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npou,eCCbl MHOmeCTBeHHOrO PO>K,QeHHR a,QpoHOB B CTOIIKHOBeHHRX 
peiJRTI-1BI-1CTCKI-1X R,Qep 1-1 3IJeMeHTapHbiX 4aCTHLJ, BbiCOKOt1 3HeprHH 
,QOCTdTOYHO ycneWHO Oni-1Cb1Ba~TCR C nOMO~b~ Te0pi-1H BeTBR~HXCR 
CIIY4dt1HbiX npou,eCCOB C HenpepbiBHbiM epeMeHeM /2·17/ • npHMeHReMb!e. 
MeTO,Qbf 1-1 HeKOTOPble noiJy4eHHble peayiJbTdTbl MoryT npe,QCTdBIIRTb 
I-1HTepec H ,QIIR cneU,HdiiHCTOB, pa60Ta~~HX B ,qpyrHX 06IJaCTRX Ma
TeM8TI-1KH 1-1 ¢H3HKH. B CBR3H c 3THM a ,qaHHOM o6aope o6cym,qa~T
CR TOJlbKO TeopeTHKO-BepoRTHOCTHble acneKTbl, T .e. MaTeMaTI-14e
CK8R MO,Qe!lb MHO>KeCTBeHHOrO pO>K,QeHI-1R, Ill He 38TPOHYTbl AeTa!lH 
KOHKpeTHOrO ,QHHaMH4eCKOrO MeXaHI-13Ma a,QpOHHbiX B3aHMO,Qet1CTBHt1. 

nepSblt1 pa3,qen pa6oTbl Co,qep>KHT H3IIO>KeHHe OCHOB TeOPHIII BeT-
BR11.11-1XCR npoLJ,eCCOB 1-1 MO>KeT 6b1Tb ony111eH TeMH KTO 3HaKOM C ¢yH-
AaMeHTaJ1bHO~ MOHOrpa$He~ 6,A,Ce8aCTbRHO!iallf, nepeXOAHble 8e
poRTHOCTI-1 aeTBRtqHXCR npou,eCCOB onpe,qe!leHbl 1-13 HeKOTopoti CHCTe
Mbl ,QH¢¢epeHU,HaiibHO-pa 3HOCTHbiX ypaBHeHJ.1ti. 8b1BO,Q 3TOti CHCTeMbl 
VI ee OCHOBHble CBOtiCTBa o6cy>K,qatoTCR 80 BTOpOM pa3,qene. BeTBR
~J.1eCR npoU,~CCbl, BKI1104810UV."le B Ka4eCTBe 3IleMeHTapHbiX TOJlbKO 
O,QHOYaCTI-14Hble npou,eCCbl, aHai11-13J.1pyiOTCR 8 TpeTbeM paa,qene. lleT
eepTblt1 pas,qen nocsR~eH on1-1caHHto seTBRiqvtXCR npou,eccos, Y4HTbr
aato11.1HX o6pa30BaHHe B 3!1eMeHTapHOM aKTe B38HMO,Qet1CTBHR KilaCTe
poa, T.e. o6beKToe, pacna,qatol1.1HXCR no HCTe4eHHH HeKoToporo epe
MeHH Ha HeCKO!lbKO BTOPH4HbiX 4aCTHU,. 8 3aKil104HTeiJbHOM paa,qene 
o6aopa paccMoTpeHbl npe,qenbHbre eeTBRutlt1ecR npou,eccbr, ,qonycKaro-
111He o6paaosaHHe KnacTepa J.13 npOH3BOilbHoro 6onbworo 41-1Cna 4a
CTHU.. 

1. OCHOBbl TEOPHH BETB!IIUHXC!I nPOl(ECCOB 

Ill BeTBRl4HeCR npou,eccbr RBJlRtoTCR KnaccoM cny4at1Hb1X npou,ec-
cos H HCnOilb3YIOTCR ,Qllfl onHCaHHR WHpOKOrO Kpyra RBIJeHHti, CBR
SaHHbiX C pa3MHO>KeHHeM H npeepal4eHvteM KaKHX-JlH60 06"beKTOB. 

OcHOBHbiM MaTeMaTH4eCKHM npe,qnono>KeHHeM, Bbr,QenRtolqHM eeTaR
W.1t1eCR npou,eccbr a oT,qenbHblt1 Knacc, RBilReTcR npe,qno.no>KeH~t~e He
sae~t~CHMOCTH npespalqeHHR 48CTHU, OT npe,QbiCTOpHJ.1 H ,qpyr OT ,qpyra. 

0AHOpoAHbl~ 80 8peMeHH 8eT8RII\H~CR npo4ecc ~(t) C 0AHOTHnHbi
MH l.laCTHU,aMI-1 onpe,qe.nReTCR K8K MapKQBCKHti npOU,eCC CO C4eTHbiM 
4HCJ10M COCTORHH~ 8 $a3080M npOCTpaHCT8e N = {10>,11>, ... 1 D> ... }, 
nepeXOAHble 8epORTHOCTH KOTOporo p ij (t} YA08J1eT80PRIOT AOnOJ1-
HHTenbHOMy YCIIOBH~ BeTBneHHR: 
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P !J (t) ~ :£ P !J 1 (t) P !J 2 (t) ... P !J k (t) o(i 1 + i 2+ .•. +it- i) . /1/ 

CocTORHHR s <!>a3oBoM npoCTpaHCTBe N ~ !IO > , ll>, ... I s seTBR

~eMCR npo4ecce HHTepnpeTHPY~TCR KaK 4Hcna YaCTH4. BepoRTHOCTb 
P 1. (t) pasHa aepoRTHOCTH Taro, 4TO sa apeMR t i yacn·1U, npeapa-
~a~TCR B i 4aCTH4, T.e. P!~(t 0 +t) ~il~(t 0 ) ~ il MapKo-

BOCTb npou,ecca oaHaYaeT TaKme, 4TO nepexo.QHbJe aepoRTHOCTIIl P ij 
YAOBileTBOPR~T ,QOn011HHTe11bHOMY YCI10BH~ BH,qa: 

00 

/21 

AI1fl nl06bJX i, j .t; N H 0 S u -~ t; ; u, t .;;: T • 3To cooTaeTcTayeT 
He38BHCHMOCTH npeapaU~eHI-1~ 48CTI-1J4 OT npeAbtCTOpl-11-1, 

KpoMe Taro, nepexoAHble sepoRTHOCTH ,qomt<Hbt 6bJTb HeoTPH4a
TenbHbl: 

p!j (t):: 0, /3/ 

HOpMio1POB8Hbl: 

00 

/4/ 

VI YAOBJ18TBOPRTb H848JlbHb/M YCJ10BJ.1RM: 

p !j (0) ~ 0 !j • /51 

noA MHomeCTBOM T nOHJ.1M88TCfl 111-160 MHO>K8CTB0 U,8JlbiX H80TPHL.18T811b

HbiX 4HCeJl {Q, 1 ,2 ... }, JlH60 [ 0, oo \ B nepBOM CJly4ae COBOPRT 0 

B8TB.AW.eMCR nPOI..I8CCe C AHCKpeTHbiM BpeMeHeM /npou,ecce raMY1JlbTQ

Ha- BaTCOHa/, aBO BTOPOM- 0 B8TBR~8MCR npo~ecce C Henpe

PbiBHbiM speMeHeM. B AallbHeHweM Mbl orpaH~t~4HMCR o6cy>K,qeHHeM Tonb
KO B8TBRtqHXCR nP048CCOB C HenpepbiBHbiM apeMeHeM. ,QnR npOCTOTbl 
6y,qeM TaK>K8 paCCM8TOHBaTb OT.Q,811bHO Ha4aJlbHble 48CTH~bl, RBJ1RIO

~H8CR HCT04HHKOM B8TBRtl.\8rOCR npot,tecca, H BTOPH4Hbl8 4aCTH4bl, 

nORBilRIO~HeCR s ero peaynbTaTe. Tor,qa $aaoaoe npocTpaHCTao N 
MO>KHO nOCTaBHTb 8 COOTB8TCTBH8 COCTORHHRM C D -BTOPVI4Hb1MH 4a
CTHL,taMH, a nepeXOAHbl8 BepORTHOCTI-1 0603H84HTb cne,qyiO~HM o6pa-

30M: 

BTOPH4HbiX 4aCTH4 I~ (t 0 ) 

!6! 
Ha4. 4aCTH4bl I ~ P n (t) . 
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nonHOTa Ha6opa KOHe4HbiX COCTOFIHV1l1 /c!Ja30BOrO npOCTpaHCTBa/ 

n PIIIBOAIIIT K YC110B1410 HOPMVIPOBKI4 nepexo,qHbiX aepo.ATHOCTei:1: 

L P 0 (t) ~ l. 
n=O 

171 

CneAyeT oco6o riOA4epKHYTb, 4TO cooTHOWeHHR 161 H 17 I oTpamaiOT 
TOilbKO pa311VI1.1VIe B Cnoco6e y'-leTa Ha'-laJlbHbiX 14 BTOPHI.IHbiX l.laCTI44, 

HVI a KoeH Mepe He Tpe6yFI npH 3TOM o6.A3aTenbHOro ¢14314~ecKoro 

VIX pa31114414s:l. Eionee Taro, paaa~~taaeMbli1 no,qxo,q noaaonReT oni4Cb!

aaTb KaK np04eCCbl C O,QHHM THnOM 1.18CTH4 /Ha4aJlbHble 14 BTOPHliHble 

llaCTH4bl TQ}f(,QeCTBeHHbl/, TaK Ill np04eCCbl C HeCKOilbKI4MI4 THnaMI4 

'-18CTH4 /Ha4aJlbHble Ill BTOPH4Hble 48CTJ.1U,bl ¢H3144eCKH pa311H4aiOTCs:!/. 

~3 COOTHOWeHHR /6/ Sb!TeKaeT T8K}f(e, liTO B MOMeHT H848118 npo

u,ecca t 0 /a ,qanbHei1weM, ,qnR npocTOTbl, 6yAeM nonaraTb t 
0 

= 0/ 
BTOpH4Hble llaCTHU,bl OTCYTCTBYIOT VI, Cile,qoBaTeJlbHO, 

181 

pacnpe,qeneHHe aepos=~THocTe~ O-o6pasHoe. Pa3IlH4Hble eeTBFIW.HecR 

npo4eCCbl COOTB8TCTBYIOT 3KBHapeanbHbiM npeo6pa30B8HHRM ,qaHHOrO 

pacnpeAeneHHR. 

0CHOBHbiM aHaJlHTH4eCKI4M annapaTOM B TeOpHH BeTBRll\HXCR npo

u.eccoa RBJlRIOTCR npoV13BOARW.He c!JYHK414VI: 

F(z, t) L p (t) Z 
0 

• 191 
n =0 n 

npoH3BOAR~YIO c!JyHKU,HIO MO}f(HQ Bblpa3HTb TaKme 1.1epe3 MaTeMaTI4lleCKOe 

Q}f(H,qaHI4e u,eJlOliHCileHHO~ HeOTPH4aTeJlbHOH CJly4aHHOH BeJlHliVIHbl ( 

/4HCJ10 BTOPH4Hb!X 48CTVI4 B BeTBFIW.eMCFI npou.ecce/, 3aKOH pacnpe

AeneHHR KOTOpoH 3aAaH BepoRTHOCTRMH P0 (t) : 

F \: (z, t) ~ M z \: . 1101 

n po«aBOARwaR <PYHK~"" F(z, t) onpeAeneHa An" acex z H3 eAHHH4-
HOrO Kpyra jz\ 5 1 KOMnneKCHOl1 nilOCKOCTH H aHaJlHTH4Ha AflR 

acex I z I < 1. 
Ha ycnoa«R HOPM«POBKH An" nepexoAHbiX aepoRTHOCTe'l 17 I cne

AYeT, liTo 

F (z ~ l, t) ~ l . 1111 

3 



Ka>K,QOMY pacnpe,qeJleHHIO eepORTHOCTeH {P0 , P1 , P2 , ••• } COOTBeT
CTByeT O,QHa H TOJlbKO O,QHa npOH3BO,QH~aH ¢YHK~HR F(z,t): Ka~
,QOH <I>YHK4HH F(z, t) , aHaJlHTH4HOH BHYTPH e,qHHH4HOro Kpyra I z I < 1 
14 HMe10tqei1 B pa3JlO>KeHI;H1 B PRA no CTeneHRM Z HeaT pH4aTellbHbl8 
K034>¢lH4HeHTbl, COOTBeTCTBYeT, C T04HOCTbiO ,QO HOPMYIPOBKH, O,QHO, 
a npH HaJlo>KeHHH Ha F(z, t) ,qononHHTeJlbHoro ycnoBHR /11/ H 
TOilbKO OAHO pacnpe,qeneHHe sepoRTHOCTee1 I P 0 , P 

1 
, P 2 , •.• 1. 

npH 3TOM: 

p 1 
~--n n! 

anF 
-I az n z=O 

n = 0, l, 2, .... 

akF 
npOH3BO,QHble --az k 

/12/ 

PH4aTeJ1bHbl, He y6biBaiOT VI BblnYKilbl B HHTepsa.ne 0 ~ Z ,:;; 1 , LITO 
RBilReTCR CJle,QCTBHeM HeOTPH4aTeJlbHOCTH BCeX 4JleHOB PR,Qa npOH3-
BO,QHOi1: 

ak F 00 

-~ ~n(n-l) ..• (n-k+l)zn-kp 
n =k n azk 

e HHTepeane z ~;;, [0, 1] npVI n106oM k ~ 0,1 ,2, ... 
YcnoaHe eeTaneHHR /1/ 3KBHaaneHTHo cooTHoweHHIO AilR npoHsao

,qR~e'i (j)yHK4HH BH,Qa: 

F(t+r; z) ~F(t;F(r; z)). /13/ 

C~eAYIOtqee ceoi1cTao npoH3BO,QRtqHX ¢YHK4H~ CBR3aHo c CYMMHpoaaHH
eM HesaaHCHMbiX ciTy4ai1HbiX aeJH14HH. Ecn1-1 ( 1 ••• C n - Hesaalt1CHMble 
cny4aHH~e Befllt14HH~, TO nPOH3BOAR~aR $YHK4HR I-1X CYMM~ pasHa 
npOH3BeAeHHIO npoH3BOAR~HX $YHK4HH CllaraeMbiX 

F r r (z) ~ F r (z) .••• F r (z) • 
~:.1+···+~:>n s1 sn 

/14/ 

CooTeeTcTBI-1e MHomecTaa npoH3BOAR~HX $YHK4H~ MHomecTay pacnpe
AeneHHH RBllReTCR HenpepbiBHbiM. TaK, ecn~-1 HMeeTCR nocneAoea
TeJlbHOCTb pacnpe,qeneH~H BepoRTHOCTeH P (n) , n = 1 ,2 ... /<I>YHK-
4111-1 pk (D) HeOTPH4aTellbHbl f.1 HOpMHPOBaHbl' C npOH3B0Afi~HMH $YHK-

oo k 
4HRMH F n (z) = ~ Pk (n)z , TO ,qnR Taro, 4T06bl npH (j)HKCHpoeaH

k=O 
HOM k 
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lim P k (n) = P k , 1151 
04~ 

He05XOAHMO H AOCTaT04HO, 4T06bl nplll 111060M z BHYTPH eAHHH4HOrO 

Kpyra I z I < 1 BbtnonHRJlOCb 

lim Fn (z) 1161 
D4~ 

KpoMe Toro, ecn~ F(z) ~ 

npeA8118HH~ eepo~THOCTeH 

- npo~3BOAR~~e ~YHK~~~ ABYX pac

~ I q n l , To cnpaaeAJl~Bo 

sup I Pn - q n I ::; sup I F(z) - O(z) I . I 17 I 
n4~ lzl::;1 

C npOY13BOARL4VIM111 ¢YHK[.\HfiMJ..1 CBR3aHbl TaK>Ke MOMeHTbl pacnpeA8118HHR. 

MOM8HTOM nOPRAKa r OTHOCHT811bHO 4HCJ1a X Ha3b1BaeTCR MaTeMaTH-

4eCKOe O)f(~AaH~e M((-x). 
6 4aCTHOCT14, Ha4allbHbl~ MOM8HT nOPRAKa r OTHOCHT8IlbHO X = 0 

eCTb: 

f3 =Mn' = L n'Pn (t) 
r 

1181 
n 

lJ,eHTPa!lbHble1 MOM8HT OTHOCHT8JlbHO ~eHTpa pacnpeA8118HY1fl X = Mn = 

= n npeACTaBJ1R8T co6oC1 C118AYIOL4~ 8811H4HHY! 

M =M(n-n)' =L(n-nJ'P (t) 1191 
r n n 

HaKOH8U,, (f)aKTOpltlaJlbHbiM MOM8HTOM nOPRAKa r OTHOCHT8JlbHO X = 0 
Ha3biBaeTCR: 

a = Mn (n - 1) ... (n - r + 1) = L n (n - 1) ... (n - r + 1) P n (t) 
r n · 

1201 

ECJlH MOM8HT H8KOTOPQrO nopRAKa r OTJ1H48H OT HYllR, TO He 

paeHbl HYiliO H see MOMeHTbt 6onee HI-13Koro nopRAKa k_5 r • Ha4anb
Hble, U,eHTpaJlbHble H ¢laKTOpHaJlbHble MOMeHTbl CBR3aHbl Me>KAY C060H 

~pMyllaM~: 

i c-1>k c' > f3 f3k 
k=O k r-k 1 

r r 
f3 =~(k)iJ. kl3k 

r k=O r- 1 
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¢>aKTOpHaJ1bHble MOMeHTbl Onpe,Q€JlRIOTCR 4epe3 npOV13BO,QR~YIO ¢>yHKU,VIIO 
cneAY~~~M o6paaoM: 

/22/ 

8 3a,Qa4aX CTaTVICTV14€CK0&1 ¢lV13VIKVI 8M€CTO ¢aKTOpV1aJ1bHbiX MOMeH
TOB l.la!.J.Ie ynoTpe611RIOTCR KOPP€11RLI,VIOHHbl€ na paMeTpbl, npOV!HTer pHpo
saHHble no ¢a30BOMY npOCTpaHCTBy n -4aCTVI4Hble KOppell.ALI,I-10HHbl€ 
¢YHKU,I-1H /Tor,qa KaK ¢aKTOpl-1aJ1bHbl€ MOM€HTbl npe,qCTaBJ1RIOT C060&1 
nPOVIHTerpi-1pOBaHHbl€ no ¢a30BOMY npOCTpaHCTBY 0-4aCTJ.14Hbfe ¢YHK
U,I-11-1 pacnpe,qeneHI-1.A/. KoppeJl.ALI,HOHHble napaMeTpbl f q RBJlRIOTCR Ko-
34l¢Hu,HeHTaMH pa3JlOmeHVIR JlOrapH¢Ma npOH380,QR~eH ¢YHKLI,HVI nO CTe-
neH.AM z. 

f k 
akJnF 

I az k 
z = 1 

/23/ 

VI CBR3aHLI C ¢aKTOPHaJlbHbiMVI MOM€HTaMVI a
2 

CJle,qytO~l.1M 06pa30M *: 

~ a k 
nk o(q - ~ n m) 

f ~ -q! ~ (~ nk-1)1 n (- -) m 
q n k k~l k! n 

k k 

~ 
fk nk-nk+l o(q - ~ n,;; 

a q! n (-) 
(n k - n ) ! ' q nk k ~1 k! 

k+l 

/24/ 

O~,S ••. ::;nk-'5. ... :;;n 2 -s_n 1 <oo. 

TaKV1M o6pa30M, BeTBflt4Hi1CR npo~..tecc MomeT 6b1Tb aa,QaH OAHHM 
1113 cne,qytO~HX cnoco6os: 

a/ Ha6opoM nepeXOAHbiX aepoRTHOCTeH p n (t), 
6/ npo~3BOAR~ei'1 <l>YHK4~ei'1 F(z, t), 
B/ Ha6opOM MOM€HTOB npoH3BO,Q.AJl.l€i1 c)>YHKLJ,VIH /Ha4allbHbiX {3 r, 

~eHTpaJlbHbiX ll , ¢>aKTOPVIa!lbHbiX a I I-111H Ha6opoM KoppenRLtHOHHbiX r r 
napaMeTpoB. 

n1060i1 H3 3THX Ha6opOB MOmHO onpe,qellVITb Vl3 peweHH.A H€KOTOpoi1 
CHCT€Mbl ,QH$¢>epeHU,VIallbHbiX ypaBHeHVIi:i VlllH pa3HOCTHO-AH¢>¢epeHU,H
a!lbHbiX ypasHeHI-111 AilR nepeXOJ:lHbiX sepo.ATHocTee1. 

* BTopoe H3 COOTHOIIIeHHii /24/ BrrepBbJ€ nonyqeHO MJOnnepoM /le/, 
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2. PA3HOCTHO-):l~~~EPEHLj~AnbHbiE YPABHEH~!I 
Lln!l nEPEXOLlHbiX BEPO!ITHOCTE~ 

nycTb I-1M8€TC.R OAHa V1nltt ,qae Ha4ailbHbl€ 4aCTVI4bl, KOTOpbl€ 3a 
BP€MR t MoryT 8 p€3YilbTaTe B3aVIMOA€~CTBHR npeapaTHTbCR B HeKO
TOpOe 41-1CJlO BTOPH4HbiX YaCn14 Taro H<e HJU1 HHOro nma. 8epo;n
HOCTb o6pa30BaHVIR fi BTOPH4HblX 4aC'THU, K MOM€HTY BpeMeHH t o5o-
3Ha4VIM, KaK 1-1 paHee, Yepea P n (t). 

B Te4eHHe nocne,qy~~ero 6ecKoHe4HO Manoro npoMeH<yTKa epeMe
Ht1 6.t HaYailbHaR yacn•n.J,a M0}!{€T vtcnyCTit!Tb 1 ,2, ... k BTOPYI4Hb!X l..la
CTHU, c aepoRTHOCTRMH A1~t, A2~t ••• Ak~t cooTaeTCTB€HHO. AHa
.norvt4HO, Ka)K,qa.R V13 BTOPH4HbiX 4aCT14U, C aepoRTHOCTbiO -\ ~t MO}f{€T 
npeapan1TbCfl B ,qae BTOPJ.1LjHbl€ 4aCTHU,bl, a C aepORTHOCTbiO .\n.L\t 
nornoTHTbCR OAHO~ H3 BTOPH4H~X 4aCTHLJ,. B ,qanbHe~weM 3TH npo
u,ecCbl 6y,qyT Ha3b!BaTbCH 3Jl6M6HTapHbiMVI /B OTJll-141-16 OT nOJlHOrO B6T
Bfl~erOCR npo~ecca/ npo~eccaM~ reHepa~vrvr, pa3MHomeHvrfl vr norno
uteHvr.A. 

C y4eTOM B03MO}I(HOCTI-1 ecex Tpex Tvrnoe 3JleMeHTapHbiX npo~eccoe 
Allfl eepofiTHOCTVI o6pa30BaHMH n BTOPI-14H~X 4aCTI-1~ K MOMeHTy epe
MeHI-1 t + 6. t MO}I(HO aan~trcaTb cneAYIOutee Bbrpa}l(eHvre: 

P (t +1'11) = P (t) (1- ~ Ak t.t -.\Pnt.t -Annt.t) + 
n n k=l 

+ Pn+ 1 (t) An (n + l) t.l + P 
0

_ 1 (t) A P (n -l) t.l + Pn-1 (t) A1L'.t + /25/ 

B 3TOM cooTHOWeH~~ nepBbl~ 411eH P n (t) (1 - ~ Ak t.t- .\pnt.t-\,nt.t) 
k =1 

COOTBeTCTByeT CV!Tya~HVI, KOrAa 
KaKOrO VI3M6H6HVI.A 4VICJla 4aCTH~ 

Koro 113neMeHTapHoro npo~ecca 11 

a Te4eHvre npoMe}l(yTKa epeMeHvr Hvr
He npOV!CXOAVIT /sepORTHOCTb Ta-
l-~ .\kt.t- .\Pnt.t- Annt.l on-

k=1 

peAeJlReTCfl KaK eepO.ATHOCTb npOTVIBOnOJlQ}I(HOrO C06~THH no OTHOwe
HHIO KO BCeM APYrHM 3Jl€M6HTa pHbiM npo~eccaM/. 

npo~3BOI\R 3J1eMeHTapHble npeo5pa30BaH~R B COOTHOWeH~~ /25/ ~ 
nepexOAH K npeAeny ~t ~o, nony4HM vra Hero cneAYIOutee AVI~epeH
~~aJ1bHo-paaHOCTHoe ypasHeH~e i\11R P n (t) : 

- ~ A k(P n- P n-k ) • 
k= 1 

/26/ 
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np~ BbiBOAe ypaBHeH~R /26/ 3Ha4eH~e nepeMeHHO~ n H~KO~M o6pa-
30M He ¢~KcHposaHo, no3TOMY ,qaHHoe ypasHeHHe cnpaseAnHBO AnA 
Jll06biX 3Ha4eHHH n ~ [ 0, oo) ,VI AHA nOllHOrO Ha6opa nepeXO,QHblX ae

PO.ATHOCTei1 p n (t) IIIMeeT M6CTO 6eCKOHe4Ha.A CHCTeMa, np111 nepexo

Ae K npe,qeny 6eCKOH64HO MSJlbiX HHTepaaJlOB BP6M6HVI 06bi4HO npe

He6peraeTC.A npo~eCCBMVI HCnYCKSHVI.A 6onee 4eM O,QHO~ BTOPVI4HOH 
qacn1t.lbl, TaKoe npeAnono>KeHHe snonHe onpaa,qaHo AI1A npot.~eccos 
pa3MHO)I{eHH.A J.1 norilOU\6HitiA, n03TOMy Mbl He Y4HTbiBSJlJ.1 BKJlS,Q 3H1X 

npot.~eccoa yme a COOTHoweHHH /25/, c TeM,4T06bt c,qenaTb era Me
Hee rpOM03,QKHM. ¢OpMallbHO 3TO CnpaBe,Qlll-180 VI ,Qll.A MHOrOl.ISCTl-14HbiX 

npot.~eccos reHepau,HVI, OAHaKo a t.~enoM pR,qe peanbHbiX aa,qa4 Heo6-
XOAJ.1MO y41.1TbiBaTb o6paaoeaHHe KnacTepos, T .e. o6ceKTOB, pacna
,qa~~~XCH nO ~CT8Y8H~~ H6KOTOporo Bp6M6HVI Ha H6CKOJ1bKO BTOP~Y

HbiX YaCT~l\. Ecnvt TOilbKO BP6MA XH13HVI KilaCT6POB He OTJ1H4a6TC.A 

CYlq6CTB6HHb!M o6pa30M OT apeMeH~ B3aHMO,qeii!CTBHft, TO TOr,qa 

¢aKTOp 2: .\ k (Pn -Pn-kl B c~cTeMe ypasHeHI1~ /26/ y4~TbiBaeT 
k = 2 

BKJla,q OT o6paaoaaHJ.1.A KnacTepoe? H ,\ k (k ~ 2) MO>t<HO J.1HTepnpeTvt-

poaaTb KaK npOH3Be,QeHvte nllOTHOCT~ B8POATHOCTVI o6pa30BaHHR O,Q

HOrO KnacTepa Ha aepoATHOCTb era paCna,qa Ha k YaCT~~-
Ha4aJlbHbte ycnosvt.A ,qnR CHCTeMbl ,qvt¢¢epeHu.~anbHo-pa3HOCTHbiX 

ypasHeH~~ onpeAeDeHbl COOTHOWeHI1eM /8/. 
CvtcTeMY ypaeHeHvtiil AllA nepexo,qHbtX aepoATHOCTelll MO>+<Ho npeo6-

pasoaaTb a ypaaHeHHe ,Qllft npovtaao,q.A~e~ ¢YHKU.VIH. AnR 3Toro ,qo

cTaT04HO ypaaHeHvte ,QJlA P n YMHO>KVITb Ha Z n H npOCYMMHpoaaTb no 

ace~~! cvtcTeMe. B peaynbTaTe ~MeeM: 

z(z aF -1) -.\ (z -1)] ~+ 
n az /27/ 

Ha4aJlbHbl8 YCJlOBHA ,Qll.A ,QaHHOrO ypaBH8HVI.A onpe,qeJleHbl COOTHOW8-

HVI8M /11/. AHanorvtLJHo, H3 c~cTeMbt ypaaHeHVI~ ,qn.A nepexo,qHbtX 

aepO.ATHOCTeH MOH<HO nonyLJHTb CVICT6MY ypaBH8Hvti1 ,QJlA MOMeHTOB 

pacnpe,qeneHVIA. HanpvtMep, ,qn.A Ha4allbHbtX MOM8HTOB !3r no,qo6Ha.A 

C~CT8Ma 6y,qeT HMeTb BH,Q: 

df3 r 
dt 

HaYallbHbte YCllOBYLA ,Q!l.A Hee MOH<HO nOJlY41-1Tb 1-13 COOTHOW8HH.A 

!81 B cneAY~we~ ¢opMe: 

/29/ 
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Bee TpVI cnoco6a onV~caHHfl eeTBRI.4erocR npou,ecca 3KBHeaneHTHbt, 
HO B KOHKpeTHbtX nPt.11lO>KeHVIflX HCnO!lb3YIOT 111.160 CVICTeMy ypaBHeH~r~H 
AnH nepexoAHbiX aepoHTHOCTe~ /26/ KaK ~MeiOIIlYIO npocTyiO ~ HarnHA
HyiO ~HTepnpeTay~IO, n~60 ypasHeH~e AnH npo~3BOAHI!le~ ~YHK4~~ /27/, 
KaK 6onee YAo6Hoe A!lfl peweH~r~R. 

PaccMOTPiriM nepeoHa4a!lbHO HaH6onee npocTbte 4aCTHbte cny4at.1 pe
weHirlfl c~r~cTeMbl A14¢¢epeHu,~t~aiJbHO-pa3HOCTHbtX ypaeHeH~r~H. Ha1-16onee 
npoCTbtMVI RB!lfliOTC:fl peweHVIR A!lfl OAH04aCTH4HbiX 3!1eMeHTapHbiX npo
u,eccoe /6e3 y4eTa o6pasoeaHI4fl KnacTepoe/. 

3. OtlHOYACT~YHbiE 3nEMEHTAPHbiE nPOL\ECCbl 

PeweHI4fl ypasHeHHt1 A!lR nepexOAHbiX eepoRTHocTeH e 4aCTHbtx cny-
4aflx OTCYTCTBt.1R o6pa3088HVIfl K!l8CTepoB VI norno[4eHVIR 4aCTVIU, AOC
T8T04HO XOPOWO 143BeCTHbl, TaK, AJlR OAHVIX TOJlbKO OAH04aCTVI4HbiX 
npou,eccos reHepau,I4VI (.\k > 1 .=0, .\ n = 0 peweHHeM RBJlfleTCR pac
npeAe!leHHe nyaccoHa: 

p (t) 
n 

(A 1 t) n 
--- exp(-A 1 t) n! 

/30/ 

a Aflfl OAH04aCTVI4HbtX npou,eccoe pa3MHO>KeHHR H reHepa4t.1H (.\ P ~ 0, 
An :0, Ak>l = 0) c~cTeMa ypasHeH~~ AnH nepexOAHbiX sepoRTHO
CTeH VIMeeT peweHHeM pacnpeAe!leHHe noHR: 

p (t) 
n /31/ 

CpeAHee 4~Cno BTOP~4HbiX 4aCT~4 n Anfl pacnpeAeneH~fl nyaccoHa 
/30/ eCTb n~He~Hafl ~YHK4~fl speMeH~ 

n = I n P
0 

= .\ 1 t , /32/ 

- At 
n = -[ exp(~t) -1]. 

Ap 
/331 

npo~HTerp~pOBaHHble no ~a30BOMY 06'beMy q -4aCT~4Hble KOppenfll\~OH
Hble ~YHKll~~ /KoppenRy~oHHble napaMeTpbl/ fq AJlfl pacnpeAeneH~R 
nyaccoHa /30/ paBHbl HYiliO, KpOMe nepsoro: 

9 



{ /34/ 
0 n pH q f, 1 , 

~TO COOTBeTCTByeT OTCYTCTBH~ KOppenR4H~ 8 HCnYCKdHHH BTOPH4-
HbiX 4BCTHU,. HanpOTJ.1B' A11fl pacnpe,qeneHJ.1.A noi-1ft KOppe!lfiU,HOHHbJe 
napaMeTpbl B niOfuM nOpfl,qKe OTFH1YHbl OT Hy11R: 

,\ q- 1 p -q 
~(-) (q-l)n . /35/ 

,\ 1 

TaKHM 06pa30M, npoU,eCCbl PB3MHOiH'eHHR OTBe4aiOT He TOnbKO HBI-1-
6onee 6bJCTpOMY /3KCnOHeHU,HBI1bHOMy/ POCTY 41t!CI1a BTOpltiLIHbiX l.la
CTHU,, HO H nOJlHOCTb~ KOppe11HPOBBHHOMY HX o6pa30BBHHIO: Jlto6a.A 
napa BTOPH4HbiX 4BCTHU, C .paBHOi:1 sepoRTHOCTbiO MO>KeT fibiTb 06pa3o
BaHa B OAHOM 3JleMeHTapHOM npOL.tecce. npo4eCCbl nornoUJ,eHH.A 6e3 
KnacTepH3au,VH1 I ,\k > 1 = 0/ npHBOART K ypasHeHHIO ,qnR npOI-13BOAR
~e~ $YHK~HH cneAY~~ero BHAa: 

aF 
- ~ (A z(z - l) - "-n (z at v 

aF 
- l)) -- + A 

1 
(z - l) F • az !36! 

A11R HepaBHbJX APYr Apyry sepo.ATHOCTe~ npou,eccoe pa3MHomeHHR, H 
nornow.eHH.A .\.p .fo An vt A p > .\ n no.ny4aeM peweHvte a $OpMe: 

F ~ [ l - 1371 

LITO COOT88TCTByeT pacnpeAeneHJ.110 nepeXOAHbtX aepOf1THOCT8a:1: 

!38! 

AaHHoe pacnpeAeneHJ.1e eepof1THocTe~ TaK~e f1B.nf1eTCR pacnpeAe
neHJ.1eM noa:1R, OAHaKo c HecKOnbKO J.13MeHeHH~MJ.1 napaMeTpaMJ.1 no 
CpaBH8HJ.110 C COOTHOW8HJ.18M /31/. 8 4aCTHOCTJ.1, J.13M8HRIOTCf1 Hop
MJ.1PYIO~aR $YHK4J.1R J.1 napaMeTp paa.no~eHJ.1R! 
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l -
An 
>:; 

exp (-A 1 t) ~> -------
An 
-r;-

CMbtCJl 3THX H3MeHeHV1~ ,qocTaTO'-IHO HarnR,qeH. 

Cpe,qHee l.l~~tcno BTOPIII\..IHbiX 4acT1<14 n MO>KHO nony4HTb KaK 

OTHOWeH~R /37/, TaK ~ peWaR ypaBHeH~e /28/ AilR /3 1 = n • 
3YilbTaTe lo1MeeM: 

>'1 
n ~ (exp(Apt- Ant) -l). 

AP- An 

Apt 
n ~---

1 +Apt 

J.ll3 co
B pe-

/40/ 

/41/ 

/42/ 

TaKHM o6pa3oM, AJlR npeo6na,qa~~~~~x npou,ec~oa paaMHomeHHR 
(A P >An ) cpe,qHee 4Hcno BTOp1114HbrX 4aCTV1u, n np~tt t-+ ~ 3Kcno-

HeHu,HaJ1bHO aoapacTaeT; ,qnA npeo6na,qa~~~~~x npou,eccoa norno~eHHA 
(Ap <I\ n) cpe,qHee 41-iCJlO BTOpvt4HbiX 4aCn1U, i} npH t"""' oo CTpeMHT-

CR K nOCTORHHO~ BeJ1H4HHe; paBHO~ 

sepoRTHbiX npou,eccoa pa3MHO>K~HHR H 

A 
~~1~, HaKoHeu,, ,qnR 
An -A P 

nornoiJleH~R (Ap ~An) 

paBHO-

Hee 4HCJ10 BTOpH4H~X 4aCTHU, n B npe,qene CTpeMHTCR K e,qHHHU,e. 

npou,eccbr nor.no~eHHA MeHRIOT xapaKTep noee,qeHHR cpe,qHero 
4HCJ1a BTOpH4H~X 4aCTHU, KaK ~YHKU,HH apeMeHH, He MeHRR o6~et1 

CTPYKTYPbl pacnpeAeneHIIIR nepexoAHbiX aepORTHocTeH. Hcnonb3YR a 

Ka4eCTBe OCHOBHOrO napaMeTpa cpeAHee 4HCJl0 BTOPH4HbiX 4aCTio1L.I 

n, 3TO pacnpeAeJleHHe nepeXOAHbiX aepORTHOCTeti MO>KHO 3anHCaTb 8 

B~Ae: 

/43/ 

ll 



,llaHHaR $OpMa npH nO,QCTaHOBKe B Hee COOTBeTCTBYIOll.lero Bbtpa
>KeHHR All" ii BHAa /33/, /40/, /41/, /42/ onHCblaaeT KaK OAH04a
CTH4Hbte np04eCCbl pa3MHO>KeHHR H reHeP84HH, TaK H np04eCCbl no
r.nouteHHR npH pa3JlH4HbiX COOTHOWeHHRX Mem,qy BepO.RTHOCT.RMH p83-
MHO}I{eHH.R H nor.n014eH~R. 

TaKoi1 pesy.nbTaT npo~cTeKaeT ~3 Taro, 4TO npo4eCCbl pasMHO
meHHR H. nor.nol4eH~R nO,q06HbiM o6pa30M BXO,QRT B ypaBHeH~e ,QllR 

npOH3BOAR~e~ ~YHK4HH /27/, OnpeAenRR nHWb KOHKpeTHy~ ~OPMY 

K03¢$H4H6HTHO~ $YHK4~~ OT Z np~ npOH3BO,QHO~ ~B npaBO~ 48CTH, az 
PaccMoTpHM Tenepb anHRHHe KnacTepH3a4HH (.\k > 2 /< 0) HnH 

MHOr04aCTH4HbiX 3lleMeHTapHbiX np04eCCOB Ha Q>OpMy-pacnpe,qe.neHHR 
nepexo,qHbiX eepo.RTHocTe~. 

4. MHOr04ACT~4HbiE 3DEMEHTAPHbiE nPOUECCbl 

CTpyKTypa pacn pe,qeneHHR nepexo,qHbiX eepoRTHoCTei:1 cyuteCTBeH
HbiM o6pa30M 3aBHCHT OT Taro, BHOCRT HllH He BHOCRT BKJla,q npo-
4eCCbl pa3MHO}I{eHH.R HllH nor JlOt4eHHR. 

PaccMOTpHM nepeoHa4allbHO HaH6o.nee npocTo~ c.ny4aM MHoro4a
CTH4HbiX 3JleMeHT8pHbiX npoueCCOB, KOr,qa HMeiOT MeCTO TOJlbKO o,q
H048CTHI.lHble H ,qeyxl..lacTH4Hble npoueccbl reHepa4H1-1 ,\ P = 0, An = 
~ 0, >.k;?a ~o . TorAa ypasHeHHe AnA npoH3BOAR~e~ ~YHK4HH npH
HHMaeT BH,Q: 

/44/ 

PeweHHe ,qaHHoro ypaeHeHH.R ,qocTaT04HO 3JleMeHTapHo: 

/45/ 

CooTBeTCTBYIOUiee pacnpe,qeneHHe nepexo,qHbiX aepof!THOCTeM Bbtpa>Ka
eTCR 4epe3 nO.nHHOMbl 3pMHTa: 

p n (t) ~ /46/ 

rAe Hn(x) - nonHHOMbl 3pMHTa n-Horo nopRAKa • 
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Cpe,QHee 41-1CJlO BTopV14HbiX l...laCTVIU,: 

/47/ 

npe,QcTaBJlReT co6oi1 CyMMY cpe,QHero 4VICJla 4aCTVIU,, reH6pV1py6MbiX 
11 noo,qVIHOYKe 11 - A1 t, VI KnacTepaMVI 1-13 ,qeyx 4aCTVIU, 2.\2t. 

Koppe!lRU,VIOHHble na paMeTpbl f q OT 11VI4Hbl OT HYllR TOJlbKO AO BTO
poro nopR,QKa BKJ1~4VITeJlbHO: 

f 1 = A 1 t + 2A 2t = ¢ 1 t ; f 2 = 2 A 2t = ¢ 2 t; fq :0 3 = 0, ;48/ 

4TO OTpamaeT TOT ¢aKT, 4TO COBM6CTHO /B O,QHOM KJlaCTepe/ MOmeT 
o6pa30BaTbC.A He 6onee .QBYX BTOpV14HbiX 4aCTVIU,. 

TaKVIM o5pa3oM, npeACTaenReTC.A 6onee ecTecTeeHH~M e~6paTb a 

e+1k-e ce m)' Ka4ecTse napaMeTpos pacnpe.qeneH~e ¢e = (-) l A + · 
m=O e+m m. 

sepoRTHOCTY1 coeMeCTHoro pom,qeHVIR E -yaCTVIL.I, sMecTO \. 3To no-
3BOJl.AeT TaKme 3anVIcaTb pacnpe,QeneHY1e sepo.ATHOCTei1 VI npoH3eo
AR~Y~ ~YHK~~~ B 5onee pa~~oHaJlbHOM s~.qe: 

in r2 n/2 
-(-) 
n! 2 /49/ 

~llR npou,eccoe reHepat.~VIVI npoV13BOJlbHOro nopR.QKa ypasHeHY1e 
All.A npOV13BOAR~ei1 ¢YHKL.1VIVI: 

aF 1 2 
- ~ [ ¢ (z -l) --¢ (z- l) at 1 21 2 

k 
(-) k 

+ 000 +--¢k(z -l) ]F 
k! 

TaKme VIMeeT AOCTaT04HO npocToe peweHHe: 

te 
-), 
e, 

e+1 
te = ( -l 

/50/ 

/51/ 

4TO OTB64aeT pacnpe,QeJleHVI~ nepeXOAH~X B6PORTHOCTei1 TVIna caepT
KVI nyaCCOHOBbiX pacnp6,Q6J16Hio1i1 no KJlaCTepaM 1113 pa3JlY14HOrO 4HCJla 
4aCTVILI: 

k 
P = exp (- S Ae t) l 

n e=l 
!52/ 

13 



l-13 BbiWenpHBeAeHHOfO BbiTeKaeT, LITO aamHoe 3HaLieH!IIe npVI aHa
n~t~se MHOroL~aCTVILIHbiX npo~.teccoe VIMeeT pal..\VIOHanbHbtc:i Bbt6op napa-
MeTpoa I-1Jll-1, LITO TO me caMOC, K03¢¢Y1Ltl-1eHTHbiX ¢yHKLtY1Ci B npa-
80~ 4aCT~ ypaeHeH~H /27/ AnR npo~aBOAH~e~ ~YHK4~~- B o6~eM 
cnyL~ae nPOL\eccos pa3MHomeHVIR, norno~eHI-1R 111 reHepa4V11-1 MHoro
L~acn1LIHbiX KJlacTepoa 3TVI K03cp¢JV!LtllleHTHbl8 ¢YHK4VIV1 npeACTaBnRIOT 
C060c:i nOJlVIHOMbl OT Z He BbiW8 BTOporo nDPRAKa npVI npOV13BOAHDC1 

-aF ·• He k 1 ° "' BbiWe -Taro nDPRAKa MaKCV!MailbHOVI pa3M8PHOCTIII KJlaCTe-az 
pa/ np1-1 npoiii3BOARW,ec:1 ¢YHK-l..IV1111 F . 06osHaYaR 3TIII nDiliiiHOMbl L~epes 
A2 (z) ~ Bk (z), MO)l{HO nepen~caTb ypaeHeH~e /27/ e B~Ae: 

ar ar 
- ~A 2(z)- + Bk(z) F, /53/ at az 

MeH.Afl 3HaL~eHIII.A ai K03¢l¢JV1LtVI8HToa nom-1HOMa A 2 (z), MO>KHO V13-
MeHI-1Tb 3aBHCt.1MOCTb CP8AHero Llt.1Clla BTOPt.1LIHbiX LlaCTY1Lt 1.1 APYrVIX 
napaMeTpoa pacnpeAeneH~t~fl oT apeMeHV!, HO Allfl Jll06btX sHaL~eHV!tlt 
ai I=- 0 Q:>opMa pacnpeAeneHV!R ocTaeTcR HeV!sMeHHOtlt. Bbt6paa 3TOT 
non~ HOM B B~Ae A 2 ~ (z - l) 2, MO)l{HO nepe~T~ B ypaeHeH~~ /53/ 
K 11ecTeCTBeHHOMY 11 apeMeHVI t => r =Apt. npt.1 3TOM ace napaMeT
Pbl pacnpeAeJleHV!.A CTaHOBRTCfl Jlt.1HeC1HbiMY1 4>YHKLtV1RMVI r. nepexoA 
OT AaHHoro cnyYaR paaHoaepoRTH~x npo~.teccoa pa3MHomeHVIR V1 
nornow,eHVIR K APYriiiM L~aCTHbiM cnyL~aRM An=O. AP > A0 • AP <An 
ocy~eCTBJl.A8TCfl 3aMeHOC1 B pacnp8A8118HV1RX CP8AHero 414CJla BTQ
p~4HbiX 4aCT~4 no <J>opMynaM /33, 40, 41, 42/, ~n~, 4TO TO >Ke 
caMoe, saMeHoc:i: 

~> exp (Apt) - l; 
-'n~o 

APt ~> l -exp(A t -A t) 
A <A P n 

P n 

/54/ 

npo~3BOAH~aH ~YHK4~H F, HBnH~~aHCH peweH~eM ypaeHeH~R /53/ 
C K03~~~4~eHTHO~ ~YHK4~e~ A 2(z) ~ (z -1) 2 , MO>t<eT 6biTb npeA-
CTaalleHa a BIIIAe npOI43B8A8HIIIR npOIII3BOARW.V1X ¢YHKLtVI~ Fm: 

k 

F n r /55/ m 
m=1 
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Ka»<,Qa.A ~3 KOTOPbiX YAOBJl€TBOp.AeT ypaBHeH~IO BVl,Qa; 

m+1 
+ (-) 

m 
¢ (z - 1) F • m m /56/ 

Ta K~M o6pasoM, F m oni.1CbiBaeT aeTB.All.\VlC'lCfl npo4ecc c reHepa
l\"1ei1 TOilbKO m-4aCTV14HbiX KnacTepoa H paaHoaepoflTHbiMi-1 npot..tec
caMi-1 pa3MHO»<eHV1fl H norno~eHH.A. 

¢aKTOPH3at.tH.A npOH3B6A.All.\€~ <l>YHKL\~~ nonHero pacnpe,qeneHH.A no 
npOH3BO,Qflll.\HM $YHKL\H.AM npot.teCCOB C Onpe,qei1€HHbJM T~nOM KilaCTe
pOB flBn.AeTCfl csoeo6pa3Hb1M aHanoroM TeopeMbJ o csepTKe 1.13 Teo
pHVI lt1HTerpailbHbiX npeo6pasoeaHVI~. nocKOilb Ky pacnpe,qeneHHe ne
pexo,qHbiX aepo.ATHOCTeH npe,qcTaBfl.AeT co6oi1 ,Qit1CKp€THYIO CaepTKy 
pacnpe,qeneHV1i1 ,Qilfl npot.teccos c onpe,qeneHHbiM TV1nOM KnacTepoa, 
TO npoV13BOAAll.\a.A ¢YHKLti-1.A ,qaHHoro pacnpe,qeneHVl.A /era o6pas Men
IlV1Ha I cooTaeTCTayeT npoV1sae,qeHV110 npol.1sao,qRU\HX ¢YHKL.1"1H. 

8 4aCTHOM cny4ae CYU\€CTBOBaHV1A TOilbKO npot.teccoe reHepat..ti-1"1, 
COOTB€TCfBYIOU\V1X csepTK€ nyaCCOHOBbiX pacnpe,qeneHV1i1 ,Qil.A OT,Q€Jlb
HbJX KnacTepoa, cnpaae,qn1.1aocTb 3Toro nerKo npoaep.AeTC.A c no
MO~b~ COOTHOWeH~~ /50/, /51/, /52/, 

YpaeHeH~e /56/ gnR npo~3BOARw~x ~YHK~~~ Fm a 4aCTHOM cny-
4ae m = 1 V1MeeT B Ka4eCTBe peweHH.A npOV13BO,Q.All.\YIO ¢YHK4VIIO pac
npe,qeneHVI.A noHR: 

, -¢1/-'p 
F1 ~d-(z-1).\Pt) 1571 

B 4aCTHOM Clly4ae ffi = 2 peweHVI€ V1M€€T BVI,Q: 

2 
¢

2 t(z-ll 
F2 ~exp[ -------], 

1-(z-ll.\Pt 

nPV1 npoV13BOilbHOM m ,i 1 peweH~eM ypasHeH~R /56/ RBnReTCR: 
' 

m+1 
Fm ~ exp [ (-) 

m-1 
¢rn (z -1) 
----((1 
Ap m- 1 

- 1 )] . 

!58! 

/59/ 

CooTaeTCTB€HHo npo~aeo,q.All.\aR $YHK4~fl All.A aeTBRU\eroc.A npo4ecca 
reHepa4V1V1 O,QHO- ~ ,QBYX4aCT~4HbiX KJlaCTepoa npVI paBHOaepOfiTHbiX 

exp 

2 2 .< 2t(z- l) 
[ - -:--:--:-• 

1 - (z - 1) A t 
p 

]. /60/ 
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nnR BeTBR~HXCR npo4eCCOB reHepa4HH KrtaCTepoa npOH3BOJlbHOro 

THna npoH3BOAR~aR ¢YHK~HR pasHa: 

m -I /61/ 
k 

x exp [ - L 
m=2 

k 

L 
&m 

A£ (1 _ z) I - m 
----- -- ---- ((1-(z -1) \ t) -l}l. 
(e - m)' m' Ap m- 1 

nepexoA K HepaaHoaepoRTHbiM npo~eccaM pa3MHO>t<eHHR H norno~eHHR 

ocy~eCTBnReTCR 3aMeHo~ napaMeTpa apeMeHH A t c nOMO~b~ cooT-

HoweH"~ /54/. P 

TaKw., o6pa30M c noMOUjblO cooTHoweH"~ /61/ " /54/ on"CbiBaeT
CR BeTBR~H~CR npo~eCC AOCTaT04HO o6~ero THna. 

OnpeAeneHHe nepexoAHbiX aepoRTHOCTe~ no npoH3BOARU\e~ ¢YHK~vtlt1 
RBnReTCR 4HCTO TexHH4eCKOH 3aAa4eH o Bb1pa>t<eHHR AnA nepexOAHbiX 

BepoRTHOCTe~, COOTBeTCTBY~U\HX npOH3BOAR~HM ¢YHK4HRM BHAa /60/ 
H /61 I, RBllR~TC.A AOCTaT04HO rpoM03AKHMH, H Mbl He 6yAeM HX 

3AeCb npHBOAHTb, TeM 6onee 4TO OHVI MOrYT 6b1Tb AOCTaT04HO 6bi

CTpO norty4eHbl C noMO~biO aHaJlHTV14eCKVIX Bbi4HCJleHH~ Ha 38M B CH

CTeMe REDUCE. 
AHaJ10rV14HO MOryT 6b1Tb Bbi4VICJleHbl MOMeHTbl H KOppertR~HOHHble 

napaMeTp~ COOTBeTCTBYIO~HX pacnpeAe!leHH~o 

5. nPEaEnbHWE BETBRm~ECR nPOUECCW 
C 06PA30BAH~EM KnACTEPOB 

B AaHHOM paaAene Mbl paCCMOTpHM npeAellbHble aeTBR~VIeCR npo-

4eCCbl C o6pa30BaHVIeM KrtaCTepOB, BKrt~4aiO~HX npOH3BOilbHO 60Jlb

WOe 4acno 4acTH~. B 3TOM cny4ae nonHHOM no creneHRM z a noKa

aaTene 3KCnoHeHTbt npovt3BOAR~e~ ¢YHK~HH F(z, t) npeapalJ.\aercR a 

6eCKOHe4Hbliii PRA H MO>KeT 6btTb annpOKCHMI-IpoaaH HeKOTopoiii $YHK

~He~, KOHKpeTHaR ¢QpMa KOTOPO~ 3aBHCHT OT COOTHOWeHHR Me>KAY 

aepo.RTHOCTRMI-1 AP, An, A 1 ,. o., Ak, ••• 

B OTCYTCTBHe npo~eCCOB pa3MHO>KeHH.A H norno~eHHR npOV13BOAR

lljaR ¢YHK~"R F(z, t) onpeAenReTCR COOTHOWeHHeM /51/. ~Cnonb3YR 
BMeCTO KOppe!l.A~I-10HHbiX napaMeTpOB fk BepO.ATHOCTI-1 o6pa30BaHHR 

Knacrepoa Ak, 3TY ilJYHK~Hto MO>KHO raK>Ke npeo6paaoaaTb K BHAY: 

k 
F(z,t) ~exp[ }; 

e~ 1 
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F (z, t) ~ exp [ N (g (z) - 1) ] , /63/ 

g( z) /64/ 

~aKTopaM N ~ ~z) MO~Ho nP~AaTb AOCTaTO~HO npocry~ ~HTepnpe

Ta~~~. Ben~~~Ha N npeACTasnBeT co6o~ 4MCno o6paay~~~XCB Kna
crepoa, a g(z) - npoi-13BOA.A~YIO ¢lYHKU,1410 pacnaAa 11 cpeAHero11 Kn<J
crepa. 

TaKI-1."'1 o6pa30M, npeAe1lbHbJi1 aeTB.AW.Mi:1C.A npou,ecc MO>t<HO npeACTa
BV1Tb KaK npo4ecc o6paaoaaHV1fl 11 cpeAHI-1x 11 Knacrepoe, AOnycKaiOw,~-tx 
paam1'-lHble 11MOAbl11 pacnaAa C pa3HblM 41-1CJ10M BTOPVILIHbiX 4aCn1l.t. 

$yHK~~R g(z) YAOBneTBOpReT ycnOB~IO HOPM~POBK~ 

g(l) ~ 1, /65/ 

14 npOI43BOAHa.A OT Hee B T04Ke Z = 1 npeACTaBJl.AeT C06oi:1 CpeAHee 

414CI10 4aCT14U, /cpeAHIOIO MHO>t<eCTBeHHOCTb/ OT pacnaAa OAHOrO Kna

CTepa N c 

/66/ 

npeACTasneH~e g(z) 8 B~Ae PRAa /64/ AaeT B03MOlKHOCTb yKa3aTb 
ABa Kpa~HHX C11Y4afl. 

Bo-nepBbiX, MO>KHO npeAnOJ10>fH1Tb, 4TO ace Knacrepbl pacnaAatOT
CR HeynOPfiA04€HHO Ha TO}!(AeCTBeHHble 4aCn1LJ,bl, a BepOfi.THOCTb pac

naAa KnacTepa nponop41.10HailbHa eepof!THOCTI.1 ero o6pasoeaHI-1H. 
3TO 03HaYaeT, YTO 

rAe D 1.1 q - HeKOTOPble napaMeTpbl. 
napaMeTp D onpeAenReTCR ~3 ycnoB~R HOPM~POBKH /b5/ AnR 

<!>YHK~~~ g(z) • noACTaBnRH COOTHOWeH~e /67 I a /64/' HaXOA~M 
AnR npo~3BOAHill~X <!>YHK~~~ g(z) ~ F(z, t) cneAYIOill~e BblpalKeH~R; 
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g(z) ~ D[exp(qz)- l], 
exp (qz) - l 

F(z, t) ~ exp[N ( -lll. !68! 
exp(q) - l 

BbtTeKatOL4ee orc10.qa pacnpe,QeneHV!e aepo.RTHOcTe~ 4acro scrpe-
4aerc.R B JlHTepaType nO,Q Ha3BaHV1€M YC€4€HHOro nyaCCOHOBa pac
np€A€Jl€HV1.R, 

Apyro~ Kpa~HV~~ cny4a~ cneAyer V13 npeAnono~eHY'I.R o6 ynopRAo-
4eHHOM pacnaAe scex Knacrepoa Ha HeTO}!(.QecraeHHbte YaCTY14bl, c 
y4eTOM nponop4Y'IOHailbHOCTY1 APYr ,qpyry aepo.RTHocre~ o6paaoaa
HY'I.R 111 pacna,Qa Knacrepa. Tor,qa a coorHoweHY'IY'I /67/ a 3HaMeHare
ne £! HYli<HO 3aM€HVITb Ha e J r.e. 

g(z) ~Dln(l-qz), F(z,t) ~exp[N( ln(l-qz) -1)]. 
ln(l - q) 

/69/ 

1701 

8btTeKaiOIJ..I€€ OTCIO,Qa pacnpe,QeneHI-1€ .RBI1R€TC.R 4aCTHbiM CI1Y4a€M 
pacnpe.QeneHVI.R no~.R VI 6onee VlaaecrHo a JlVITeparype no,q Haaaa
HHeM OTPH4aT€JlbHO fiVIHOMHailbHOrO pacnp€,Q€I1€HH.R. 

8Mecro napaMerpoa q 111 N a yce4eHHOM nyaccoHoaoM VI OTPH4a
renbHO 6VIHOMVIai1bHOM pacnpeAeneH~RX MOmHo ~CnODb30BaTb cpeA-

Hee 4Y1CnO BTOp~4HbiX 4aCT~U, D = f
1 

= 

HbiJii KOppe!lRTOp 

a ln F(z) 
---1 az Z=l 

B 3T~X napaMeTpax npo~aBOAR~aR $YHKU,HR oTp~u,aTe!lbHO 6Y1HOM~
anbHOro pacnpeAeneHI-iR np~t~H~t~MaeT o6b14Hbl~ BV1A pacnpeAe!leHl1R 
noi::tR: 

F(z) n [ l - (z - l) -l /71 I 
~ 

A npOH3BOAR~aR ~YHKU,~t~R yce4eHHoro nyaccoHoea pacnpeAeneH~t~R 

np~o6peTaeT <!JopMy: 
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F(z) = expl-1'[ l-exp((z -l) ..:!_)]I. /72/ 
I' 

Cne,qyeT OTMen1Tb, 4TO Koppe.nfll..\ltlOHHble napaMeTpbl f k .QilR 3THX 
pacnpe,qeJleHV!~ pa3JU14aiOTCft JH1Wb Ha nOCTORHHbl~ MHQ}f<ltJT€Jlb (k - 1)1, 
a HM€HHO: 

~ k 
fk =I'(-) 

I' 

,qnR OTPio14aTeJlbHO 61-1HOMV!anbHOro pacnpe,qeneHHR, 1o1 

n k 
fk = 1'(-) (k -l)! 

I' 

,qnR yce4eHHoro nyaccoHoaa pacnpe,qe.neHHR. 

!731 

/74/ 

,[{nR nOJlHOTbl KapTII!Hbl nplt1B€.Q8M AI1R 3T!I1X pacnpe,qeJ18Hii1H Bblpa

>K€HVIR ,qn.R cpe,qHero I.IVICJla o6pa3YIOIUVIXCR Knacrepoe N 1-1 cpe,qHero 
4HC.na 4acTHL\, o6pasyi01Uio1XCR npH pacna,qe K.nacrepa N0 • ,[tnR or
PHL\aTeJlbHOro 6HHOMit1ai1bHOro pacnpe,qeneHHR 3Tio1 aenH4HH~ lo1M€10T 
BH.Q COOTB€TCT88HHO: 

N = I' ln (1 + .!:. ) 
I' 

AHanorH4Ho, ,qnR yce4eHHOro nyaccoHoaa pacnpe,qeneHHR: 

N = I' [ l - exp (- ~)] ; 
I' 

n n -1 
N =-[1-exp(--)J . 

c I' I' 

1751 

/7&1 

PaccMOTPiriM Tenepb aeTB.AtUHilrCfl CllY4ailrHblilr np04€CC, BKJli04810LQHJir 

pa3MHO)f(€HHe VI nor.noLqeH~e. npoH3BOAR~aR ~YHK4HR AnR 3TOro npo
~ecca onpeAenReTCR cooTHoweHHeM /61/. B cny4ae o6paaosaHHR 
KnacTepoe npo~aaonbHO 6onbworo 4~cna 4acT~4 MOmHo nonomHTb a 
AaHHOM COOTHOWeHH~ npeAe!l CYMMHPOBaH~R 6eCKOHei.IHbiM H, KaK 
cneACTBHe, nony4HTb: 

-v 
F(z, t) = [ l- (z- l) •\ t] exp[ O(z, t) -l], 1771 

v = O(z, t) = 
t:>O Ak z-1 
:£ 2- F (-k,1;2; ),/78/ 

k=l ,\/ 1 1-(z-1}.\t 

2F 1 (a, b ; c, x) - nmepreoMeTpH4ecKaR $yHK4111R. ~cnO!lb3YR AllR 
BepoRTHOCTe~ Ak, ,\p CBR3b BHAa /69/, BHOBb npHXOAHM K npo-
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l-13BOJ:l.RtQeH ¢YHK~l-1l-1 pacnpeAeileHl-1R no~.R C napaMeTpoM J.L + v, a B 

npe,qnonomeHHH o HeynopR,q048HHOM pacna,qe KnacTepoa Ha Tom,qecT
eeHHble 4aCTH~bl lcoOTHOWeHHe 167 I I npHXOAHM K npoH3BOARweC1 
<!lYHK~HH BHAa: 

(z -ll 2 ,\Pt 
11 [ exp ( ) - Ill. 

1- (z -l) Apt 
1791 

-v 
F(z,t) =[1-(z-l)Apt] expi-Nexp(z-

Pacnpe,qeneHl-18 aepoRTHOCTe~, e~TeKa~tqee l-13 ,qaHHO~ npoH3Bo

ARtL\e~ ¢YHK~IIIl-1, paBHO KaK pacnpe,qei18Hl-18, BbiT8KaiOtL\88 Vl3 ¢YHK
~HIII BII!Aa /00/, T8CHO CB.R3aHbl C TaK Ha3b1Ba8Mb1MH Ila3epHbiMIII paC
npe,qei18HJ.1.RMIII, T .e. c pacnpe,qeneHJ.1.RMIII ¢oTOHOB, o5pa3oaaHHbiMJ.1 
HaJ10)f(8HJ.1eM KOrepeHTHbiX HepaaHoaecHbiX cocTo.RHI-1~ I Cl-'lrHan/ Ha 
paBHOB8CHbl8 H8KOrepeHTHbl8 COCTO.RHIII.R /wyM/, 

B 3aKniD48HI-'Ie pa3,qena o6CYAHM KPaTKO MacwTa6Ho-HHaapl-'!aHTHoe 
noae,qeHJ.1e pacnpe,qeneHI-1~ eepo.RTHOCTeH. B TeopeTJ.148CKOM aHailJ.1-
ae npo~eccoe MHO)f(8CTB8HHoro pom,qeHH.R a,qpoHoe no,qo6Hoe noae
,qeHl-1e HOCHT Ha3BaHH8 KH0-CK8~IlHHra /MacwTa6HoH HHBapHaHTHOCTVI 
Ko6bl - HHilbCeHa - OneceHa/ H 3aKilJ04aeTC.R a TOM, 4TO a o6nacTH 
,qOCTaT04HO BbiCOKHX 3HeprHH B8Jli.·14HHa fip n ,qomKHa 6b!Tb HenpepbiB

HO~ Cl>YHKLt148H TOJlbKO OAHOH nepeMeHHO~ X =~ 
n 

O,qHaKo aHaill-13 3Toro caoHcTaa 3aTpy,qHeH TeM, 4TO nepeMeHHaR 
n a pacnpe,qeneHI-'!H aepo.RTHOCTeH aeTB.RtQeroc.R npo4ecca .RBJl.ReT
c.R AHCKpeTHOH, J.1 He06XOAHM AOCTaT04HO KOppeKTHbl~ cnoco6 nepe

XO,qa OT AJ.1CKp8THbiX n K HenpepbiBHbiM, TaKOH nepexo,q M0}1{8T 6b1Tb 
peailJ.130BaH C nOMOtQbiO npeo6pa30BaHH.R npOV13BOA.AtL\8~ ¢YHK4VIH AJ.1-
CKp8THOrO pacnpe,qeneHJ.1.R F(z, t) a xapaKTep1-1CTH4eCKYIO ¢YHK4l-110 
cooTBeTCTBYJOtQero HenpepbiBHOro pacnpe,qeneHHfl Xq. Ca.R3b Mem,qy 
npoHaBOARweCi <!JYHK~He~ AHCKpeTHoro pacnpeAelleHHR F(z, t) H 
pacnpe,qeJ18HH8M aepo.RTHOCTeH pn 3a,qaeTC.R l-13B8CTHbiMJ.1 COOTHOWe

HHRMH, /lllR HenpepbiBHbiX pacnpeAeJleHH~ P(n) 06bi4HO ynoTpe6nR
IOT xapaKTepHCTH4eCKYIO <!JYHK~HIO X q I<!Jypbe-o6paa pacnpeAeJleHHR/ 

xq ( P(n) exp(iqn) dn; P(n) 1 
~ (X q exp (-iqn) dq. 1801 

-~ 

Hccne,qoaaHJ.1e J:li-'ICKpeTHbiX H HenpepbiBHbiX pacnpe,qeneHJ.1H MomHo 

o6be,qJ.1HI-1Tb, nocKoilbKY KaK npolo13BOARtQa.R ¢YHKU.HR F(z, t) , TaK 
H xapaKT8PHCTIII48CKaR ¢IYHK4Iti.A Xq MOryT 6b1Tb npe,qCTaBJ18Hbl B 
BJ.1A8 1-'!HTerpana ne6era - CTVIIlTbeCa. ,llnR HenpepbiBHbiX pacnpe,qe
Il8HitiH TaKOH HHTerpail CBOAHTC.R K ltiHTerpany P!4MaHa, a Ail.R AIII
CKP8THbiX pacnpe,qeneHHH Mepa ne6era - CTHilTbeCa BblpamaeTC.R 

4epea cyMMY 8 -<!JyHK~H~. 
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XapaKTepVICT~-t4ecKafl C!lYHK41-1fl HenpepbtBHOro pacnpe,qeneHJ..1fl x q 

nOJ1y4aeTCfl Vl3 npOV13BO,qfl~e~ ~yHK4VIVI COOTBeTCTBy~~ero A1-1CKpeT

HOro pacnpe,qeneHV!fl F(z, t) saMeHo~ z = exp(iq) Ha nepebte 4IlCHbt 

TC~JlOPOBCKOrO pa3JlO}I{CHV!fl nO q : 

X q ~ F(z, t) ! z ~ 1 + iq /81 I 

C T04Kllf 3PCHV!fl CTaTVICT~tt4eCKO~ ~lti3V!Kitl A8HHbt~ nepexo,q COOT

BeTCTByeT pa3JlO}I{eH~tt~ B 60JlbWO~ CT8TVICT~tt4eCKO~ CYMMe aKTVIBHOCTVI 

nO CTeneHfiM Xlt!MH4eCKOrO noTeH41-18Jla B6J1VI31-1 KPHTH4eCKO~ T04KVI, 

nerKo noKa3aTb, 4TO npllf no,qo6HoM nepexo,qe ¢laKTopV!aJlbHbte Mo

MeHTbt am ,qV!cKpeTHoro pacnpe,qeneHVIfl Pn npeo6pa3.Y10TCfl e Ha4anb

Hbte MOMeHTbl {jm HenpepbtBHoro pacnpe,qeneHVIfl P(n) : 

2 n (n - l) 0 0 0 (n - m + l) p n < > ,g m = r n m p (n) dn • !82/ 
n 

B 4aCTHOCTI-1, nepexo,q, onpe,qeneHHbt~ cooTHOWeHJ..1eM /81 I, coxpaHfl

eT HOpMV!pOBKY VI cpe,qH~~ MHOmeCTBeHHOCTb pacnpe,qeneHI-1~. 

AHa.norV14HO, KoppenRLtVIOHHbte na paMeTpbt ,q~t~cKpeTHoro pacnpe,qe

.neHvtR nepeXOAfiT 8 CCMJ..1J..1HB8PY18HTbt COOTBeTCTBYIOutero HenpepbtBHOrO 

pacnpe,qeneHI-1fl: 

f ~ 
k 

akIn F (z, t) I 
azk zd 

<=> Kk 
k! 

--.9x 
2rr!k+1 q 

dq 
!83! 

HanpVIMep' BTOPO~ KOppellfi4VIOHHbl~ napaMeTp r 2 AHCKpeTHOro pac

npe,qe.neHVIfl coena,qaeT c ,qHcnepcVIe~ D2 cooTaeTCTBYIOutero Henpe

PbtBHoro pacnpe,qeneHVIfl 

/84/ 

0CHOBHbiMVI pacnpe,qeneHY1fiMH eepofiTHOCTeH ,q.Ilfl OAH048CTJ.-14HbiX 

3JleMeHT8PHbfX np04eCCOB fiBJlRIOTCfl pacnpe,qeJleHHfl nyaCCOHa /30/ Y1 

no"R /31/o Ocy~eCTBnRR B np0~3BOAR~~x $YHK~~RX AnR 3T~X pacnpe
,qeneHVIH nepexo,q /81/, nony4aeM xapaKTepV!CTI-14eCKHe ¢YHK41-11-1 
BVI,qa: 

X ~ exp(-inq); 
q Xq 

ii -jJ. 
= ( l - iq -) 

jJ. 
/85/ 

/,qnR pacnpe,qeneHV!H nyaCCOHa H noHfl, COOTBeTCTBeHHO/. 8btTeKa10~1-1e 
HX 3TVIX xapaKTepV!CTV!4eCKI-1X ¢lYHKLtVI~ pacnpe,qeneHHfl BepoRTHOCTeM 

~Me~T cneAY~~y~ $0PMY: 
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n P(n) 
n 

~8(-=--l) 
n 

n P(n) 
n 

exp(-!L ::.-l, 
n 

!il6! 

T, e, 06na,qaiOT MaCWTa6HO-V1HBap~t~aHTHbiM noBe,qeHH€M /KH0-CK€i1IlV1H
rOM/, 

Cne,qyeT, OAHaKO, OTMeTV!Tb, 4TO AilR pacnpe,qeneHV1R no~R ,qaH
HOe yTsepm,qeHV~e cnpaae,qn1.1so, CTporo rosopR, TOilbKO npH nocTo
.RHHOM napaMeTpe 11.. HaMeHeHI-1e 11. a aAPOHHbtX coy,qapeHHRX c poe
TOM 3Hepr1.11.1 o6~4HO 1.1HTepnpeTHpyeTCA KaK HapyweH~t~e KHO-cKe~
IlVIHra. 

anR B€TBA~HXCA npo~eCCOB C o6pa30SaHVI€M KJlaCTepoa pacnpe,qe
neHI-1R aepOATHOCTe~ 8 06~eM CI1Y4ae MaCWTa6HO-J.1HBapV!aHTHbiM nose
,qeHHeM He o6na,qa~T. TaK, HanpVIMep, pacnpe,qeneHVIe AilR aeTBR~e
rocR npo1...1ecca c o6paaosaHH€M ,qayx4aCn14HbtX KnacTepoa /49/ np1o1 
nepexo,qe K HenpepbtBHbtM n npeo6paayeTcR a rayccoao pacnpe,qene
HHe BYI,qa: 

ii P(n) 
n 

---exp(-
ii2 n 2 
--( 1--) ) 0 

2f2 ii !87! 

MacwTa6HO-~HBapHaHTHOe noaeAeH~e 3AeCb 6yAeT HMeTb MeCTO, ecnH -2 
nono>KHTb f 2 = n • const. 

Mo>KHO noKa3aTb,4TO MacwTa6Ho-~HaapHaHTHoe noaeAeHHe nORBnR
eTc.A TOJlbKO y TeX HenpepblBHbiX pacnpeAeileHHIIf, ,Qil.A KOTOPbiX npo
H3BOARLL1He ¢YHKLJ.~H COOTBeTCTBYIOLL\HX AHCKpeTHbiX pacnpe,qeneHHI1 aa
B~CRT TOJlbKO OT CTeneHe~ OAHOI1 nepeMeHHOI1 ( = zii HilH, 4TO TO 
>Ke CaMOe, AI1.A KOTOPbiX COOTHOWeHH.A /9/, /12/ AOnycKaiOT Macw
T86Hoe MYilbTHnJlHKaTHBHoe npeo6paaoaaHHe BH,qa: 

p 
n 

1 

2rri 
( 

F(z, t) 
--- dz <=> 
zn+ 1 

1 ( F((,t) d( i -
(n+l (~zn 

!88! 
2rri 

B 4aCTHOCT~, ,qaHHoe caoHcTao HMeeT MeCTO ,qnR yce4eHHoro ny
acco.HOBa pacnpeAeneHHR /72/, KoTopoe o6na,qaeT MacwTa6Ho-HHBa
p~t~aHTHbiM noae,qeHHeM, HO, KaK "" pacnpeAeneH~t~e nm1R, - np~t~ ycno
BI-11-1 nOCTOHHHbiX 3Ha4eHHI1 napaMeTpa p. • 

Macwra6Ho-MynbTHnllHKaTHBHoe npeo6paaoaaHHe npoH3BOARLLIHX 
¢YHKU,HI1 B&.1Aa /88/ npHBOAHT K B03HHKHOBeHHIO Onpe,qeneHHbiX CBH-
3e~ Me>K,qy napaMerpaMI-1 pacnpe,qeneHHH, o,qHaKo Mbl He 6y,qeM 3TH 
CBR3H 3,qeCb 06Cy>K,qaTb, nOCKOJlbKY HX ,qonyCTHMOCTb H $H3H4eCKHI1 
CMbiCJl CYtlleCTBeHHO 388HCRT OT KOHKpeTHOro AHHaMH4eCKOrO MeX8HH3-
Ma MHO>KeCTBeHHOrO PO>K,QeHHH a,qpOHOB, 
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