM o6pa30M. KalK,n,OMY KpylKo~y eTaBHTeR B eOOTBeTeTBHe 
BeKTOp W B (R&, np11qeM l\H~phl nOA KPYlKOqKOM YK8.3b1B8.!0T OTHOeHTeJib­
HOe (J11160 a6eOJIIDTHOe npH onpeAeJieHHoA HOpMHpOBKe) 3HaqeHHe KBa,o.paTa 
BeKTOpa W • lfopToqKH MeJKJJ..Y KpyJKaqKaMH yKa3b1BalOT B3aliMHOe paenoJIOJKe­
HHe 3THX BeKTOpOB: 0 • 9QO, ~ !2QO, o::=- !350, -.:3) !50~ 
CJieAOBaTeJibHO, KaJK,IJ,M exeMa 3a,o.aeT e JlliHeAHO-He3aBHeHWX BeKTOpOB 
B. IR e . I1poeTpatteTBO l<e Ha3bIBaeTeR KOpHeBblM npoeTpaHeTBOM anre6-
pbl X , a eHeTeMa BeKTopoB W npoeTblMH KOPHRMH B HeM. no e11eTe-
Me npoeTblX KOpHeA aoeeTaHaBJIHBaeTeR eHeTeMa seex KOpHeA anre6pbl. Bee 
KOpHH anre6pb1 paena,o.ruoTeR Ha nOJIOJKHTeJibHble Ii OTpH~aTeJibHble. IloJIOJKH-e. 
TeJibHblM KOpHeM Ha3b1BaeTeli BeKTOp o(-:: L. Vli,Wi. , PAe Yl i,- HeKOTOphle 

~~ o( 0 
HeOTpH~aTeJibHbl8 ~eJib[e q11cJia. KnJK,D,OMY nOJIOlKHTeJibHOMY KOpHID :;> 
eooTSeTeTsyeT OTpHI.\aTeJibHblH KopeHb - o{ ( n ._ ➔ - Yl.,) • lJHeJia yt '- on­
peAeJI.fIIDTeR 113 eOOTHOilleHH.fi 

.i co1, r) 
(cx,d) -

p + 9, (B.2) 

KOTopoe enpaseAJIHSO AJI.fi Jilll6hlx KOpHeA ol 11 ~ , rAe p= rn ~ n (YI) 
'y-= max ( h) s eepliH K?,PHeA {j'h::: ~ + YI o{ ' T.e. npH 

h = p , p + :1 > •• • , '\,- i , t J h RSJI!ieTeR KopHeM anre6phl. 3aMeTHM, 
qTo, eeJIH o/ 11 J, - npoeTble KOpHH, TO p = 0 , TaK KaK ol.- ~ 
He MOJKeT 6b1Tb KOpHeM ( y KOpHR JIH60 see VJ i. ~ 0 , JI1i60 see ni'. ~ 0 ), 
KpoMe TOro,eJie~eT yq11TblBaTb, qTO KpaTHblX KOpHeA s anre6pe HeT. 
np11Mep A

2 
0--0 1 (anre6pa SU(?>) ) . lfa (B.2) eJieAJeT 

- 2. ( Wi, W2.) = q~ -= i. 
1 

no3TOMY W 1. + W a. - KopeHb • Y6eJK,D,aeM-
eR' qTO APYPliX KOpHefi HeT '. 11enOJib3YR (B. 21 
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:I. 2. :I. ~ 
Mll.JJOPH~O MOJKHO paeeMOTpeTb aJire6pbl a=- 11 ~ . 

KOpHesoe npo_eTpatteTSO ~l306paJKeHo Ha pHe •. l 5 

- --
-W1-W2. 

. o--o A2. 
i i 

W2. 

a::=- e,,. 
t. 2. Pur I6 . 

\II i. ,:, 
cat 

"'~ 

• Va: 

-..;.,f • . 2 . 
}fa (B.2) eJieAJeT, ~o 4 (ol,f,)1/(olJol)(Y,,~)=-~Cos 8oe;,- ~eJioe q11e-
JIO ( eolf> - yroJI Mell{AJ KOpHRMH) • !103TOM.}' C.Os 2 0"' f' : Q, !/4, !/:;_, 3/~ . 
M3 aHaJIH3a 3TOPO eOOTHOilleHH.fi HeTPYAHO SblSeeTH, qTo S3aHMHOe paenoJIO­
JKeHHe KOpHeA B nJIOeKOeTH, npOXOAffilleA qepe3 JII06b1e ASa KOpHR .. ol , ~I 

eosna,o.aeT e OAHHM H3 H306paJKeHHblX Ha pHe. i 5 ( !WHeqHo' MOlKeT 
6b1Tb elJ1e eJiyqaA O O ' T,e. KOPAa s nJIOeKOeTH (ex, p) eeTb 
TOJibKO KOpHH :!: ol M ± ~ , M o( .1.. J> • EeJIH Gi~ HeKJIIOqHTb H3 
paeeMOTpeHHR, TO ~JI.Fi seex oeTaJibHbIX AOeTaTOqHo HenOJib30SaTb npH 
noeTpoeHHH eHeTeMbl KOpHeA TOJibKO A, H B.z, . 

noeJie Toro, KaK eHeTeMa KOpHeH soeeTaHOSJieHa, MO*HO peKOHeTpy­
HposaTb sew anre6py X , HenoJib3Yli KaHOHHqeeKHA 6a3He KapTaHa -
BeHJIR. KopHesoe npoeTpatteTso H30MOJ:XPHO noAa~re6pe KapTatta H 
s X (MaKeHMaJibHM KOMM.}'TaTliBHM ITOAaJIPe6pa s X , T.e. see npoeTwe 
KO PHH' KaK 3JleMeHTbl H ' KOMM.}'THPJIDT APYP e APYPOM [ w .: J w J 1 -= 0 . 
BeRKHA 3JieMeHT H eeTb J111HeAHM KOM6HHa~ttli KOpHeA, BeliKaR npoe­
Tali anre6pa X pa3JiaraeTeR s opToroHaJibHYIO eyMMY 

X = H@ Z.. €B (Xo{@X_«) 
~>O , (B.3) 

PAe eyMMHpOBaHHe SeAeTeli no sceM noJIOlKHTeJibHblM KOpH!iM o<.> 0 , ],j. 

ottm .x ± cl : i . 0603HaqHM 68.31ieHblA 3JieMeHT s X o( KaK e0( 
a s X - cl KaK e - Cl( • TorAa JIID6on 3JieMeHT X E: X MOJKHO 
pa3JIOlKHTb no 3TOMY 6a3Hey 

x = l_ ( x: e o1 + x: e _ ol) + L x.., w, 
~~o w 

PAe c..J npp6eraeT npoeThle KOpHH. Ba3HeHble 3JieMeHTbl no~q],lHRIOTCR 
~lJ1HM KOMMYT~OHHb!M eOOTHOilleHHRM (68.3He KapTaHa - BenJIR): 
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(B.4) 

eJie-



l eo(, e_°' J = o( , [ h, e"' 1 = (i,,o<) eo<, [ecl,,-1=,{r eoe+,,<B.5> 

r,11,e h E H , No1j> - i:mcJia, N«f -= 0 , ecJI11 o( + j> He 
namieTCH KOpHeM 11 N"'~-= ½ 'l, ( i -p) (c1, c() , r,11,e p = )11 i.n ( h ) , 

i-::: ma>t ( n) a cep;m KOpHeii J, + not , np11tleM Ncl,F' = N-d.,-S,. 
TTpaB11JlbHble 3HaKl1 y tJ~~ BOCCT8HaBJil1B8JOTCff 113 Tpe60BaHl1ff Bb1Il0JIH6Hl1ff 
TOJK,IJ,6CTBa HK0611 ,11,Jlff BCex 6a311CHb!X 3JI6M6HTOB. TaKl1M o6pa30M, no 
cxeMaM JJ/,IHKl1Ha BOCCTaHaBJil1BaeTCff JIJ06M npOCTM a.Jire6pa. ilp11 3TOM 
tll1CJIO npOCTNX KOpHeii e = J,{m ~ Ha3blBaeTCff paHI'OM aJII'66pbI 11 COOTB6T­
CTBYJOll{6H rpynnbl. TTp11coe,11,11HeHHOe ,11,eRcTa11e rpynnbl G B caoeR an­
re6pe Jl11 X MciJKeT 6b!Tb 3~8HO c nOMOll{bJO cooTH011JeH11ff (oKpeCTHOCTb 
rpynnosofl e,11,HHHQll). 

X -,. jl X 51- 1 = e,cr (aclj) X ) .n. = e.~r ~ , rn.6) 

r,11,e X, ~ E: X , onepaTop aoL onpe,11,eJieH. no npaa11Jiy (aclci) X"" 

= · [ ~, x.] . <I>opM,YJibl CB.4) 11 (B.5) nosaOJI.f!ilT npoao,11,HTb R:BHble 
Bbltll1CJieHl1ff. 0TM6Tl1M, tlTO ,11,Jlff KOMnaKTHblX rpynn HOpMHpOBKa 6as11ca 
MOJKeT 6b1Tb Bb16patta TaK, tlTO B MaTpHtlHOM npe,11,cTaBJieHHH anre6pbl (Ko­
TOpoe acer,11,a cyll{eCTByeT no TeopeMe A,n,o· [43] ) T'l- .X.<1 = h. aJ~ ac.lJc ... 
= (;x, ~) - qiopMa KapTBHa - ffHJIJIHHra B X . MSJK,!J,Y 6asHCOM 

(B.5) 11 opTOI'OHaJlbHblM 6a311COM B TaKOH HOpMHpOBKe MOlKHO YCTBHOBHTb 
cooTaeTCTBHe [20]. OpToroHaJibHb!R Bell{eCTBeHHblii 6as11c B X o6pa-
30Ba.H c11cTeMoii BeKTopoa i Cot , S ct , 1 h «> , r,11,e 

c cl= Jz ( eo1. + e-c1.J , 5a = fa (eo(-e-o1 \ cs.?> 

a h 1,s HeKOTOpbIH opTorottaJibHb!H 6as11c B H ( opT~I'OHaJil130B8HHbrti He­
KOTOpbIM cnoco6oM 6as11c npOCTblX KOpHeR). 

TeopeMa 2 [ 20, 26]. BcnK11R noJil1HOM B anre6pe X npocTOH 
rpynnhl G , 11Haap11aHTHbIH OTHOC11TeJibHO np11coe~HeHHoro ,n,ei1cTBl1ff 
rpynru,(B.6), pasJiaraeTCH no o6pa3YJOll{l1M T't X "' ,ol=i,2,. .. Jf=-zank<;;, 
r,11,e 7- o< - cTeneH11 He3aB11c11Mblx onepaTopoB Ka311MHpa B X [ 44] : 

Tct6"t\lH!,A I 

Ae o<+i Ce 2 o( Gi2 2,6 Eb 2,5,6,8,9,12 

Be 2o< 'J\ ~c( I e 
F1t ~:Y2 Et 2,6,8,I0,12,14, 

o(jl f I8 

cepL-t~ 't ()( Ei 2,8,!2,!4,!8,20,24,30 
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