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Hem,HHKOB B. K. 
HHTerpHpoBaHHe ypanHeHHH Ko~Teaera - Ae Bpttca 
C HCTOqHHKOM 

P2-89-4J8 

IloKa3aHO, qTo Ob(CTPO YOblBalO~He npH X ➔ ± 00 pemeHHH ypaB
HeHHH KopTeBera . - Ae Bpttca C HCTOqHHKOM MOPYT OblTb HaHAe
Hbl C IlOMO~blO MeTOAa OOP<;lTHOH. 3aAaqH pacceHHHH AJIH OAHO
MepHoro onepaTopa illpeAHHrepa Ha npHMOH. HauAeHbl YCJIC)BHH' 
npH KOTOPbIX ypaBHeHHe KopTeBera - Ae Bpttca C HCTOqHHKOM 
HMeeT qHCTO COJIHTOHHOe pemeHHe. TionyqeHHble pesyJibTaTbl HMe--
lOT TeCHYIO CBH3b C'PHAOM npo6JieM PHAPOAHHaMHKH, (pH3HKH 
nJia3MbI, cpH3HKH TBePAOPO Tena H T.A. 

Pa6oTa BbIIlOJIHeHa B Jia6opaTOpHH TeopeTHqeCKOH (pH3HKH 
omrn. 

IlpenpHHT 061,e.a;HHeHHOro HHCTHTyTa R.a;epHblX HCCJie.a;oumurn. L{y6Ha 1.989 

IlepeBOA r.r.CaHAYKOBCKOH 

Mel'nikov V.K. 
Integration of the Korteweg - de Vries 
Equation with a Source 

P2-89-418 

It is shown that solutions rapidly decreasing as 
x ➔ ± oo of the Korteweg - de Vries equation with a source 
can be obtained by the inverse scattering method for the 
one-dimensional Schroedinger operator on a straight line. 
The conditions are found under which the Korteweg - de Vri
es equation with a source has a pure soliton solution. 
The obtained result are relevant to some problems of hyd
rodynamics, plasma physics, solid state physics, etc. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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B HaCTORll.leH pa6oTe 1,13naraeTCR MeTOA 1'1HTerp1,1posaH1'1R /B Knac
ce 6blCTPO y6b1Ba10ll.11'1X no X <l>YHKU1'1H/ cne.QYIOll.lei'.1 C1'1CTeMbl ypaBHeH1'1~: 

au au a3 u a N 
-- + 6u -- + -- = 2 -- :£ cp ( X) iµ ( X) 1 at ox a x3 ax n'"' 1 n n 

a 
+2---

ax 

00 

r c/l(x,Oi/J(x.Od(, 
-oo 

(L-,\)c/J
0
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0
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0
"'0., n=l,· ... ,N, 

(L+t,;'
2

) ¢c:(L+(2
) ib=O, (~(-~ 1 00), 

/1/ 

/2/ 

/3/ 

1'1MeHyeMoH ,BCIOAY B AanbHeHw~M ypasHeH1'1eM·KopTesera - .Qe 8p1,1ca 
c 1'1CTO4H1'1KOM. 3AeCb L - onepaTop Wpe.Q1'1Hrepa, T.e. 

/4/ 

rAe a - onepaTop A1'1cJ)cJ)epeHU1'1POBaH1'1R no npocTpaHCTBeHHOH nepe
MeHHOH x, a u = u(x) - se111ecTBeHHaR cJ)yH~U1'1R 3TOH nepeMeHHoH, 
06naAa10111aR HenpepblBHblM1'1 npO1'13BOAHblM1'1 u '( X) ' u "( X) 1,1 u ,,, (x) 
no x, TaKaR, 4TO 

f(xu(x)., 
3 
:£ : U (k) ( X) ) d X ,,.- oo , 

k = 0 
/5/ 

8 COOTBeTCTBl,11,1 co CKa3aHHblM Bblwe nonom1'1TenbHble sen1'141'1Hbl An 
C41'1TalOTCR He 3aB1'1CRll.11'1M1'1 OT X 1'1 YAOBneTBOPRIOT HepaBeHCTBY 
,\ml,\ 0 np1,1 mln, a <l>YHKUi:;i1,1 </;n=c/Jn(x) 1,1 i/1

0 
=i/J

0
(x) RBnRIOT

CR peweH1'1RM1'1 CTaU1'1OHapHoro ypasHeH1'1R WpeA1'1Hrepa, YAOBneTBOpR
I0[41'1M1'1 ycnos1,110 

00 2 2 r (: ¢ ( X) i + I i/1 ( X) I ) d X < 00 I n = 1, ••• , N. 
n n 

/6/ 
-oo 



tlanee, ¢>YHK41111 ¢ = ¢(x, () 11 r/J = r/J(x, () npe,qnonaralOTCH Henpe-
pwBHWMl1 no·naPaMeTpy ( BMecTe c npo113so.QHWMl1 no ( nepsoro 

nOPH.QKa ¢ /; = (J~ ¢(x, () 11 r/J (, = i, r/J(X, (}, TaK11Ml1, lffO YCflOBl1H 

f ( : ¢ (x, () 12 + i r/J (x, () : 2 ) d ( < oo , 
-oo 

_[ (j ¢( (x, () !2 r ! r/J ( (x, () i 2 
) d( < oo , 17/ 

00 a .2 , a 2 r (l-¢(x, (). + 1--r/J(x, (H )d,; < 00 

-oo ax ax 

swnonHHIOTCH nPl1 nio6oM se~eCTBeHHOM x. 3Tl1 ycnoBl1H He TOflbKO 
rapaHTl1PYIOT KOppeKTHOCTb aan11c11 ypasHeHl1H /1/, HO 11 o6ecne-
4aT B 6y,qy~eM BO3MO)KHOCTb cosepwaTb C ¢>YHK411HMl1 ¢ = ¢{x, () 
11 rjJ = r/J(x, () ace Heo6XO,Ql1Mbte onepa41111, B 4aCTHOCTl1, no3BOflHIOT 
06pa30BblBaTb C l-1X noMO~blO 11HTerpanbl B CMblCne Kow11. HaK0He4, 

Mbl 6y,qeM npe,qnonaraTb, 4TO ¢>YHK41111° ¢1=¢1 (x~ , ••• , ¢N=¢N(x)' 
r/J1=r/J1 (x) , .•. , r/JN=t/JN(x), ¢=¢(x, i;,) 11 1/1-1/l(x,() Bb16paHbl 
TaK, 4TO swpa)KeH11e, CTOH~ee B npasoH 4aCTl1 ypaBHeHl1H /1/, np11-
Hl1MaeT TOflbKO se~ecTaeHHble 3Ha4eHl1H np11 nio60M se~ecTseHHOM 
3Ha4eHl111 X 11 t ::::. 0 . 

B 3TOH- dnya41111 c noMO~blO MeTo,qa o6paTHOH aa,qa411 pacceHHl1H 
,qnH onepaTopa Wpe,q11Hrepa 011,qa /4/ 6y,qeT HaH,qeHo peweH11e aa
,qa411 Kow11 AflH Cl1CTeMbl / 1 /-/3/, o6na,qaio~ee cne,qyl0~11Ml1 CBOHCTBa -
Ml1. nycTb Uo= Uo(X) - nPOl13BOflbHaH se~ecTBeHHaH ¢>YHK4vlH x, 
y,qosneTBOPHIO~aH ycnosv1io /5/. nycTb, ,qanee, onepaTop Wpe,qv1H-
repa L npv1 U ,- Uo (x) vlMeeT poBHO N TO4eK AvlCKpeTHOro cneKTpa 

,\ = ,\ n' n = 1' ... ' N . nycTb' HaKOHe4, An= An (t) - npov13-
BOflbHWe HenpepWBHWe ¢>YHK4vlvl t, npvlHvlMalO~vle TOflbKO se~eCTBeH

Hble 3Ha4eHvlH, n = 1 , ••• ' N ' a KOMnneKCHO3Ha4Hble ¢>YHK4vlvl 
p = p((; t) , q ~ q((, t) , r = r((, t) v1 s = s((, t) HenpepblBHbt no 

( v1 t aMecTe c npov1aao,qHblMvl no ( nepsoro noPHAKa p~= -!Z.-p((, t), . . "' a, 
q".,.= ... Lq(' t) , r;. = -~-r((, t) v1 s;.= ..£_s((, t) v1 npv1 nio6oM 

., ai: • "' ai: "' ai: 
t > 0 y,qosneTBOPHIOT ycnoBvlHM 

2 

I 
/1 

00
' 2 2· 2 2 2 

f ( ! p (,;, t) ! + !q((, t) I + Ir((, t) r +ts((, t) I ) ( d( < 00 

-oo 

f(: P,<,~ t) !2 + rq,((, t) [
2 

+I\:<(, t) t 
2 
+Is'!'· t) 1

2
) d( < 00. 

-oo 

nycTb, KPoMe Toro, sen11411Hbt P 11 Q 011,qa 

P(() = p(() r(() r q (-() s(-(), 

Q(() .= p(() s((} + q(-() r(-() 

npv1 fll06OM ( ~ (-oo, 00 ) YAOBfleTBOPHIOT yCflOBvlHM 

p ( - ,;) = p ( () ' Q (- () = Q ( () ' 

/8/ 

/9/ 

/.10/ 

rAe 4epTa 03H_a4aeT KoMnneKcHoe conpH>KeHv1e. TorAa cy~ecTsyeT 

peweHv1e u = u(x, t), ¢ 1 = ¢ 1(x, t), ... , ¢N = ¢N(x, t), t/t1 = 

= i/11 (x, t), ... , t/JN =tµN(x, t), ¢ = ¢(x, ,. t) H i/J = if,(x, ,. t) CH
CTeMW /1/-/3/, TaKoe, 4TO 

u(x, 0) = u 0(x), 

00 

f ¢n (x,_t) 1/ln (x, t) dx = An(t), n = 1, ... , N, 
-oo 

a npvl X ➔ - oo ·, t :='. Q vi ,; [.;_ (- 00 , oo )BbtnOflHRIOTCH aCvlMnTOTvlKvl 

¢ ~ p(,;, t) exp(i(x) + q((, t) exp(-i(x), 

r/J ~ r(,;, t) exp(i(x) + s(,;, t) exp(-i(x). 

/11/ 

/12/ 

3aMeTvlM cpaay )Ke, 4TO B cv1ny /12/ HepaseHCTBa /8/ rapaHTvlPYIOT 
cnpaee,qnv1socTb HepaseHCTB /7/. 

Bb1pa)KeHv1e, cTOH!llee a npasoCi 4aCTvl ypasHeHvlH / 1 /, pacna,qaeT
CH Ha ,qae 4aCTl1. nepsaH 4aCTb nopo)K,qaeTCH co6cTBeHHWMvl ¢>YHK-
4HHMvl, COOTBeTCTBYIO~vlMvl AvlCKpeTHOMY cneKTPY onepaTopa Wpe,qv1H
repa. BTopaH 4aCTb o6paaosaHa co6CTBeHHWMvl ¢>YHK4vlHMl1, OTHOCH
~11MvlCH K HenpepWBHOMY cneKTPY onepaTopa Wpe,qv1Hrepa. 8 TOM 
cny4ae, Kor,qa sTopoe cnaraeMoe a npasoH 4acTvl ypasHeHv1H /1/ 
OTCYTCTBYeT, T .e. KOr,qa ¢(x, ,;) = r/J(x, ,;) '= 0, nony4alO~aHCH B 
peaynbTaTe cv1cTeMa /1/, /2/ 6wna npov1HTerp11posaHa paHee 111 
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,llanee, B pa6oTe 121 6b1n ,qaH 1-1Ho11 no,qxo,q K "1HTerp1-1posaH"110 pac
CMOTpeHHoi'.i B /ti C"1CTeMbl ypasHeH"111. HaK0He4' B pa6oTe / 3/ 6b1Jl0 
o6Hapy)l{eHO' 4TO C"1CTeMa / 1 /-/3/ o6na,qaeT 6ecKoHe4HblM 4"1CI10M 

• JlOKailbHWX 3aKOHOB coxpaHeH"1R. 3TO o6cTORTeJlbCTBO cy~eCTBeHHO 
CT"1MYI1"1POBailo "1CCile,qosaH~e C"1CTeMW /1/-/3/. np1-1MeHeHHWl1 s Ha
CTOR~ei'.1 pa6oTe MeTo,q RBilReTcR ,qaI1bHe11w"1M pa3B"1T"1eM no,qxo,qa; 
y)l{e 1-1cnoJ1b30BaHHoro paHee 121 ,qnR 1-1ccne,qosaH"1R 4acTHoro cny-
4aR paccMaTp"1BaeMOl1 3,qecb C"1CTeMW ypasHeH"111 /1/-/3/. . 

HeJ1"1WHe OTMeT"1Tb, 4TO "1CCJle,qoBaH"1e C"1CTeMW /1/-/3/ RBJlReT
CR Ba)l{HWM no PRAY np1-141-1H. npe)l{,qe scero oHo onpe,qenReTCR He
coMHeHHoi'.i Ba)l{HOCTblO C"1CTeMw /1/-/3/ AilR pa3Il"14HWX np"1JlO)l{eH"111. 
KpoMe Toro, MHor1-1e coo6pa)l{eH"1R, 1-1cnoJ1b3YeMwe B HacToR~ei'.1 pa6o
Te' Ile rKO MOA"1<!>"11.1"1PYIOTCR "1 MOrYT 6b1Tb "1CnOilb30BaHbl AilR "1CCJ1e
,qosaH"1R PRAa ,qpyr1-1x Hen1-1He11Hwx 3BOill01.1"10HHWX ypasHeH1-1~, Hahp1-1-
Mep, AilR "1CCJle,qoBaH"1R HeJ1"1He11Horo ypasHeH"111 Wpe,q1-1Hrepa c "1C
T04H"1KOM, MOA"1¢"11.1"1POBaHHoro ypaBHeH"1R KopTesera - ,qe Bp1-1ca C 
"1CT04H"1KOM, C"1CTeMbl, on"1Cb1Ba10~e11 B3a"1MO,qe11CTB"1e N BOilH C "1C
T04H"1KOM, ypasHeH"1R Ka,qoM4esa - neTB"1aWB"1Jl"1 C "1CT04H"1KOM "1 
MHon1x ,qpyr1-1x. 

§1. onPE,llEnR~~HE COOTHOWEHHR 

Bo3bMeM n1-1He~Hwe ,q1-1¢¢epeH41-1aJ1bHWe onepaTopw L 1-1 A 

a2 3 L = + u, A~ 4a + 3(url H1•U). 

/ 4' 
B1-1,qa 

/13/ 

r,qe a - onepaTop ,q1-1¢¢epeH41-1posaH1-1R no npocTpaHcTseHHO~ nepe
MeHHoi'.i x, au= u(x) - ¢YHK1.1"1R 3TO~ nepeMeHHOl1, o6na,qalO~aR 
HenpepwBHWM"1 npo"13BOAHWM"1 no X AO TpeTbero nopR,qKa BKJll04"1T€Ilb
HO. KaK HeTpy,qHo y6e,q"1TbCR, cnpase,qJ1"1B0 paseHCTBO 

[A,L]=6U~ a
3

u +---ax r) x3 
/14/ 

nycTb ~ - HeKOTOPaR o6naCTb s nilOCKOCT"1 KOMnJleKCHoro napa
MeTpa 77 • ,llnR np0"13B0JlbHOro 3Ha4eH"1R napaMeTpa 77 (; _l paCCMOT
P"1M Il"1He~HYIO C"1CT€MY ypaBHeH"111 

(L 1- 77 2) r O = 0, 
arn 
-=i/J f -ax n o, n - 1 •... , N , /15/ 

OTHOC"1TeJlbHO He"13BeCTHblX ¢YHK4"1~ fo = fo(X, 77), f1=f1(x, 77), 

•·•, fN=fN(X, 77). ¢YHK4"1"1 i/J 1 =i/J 1 {x) , ... , i/JN=WN(X) 6y,qeM 

4 

,! 

:....... 

c41-1TaTb noKa Heonpe,qeneHHWM"1. nycTb, ,qanee, ¢YHKl.ll-1"1 F 
= F (x, ,. 77) "1 tp = t/J(x, () CBR3aHbl COOTHOWeHHeM 

j}_f.._ = t/J(x, () fo(x, 77). ' ,:;; {-oo. 00), 11~~- /16/ 
ax ' 

C nOMO~blO peweH"1R fo, !1' ... , rN Cl-1CT€MW /15/ 1,1 ¢YHK1.1"1"1 
F, YAOBJleTBOPRIO~ei'.1 COOTHoweHHIO /16/' AilR J1106or-0 77 (,::. J'1 onpe

,qem1M sen1-141-1Hb1 g 0 = g
0

(x, 77), g 1 = g 1(x, 11), .•• , gN- gJ_x, 11) 
nocpeACTBOM paseHCTB 

N 00 

go 
aro 
at +- A r0 +- I 

n= 1 
¢ r +- f¢<x.()F(x.(,r1)d(, /17/ 

n n 

gn 
ar o af 

i/Jn -a- - -,;::-~Co+(,\ + 772)( x ax n o 
n ,,,-\.', ...• N, 

r,qe ¢YHK41-11-1 ¢1 = ¢1 (X) , ••• , 4J N = chN (x) 
onpe,qeneHw. HaKoHel.l, noflO)l{l-1M 

ar (x, 11 ) 
G(x, (. 1J) = 0(x () O aw(x,() 

1,1 ¢ ,., ch (x, t;') no Ka He 

, a - (o(x, 11) -
X dX /18/ 

-((2-172)F(x,(,77), (:;;,(-"","°), 11;:..-\. 

8blRCH"1M Tenepb., KaK"1M Tpe6oBaHYIRM 
¢YHK4l1"1 U, ¢ 1 , ••• , </;N, t!J>, ... , i!,ij_, 
onpe,qeneHHwe nocpe,qcTBOM 17/ 1,1 /lH/ 
"1 G np1,1 nl06oM 7J ~ ll y,qosneTsopRil"1 

N "" 

AOfl)l{HW YAOBJleTBOpRTb 
¢ 1,1 1/J AilR Toro, 4T06W 
BeJ1"14"1Hbl g O, g l , .•• , g N 
COOTHOWeH"1RM 

(L + 11 2) g
0 

= l ¢ g t- [ ¢(x, () G(x, (, 11) d(, 
. n= 1 n n -oo 

/19/ 

agn -0 n=l, ... ,N, -- = ~ ax 
ao "' 0 , 
ax 

(C:.. (-oo, oo). 

C y4eTOM paBeHCTB /13/ "1 /14/ nerKO Haxo,q"1M, 4TO AilR cnpase,q
Il"1BOCT"1 COOTHOW€H"1~ /19/ Heo6xo,q"1MO "1 AOCTaT04Hci BWnOJ1HeH1-1e 
ypasHeH"111 Cl-1CT€Mbl /1/-/3/. 3aMe4aTeJlbH011 oco6eHHOCTblO COOTHO-
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WeHHH /19/ RBJlReTCR To o6CTORTeJlbCTBO, 4TO C HX nOMO~blO YAa
eTCR onpeAellHTb 3BOJll04HIO BO BPeMeHH BCex AaHHWX pacceRHHR 
AJlR onepaTopa WpeAHHrepa c noTeH4HaJlOM u = u(x, t), YAOBJleT-
BOPRIO~HM ypaBHeHHIO KopTeBera - Ae Bp1-1ca C HCT04HHKOM. no3TO
MY Mbl 6YAeM Ha3blBaTb HX onPeAeJlRIO~HMl-1 COOTHOWeHHRMl-1. H1,1)1(e 
npo4eAYPa onPeAeJleHHR 3BOJll041-11-1 BO speMeHH AaHHWX pacceRHHR 
AJlR onepaTopa WpeAHHrepa c noMO~blO COOTHoweHHH /19/ 6yAeT 
on1-1caHa AeTallbHo AilR cny4aR 6blCTpo y6wBaio~ero no x noTeH41-1ana 
u = u(x). 

§2. OnPE~EnR~mHE COOTHOWEHHR B CflY4AE 
6blCTPOY6blBA~IUE ro nOTEHl.lHAflA 

B TOM cny4ae, KOrAa noTeH41-1an u = u(x) onepaTopa WpeAHHre-
pa 6blCTpo y6blBaeT' npH X ➔ ± 00 , onpeAeJlRIO~He COOTHOWeHHR / 19/ 
YAaeTCR CHJlbHO ynpocTHTb. HMeHHO, npeAnOJlQ)l(HM, 4TO noTeH4HaJ1 
u = u(x) YAOBJleTBOpReT Tpe6oBaHHIO 

00 

f ( 1 + i x f} I u (x) ! dx < oo. 
-oo 

KaK l-13BeCTHO, B 3TOM CJ1y4ae ypaBHeHHe WpeAHHrepa 

(L + 11 2 ) f O = O /20/ 

np1-1 Jll060M T/ t;; (-oo' 00) HMeeT ¢>YHAaMeHTaJlbHYIO CHCTeMbl peweHHH 

ro-=-fo"(x, r,) 1,1 rt= rct(x, 77), 06J1aAa10~YIO CJleAYIO~HM aCHMnTOTH-
4eCKHM noBeAeHHeM: 

f ; -· exp ( - i 77 x ) , x ➔ - 00 , 

f ~- ., exp(i 77x), x ... oo. 

~anee, H3BeCTHO, 4TO onpeAelleHHble TaKHM o6pa30M ¢>YHK4HH r;; = 
"' f 0(x, 77) H f~ '"' f~ (x, 77) AOnycKalOT aHaJlHTH4eCKOe nPOAOJl)f(eHHe 
no napaMeTpy 77 B BepxHIOIO nonynJlOCKOCTb Im 77 > 0. np1-1 3TOM 
B 3aMKHYTOH nonynJlOCKOCTl-1 Im77? 0 cnpaBeAJlHBW COOTHOWeHHR 

lim [ f~(x, TJ) exp(i 77x)] = 1, 
X ➔ -oo 

/21/ 
Jim [ f ;(x, 77} exp(-i 77x)] = L 
X ➔ oo 

6 

1, 

I 
l 
} 

CneAYR / 15/ , noJlO)l(HM np1,f n = 1 ; 

X -
r- = f r/1 (z) f0 (z, 11} dz, 

n n 

r+ 
n 

-oo 

+ - ( r/1 n (z) f 
0
(z, 1/) dz , 

X 

..• ' N 

/22/ 

8 TOM CJ1y4ae, KOrAa ¢>YHK4HH r/J = r/J n (x) YAOBJleTBOPRIOT YCJlOBHIO 
/6/, paBeHCTBa /22/ B CHJlY /21/ onpeAeJlRIOT ¢)yHK4HH f - = f ;;-(x, TJ) 

+ + n 1,1 fn = fn (x, 7/ ), n = 1, •.. , N, KaK HeKOTOPble aHaJll.1TH4eCKHe 
¢>YHK41-11-1 napaMeTpa TJ B BepxHeH nonynnocKocTH Im T/ > o·.· 6onee To-
ro, npH Jll060M 3Ha4eHHH n·apaMeTpa TJ, Jle)l(a~eM B 3aMKHYTOij no-
IlYnllOCKOCTH Im17 > o, BWnOJlHRIOTCR acHMnTOTHKl-1 , -
f n ➔ 0, ecn1-1 x ➔ ;.. oo, 

/23/ 
f + ➔ 0 eCJll-1 X ➔ oo • 

n ' 

HaK0He4, CJleAYR /16/, nOJlO)l(HM 

X 

F (x, (, TJ} = ( r/1 (z, () r;(z, TJ) dz , 
-oo 

F+ (x, (, 77) 
ex, + 

- ( r/J(z, () f0 (z, r,) dz. 
/24/ 

x. 

Ha OCHOBaHHl-1 /21 / 3TH paBeHCTBa onpeAeJlRIOT ¢>YHK4HH F_ 1,1 F1 nPH 
Jll06blX x, '.;; (-oo' 00 )KaK aHaJlHTH4eCKHe <!JyHK41-11-1 naPaMeTpa 77 B Bepx
HeH nonynnocKoCTH ImTJ > 0. CornacHo /3/, /20/ 1-1 /21/ onpeAeJleH
Hwe nocpeACTBOM /24/ <PYHK4HH F 1,1 F npH Jll060M 3Ha4eHHH napa-. - + 
MeTpa TJ, np1-1HaAJ1e)l(a~eM BepxHeH nonynnocKoCTH lm77 > 0, MoryT 

6wTb npeAcTaBJleHW B BHAe 

2 2 -1 ar;cx, 77) arµ(x, () -
F_ = (( - TJ ) [ rµ(x, (} --- - ----f0 (x, T/) l, 

ax ax 
. + 

2 2 -1 . aro (x, 11> ar/J(x, () + 
F = (( - 77 ) [r/J(x, () --- - ---- f0 (x, 77)]. 

+ ax ax 

/25/ 
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fipaBble 4acn1 npHBe,QeHHblX BblWe BblPalKeHHH /25/. 04eBH,QHO' HMelOT 

CMblCil H npH IllOfiblX se14ecTBeHHblX 3Ha4eHH.flX napaMeTpa T/ , YAOBneT

BOP.fllOUIHX ycnoBHIQ T/ 2 -/4 ,2 . 

no aHanorHH c paeeHCTBOM /17/ noilOlKHM Tenepb nPH Im.,,> 0 

ac; _ N _ °" 
go=~ +Afo t n~l ¢nfn + f ¢(x, t;°) F_ (x, (. 71)d(, 

-oo 

+ 
go 

ari N 00 

- .o I- ,· + ( /' /' -- -- • A f 0 t - <Pn fn + f ¢ (x, () Ft x, .,,, 77) d.,,. 
11t n=l -oo 

B COOTBeTCTBHH co CKa3aHHblM BbJWe onpe,QeneHHble TaK BeilH4HHbl 

/26/ 

g~ ~ g~(x, TJ) H gt= g~(x, 11) 3a[!HC.flT aHallHTH4eCKH OT napaMeTpa 

TJ B sepxHeH nonynnoCKOCTH Im T/ > 0. 0,QHaKO B CHily Toro. 4TO npl1 

nt060M se14ecTBeHHOM T/ f O ¢,yHK4HH F _ H F + HMetOT oco6eHHO':.,TH 

B T04Kax ( = TJ H ( ~ -TJ, npe,QeilbHble 3Ha4eHH.fl ¢JYHK4HH go H 

g~ nPH Im T/ • t- 0 HYlKAatOTC.fl s aKKypaTHOM onpe,QeJleHHH. no,QCTaa-

11.fl.fl npaswe 4aCTH paseHCTB /25/ B BblPalKeHH.fl /26/ All.fl senH4HH 

gO H g ~ , C OOMOUlblO .HeCJlO)l(HblX Bbl4HCileHHH no11y4aeM, 4TO npH 

Im T/ = 0 cnpaee,Qm1sb1 paaeHCTBa 

_ ac~ N "° 

g 0 ~--+Ar;+ l onf~ + f ¢(x,()F_(x,(,11)d(+ 
ilt n - 1 -oo 

+ <l>i"(TJ)¢(x, TJ) + <ll; (r1)o(x, - ,,), 

1 
go 

ac+- · N + "" 
--~ +Af+ + I. ch f + .f ch(x; () F (x, (, 71)d( + at O n - 1 n n - 00 + 

+ <l>;(TJ) ¢(x, 71) + <I>; (TJ) ch(x, -TJ). 

/27/ 

r,Qe HHTerpailbl nOHHMatOTC.fl B CMblcne rnaBHOro 3Ha4eHH.fl ,a eef1H4HHbl 

<l>i", <1i;. <I>; H <1>t onpe,QenmoTC.fl BblpameHHRMH 

<ll-1(TJ) = !'.2.[ t/J (x, 71) ar;;cx. TJ) 
2 TJ ax 

<ll; ( TJ) = ;i [ t/J(x, _71 ) ar~ (x, 71
) 

T/ ax 

8 

at/J{x71) f~(x, TJ) l. 
ax 

at/J (X,-TJ) f- (X, T/)] , -o 
ax 

1 

I ., 

+ , . ar+( 
¢ 1 (7]) = -~[ ·'·( ) 0 x, 71) ?J(x,n) r;(x; 71)]. 

ax 2 'I' x, T/ -·-
77 ax 

+ 
¢ 2 ( 71) 

. + ( ) I 
. . _ar 0 (x, 71) _, at/I x,-11 r 

0
(x, TJll. 

~-["' (x, -TJ) ax - ax ' 27] 

· /28/ 

C y4eToM /3/ H /20/ H3 3THX paseHCTB cne,QyeT, 4TO BeilH4HHbl 
- - + ..,+ <ll i, ¢ 2, <ll 1 H ''l' 2 He aaeHC.flT OT X. 

. t-
,ll an e e, nYCTb npH n = 1 , ••• , N sem14v1Hb1 g;; H g n onpe,Qene-

Hbl nocpe,QCTBOM aHanorH4Hbli /17/ paae~CTB . 

af~(X,TJ) at/Jn{X) , 
gn - "'n {x) --ax ___ - ax f~(x, 71) + (An t 1/ 

2
) f ;;<x, T/). /29/ 

+-
+ ar 0 (x,71) iJiµn(x) + - 2 t . 

g -t/1 (x)---------f0 (x,TJ)t(A +r1 )f (x,77). 
n n ax ax . n n 

HeTPYAHO BH,QeTb, 4TO 3TH PaBeHCTBa onpe,QenRJOT aeilH4HHbl g n ~ 
-~ g; (x, 71) H g: = g~(x, TJ) B 3aMKHYTOH nonynf10CKOCH1 lmT} ~ 0. 

KpoMe Toro, Ha OCHOBaHHH /6/ H /23/ HaXOAIIIM, 4TO B 3aMKHYTOH 

nonynflOCKOCTH Im TJ ·:.. 0 cnpase,QilHBbl aCHMnTOTHKH 

g n + 0 np1-1 x • - "" • 

l-
g • 0 np1,1 X • oc. 

n 

nocKOilbKY onpe,QeneHHble nocpe,QCTBOM /29/ se11H41-1Hbl g ~ ·1,1 ··g: co

rnaCHO /19/ He 3aBHC.flT OT x, TO OTCIO,Qa CileAyeT, 4TO. 

gn-g~~o. n ~I, ... , N. /30/ 

HaK0He4, cne,QyR /18/, nonomHM 

rJf
0

(X,TJ) 
G = 0(x, () -ax 

- (( 2 - T/ 2) F - (x, (, 77) • 

ar+( 
G + = !/1 (x • () o x, 77) 

ax 

aw(x,() 
f ~ (x, 71) -

ax 

at/J(x,.() f~(x, 71 ) _ ((2_ 712) F/x,(,71).;31; 
ax 

9 



0AHaKO B COOTBeTCTBHH C paseHCTBaMH /25/ OTCIOAa.cneAYeT, 4TO 
B 3aMKHYTOH nonynilOCKOCTH Im 77 ~ 0 cnpaBeAilHBbl TO)l{AeCTBa 

G = G "' 0, i,; ~ (--oo, ""). 
- + 

132/ 

TaKHM o6pa30M, B CHily /19/' 1,1 /29/-/32/ HaXOAHM, 4TO onpeAeneH
Hble C noMOlllblO /27/ BeI1H4HHbl gii = g'ij(x, 71) 1,1 gri= gt(x, 11) npH 
nt060M 77~(--00,00) YAOBneTBOPRIOT ypaBHeHHIO WpeAHHrepa; T.e. 

(L + .. 11 2 ) g 0 ~ (L + 71 2 ) g~~o. /33/ 

PaseHCTBa /30/, /32/ 1,1 /33/ CBHAeTeJlbCTBYIOT O TOM, 4TO B cny~ 
4ae 6bICTpoy6b1Bat0111ero noTeH4Hana onpeAenRJOIIIHe COOTHOWeHHR / 19/ 
HMeJOT HaH6onee npoCTOH BHA. 

§3. 3B0n~UHOHHOE YPABHEHHE 
llnJI S -MATPHUbl 

Tenepb Mbl B,COCTORHHH nony4HTb ypaBHeHHR, onHCblBaJ0111He 3B0-
JllOLIHJO BO speMeHH 3neMeHTOB S-MaTPHLlbl onepaTopa WpeAHHrepa L. 
l\OCTHraeTCR 3TO CileAYIOIIIHM o6pa30M. HeTPYAHO BHAeTb, 4TO npH 
nJ060M Be111ecTBeHHOM 71 f. 0 napa <!>YHKL!HH fo (x; 71) H fo(X, - 71) oppa-
3yeT <l>YHAaMeHTanbHYJO CHCTeMy peweHHH ypasHeHHR /20/. 3Ha4HT, 
cnpaBeAilHBO paseHCTBO 

+ - -
f 0 (x, 71) = a(71) f 0 (x, -71) + b(71) f 0 (x, r,), /34/ 

rAe senH4HHbJ a = a(71) 1,1 b = b(71) He 3aBHCRT OT x. H3 paseHcTsa 
/34/ BblTeKaJOT xopowo H3BeCTHble COOTHOWeHHR 

·+ 
a(

77
) = __ !._ [f-( ) ar0(x, 71 ) 

2i71 0 x, 71 --- -ax . 
ar o<x, 77) 

ax r;cx, 71 )] ' 

. - + 
1 1 

ar 0 (x,-77) ar 0(x, 11> _ 
b(71) = ---[ f

0
(x, 71) ------ - ---f (x, -77)]. 

2 i 71 ax ax 0 

/35/ 

Ha OCHOBe nepsoro 1,13 paseHCTB /35/ HeTPYAHO y6eAHTbCR, 4TO 
<l>YHKLIHR a = a(71) AOnYCKaeT aHanHTH4eCKOe nPOAOil)KeHHe no 7) B 
sepxHJOJO nonynnocKoCTb Im77 > 0. C y4eToM /21/ nony4aeM, 4TO 
HyilRM <l>YHK4HH a(77), Jle)KalllHM B sepxHeH nonynnoCKOCTH Im 71 > 0, 

10 

) 

y 

COOTBeTCTBYIOT T04KH AHCKpeTHoro cneKTpa onepaTopa WpeAHHrepa 
L. MaTpH4a S = S(77) BHAa 

a(71) b(77) 

S( 71) = 
b(..;.71) a <--:71) 

/36/ 

Ha3blBaeTCR S-MaTPHLI~~ onepaTopa WP~AHHrepa. Ha OCHOBaHHH /34/ 
1,1 /3.6/ cnpaBeAilHBO pase'HCTBO 

D(71) = detS(77) = a(11) a(-71} - b(71) b(-71) = 1. 1371 

CornacHo /12/ nPH nJ06oM ( ..;;(-oo,oc) cnpaseAnHBbJ paseHCTBa 

¢(x, ,> = p(O f~ (x, -,) + q(Q r;cx, ()' 

cp(x, O = r(() f~(x, -() + s(() f0-(x, (), 
/38/ 

rAe senH4HHbl p = p (() , q = q((), r = r((). H s = s(() He 3aBHCRT 
OT x. c APYrOH CTOPOHbl, s COOTBeTCTBHi.1 c /34/ 1,1 /37/ HMeeM. 

. + . + . 
¢(x, () =a(() f0(x, () + {:3(() r0 (x, -(), 

+ + rf,(x, () = y(O f
0 

(x, () + 8(1;) f O (x, - (}. 

rAe 

a(()= a(-() p(() - b(-() q((), 

8W = - b(() p(() + a(() q ((), 

y(() = a(-() r(O - b(-() s(() , 

8(() ~ -b(() r((} + a(() s((). 

B c1,1ny /28/, /38/ 1,1 /39/ nony4aeM paseHcTBa 

<lJ; ( 77) = TT f ( 7I), <lJ; ( TJ) = TT S (- 77) , 

<Ii;(71) = -TT8(71), <Ii; (71) = -TTy(-71). 

/39/ 

/40/ 

/41/ 

H3 paseHCTB /33/ cneAyeT, 4TO npH Ill060M se111ecTBeHHOM 71 f 0 
BenH4HHa g0 MO)KeT 6b1Tb npe.QCTaBJleHa KaK JlHHei:iHaR KOM6HHa4HR 
peweHHH f 0(x, 71) 1,1 f0(x, -71) , a BenH4HHa gt MOlKeT 6b1Tb npe.QCTaB-
IleHa KaK nHHeHHaR KOM6HHa4HR peweHHH f;(x, 71) H f;(x, -71) · 
C y4eTOM /13/, /21/ 1,1 /27/ nonolKHM 
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g O (x, 7/) = [ 4 i 7J 
3 + K - ( 7J) l f O (x, .,, ) + KO ( 7J) r 0-(x, - 7/) , 

g~(x, 7]) =K~(7]) r;(X,-7]) + [-4i7]
3 + K+(TJ)l r;cx, 7]), 

/42/ 

rJ:je sem14HHbl K - = K-(7]) , Ko= Kij (7]) , K+ = K+ (7]) H K~ = K~(7]) 
He 3aBHCRT OT X. Onpej:jeflHM 3TH BeflH411Hbl. 

C 3TOH 4enb~ HaHJ:leM ac11MnTOTHKY senH4HHbl 

00 

<ll = f¢(x,()F_(x,(,7J)d( 
.-oo 

np11 X • _,,., H aC11MnTOT11KY sen11411Hbl 

<ll - f ¢ (x, () F (x, (. 11) d ( 
t + _,.., 

.. 
np11 X. 00 • C nOMO~b~ /25/ 11 /38/ 
aeAnHsa ac11MnToT11Ka 

HaXOJ:IHM, 4TO npH X ·• - 00 cnpa -

<IJ C-(7]) exp(-iTJX) + C(7]) exp{i71x), 

rAe 

C (7J) ~ i f [ p(() s(() 

-oo '+ T/ 

qWr(() l d(, 

' - 1/ 
C(T/) = -rr[ P(T/) r(T/) + q(-1]) s(- 71) 1. 

/43/ 

/44/ 

AHanorH4HbJM 06pa30M Ha OCHOBaH1111 /25/ 11 /39/ nony4aeM, 4TO nPH 
X ➔ 00 11MeeT MeCTO aC11MnTOTHKa 

+ 
<IJ+ - C

0 
(1]) exp(-i 1]X) + C (7]) exp(i 1]X) , /45/ 

rJ:1e 

C
0 

(1]) = rr{ a(-1]) y(-1]) + /:HT/)l3(T/)]. 

/46/ 

C + (1]) = i 7 [ ~() 8(() /3(() y(() 
-oo ( _ T/ - -z-_;-1/- ] d ( • 

12 

I 

~ 
:1 

\ 

J 
:) 

Bocno.l}b3YeMCR Tenepb HepaaeHCTBOM /6/. TorJ:ja 1-13 paaeHCTB /27/ 
cornacHo /1/, /5(, /8/, /23/, /38/, /39/, /41/, /43/ 11 /45/~ 
cneJ:IY~T pasettcTsa 

K-(T/) = C- (7J) + rr[ p(-71) s(-TJ) + q(71) r(TJ) l, 

K +(7J) = c+(7J) - rr [a(7J) o(TJ) + /3 (-7]) y(-TJ)l • 

KPDMe Toro, cnpaaeJ:1nHabl paseHcTsa 

K~(71) = C (17) + rr[ p(1J)f(7J) + q(-TJ) s(-1])], 

+ ' 
·Ko(TJ) = C 0 (TJ)-rr[ a(-17)y(-71) +/3(1J)0(1J)1, 

T.e. 8 COOTBeTCT811H C /44/ 11 /46/ HMeeM 

- + K O (71) = K O (71) = O • 

TaK11M o6paaoM, s cHny /42/ nony4aeM paseHcTsa 

g~(x, 7J) ~[ 4iTJ 3 + K-(77)]f0-(x, 7J), 

g~(x, TJ) ~{-4i7J 
3 

+ K +(TJ)l r;(x, TJ). 

/47/ 

/48/ 

C noMO~b~ /44/ 11 /46/ HeTPYJ:IHO y6eA11TbCR, 4TO onpeAeneHHble no
cpej:jCTBOM /47/ aefll-14HHbl K-(~ H K+(71) ADnYCKa~T aHafl11TH4eCKOe 

nPOAOfl>KeH1-1e no T/ 8 sepxH~~ nonynnoCKOCTb Im T/ "> 0. 04eB11AHO. 
4TO np11 Im T/ ' 0 BblnOflHR~TCR paseHCTBa 

K - ( 1/ ) ~ i f [ ~ ( () s ( ( ) q ( () r ( () 
-oo ( + -;,- - -z-: T/ l d (, 

K+ (TJ) = i r [ -~'> o((l 
-oo '=-;- -

nono>KHM Tenepb 

tH(l y(() l ct(· 

g(x, TJ) = g~(x, TJ) -a(TJ) g~(x, -TJ) - b(TJ) g~(x, TJ). 

C y4eTOM /34/ H /48/ HaXOAHM, 4TO 

+ - -
g(x, TJ) =[ K (77) -K (-7])] a(77) f

0
(x, -TJ) + 

+ [-8iTJ 3 + K+(TJ) - K-(TJ)] b(TJ) fjj(x, 7J). 

/49/ 

/50/ 
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C APYroH cTopoHw, Ha ocHosaHv1v1:/22/ v1 /34/ npv1 n = 1, ... , N 
vlMeeM 

+ -· . -
f n (x, 71) - a(71)fn (x, -,z) - b(71) fn (x, 71) = 0, 

,[lanee, cornacHo /25/ v1 /34/ npv1 11t06b1x (., 11 ~ (- 00 , ""} cnpaseAnvtso 
paseHCTBO 

F+ (x,· (, 71) - a(71) F _(x, (, -71) - b(71) F_ (x, (, 71) = 0, 

HaKoHe~, B COOTBeTCTBHvl C /3~/, /40/, /41/ vi /44/ no11y4aeM pa
seHCTBO 

+ - -l <Ii 1<11) - a(71) <ll2(-71) - b(71) <ll 1(11)] c/;(x, 11) + 

+ [ ¢~(71) - a(71)<ll~(-71) - b(71) w;(71)) 'cf;(x, - 71) = 

= - 2a( 71 ) [ 11Q( 71 ) r;(x; -11) - c(.:.71) r; (x, ~)], 

rAe BeJlvl4v1Ha Q(~ onPeAeJleHa nocpeACTBOM /9/. B CvlilY 3TvlX pa
BeHCTB C nOMOUlblO /27/ HaXOAvtM, 4TO 

aa(71) - · · . 
g(x, 71) = [ •-- -211Q(71) a(71)] f 0 (x, -71) + · 

at 

ab( 71) -
+ [ -. - + 2C(-71) a(71)] f 0 (x, r,). 

at 

CpaBHHBaR 3TO paaeHCTBO C paaeHCTBOM /50/, no11y4aeM 3BOill04vlOH
Hb!e ypasHeH~R AilR seilvl4vlH a = a(71) vi b = b(71) B CileAYIOllleM 
BHAe: 

aa ( 71) - ( )] ( ) --- ~ I K hz) ··· K (-71) + 2rrQ TJ a 11 , 
at 

ab(71) + _ . at- ~ - 2C (-11) a ( 71) - [ 8 i 11 3 - K ( 1/) + K ( 11) ) b ( 11) • 

OnpeAeI1v1M Tenepb a sepxHeH no11yn11ocKOCTH Im11' 0 ¢YHK4vt10 
k-(71) nocpeACTBOM paseHcTsa 

/51/ 

t1 

R-C11> = i f [ p(() s<(> 
-oo ' - 11 

q(()r(() }d(. 

(+.,, 
/52/ 

B CvlilY /49/ H /52/ HeTPYAHO y6eAvlTbCR, 4TO npv1 BellleCTBeHHb!X 
3Ha4eHvlRX napaMeTpa 11 BWnOilHReTCR paseHCTBO 

A 

IC (71} = K-(-71) -271'.0(71). 

C noMOUlblO 3Toro paseHCTBa. CvlCTeMa /51/ MomeT 6WTb 3anv1caHa B 

CileAYIOllleM BvlAe: 

A 

_aa ~ == [ K + ( 71 ) _ K - ( 71 ) } a ( TJ) , 
at 

ab(71) 3 + -
--- =-2C(-71)a(71)-[8iTJ -K (71) +K (71)].b(71). 

at . 

/53/ 

04eBvlAHblM HeAOCTaTKOM ~TOH CvlCTeMbl RBil_ReTCR TO o6CTORTeJlb
CTBO, 4TO ¢YHK4vlR K+( '1/) 3aBvtCvlT OT BeJlvl4vlH a.== a ( i;:) , f1 = fl(( ) , 
y == y (() vi o == O ((} , KOTOPble, B CBOIO 04epeAb, cornaCHO /40/ 3a_: 
BvlCRT OT 3JleMeHTOB S-MaTPvl4bl. 0AHaKO 3TOT HeAOCTaTOK nerKO 

·o6XOAvlTCR. ,[leHCTBHTeJlbHO, Ha OCHOB~ /53/ no11y4aeM, 4TO ~o3¢¢vt7 
4vteHT OTPameHHR 

R(71) = _!:h) 
a(17) . 

YAOBileTBOpReT ypasHeHHIO 

aR(71) · a ) 
__,._ +[SiTJ +K(71)} R(17) =M(71, 

at 

rAe 

K ( 1/) = K- ( 11) - K -( T/), M ( 1/) = -2C (- 11) , 

/54/ 

/55/ 

· /56/ 

C y4eTOM /49/ H /52/ OTCIOAa CileAYeT, 4TO npvt lm71 > 0 cnpaaeA
IlHBO paseHCTBO 
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00 1 1 
K ( 11) ~ i ( h ( () ( ___ _.:.. - ----) d (, 

-oo ( + 11 ' - 11 
/57/ 

rAe 

h(() -p(()s(() tq(,")r((). /58/ 

TaKHM.o6pa30M, Ha OCHOBaHl-111 /9/, /44/ 1,1 /56/ HaXOAHM, 4TO np11 
n1060M BeUleCTBeHHOM 11 B~no~HHIOTCH paseHCTBa 

00 1 1 
K{11) ·~ i f h(() (---- - ---) <l( ~ 11{ 0{7J) + Q{-77) l. 

-oo ( I 11 ( - 1/ " 

/59/ 
M ( 11) - 2rr P (- T/) 

8 COOTBeTCTBl-111 C paseHCTBaMJ.1 /54/ 11 /55/ nony4aeM, 4TO 6e3oTpa
JKaTenbHble noTeH1.111anb1 a npo1.1ecce 3BOfM1.111H, onpeAemieMOl1 ypaaHe:.. 
Hl1eM KopTeeera - Ae Bp11ca C MCT04H11KOM, OCTalOTCH 6e3oTpaJKa
TenbHblMl1 TonbKO B cny4ae M{11) = 0' T. e. cor nae Ho /59/ TOnbKO 
TOrAa, KorAa onpeAenettHaH nocpeACTBOM-/9/ sen11411Ha P(() paaHa 
TOJKAeCTBeHHO HynlO. nanee, 113 ypaeHeHHH /55/ cneAyeT, 4TO Ha 
3Bon1041110 K03~¢111.111eHTa OTPaJKeHl1H R sn11HeT TOJlbKO Ta 4aCTb 11C
T04HJ.1Ka, KOTopaH nopo>KAaeTCH co6CTBeHHblMl1 ¢YHKQ11HM1'1, OTHOCHU111-
M11CH 1< Henpepb1BHOMY cneKTPY oneparopa Ulpe_A11Hrepa. Hao6opoT, Ta 
4aCTb 11CT04H11Ka' KOTOpaH nopO)!(AaeTCH co6craeHHblMl1 ¢YHK411HMl1' 
COOTBeTCTBYIOU111MH A11CKpen-tOMY cneKTPY onepaTopa WpeA11Hrepa, Ha 
3BOnlOQl110 K03¢¢111.111eHTa oTpaJKeH11H Hl1KaK He sn11HeT. HaKOHe1.1, OTMe
TMM, 4TO cornacHo /9/, /58/ 11 /59/ paseHCTBO K( 11) = 0 B03M0)!(H0 
TOJlbKO np11 yc11os1111 0(11) t Q(-11) 0. 11 ~ {-oo,,x;). 

§4. COBMECTHOCTb CHCTEHW /53/ 
H PABEHCTBA /37/ 

Y6eA11MCH Tenepb, 4TO Cl1CTeMa /53/ COBMeCTHa C paseHCTBOM 
/3]/. ne11CTBl1TenbHO, B Cl111Y /40/, /49/ 11 /52/ 11MeeM np11 
Im 11 :--- O 

+ - 00 1 
K ( 11) - K ( 11) "' i ( H ( () ( -

-oo ( - 11 

16" 

1_) d(, - ,-+ 11 
/60/ 

rAe 

H(() = [p(()s(() + q(() r(()] b{() b(-() -

-[ p((} r(()a(-() b(() + q(()s(()a(() b(-()]. 
/61/ 

OTCIOAa cneAyeT, 4TO np11 n106b1x aeiqecTBeHHblX 3Ha4eHl1HX napaMeTpa 
T/ cnpaBeAnl1BO paseHCTBO 

t + .... _ .... _ { 
K (11) + K (-11) -K (11) -K (-11) = - 211 H(11) ~ H(-11) I. /62/ 

C APYro11 CTOPOHbl, cornaCHO /57/ np11 Jll06b1X BelqeCTBeHHblX 3Ha4e
Hl1HX n~paMeTpa 11 BblnOJlHHeTCH COOTHoweH11e 

K(TJ) + K (-TJ) = 2 rr[ h(TJ) + ht- TJ)], /63/ 

rAe se1111411tta h(71) onpeAeneHa c noMOUlblO paseHcTaa /58/. nanee, 
C y4eTOM /53/, /62/ 11 /63/ 11MeeM 

a r . -
-L a(TJ) a(-TJ) - b(TJ) b(-7]) l = -2 rr [ H(TJ) t H(-TJ) l a(TJ)a(-71) t at -

t 2C (- TJ) a ( 7J) b (- 7J) + 2C ( TJ) a (- TJ) b ( 1J) + 

+ 2rr[ H(TJ) + H{-71) t h(11) + h(-TJ)1 b(11) b(-11) • 

Ha OCHOBaHl111 /44/, /58/ 11 /61/ HaXOAl1M, 4TO 

rr(H(TJ) + H(-11)1 = 11[h(1J) + h(-TJ)l b(TJ)b{-11) + 

+ C (- 11) a ( TJ) b (-TJ) + C ( 71) a (-TJ) b ( T/) • 

B COOTBeTCTBl111 C 3Tl1M paseHCTBOM BeJ111411Ha 0(1]) = a(TJ) a{-71) -
- b(71) b(-71) YAOBJleTsopHeT ypaBHeH1110 

;/0( 71) 
-- + 2rr[ H(11) + H(-TJ)] [ O(TJ) - l J = O. 

rlt 

B Cl111Y YCJ10811H 0(71) = 1 np11 t = 0 OTCIOAa CJleAyeT TO)!(AeCTBO 
0(71) = 1 np11 scex t > 0. TaKl1M o6pa30M. COBMeCTHOCTb paseHCTBa 
/37/ 11 Cl1CTeMbl /53/ AOKa3aHa nonHOCTblO. 
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§5. AHCKPETHhlR cnEKTP 
onEPATOPA WPEAHHrEPA 

C Y4eTOM paaeHCTB /37/, /54/ 11 /58/ onpeAeneHHaR nocpeACT
BOM /61 / sen11411Ha H(O Mo>KeT 6brTb 3an11caHa a cneAYIOll\eM Bl1Ae: 

H(() "' [ 1 - R (~") R~-() 1-1 
[ h.(() R(() R (-() -

/64/ 
- p(() r(() R(() -q(() s(() R(-()1. 

8 nPaBylO 4aCTb :Haro paseHCTBa BXOART senl1411Hb! p = p ((), 
q =Q((), r = r(() 11 s = s(O 11 yme He BXOART senl1411Hb! a =a((), 
f3 = (3((), y = y((} 11 o = o(() . . no3TOMY c noMOll\blO ypasHeH11R 
/55/ aen11411Ha H(() MO>KeT 6WTb onPeAeneHa np11 n1060M Bell\eCTBeH
HOM' 11 n1060M t~~ 0. TaKl1M o6pa30M, cornacHO paseHCTBY /60/ 
aen11411Ha K+ (71} - K-(71) onpeAeneHa a sepxHel::i nonynnocKoCTH 

Im 71 > 0 npH Jll060M t > 0. 0TCIOAa Ha OCHOBaHl111 nepsoro ypaaHeHl1R 
Cl1CTeMbl /53/ CJleAyeT ~ 4TO HYilH' 7/."" ~·n Q}YHK[tl111 a(71) B sepxHei::i ' 

nonynnoCKOCTl1 Im 71 > 0 He 3aBl1CRT OT speMeHl1 t • B c11ny /21 / 11 
/35/ HYilRM 71= 71

0 
())yHKLtl111 a(71), nema11111M a aepxHei::i nonynnocKo-

CTl1 Im71 > o, COOTBeTCTBYIOT T04Kl1 A11CKpeTHOro cneKTpa onepaTopa 
' ' 2 

WpeA11Hrepa, T. e. np1-1 n "" 1, ••. ,N 11MeeM A0 + T/n = 0. CneAoaa-
Tenb HO, nPl1 71 ~. T/n BblnOflHReTCR paseHCTBO 

+ -
f O (x, T/ n ) = B n f O (x, T/ n ) ' /65/ 

rAe aeJ1114"1Hbl B n He 3aBl1CRT OT X , n 
BeAI111BW paseHCTBa 

1, ... ,N. Aanee, cnpa-

¢ (x) = U f-0 (x, 71 ) , 
n n n t/J (x) = V f O (x, 71 ) , n n . n /66/ 

rAe sen11411Hb! U
0 

r.1 V
0 

TaK>Ke He 3as11cR-T oT x, n = 1, •.. , N. 
KaK 6btI10 ycTaHOBJleHO pa Hee' onPeAeneHHb!e C nOMOll\blO paaeHCTB 

/26/ BeI1"14"1Hbl g 0 = g~(X, 71) "1 g iJ = gt(x, 71) RBflRIOTCR aHafl"1TJ.14e-
CK"1MJ.1 <l>YHKLt"1RMl-1 napaMeTpa TJ a eepxHei::i nonynnoCKOCTl1 Im T/ :, 0. 
HcxOAR "13 3Toro o6cTORTenbCTBa, nono>K11M 

G 0(x) = g~(x, 71 0 ) - B0 g~(x, 71 0), n=l, •.• ,N. 

CornacHo /48/ 1,1 /65/ npr.1 n = 1 , .•. , N "1MeeM 

Gn(X)=[-8i11 3 + Kt(T/ )-K-(71 )]B r-o(x, 71 ). n n n n n 
/67/ 

C APYroi::i CTOPOHW, a c1,1ny /20/, /38/ r.1 /66/ swnonHRIOTCR COOTHO
weHl-'IR opToroHanbHOCTl-1 

18 

00 
J if,(x•, () r;(x, 71

0
) dx = o, .. , ~ (-00, oo), n = 1, ••• , N, 

-oa 

00 
f ¢m(x) t/10 (x) dx = 0, ecn11 m I n. 

-oo 

C Y4eTOM 3Tl1X PaBeHCTB B COOTBeTCTBl111 C /11/, /22/, /24/, /26/ 
11 /65/ nony1.1aeM, 4To 

aBn -
G (x) = [ - -A B ) r0 (x, 7/ ·), n = 1, ... , N. 

n at n n n ' 

CpaBHl1BaR 3TO paee~CTBO C paeeHCTBOM /67/, nony4aeM 3BOJ1l0Ltl10H

HOe ypaBHeH11e AflR BeJ1114"1H B' n = 1, ... , Ni B CJleAYIOll\eM B11Ae: n 

aBn s 
-- + [ 8 i 7/ -A 0 (t) - K (t) J B "" 0, at n n n /68/ 

rAe 

+ -
Kn""K (71n)-K (71

0
). /69/ 

Y6eAl1MCR Tenepb' 4TO YCI108"1R /10/ rapaHT"1PYIOT BblnOJ1HeH11e 
COOTHOWeHl1H 

R(-71) = R(71), TJ. t;; (-oo, oo), B ""B , n n 
n = 1, ... , N, /70/ 

np11 t > 0, ecnn 3Tl1 COOTHOWeHl1R BblnOJlHeHbl npr.1 t = 0. Aei1CTBl1-
TeJlbHO, B c11ny /10/ 11 /59/ 11MeeM 

00 

- 1 1 
K(-71)-K(71) =if [h(() -h(()J (-- ----)d(, 

-oo ' + 7/ ' - 7/ • 

M(-71) ""M(71), 

T.e. 

oo - -- d( 
K(-71) - K(71) "" i .f [ h(() + h(-() - h( () - h(-()] --

-oo ' + 71 
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Ha OCHOBaHHH /10/ 1-1 /58/ cnpaBeAJlHBO paaeHCTBO 

h ( () I- h (- () - h ( () - h (- () = 0 . 

Cn~EaTeJlbHO, nPH rno6oM T) .;; (- 00 , 00 ) HMeeM ,paaeHCTBO K (-1)) = 
~ K(T))~ TaKMM o6pa30M, B COOTBeTCTBHH C ypaBHeHHeM /55/ nony-

4aeM, 4TO paaeHCTBO R(-1)) = R(T)), T) .;(-oo, oo), cnpaBeAJlHBO npH 

rno6oM t :, 0, ec111-1 oHo cnpaaeAllHBO np1-1 t = 0 . .Qanee, c y4eToM 

/56/, /57/, /60/ 1-1 /69/ y6emAaeMCH a cnpaBeAJlHBOCTl-1 paaeHCTBa 

1 
K -0 i f I H(() + h((l I ( ---

n (- T/ 
n 

00 1 
J", )d(,n=l N 
':, r T) '•••• n • 

3To paaeHCTBO MOll<eT 6b1Tb 3an1-1caHO TaKme B ClleJ:IYIOllleM BHAe: 

Kn 
00 1 

- if [H(-() • h(-() (----
·-oo (-TJ 

n 

1 ) d(, 
(+ T) n 

n = l , ... , N • 

TaKHM o6pa30M, nPH n - l, ..• , N HMeeM pa,aeHCTBO 

K C n 
({H(s) t H(-() + h(t,'.") +h(-()1 (~ 

i,, - 7/ n 2 -oo 

1 -) d(. -,-;;n /71/ 

KaK Mbl yme y6eAWll-1Cb paHee, ae111-141-1Ha h(t,'.') 1- h(-() np1-1 
,~(-oo,oo)npl-1HHMaeT TOJlbKO ae111ecTBeHHWe 3Ha4eHHH. Aanee, co

rnaCHO /9/ H /64/ nPl-1 Jll060M '"' (_,.,, ..,) cnpaseAJll-180 paBeHCTSO 

H(() + H(-() - ( 1- R(() R(-()) - l I[ h(() + h(-() l R(() R(-() -
172/ 

- P(() R(() - P(-() R(-() I. 

1,13 KOToporo cneAYeT, t.1To senH4HHa H(() + H(-() TaKme nPHHHMa
eT TOJlbKO ae111eCTBeHHWe 3Ha4eHHH npH nl060M ,~ (- 00 , 

00 ).nocKOJlbKY 

Hy111-1 7/ = T/n cj)yHKLIHH a(TJ) s sepxHei::i nonynnocKocT1-1 Im T/" 0 He 

3aBHCHT OT t ' a npH t = 0 OHH HBJlHIOTCH -4HCTO MHHMblMH, TO 
se111ecTBeHHOCTb ael1H4HH Kn HenocpeACTBeHHO BWTeKaeT 1-13 paseH

CTBa /71/. C y4eTOM 3Toro cj)aKTa ae111ecTBeHHOCTb BeJ1H4HH Bn 
np1-1 t > 0 cornaCHO ypaBHeHHIO /68/ ClleAYeT 1-13 se111ecTBeHHOCTH 
3THX aeJ1H4HH nPH t = 0. TaKHM o6pa30M, cnpaseAJlHBOCTb COOT

HoweHHi::i /70/ AOKa3aHa. 
H3 ypasHeHHH /68/ ClleAyeT, 4TO Ha 3B0Jll01..1HIO BeJ1H4HH Bn 

BJlHHIOT o6e 4aCTH HC T04HHKa .. .llei::icTBHTeJlbHO' seJ1H4HHa A QTHOn 
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CHTCH K TOi::i 4aCTl-1 l-1CT04HHKa, KOTOPaH nOPOll<AaeTCH co6CTBeHHW

MH $YHKL.1HHMH, CQOTBeTCTBYIOl!IHMH AHCKpeTHOMY cneKTPY onepaTopa 

WpeAHHrepa. Hao6opoT, ae111-1t.11-1Ha Kn~BH~aHa c ToA 4aCTblO HCT04-
HHKa, KOTopaH 06pa30BaHa co6CTBeHHWMH ¢YHKL.1HHMH, OTHOCHl!IHMHCH 

K HenpepwBHOMY cneKTPY onepaTopa WpeAHHrepa. BamHO OTMeTHTb, 
4TO Ha 3BOJ1IOI..IHIO seJ1H4HHbl Bn BJlHHeT aeJ1H4HHa An TOJlbKO C TeM 

me CaMblM HOMepOM Il H HHKaK He BJlHHIOT aem14HHbl Am C HOMePOM 
m 1-n • .llanee, a CHJly (9/, /58/ 1-1 /72/ cnpaBeAJlHBO pa~eHCTBO 

. . -1 
H(()+ H(-() +h(()+ h(-(} = [ 1-R(()R(-()l , [Q(()+Q(-() 

- P(() R(() - P(-() R{-()]. 

TaKHM 06pa30M, cornacHo /71/ BeJ1H4HHbl Kn 3aBHCHT H'OT BeJ1H4H
Hbl P((), HOT seJ1H4HHbl.Q{(). B cny4ae 6e30TpamaTeJlbHOro no

TeH1..11-1a11a HMeeM 

Kn=!._ ([Q(()+Q(-())(-1. 
2 -oo ' - T) n 

_1 __ --)d(, 
- ( + T)n 

n = 1, ... , N. 

YpasHeHHH /55/ 1-1 /68/ onpeAellHIOT 3Bonio1..11-1io so speMeHH scex 

AaHHWX pacceHHHH onepaTopa WpeAHHrepa, Heo6XOAHMWX AJlH npHMe

HeHHH MeTOAa o6paTHOH 3aAa4H pacceHHHH AJlH HHTerp1-1posaHHH 
CHCTeMw /1/-/3/. B 4aCTHOCTH, OHH no3BOJ1HIOT nony4HTb HAPO HH
TerpaJlbHoro ypasHeHHH renbcj)aHAa - nes1-1TaHa 151 np1-1 scex 

t ~- o. TaKHM o6Pa30M, 3aAa4a HaXOll<AeHHH peweHHH CHCTeMW /1/
/3/ CBeAeHa K 3aAa4e HaXOll<AeHHH peweHHH JlHHei::iHoro HHTerpanb
Horo ypasHeHHH. PeweH1-1e 3Toro ypasHeHHH s ):laHHOM c11y4ae npHH-

1..11-1n1-1aJ1bHO HH4eM He OTJ1H4aeTCH OT cny4aH ypaaHeHHH KopTeaera -

Ae Bp1-1ca ~e3 HCT04HHKa 16 • 7'. 0AHaKO B CHJlY Toro, 4To;ypaaHe
HHH /55/ H /68/ cy111ecTseHHO OTJ1H4alOTCH OT COOTBeTCTBY

0

l0l!IHX 

ypasHeHHi::i a cny4ae ypasHeHHH KopTesera - Ae BpHca 6e3 HCT04-
HHKa, AHHaMHKa peweHHH CHCTeMW /1/-/3/ OKa3WBaeTCH cy111ecTBeHHO 
6ora4e AHHaMHKH peweHHi::i ypasHeHHH KopTesera - Ae BpHca 6e3 
HCT04HHKa. nocKOJlbKY cj)a3oiaH CKOPOCTb n-ro COJlHTOHa nponop

l..lHOHallbHa BeJ1H4HHe rn = 8i71~ -An(t) -Kn(t), TO ero AHHa
MHKa cy111ecTBeHHO 3aBHCHT QT 3HaKa BeJ1H4HHbl rn • 8 4aCTHOCTH, 
np1-1 nepeMeHe 3HaKa senH4HHW rn HanpasneHHe ABHmeHHH n-ro co-

111-1T0Ha MeHHeTCH Ha o6paTHoe. nonHOMY onHCaHHIO AHHaMHKH ~ewe

HHi::i CHCTeMW /1/-/3/ 6yAeT noCBHl!leHa OTAellbHaH pa6oTa. 
B 3aKJll04eHHe Heo6XOAHMO nOA4ePKHYTb, 4TO npeAJlO)l{eHHWi::i 

3AeCb Me10A HHTerpHposaHHH CHCTeMbl /1/-/3/ npHMeHHM TOJlbKO B 
c11y4ae, KOrAa BeJ1H4HHW An He 3aBHCHT OT apeMe~H t, n =1 , ... , 
N . .Qo CHX nap OCTaeTCH HeHCHblM, MOll<HO JlH C nOMOlllblO MeToAa 
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o6paTHOH 3aAa4H pacceRHHR npov1HTerpv1posaTb CHCTeMy /1/-/3/ 
B cny4ae, KOrAa een11411Hbl ,\n RBflRIOTCR npovt3B0flbHblMvl cpyHKL\vlRMvl 
s~eMeHK t, npvtH"1Mal0~11Mvl TOflbKO nonomv1TenbHWe 3Ha4eH11R, 
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