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Mem.,HHKOB B. K. 
l11ITerp11pouam1e ypamreHHH naKce. 
C CaMOCOrJiaCOBaHHblM llCTO'!HllKOM 

PZ-89-472 

IloKa3aHO, 'ITO AJIH JIID60H HeJIHHeHHOH 3BOJIID~llOHHOH CllCTe
MbI, o6na.n;a!Oll.\eH onepaTOpHhIM npep;cTaBJieHHeM (npep;cTaBJieHHeM 
JiaKca C IlOMOll\bID L-A-napb!), Cyil\eCTByeT BO3MYll\eHHe (HMeHye
MOe caMocornacoBaHHhlM llCTO'!HHKOM), KOTopoe nopo)K,!J,aeTCH 
co6CTBeHHblMH <l>YHK~HHMH onepaTopa L H KOTOpoe He HapymaeT 
HHTerpnpyeMOCTH llCXO,!l;HOH CHCTeMbl . .QJIH IJJHPOKoro KJiacca one
paTOPOB L ,npHBep;eHa cxeMa HHTerpupoBaHHH B03MYll\eHHOH CH
CTeMbl C IlOMOll\bID MeTO,!l;a o6paTHOH 3ap;atJH pacceHHllH p;JIH one
paTopa L. 

Pa6oTa BblilOJIHeHa B Jla6opaTOPllH TeopeTHtJeCKOH q>H3HKH 
Oillll1. 

IlpenpHHT 061,eAHHeHHoro HHCTHTyTa R,AepHLIX HCCJieAOBaHHH. ,Uy6Ha 1989 

Ilepeuop; r.r.CaH,!l;YKOBCKOH 

Mel 'nikov V. K. 
Integration of the Lax Equations with 
a Self-Consistent Source 

PZ-89-:-472 

It is shown that for any nonlinear evolution equation 
having the operator representation (Lax representation by 
using L-A pair) there exists perturbation (named a self
consistent source) generated by the eigenfunctions of the 
operator L such that the perturbed equation can also be 
integrated by the inverse scattering method.for the opera
tor L. The scheme of integrating these equati~ns is found 
for a wide class of operators L. ' 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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B HacTo~~elii pa6oTe pe~b ~AeT 06 ~HTerp~posaH~~ ceMeliicTBa 
Hen~HeliiHblX 3B0n104~0HHblX ypaBHeH~lii' nony~aeMblX cneAYIOU\~M o6pa-
30M. nycTb L - n~Heli1Hblli1 A~qxj)epeHu,~anbHblli1 onepaTop B~Aa 

(1} 

(2} 

OTH0C~TenbH0 He~3BeCTHblX (jlyHK4~1i1 fo, fl, ••• ,rN" . 3AeCb a - KQH
CTaHTa, a i/11, ... , i/1 N- HeK0T0Pble ( noKa HeonpeAeneHHble} cpyHK4~~. 
Bo3bMeM, Aanee, n~Heli1Hblli1 A~qxj)epeH4~anbHblli1 onepaTop A B~Aa 

(3} 

~ C n0M0~blO peweH~~ fo ' f 1 ' ••• ' f N C~CTeMbl ( 2} onpeAen~M sen~
~~Hbl go, g l , .•. , g N nocpeACTBOM paseHCTB 

(4} 

ko k -1 
+ !. :£ (-l)r 

k=l r=O 

·r · k-r-1 
a(iµnuk) a fo 

axr axk-r',...1 

ar n 
a - - (,\ - ,\ ) f , ay n n 

n=l, ... ,N, 



rAe C Ill K - KOHCTaHTbl, a t/11' ••• ' "'N- HeKOTOPble cjlyHK4111111. 8blS1c-· 
HI/IM Tenepb, KaKI/IM ycnOBI/IS1M AOnll{Hbl YAOBneTBOPS1Tb cjlyHK4111111 U o, 
U1, ... , Uk , ¢1, ••• ,¢p Ill t/11, ..• , "'N AnS1 Toro, l.!T06bl onpeAe
neHHble nocpeACTBOM (1 J-( 4) senl/ll.!I/IHbl go, g 1 , ••• , g N YAOBneTBo-
ps:in111 Tpe60BaHV1S1M · 

ag N 
(L - ,\) g = a _o + K I ¢ g , 

0 ay n = 1 n n 
ag n = 0 ' n = 1, •.• , N • 
ax ( 5) 

8 pe3ynbTaTe HecnOll{HblX Bbll.!I/ICneHl/llli HaXOAVIM, l.!TO AnS1 cnpaBeAm,,
BOCTI/I paBeHCTB (5) Heo6XOAI/IMO III AOCTaTOl.!HO BblnonHeHl/le COOTHO
weHl/llli 

aL aA 
-. - + C [ A, L] + a C - = Kr , 
at ay . 

a¢n 
(L - ,\n) ¢n =a-.--' 

ay 

rAe 

- k L = (-1) o a k o + 2 

- atfJ 
(L -.,\ )t/1 +a--2!..=0, 

n n ay 

k 
o k · k 
I (-1) a 

k =0 
+ Uk' 

n = 1, ••• , N , 

a onepaTop r onpeAensieTcS1 nocpeACTBOM paseHCTBa 

N ki1 . k -k+1 ak-'-
1 o ( '1-'n t=I I a · ---t/1 )-

n=l k=O axk n 

·k 
k at/Jn k 0 -k+l 

-(-1) ¢ -a I+ 
n axk 

. r 
N ko k-1 { . k-r-1 a ¢n 

+ I I I uka • ( -.- t/1 n ) -
n=l k=1 r=O axr 

- (-1} r ¢ a r (t/J n Uk) . k - r - 1 } 
n . a ax r • 

2 

(6) 

(7) 

(8) 

i 

I 

l 
l 

~3 BToro paseHCTBa cneAyeT, l.!TO nops:iAoK onepaTopa r He npe
~ocXOAVIT ko. TaKI/IM o6pa~oM, B TOM cnyl.!ae, KOrAa nopS1AOK one
paTOpa. [ A,L] He npesocXOAIIIT max (k 0, m O) , nepsoe 1113 ypasHeH111lli 
( 6) onpeAens:ieT HeKOTOPYIO CI/ICTeMy Hen111HelliHblX 8BOn104VIOHHblX ypas
HeHl/llli. HVl)l{e 6yAeT np111BeAeHa cxeMa I/IHTerp111poBaHI/IS1 3TOlli CIACTeMbl 
ypaBHeHl/llli B Knacce 6blCTPO y6b!BalOIJ.II/IX np111 x ➔ ±"" cjlyHK411111i. 

1. BCnOMOrATEJlbH61E YTBEP)l{l!EH~~ 

B AanbHelliweM HaM noTpe6yeTcs:i PS1A scnoMoraTenbH~x yTsepll{Ae
Hllllli, I/IMelOIJ.II/IX CBOI/IM I/IAelliHblM L'1CTOl.!HI/IKOM pa6oTy /1/. B HeCKOnbKO 
I/IHOM BI/IAe 3TI/I YTBepll{AeHI/IS1 yll{e BCTpel.!an111cb paHee B PS1Ae pa6oT 
( /2/ ) CM., Hanp111Mep, • 

~TaK, nycTb cjlyHK4111S1 K = K(x, y, z) onpeAeneHa np111 n106b1x 
x, y t;; (-oo, "") 111 Z > X 1/1 YAOBneTBOpS1eT cneAYIOIJ.IIIIM ycnoBIIIS1M: 

1) np111 nl06blX x~ y i;; (-~, "") cnpaBeAnlllBbl HepaseHCTBa 

f 11 K (x, Y, z) I + I aKcx; y ' z ) I l az < "" , 
X ay 

(1.1) .. 
k0 +2 oo lK(x,y,z) 

I f 11~.-k 
·k ) 
a K(x, y J z I l dz < "" ; 

+ I . k az k= 1 X ax 

2) nplll n106blX X, y , ( ~ (_;.,, oo) BblnOnHS1eTCS1 COOTHOWeHl/le 
! 

ko 
I (i() k uk(x, y) exp(i(x) -

k=O 

k0 + 1 

- I 
k 0 -k + 1 . k 

a 
1

aK(x,y,z) 
exp(i(x) l + 

k=O ax ko - k+l ax k z=x 

k +1 
o k

0
-k + 1 k 

+ I (i() (-1) 
k=O 

iK(x, Y,Z) I exp(il.)) -
k z=x az 

ko k-1 . k-r-1 . r 
I I u k(x, y) _a I a _K(x, y,z) \ _ exp(i(x) l = 0; 

k = 1 r=O axk-r-1 axr z-x 

( 1.2) 

,3 



3) nplll rno6blX x, y ~ (--=,oo) Ill Z .:_ x cj}yHKl.,\I/IR K = K (x, y,z) YAOB
neTBOpReT ypaBHeHI/I~ 

. k 0+ 2 
a K(x,y,z) 

iJx k o+ 2 
+ 

ko 
l a k k = o uk(x, y) K(x, y,z) 

dXk 

k 0 +2 
aK(x, y,z) k

0 
a K{x, y,z) 

=a . +(-1) 
ay i)zko+2 

( 1. 3) 

Tort1.a :np111 n~6oM (, np111Hat1.ne>KauteM nonynnocKocrn Im ( ::: 0, cj}yHK-
4111R r0 = r 0 (x,y, () BIIIAa 

00 

f
0 

= exp(i(x) + f K(x,y, z) exp{i(z) dz ( 1.4) 
X 

YAOBneTBOpReT ypasHeHI/I~ 

aro · k + 2 
L f O - a - = (i () 0 f O • 

ay 
( 1. 5) 

tleliiCTBIIITenbHO, B c111ny (1.1) cj}yHKL..\IIIR fo BI/IAa {1.4) onpeAe
neHa np111 n~6oM ( , ne>KauteM B nonynnocKocrn Im ( ~ O. KpoMe 
Toro, cj}yHKL..\IIIR f o o6natJ,aeT npOlll3BOAHblMI/I no. x AO (ko + 2) -ro 
nOPRAKa. np111 3TOM cnpaBeAnl/lB~ paseHCTBa 

. k . 
a fo k 
~ = (i() exp (i ( x) 
ax 

k-1 
- I 

r = O 

· k-r-1 
a 

iJxk-r-1 
a ~ ~<x, y, z) I 

axr z= X 

exp(i (x) l + . 

·k ) 
oo a K(x,y,z exp(i(z) dz, 

+ ( . k k=l, ... ,k 0 +2. 
X ax 

C Apyrolii CTOpOHbl, npOV13BeAR B paseHCTBe (1.4) I/IHTerp111posaH111e 
no z, nony'-taeM cooTHoweH111e 

k 
0
+2 k 0+ 2 

(i() f 0 = (i() exp(i(x) -

4 (\ 
{ 

k 0 +1 k 0 -k+1 k 
- l (i{) (-1) 

k =0, 

. k ) 
a K(x, Y, z I exp(i (x) + 

. z=x .. azk 

k 
0 

+ (-1) 

k 0 +2 
00 a K(x, Y, z) exp(i(z)dz. r . ka + 2 

X az 

HaK0He4, I/IMeeT MeCTO paBeHCTBO 

ar0 
oo iJK(x, y,z) exp(i(z) dz• 

-= r ay ay X 

le ar 
noACTaBnRR nony'-leHHble BblWe Bblpa)l{eHI/IR AnR ~. _E._ 

axk ay 
Ill (i(/o+2 fO 
OTBeTCTBI/II/I C 
neTsopeHo. 

B ypasHeHl/le (1.5), nerKO y6e)l{AaeMCR, '-!TO B co
paBeHCTBaMI/I (1.2) 111 (1.3) ypaBHeH111e (1.5) YAOB-

nycTb Tenepb 
x,y,z ~ (-00,00) 

cl>YHKL\IIIR F = F(x,y,z) onpeAeneHa nplll n~6blX 
Ill YAOBneTBOpHeT ypaBHeHI/I~ 

.k~2 . -k~2 a F(x,y,z) aF(x, y,z) ( )ko a - F(x,y,z) 
· k + 2 = a ---- + -l · k + 2 ax O ay az 0 

( 1.6} 

npeAnOnO>KIIIM, '-!TO np111 n~6blX x,y ~ (-00,00) Ill Z~ X ypaBHeHl/le renb
cj}aHAa - nes111TaHa 

00 

K(x,y,z) + F(x, y, z) + f K(x,y, 77) F(77, Y, z) d77 = 0 
X 

(1. 7) 

I/IMeeT eAI/IHCTBeHHOe peweHl/le K = K(x,y,z). TorAa cl>YHKL..\IIIR K = 
= K(x, y,z) YAOBneTBopReT ypasHeHI/I~ (1.3) np111 n~6blX x, y ~(--=,oo) 
Ill z > x. 

tleliicTBIIITenbHO, cornacHo ( 1. 7) cnpaBeAnlllBbl paseHCTBa 

.k 
a K(x,y, z) 

'k a F(x,y, z) 

ax k 

k- 1 

I 
r·=o 

+ . k 
ax 

i) k-r-l ar K(x,y,77) I F(x, Y, z)} + 
---~{ a· r. 77=x i)xk-r-1 X 

.5 



·k 

+(a K(x,y,71) F(11,Y,Z)d11=0, k=l, •.• ,ko+2, 
X axk 

aK~x,y,z) + f aK(x,Y,11) F(11, y, z) d11 + 
ay x ay 

aF(x,y,z) 00 aF(11, y,z) 
+ + f K(x, Y, 11) d11= 0, 

ay X ay 

.k
0
+2 · .k 0 +2 

a K.(x,y,z) a F(x,y,z) ---------+ + 
az k o+ 2 

. k az o+ 2 

oo . k o+ 2 

+ f K(x, y, 
11

) a F(11, y,z) 
azko+2 d11=0, 

X 

C y4eTOM (1.6) ~3 3T~X paBeHCTB B~TeKaeT COOTHOWeH~e 

·oo 

M(x, y, z) + J M(x,y, .,.,) F(.,.,, y, z) d'T] + R(x, y, z) = 0, 
X 

rAe 

M 

. k 0+2 
a . K(x,y, z) 

· k + 2 
ax O 

k o . k 
+ k: 0 u/x, y) a . K(x, Y, z) 

ax k 

. k 0 +2 
a K(x, Y, z) ko aK(x, Y, z) -(-1) - a-. az ko +2 ay 

k o . k 
R = I u (x, y) a F(x, Y, z) 

k=O k axk 

(1.8) 

( 1. 9) 

k o k-1 · k-r-1 · 
!, !, u k(x, y) a I arK(x, y' r,) 

k=lr=O .-k · 

\ F (x, y, z) l -
71= X 

ax - r - 1 axr 

k
0

+1 

!, 
k = 0 

k-k+l 'k ) )l a O a K(x,Y,71 \ F(x,-y,z -
----•--{ . 7l=X 
ax k O - k + 1 ax k 

6 

oo . ko+ 2 
-fK(xy )a F(11,y,z)d + 

' ' T/ . k + 2 .. T/ 
X aT/ 0 

.k
0

+2 
k 0 

00 a K(x, y, TJ) 
+ (-1) f -------F(TJ, Y, z) dTJ, 

x . aT/ k O .+ 2 

~anee, cnpaseAn~so paseHcTso 

00 

f K(x, Y, TJ) 
X 

. k 0 + 2 
a . F(11,Y,Z) 

a.,., k o + 2 d T/ 

k
0 

oo 

= (-1) r 
. k0 + 2 ) 

a K(x,y,_ 7/ F(.,.,, y, z) d'T] -
a.,., k 0 + 2 X 

k 0 + 1 

I (-1/ 
k = 0 

.k 

a K(x, Y, 71) \71=x 
. k 
a11 

k 0 -k+1 
a F(x, y,z) 

'axk 0 -k + 1 

Ha ocHose 3Toro paseHCTBa s~pameH~e AnR R MomeT 6~Tb 3an~ca~ 
HOB cneAy~eM B~Ae: 

R 

ko .k 
I uk(x, y) a F(x, y, z) 

k=O axk 

. k-r-1 · r ( ) ) j 
ko k-1 a \ a K X,Y,11 \ -x F(x, y,z -
!, I Uk (x, y) · k- r- 1 ax r 7I -

k= 1 r=O ax 

k 0+1 iJko-k+1 ·k 

- I 
k= 0 iJx ko-k + 1 

a K(x,y, 11) I 
ax k 71= X 

F(x, y,z) l + 

k=O a71 k 

ko+ 1 k akK(x,y, 71) I 
+ I (-1) ---:---- 71= X 

. k 0 -k+1 
a F(x,y, z) - . 

ax ko - k + 1 

C noMOIJ.tblO ( 1. 2) HeTPYAHO y6eA~TbC~, ';-ITO np~ n106blX x, y ~ 
1;;; (--,oo) ~- z :::. x cnpaBeAn~BO TOmAeCTBO R(x, Y, z) = O. 0TCIOAa 
cneAyeT, 4TO onpeAeneHHaR nocpeACTBOM paseHCTBa (1.9) sen~
'-i~Ha M =M(x,y,z) np~ rno6blX x, y l;;; (_,.,,oo)' ~ z 2:_X YAOBneTBOpReT 
ypaBHeH~IO 
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00 

M(x, y, z) + f M(x, Y, 71) F(71, Y, z) d71 = 0 • 
X 

~3 npeAnonomeHIIISI, 4TO ypaBHeHl/le (.1.7) I/IMeeT eAI/IHCTBeHHOe pe
weHl/le, cneAyeT, 4TO np111 rno6b1x x, y i;; (-co, 00 ) 111 z ~ x cnpaBeAn111-
BO paBeHCTBO M(x, y. z) = 0' TO eCTb peweH111e K = K(x, y. z) ypas

HeHIIISI (1.7) B c111ny (1.6) o6si3aTenbHO YAOBneTBOpS!eT ypaBHe
HIIIIO ( 1. 3 ), 

npeAnonoml/lM Tenepb, 4TO cpyHKU,IIISI F = F (x, y, z) np111 nl06blX 
X, yi;;(-oo,00)YAOBneTBOpS1eT Tpe6oBaHI/IIO 

00 

IF(x, Y, z)I + ( I F(71, Y, z) I d71 ➔ 0, ecn111 z ➔- oo. ( 1.10) 
X 

B COOTBeTCTBIIIIII C 3T~M Tpe6osaHl/leM 1113 ypaBHeHI/ISI (1.7) cneAyeT; 
4TO np111 nio6~x x,y i;;(- 00,00) I/IMeeT MeCTO aCIIIMnTOTI/IKa 

K(x, y, z) ➔ 0, ecn111 z ➔ oo • 

. 6onee Toro, npeAnonom111M, 4To np111 nio6b1x x, y i;; (-oo, oo) cnpaseA
n111so ycnos111e 

00 00 00 

f I F(x, Y, z) I dz + f J I F(71, Y, z) I d71dz < 00. (1.11) 
X X X 

TorAa cornacHO ( 1. 7) HeMeAneHHO y6emAaeMCSI, '-!TO np111 nl06blX 
x, YI;; (-00,00) BblnOnHSleTCSI HepaBeHCTBO 

00 

r I K (x, Y t Z) I dz < 00 , 

X 

ll,anee, npeAnonomlllM, '-!TO, cpyHKU,IIISI F = F(x, Y, z) nplll J1I06blX x, 

y i;;(-00,00) YAOBJleTBOpS!eT Tpe6oBaHI/ISIM 

aF(x,y,z) -ay 

00( aF ( 1/, y, z) 
+ . I ---- d17 ➔ 0 ' 

X ay 
ecn111 z ➔ oo, 

( 1.12) 

f I oF(x, Y, z) I dz + j fl aF(11, Y, z) I d71dz < 00. 

X ay X X ay 

C y'-leTOM ypaBHeHI/ISI (1.7) OTCIOAa B~TeKaeT, '-!TO np111 nio6~x x, 
Y (;; (-co, 00) BblnOflHSIIOTCSI ycnoBI/ISI 

8 

aK(x, Y, z) 

a;:-- ➔ 0, ecm, Z ➔ 00 t 

00 aK(x,y, z) I dz <oo. r I ay 
X 

AHanOr1114HblM o6pa30M nonyl.faeM' '-!TO ecm,1 np111 fll06blX x, y i;;_ (-oo, 00 ) 
111 k = 1, •.. , k o + 2 cnpaBeAnl/lBbl Tpe6oBaHI/ISI 

k · k a F(x, Y, z) I + f I a F(71,y,z) I d71 ➔ 0, ecn111 z ➔ oo, 

az k x az k 

X 

'k 'k 
oo a F(x, y, z) oo oo a F(11, y, z) 
r I . I dz + J r I' . I d17dz < 00' 

az k X X az k 

( 1.13) 

TO np111 rno6blX X ' y i;; (-oo, 00) Ill k = 1, ... ' k O + 2 I/IMelOT MeCTO COOT-
HOWeHI/ISI 

. k a K(x,y,z) 
• ➔- 0, eCnlll Z➔ oo,-
azk 

DO a ~(x,y, z) 
fl . ldz<oo, 

X az k 

HaKOHeu,' npeAnOnOIKIIIM' '-!TO np111 nl06blX X ' y '" (-oo, 00) Ill k = 1, ... ' 
ko+ 2 cpyHKU,IIISI F = F(x, Y, z) YAOBneTBOpS!eT Tpe6oBaHI/ISIM 

. 'k 

akF~x,y, z) I + r I a ~(11~Y, z) I d71 ➔ 0, 
axk x a11 

ecn111 z ➔ 00 , 

·k . ·k 
00 a F(x y z) 00 00 a F(11 Y z) r I . I I I dz + J r I . ' • I d17dz < 00 • 

X ax k X X a17 k 

( 1.14} 

Ha OCHOB8 3TI/IX Tpe6oBaHI/I~ c noMO~blO COOTHOWeHI/I~ (1.8} nony-

1..faeM' '-!TO np111 J1I06blX X' y ~ (-oo, 00) Ill k = 1, : ; . ' k O + 2 BblnOflHSI-
IOTCSI ycnOBIIISI 

< 
9 



.k 
a K(x, Y, z) 

oxk 
➔ 0.' ecfiVI z ➔ 00, 

· k · z) 
00 a K (x, y' I dz < 00 • 
r I axk X 

TaKVIM o6pa30M, Hanarafl AOnonHVITenbHO Ha cj)yHKL\VIIO F = F(x, Y, z) 
KpoMe ycnoBVlfl (1.6) e~e VI Tpe6osaHVlfl (1.10)-(1.14), M~ nony~ 
YVIM peweHVle K = K(x, Y, z) ypaBHeHVISI ( 1. 7), YAOBneTBOPfllOIJ.lee ypas
HeHVIIO (1.3) VI HepaBeHCTBaM (1.1). 0TCIOAa cneAyeT, YTO ecnVI 
KOScj)cj)V14V1eHTbl Uo=U9(x,y), U1=U1(x,y), ••• , Uk =Uk (x,y) 
onepaTOpa L BVIAa l 1) Bbl6paHbl TaK, YTO Bbii1onHsi

0
eTCSI c'boTHowe

HVle (1.2), TO onpeAeneHHaSI nocpeACTBOM (1.4) cj)yHKL\VISI fo= 
= C o<x, y, () YAOBneTBOpfleT ypaBH9HVIIO ( 1. 5). 

2. 3BOnlOUt-10HHblVI onEPATOP 

HaYV1Hafj C SToro MOM~HTa, M~ AOnIBH~ 6y~eM OTKa3aTbCSI OT Tpa
AVIL\VIOHHOro cnoco6a V1cnonb3osaHVJR ypasHeHvisi renbcj)aHAa - nesvi
TaHa AnR nocTpoeHVIR sson104VIOHHoro on~paT6pa. Uenb sToro OTK
noHeHVlfl - HaXOIBAeHVJe senVIYVIH go, g1,·•--·· gN BVIAa (4), YAOB
neTBOPSIIOIJ.\VIX COOTHOW9HVlflM (5). AOCTVlraercsi STO cn9AYIOIJ.\VIM 
o6pa3oM. 

nycTb A - nVIH911iHbllli AV1cj)cj)epeH4V1anbHbllli onepaTOp BVIAa ( 3) . no
nomVIM 

a 
T = - +cA, 

at 
(2.1) 

rAe C - KOHCTaHTa. nycTb, Aanee, 
AeneHa np~ rno6b1x t , x , y i:;; (..;,.,, 00) 
IOIJ.\VIM ycnOBVISIM: 

cj)yHKL\VISI K =K (t, x, Y, z) onpe-
VI z ~ X VI YAOBneTBopfleT cneAy-

1) npVI n106blX t' X' y i:;; (-00,00) cnpaBeAnVIB~ HepaBeHCTBa 

oor 11 K( I I aK(t, x, Y, z) . t, x, Y, z) + -----1 }dz <.00, 
X at 

mo;2 fll a~_(t,x,y,z) l+I amK(~,x,y,z) lldz <00; 

m= 1 X dXm az m 

(2.2) 

. 2) npVJ n106blX t ' X ' y' ' i:;; {-oo, 00 ) BblnOnHSl9TCSI COOTHOWeHVle 

10 

mo m 
m~ 

0
(i() a m(t, x, y) exp(i(x) -

mo m- 1 am-r-1 
I I· am(t, x, y) ----

m = 1 r = 0 ax m - r - 1 

ar K(t, ~.Y, z) lz=xexp (i(x) I -
ax r 

(2.3) 
+1 m0 -m+1 ·m ) 

mo a a K(t,x,y,z I exp(i(x)I+ 
_ I -~--:::-~1-I . z=x 

m =.0 ax mo-m + NXm 

mo+1 mo-m+l m amK(t,x,y,z)I _ exp(i(x) =0. 
+ }:. ( 1() (-1) azm . z- X 

m=O 

TorAa npvi n1060M (, npvi11aAnemaiueM nonynnocKocrn Im ( ~O, cj)yHK-
l.\Vlfl f O = f o<t, x, y, () BVIAa 

00 

C0 = exp(i(x) + ( K(t, x, y, z) exp(i(z) dz 
X 

YAOBneTBOpReT COOTHOW9HVIIO 

m
0
+ 2 oo,-

Tf0 - c(i() t
0 

=C JK(t,x,y,z)exp(i(z)dz, 
X 

rAe 

K = .!_ 

. m0 + 2 
aK(t, x, y, z) a K(t, x, Y, z ) 

at + ax mo+2 + C 

mo . m 
+ I a 't X y) a K(t,x, y,z) mo 

m=O m'• ' -(-1) ax m 

. m0+ 2 
a K(t,x,y,z) 

az mo+ 2 

~ellicTBVJTenbHO, B CV1ny (2.2) VI (2.4) VIM9eM 

at0 
~= 
at 

00 

aK(t, x, Y, z) exp(i(z) dz, 
J at 
X 

amr 
0 ax;-= (1() m exp(i (x) 

(2.4) 

(2.5) . 

(2.6) 

11 



m-i·m-r-1 
- I _a __ _ 

r=O axm-r-1 

·m 
00 a K(t, x, Y, z) 

+ r --... --
x axm 

arK(t, x,y, z) lz = X exp(i(x) I + 
ax r 

exp(i(z) dz, m = 1, ... , m0 + 2. 

C ApyroA CTOPOHbl, nocne ~HTerp~poBaH~H no 4aCTHM ~3 paBeHCTBa 
(2.4} B~TeKaeT COOTHOWeH~e 

m 0 + 2 m0 + 2 
(i() f 0 = (i() exp(i(x) 

m0 + 1 

I 
m =0 

m -m + 1 m amK(t, x, y,z) \ exp(i(x) + 
(i () 0 (-1) . a z m z = X 

mo 
+ (-1) 

. m 0 + 2 · ) 

oo a K(t,x,y,z_exp(i(z)dz. r . m O +2 . 
X az 

B COOTBeTCTB~~ c (3), (2.1} ~ (2.3} ~3 3T~X paBeHCTB cneAyeT 
cnpaBeAn~BOCTb COOTHOW~H~A (2.5} ~ (2.6} .. 

PaCCMOTp~M Tenepb np~ z ~ X ypaBHeH~e renb~aHAa - fleB~TaHa 

K (t, x, y, z) + F(t,x;y, z) + 

00 

+ f K(t, x, y, ri) F(t, T/, y, z) dri = 0. 
X 

noKa>KeM, 4TO ~3 3TO ro ypaBHeH~H BblTeKaeT. COOTHOWE!H~e 

00 

K(t, x, y, z) + r K(t, x, Y, ri) F(t, T/, Y, z) dri + 
X 

00 

+ F(t,x,y,z) + (K(t,x,y, ri) F(t, T/, y,z)dri=O, 
X 

rAe 

F = .!_ 
C 

mo 
- (~1) 

12 

aF(t, x, y, z) + 

at 

. m0 +2 
a F(t, x,y, z) 

m + 2 
ax O 

. m + 2 
a ° F(t, x, Y, z) 

· m + 2 az O 

(2. 7} 

(2.8} 

(2.9} 

I 
ri 

I 

I 

f 
!l, 
{ 
I 
I 

~eAcTB~TenbHO, cornaCHO (2.7} ~MeeM 

+ 

aK(t, x, Y, z) 

at 

aF(t, x, Y, z) 

at 

·m 

00 

+ J 
X 

aK(t, x, Y, ri) F(t, T/, y, z) dri + 
at 

00 
( oF(t, T/, y, z) 

+ f Kt,x,Y,T/)-----d71=0, 
X at 

·m 
a K(t,x,y,z) a F(t, x, y, z) 

ax m 
+ 
~ 

m-1 
I 

r = O 

· m-r-1 
a 

axm-r- 1 

arK(t,x,y, 71) \ F(t,x,y,z)I+ 
ax r T/= X 

+ r 
oo ·m ) 2 

a K(t,x,Y,T/ F(t,T/, y,z) dri=O, m=l, ... , .m
0

+ ., 
ax m 

X 

. m +2 
a ° K(t, x, y, z) 

. m
0
+2 

a F(t, x, Y, z) 
.· m +2 az O 

+ · m + 2 az O 

. mo+ 2 . a . 
+ fK(t,x,y, 

71
) F(t,71,y,z) 

x . m +2 dri=O, az O 

00 

+ 

C y4eTOM 3T~X paBeHCTB nony4aeM COOTHOWeH~e 

A 00 A 

K(t, x, y, z) + J K(t, x, Y, ri) F(t, 71, Y, z) d,i + 
X • -

A 00 

+ F(t, x, y, z) + ( K(t, x, Y, 71) F(t, 71, Y, z) 4TJ = P, 
X 

A A 

rAe cl>YHK4~~ K ~ F onpeAeneHbl COOTBeTCTBeHHO nocpeACTBOM pa
B0HCTB (2.6} ~ (2.9}, a sen~4~Ha P AonycKaeT npeACTasneH~e 

mo · m · . 
p = - I a (t X y) a F(t, x, Y, z) 

m = o m • • -~--..:..:.._;_ + axm 

. 13 



m . m-r-1 • r 
0 m - 1 a a K(t, x, y, 17) 

+ I 
1 

I 
O 

am(t, x, y) 
1 
l -----1 F(t, x,y,z) I+· 

m = r = axm- ?- ax r 7I= X 

mo+ 1 . mo - m + 1 

+ I a 
m=O .---ax mo- m + 1 

a mK (t, x, Y, YJ) 

ax m 
I F(t, x, y, z) I -
71=x 

m
0 

oo 

- (-1) J 
m0 + 2 ) 

a K(t, x,y, 71 F(t, 17 , y, z) d17 + 
· .m + 2 

X a,., o 

· mo+2 
+ f K(t, x, y, 

71
) a F(t, T/, y, z) 

x . m +2 d71, 
a rJ ~ . 

00 

Ha OCHOBe paBeHCTBa 

X 

oo . m 0+ 2 

f K(t, x, y, YJ) a F(t, Y/, y,z) 
. m+2 d11= 
arJ o 

m
0 

· oo 

= (-1) J 
X 

. m 0+ 2 
a K(t, x, Y, 71) 

a mo+ 2 
Y/ , 

F(t, Y/, y, z) dYJ -

m 0+ 1 -m 
m a K(t, x, y, YJ) 

1 - I (-lJ 
m=O . YJ=X a'Y/ m 

. m 0 -m+1 
a F(t, x,y, z) 

a
. m

0
-m+1 

X , 

Bblpal!teHll1e AflSI P np111H111MaeT 8111A 

p __ :o ( ) amF(t,x,y,z) 
- ..:. a m t, x, y . + 

m = 0 ax m 

mo m - 1 am - r - 1 a r K(t X y YJ) 
+ I I. am(t,x,y). { .' '' I,,_ F(t,x,y,z)I+ 

m=1r=O axm-r-1 axr .,-x 

m 0+ 1 

I. 
m=O 

+ 
. m 0- m + l amK(t, x,y, 17) I F(t, x, Y, z) } -
a l . m l7=X 

· m - m + 1 . ax ax O 

mo+ 1 
}: 

m=O 

m 
(-1) 

amK(t, x, y, YJ) I 
l7=X aY/ m 

· 111 0 -m + 1 ) a F(t,x,y, z 

ax mo- m + 1 

14 

B c111ny (2.3) 1113 3Toro paseHCTBa cneAyeT, YTo P sO np111 n~6~x 
t' X' y c; (-<>a, 00) v! z ~ X. TaKll1M o6pa30M' cnpaseAn111BOCTb COOT

HO~eHll1SI (2.8) AOKa3aHa. 3TO 3Ha4111T, YTO 3B0fl~41110HH~~ onepaTop 
T B111Aa (2.1) 4e~CTByeT Ha onpe4eneHHY~ nocpeACTBOM (2.4) 

cpyHK4111~ f o A Tafi, YTO BblnOflHSleTCSI COOTHOWeH111e ( 2. 5). np111 3TOM 
Benll14111Ha K=K(t,x,y,z) YAOBneTBopsieT ypaBHeHl/1~ (2.8). 

3. PEWEH~E YPABHEH~H (2.8) 

Tenepb HaM He06XOA111MO ycTaHOBll1Tb CBSl3b MemAY onpeAeneHHO~ 
C noMOIJ.tb~ paBeHCTBa ( 4) senll14111HO~ go 111 BXOAS!ute~ B COOTHowe
Hll1e ( 2. 5) sen111Y111Ho~ K. llnsi 3Toro HaM HymHo tta~rn pewe
H111e ypasHeH111si (2.8). C 3TO~ 4enb~ npe4nonom111M, YTo cnpaBeAn111-
BO paBeHCTBO 

N 

F = F 0 (t,x,y,z) +- I. Fn(t,x,y,z), 
n = 1 

r4e Fo YAOBneTBOpHeT ypaBHeHll1~ 

. m + 2 
1 aFo(t, x, Y, z) a o Fo (t, x,y, z) 
- _..;;.. ____ ,+ ------,,--- = 
C at iJx mo+ 2 

m 
= (-1) 0 

amo+ 2 Fo(t, x, y, z) 

az mo+ 2 

a senll14111Hbl F np111 n = 1, ... ' N YAOBneTBOPH~T COOTHOWeH111~ n 

• m +2 
1 aFn(t,x,y,z) a° Fn(t,x,y,z) 

- + -----------c at ax mo+ 2 

m0 + 2 
mo a Fn(t,x,y,z) K 

- (-1) ------- = -A (t) F n(t, x, y, z) iJz mo+ 2 C n 

(3.1) . 

(3.2) 

(3.3) 

C yYeToM paseHCTB (3.1)-(~.3) nonyYaeM, YTo onpe4eneHHasi no
cpeACTBOM (2.9) Ben111Y111Ha F B AaHHOM cnyYae 111MeeT B111A 

A N 
F = ~ I An (t) F n ( t, x, y, z) . 

C n = 1. 
(3.4) 

15 



npeAnonom111M, Aanee, 4TO BXOAR~aR B paBeHCTBO (3.1} $YHKU,111R 
Fo = Fo (t, x, y, z) np111 rno6blX t, x, Y, z ~ (-oo, oo) YAOBneTBOpReT 
ypaBHeH111!0 ( 1. 6} , a $YHKU,111111 F n = F n (t, x, y, z) np111 n = 1, ... , N 
111MelOT 8111A 

F n = <ll n (t, x, y) 'I' n (t, z, y) , · (3.5} 

rAe $yHKU,111111 <lln = <lln(t,x,y) 111 'l'n= 'l'n (t, z,y) YAOBneTBOpRIOT co
OTBeTCTBeHHO ypaBHeHll1RM 

a<Iin 
a-= 

ay 

. k +2 a o <lln 
ax k o + 2 . - A n <I! n , 

. k 0 +2 
aqi n ko a 'l'n 

( 1) ---,----,,- - A qi • a-+- ·k+ 2 - nn 
ay az O 

(3.6} 

KpoMe Toro, npeAnonom111M, 4TO np111 nio6b1x ·t, y i;; (-00, 00 ) cnpaseA
n111sb1 ac111MnTOTll1Kll1 

a l<Ii Ct, x, y) I + 1- <11 Ct, x, y) I ➔ o, 
n Ay n 

ecn111 x ➔ 00 , 

I 'I' n (t, z, y ) I + I 2-. 'I' n (t, z, y) I ➔ 0 , ecn111 Z ➔ 00 • 

. ay 

CornacHo (3.4} 111 (3.5} cnpaseAn111so paseHCTBO 

... 00 A 

F(t, x, y, z) + J K(t, x, y, 71) F(t, 77, Y, z) d71 = 
X 

N 
!5.... I A (t) ¢ (t, x, y) 'I' (t, z, y) , 
c n= 1 n n n 

rAe 

00 

¢ n = <II (t, x,.y) + f K(t, x, y, 71) <I! (t, 77, y) d71 • 
n n 

X 

(3. 7} . 

(3.8} 

(3.9) 

noKameM, 4TO onpeAeneHHaR nocpeACTBOM (3.9) $YHKU,111R ¢n = 
= ¢ (t, x, y) YAOBneTBOpReT ypasHeHll1IO 

n 

16 

a¢n . 
a -- = (L - .\. ) ¢ , n = 1, ..• , N. 

ay n n. 

tle'1CTBll1TenbHO, B c1,my ( 3. 7} cnpaseAnlllBbl paseHCTBa 

a¢/t,x,y) oo aK(t, x, Y, 71) 
· = f -----·<lJn(t, 77, y) d71 + ay x ay 

a<lln (t,x, y) 00 a<ll /t, TJ, y) 
+ _ __,_ __ + fK(t, x, y, 71) . d71, 

ay x ay 

. k . 
a ¢ n<t, x,y) 

"k a <ll (t, x, y) 
n 

. k 
ax ax k 

k -1 
- l: 

· k-r-1 /K(t, x, Y, TJ) I •ct> (t, x, y) I+ 
a {---. r 77=X n 
axk-r-1 ax r =0 

"k 
+ f a K(t, x, y,71) ell (t, .,,, y) d71, k = 1, •.. , ko+2. 

x axk n 

(3.10) 

Ha OCHOBe 3Tll1X paseHCTB B COOTBeTCTBll1111 c ypaBHeHll1RMll1 (1.3) 111 
(3.6} cnpaseAn111BO COOTHOWeHll1e . 

a¢. 
a___!: - (L - X) ¢ + P =0, n = 1, ... , N, ay n n n 

rAe 

k 
0 

P = I n k =· 0 Uk (t, x, y) 

k · k - r-1 o k-1 a 
I I uk(t, x, y) . k-r.;..1 

k = 1 r =0 ax 
l K(t,x, Y, 11) I ct> (t, x, y) I -

ax r . 11= X n 

k0+ 1 
I 

k=O 

-ko-k+l akK(t,x,y,71) I ·ct> (t,x, y)l-
a l . k 71=x n 
ax k 0-k+ 1 ax 

. 17 



· k + 2 
oo a O ·qi n (t t T/, Y) 

- ( K(t, x, y, TJ) . k + 2 dTJ + 
X aT/ 0 

k oo · k 0+ 2 . 
0 a K(t,x,y, TJ) ell (t . )d + (-1) - f 2 n ,T/,Y T/• 

X iJTJ k o + 

C noMO~b~ paBeHCTBa 

00 

. k
0

+2 
a <Ii n<t, T/, y) 

f K(t, x, Y, TJ) 
X 

. d T/ = 
aT/ k o + 2 

k 0 oo 

= (-1) f 
X 

. k 0+ 2 
a K(t, x, 'I, 17) 

aT/ k o+ 2 
<Iin(t, T/, y) dTJ -

ko+l k akK(t,x,y,T/) -I 
- I (-1) . k T/ = X 

k = 0 aT/ 

· k-0-k+ 1 
a <Iin(t, x, y) 

iJxk0 -k + 1 

Bblpa1KeH111e AflSl P n MOIKeT 6b1Tb 3an111caHO B cneAy~eM B111Ae: 

ko . k 
p n = I uk(t, X y) a ·<Ii n(t, x, y) 

k = 0 ' axic 

· k - r-1 · r ) 
ko k-1 a { a K(t, x, y, T/ I _ x ell n<t,x,y)l -

- I I uk(t,x,y) ~.k-r-1 axr T/-
k = 1 r =0 UJI. 

k 0+ 1 

- I 
k=O 

. ko-:k+l lK(t,x,Y,T/ I qi (t,x,y)l+ 
a •{ ---:----- TJ=X n · k 0 -k+1 axk ax 

ko+l k akK(t, x, y, 17) I 
+ I (-1) . k T/ = X 

k = 0 aT/ . 

,ko.-k+1 
a ·<tin (t, x, y.) 

ax_k 0 -k+1 

C yYeTOM COOTHOWeHll1Sl ( 1. 2) nonyYaeM' ,YTO np111 n~6blX t' X' y ~ 
(; (-00,00) BblnOflHSleTCSl TOH<AeCTBO Pn(t,x,y) aaO, ll=l, ••• , N. 
CneAOBaTenbHO, cnpaBeAnll1BOC~b ypaBHeHll1Sl (3.10} AOKa3aHa. 

OnpeAen111M Tenepb no aHanor111111 c (2) sen111Y1t1HW fn 
= r n (t, x, Y, () ~ n = 1, ••• , N, nocpeACTBOM paseHCTB 

18 

00 
fn =- ft/ln(t,z,y)f 0 (t,z,y,()dz., 

X 

(3.11} 

fAe senl.1'-tll1Hbl t/1 n = t/1 n (t, z, y) 6yAeM CYll1TaTb no Ka HeonpeAeneHHblMl/1: 
nocne HecnOIKHWX BWY1t1cneH111~ Ha OCHOBe (2.4) HaXOAll1M, YTO np111 
n = 1, ••• ' N cnpaBeAfll.180 paBeHCTBO 

00 z 
fn=- f[iµn(t,z,y) + f t/ln(t,TJ,Y)K(t,77,y,z)dTJ]exp(it;"z)dz. (3.12) 

X X . 

C yYeTOM paseHCTB (4) 111 (2.5) noTpe6yeM swnonHeHll1Sl COOTHOWeHll1Sl 

oo_ N ,:,, 
C r K(t, x, y,z) exp(it;"z)dz = :- K I ¢ (t, x, y) f (t, x, Y, ()' 

x ·. n=l n n 
(3.13} 

rAe ¢n 111 fn onpeAeneHW COOTBeTCTBeHHO nocpeACTBOM paBeHCTB 
(3.9) 111 (3.11}. B c111ny-(3.12) 1113 paBeHCTBa (3.13) cneAyeT, YTO 

A N 
K(t, x,y,z) = ..!;_ I ¢n (t, x, y) [ t/ln(t, z, y) + 

C n = 1 . 

z (3.14) 

+ ( t/1/t,T/, y) K(t,T/,Y,z)dTJ]. 
X 

8 COOTBeTCTBll1111 C 3Tll1M paBeHCTBOM B pe3ynbTaTe HeCnOH<HblX Bbl
Y111CfleHll1~ y6eH<AaeMCSl B cnpaseAn111BOCTll1 COOTHOWeHll1Sl 

00 A 
K. (t, x, Y, z) + f K(t, x, Y, 77) F (t, 77, Y, z) d77 = 

X 

(3.15) 
,N oo 

=25..I ¢ (t,x,y)[t/1 (t,z,y) - f l/,
0

(t,T/,Y)K(t,77,y,z)d77]. 
c n= 1 n· n z 

np111 3TOM cf>YHKL..\"1Sl K = K(t, x, y,z) np111 X > Z onpeAensieTCSl no 3Ha
YeHll1SlM 3TO~ cf>YHKL..\111111 B nonynnocKOCTll1 X ~ Z C nOMO~b~ paBeHCTBa 

00 
K(t, x, Y, z) = - F(t, x, y, z) - f K(t, x, Y, TJ) F(t, T/, y, z) d T/. (3.16.) 

X 

CpaBHll1BaSl paseHCTB(l (3,tl5) c paBeHCTBOM (3.8), nerKo, y6eH<Aa
eMCSl, YTO cf>YHKL..\111Sl K = K(t,x, Y, z) B111Aa (3.14) 6yAeT YAOBneTBO
pSlT.b ypasHeHl.1~ ( 2. 8) ' ecn111 BblnOflHSl~TCSl COOTHOWeHll1Sl 
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00 

t/,n(t,z,y) - ( "1n(t,x,y) K(t,x,y,z) dx + 
z (3.17) 

+ An (t) 'Pn (t, z, y) = 0, n = 1, ... , N. 

npeAnOnOlKll1M Tenepb,'-ITO 3TO ypaBHeHll1e 111MeeT eA111HCTBeHHOe pewe-
Hll1e "1 n = t/, n (t, x, y). noKa>KeM, '-!TO B 3TOM cny'-lae cjlyHKLl,11151 t/, n = 
= "1n(t, x, y) YAOBneT

0

BOp51eT ypaBHeHll1IO 

at/,n -
a -- + (L - 11. ) t/, = 0 ; n = 1, ... , N , 

dY.. n n 
(3.18) 

rAe onepaTop L ohpeAeneH nocpeACTBOM paseHCTBa (7). 4e~cTs111-
TenbHO' 1113 paBeHCTBa ( 3 .17) BblTeKaeT' '-!TO np111 n = 1, ... ' N 
cnpaBeAn111B~ COOTHOWeHl/151 

a"' n (t, z, y) 
., 

ay 

"" at/Jn(t,x, y) K(t, x, y, z) dx -
- J a 

z y 

- ft/, (t, x, y) aK(t, x,y,z) dx + A (t) a'Pn(t,z,y) 
Zn ay n ay 

+ 
· ko+·

2 
.,. (t, Z, y) A (t) a ~n + n 

. k +2 
a o 'P Ct, z, Y) 

n 

az k o + 2 

ko + 1 . k o- k + 1 
+ I a · k 

k• 0 a.•.-•+ t I ~,(t, z,y) a K(t,x,y,z) 
Jzk 

·k+2 "" a o K (t, x, y' z) dx - 0 
( VJ n (t, x, y) . k + 2 - • 
Z az 0 

x=z 

0' 

l -

~3 paseHCTBa (3.16) cneAyeT, '-!TO onpeAeneHHaR nocpeACTBOM 
3Toro paseHCTBa np111 X > Z cjlyHKU,11151 K = K(t, X, y, Z) 111 np111 X > Z 

YAOBneTBOpReT ypaBHeHll1IO (1.3). Ha OCHOBe 3TOro cjlaKTa B c111ny 
(3.6) cnpaBeAn111BO paseHCTBO 

at/J (t, Z, Y) k
0 

a n. +(-1) 
ay 
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. k + 2 a o "1n(t,z,y). 

ilz ko+ 2 -Aut/,n(t, Z, y) -

.,.,.-···, 

·k+2 . k 'k 

r
00 

) l a ° K(t,x,y,z) -e-
0 

( ) a K(t,x,y,z) 
- Vin (t, x, y . + ,. . Uk t,x,y -----c---ldx _ 

z axko+ 2 k=O axk 

oo at/Jn(t,x,y), .,. (t x y)}K(t,x,y,z)dx + - r la-----1\n~n • • 
z rJy 

k ko+ 1 

+ (.:..1) 0 I, 
k=O 

· ko - k + 1 
a . I "1 ( JkK azko-k+l nt,z,y) (t,_x,y,z) 

8zk 

4anee, cnpaBeAn111s~ paseHCTBa 
oo · k 
( t/,

0 
(t, x,y) u k(t, x, y) a K(t,_x,y,z) dx = 

z ax 

I= o. 
X=Z 

k oo i, k 
=(-1) f{-[t/J (t,x,y)uk(t,x,y)llK(t,x,y,z)dx -

z axk n . 

k-1 r 
I (-1) 

r=O 

ar 
--- [ t/, (t, Z, y) uk(t, z, y)) 
azr n 

· k-r-1 ·. 
a . K(t, x, y, z) 

1 
, 

axk-r-1 x=z 

oo · ,k 0 + 2 

J t/,n(t, x,y) a . K(t, x,y, z) dx = 
z axko+2 

k oo 
0 

= c--:i> r 
z ax ko + 2 

. k 0 + 2 ) 

a t/ln(t,x,y K(t, x, y, z) dx -

k 0 + 1 

I, 
k = 0 

(-ll --"·· 
8zk 

,k 0 -k+1 
a K(t,x,y, z ) 

ax ko - k + 1 I .x = z • 

8 COOTBeTCTBl/1111 C 3Tll1Mll1. paseHCTBaMl/1 nony'-laeM cneAY10L4ee COOTHQ--
weH111e: 

a"' n (t, z, y) 
a-~ 

ay 
k . 

k 
+ (-1) 0 

. k 0 +2 
a V'n(t, z, y) 

i,z ko +2 
+ 

o k a k 
+ I, (-1) --[ Y' (t, z, y) uk(t, z, y)] -11. n if, n (t, z, y) -

k = 0 8z k n 

· k 0 + 2 
00 at/J 0 (t,x,y) k 0 a VJn (t,x,y) 
f{a-._.;..--+(-1) . + 

z 8y 8x ko+ 2 

~ 
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ko 
k ak 

+ I (-1) -- [ t/1 (t, x, y) u k (t, x, y)] -
k = 0 axk n 

- >.n t/1 n (t, X, Y) l K (t, x, y, z) dx -

k . 
o k ak 

- I (-1) -.-[l/,n(t,z,y) u/t,z, y)] + 
k = 0 az k 

k ko+l 
0 

+ (-1) l', 
k = 0 

a ko-k+ 1 ·k 

azko- k + 1 {t/Jn (t, z, y) a K(t,x, y,z) azk IX= z I+ 

ko k -1 

+ I I 
k =1 r = 0 

(-1) 
r a r . k- r-1 

-.-[t/1 (t,z,y)u (t z y)] a K(t,x,y,z)I 

a 
r n k ' ' . -+ Z ax k - r - 1 x = z 

k + ll o k 
+ I (-1) 

k=O 

· k . k
0
-k + 1 

a t/1 n (t, z, y) a K (t, x, y, z) 

a~ k ax k o - k + 1 X= Z 

TaKl-1M o6pa30M, cnpaBeAnl-180 paBeHCTBO 

a -
(a-+L->.)t/1 (t,z,y)-

ay n n 

00 a -
- ~ [(a ay +L->.Jt/lit,x,y)]K(t,x,y,z)dx=Qn, 

rAe 

ko 
k 

Qn = I (-1) 
k = 0 

ko+1 ko-k 
+ I (-1) 

k=O 

.k a . 
-. - [ t/1 n (t, z, y) u /t, z, y)] + 
azk 

. k0- k+ 1 
a . 1Pn(t, z, y) 

'k a K(t,x,y,z) I 
. k X =Z ax 

= o. 

k ko+l 
0 

-(-1) I 

az ko - k + 1 

ako-k+l 

az ko- k + 1 {t/J n(t, Z, y) 

. k ) a K(t,x, y,z I 1-
. k x = z k=O az 

(3.19) 

ko k - 1 k-r 
- I I (-1) 

k=l r=O 

a k-r-1 
---[ t/1 ( . . r -azk-r-1 n t,z,y)Uk(t,z,y)] a K(t,X,Y.:.:~ ax r x= z. 
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C Y'-leTOM ycnOBl-1£-1 uk(t, x, y) ➔ 0, t/ln(t, X, y) ➔ 0 npl-1 X ➔ ± 00 cnpaBeA'.". 
nl-1Bbl paseHCTBa 

oo· 

f (i(.)kt/Jn(t,x,y) uk(t,x,y) exp(i(x)dx 
-oo 

. 00 ak 
=(-1/ f {-[t/J (t,x,y)u (t,x,y)]lexp(i(x)dx, 

-oo ax k n k 

· k 0 -k+1 · k 

foo·'· (t X ) a I a K(t,x, Y, z) I ex (il'x)ldx = 
'f'n ',y · k -k 1 · z=x IJ "' 

-oo ax o + ax k 

· k 0-k+l · k 
ko-k+l 00 a t/,n(t,x,y) a K(t,x,y,z) . 

(-1) J . ------ . k lz=x exp(i(x)dx; 
-oo ax k o- k + 1 ax 

.k 
00 k0 -k + 1 k a K(t,x, y, z) 
f (i() (-1) t/, (t,x,y) . k lz=x 

n az -oo 

exp(i(x)dx = 

k +1 .ko-k+l 'k 
o 

00 a 1 ) a K(t, x, y, z) 
1 1 

c ,.. d = (-1) f . 1/J (t,x,y . exp i.,,x) x, 
_:00 ax k O - k + 1 n az k z = x 

· k-r-1 a f t/J /t, x, y) U k(t, X, y) axk -r-1 arK(t,x, y,z) lz=xexp(i(x) ldx = 
ax r -oo 

oo ·k-r-1 ·r 
k-r-1 a aK(txyz) 

= (-1) f l . [ t/, (t,x,y) uit,x,y)]l . ' ' ' I exp(i(x)dx. 
a k-r-1 n a r Z=X -oo X . X 

npeAnOnO)l{l-1M Tenepb, '-!TO K03cj)qll-14l-1eHTbl Uo = Uo (t, x, y) , u 1 = 
= u /t, x, y) , •.• , u k = u (t, x,y) onepaTOpa L Bl-1Aa (1) Bbl6pa-
Hbl TaK, '-!TO COOTHowei!1l-1e tf .2) Bb1nonHS1eTCs:I npl-1 rno6blX t,x,y, (t;;. 
C(-00 ,00). 0TC~Aa cneAYeT, '-!TO BXOAs:l~asi B paBeHCTBO (~.19) 

senl-1'-ll-1Ha Qn=Qn(t,z,y) npl-1 n~6b1x t, y, ( <;;(-00,00) YAOBnefsopsi
eT ycnoBl-1~ 
• 00 

f Qn(t, z, y) exp(i(z) dz = O. 
-oo 

3TO 3Ha'-ll-1T' 'HO npl-1 n~6blX t' X' y ~ (-oo' 00 ) l-1M8eM TO)l{A8CTBO 
Qn (t, x, y) = 0, TO ecTb senl-1'-ll-1Ha 
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,.. a ~ 
',fl n (t, x, y) = ( a - + L - ,\ n) ',fl n (t, x, y) ay 

YAOBneTBOpHeT ypaBHeHvl~ 

,_ 00 " 

',fin (t, z, y) - { ',fin (t, x, y) K(t,x, y, z) dx = O. 
z 

(3.20) 

Ha OCHOBe npeAnono~eHvlH, 4TO ypaBHeHvle (3.17) vlMeeT eAvlHCT
BeHHOe peweHv1e, vl3 paBeHCTBa (3.20) cneAyeT, 4TO Sn<~x,y) 5 0, 
TO eCTb onpeAeneHHaH c noMOlJ.lb~ ( 3 .17) cpyHKLl,vlH l/1 = ',fl (t, x, y) 

n n YAOBneTBOpHeT ypasHeHvl~ (3.18). · 
Bo3bMeM Tenepb onpeAeneHH~e nocpeACTBOM (2.4), (3.11), 

(3.9) vi (3.17) Benvl4v1Hbl fo, f1, ... , fN, ¢1, ... , ¢N vi i/11,···· 
"'rt v1 c v1x noMOlJ.lb~ 06pa3yeM cornacHo ( 4) senv1Yv1Hb1 g 0, g 

1
, .•• , 

gN. HeTPYAHO BvlAeTb, 4TO onpeAeneHHble TaK Benvl4v1Hbl g l' .•• , g N , 
YAOBnernopH~T ycnosv1~ g1 =· .. = g?=O, a B cv1ny (2.5) v1 (3.13) 
cnpaBeAnvlBO paseHCTBO g0=(i()mo+ f 0. 0TC~Aa cneAyeT, 4TO 
B~nonHHeTCH paBeHCTBO 

iJL . rJA 
{ - + c[ A, L] + ac - -K f If O = 0, 

at ay 

rAe onepaTop r onpeAeneH paseHCTBOM (8). Ha ocHoBe aToro pa
BeHCTBa nonyYaeM, 4TO 

iJL iJA 
-- +c[A,L]+aC--=Kf, at ay 

TO eCTb onpeAeneHHble c nOMOlJ.lb~ ( 1. 2) vi ( 2; 3) K031p!pvll..l,vleHTbl 
onepaTopoB L v1 A BvlAa (1) v1 (3) YAOBneTBOpH~T CvlCTeMe (6), 
ecnv1 onepaTop r BvlAa (8) onpeAeneH c noMOlJ.lb~ peweHv1~ ypasHe
Hvl~ (3.9) v1 (3.17). TaKvlM o6pa3oM, vtHTepecy~ee Hae peweHv1e 
CvlCTeMbl ( 6) Ha~AeHO. 
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