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BBEnEHHE 

KaK H3BeCTHO / l/, cym;ecTayeT COOTBeTCTBHe Me)K,I(y onepauIDIMH 

a.Jire6pbI KOMIUieKCHbIX 'IHCeJI H BeKTOpHbIM HC'IHCJieHHeM Ha ,n;ByMepHOH 

eBKJIH,D;OBOH IlJIOCKOCTH. Y,n;aoeHHe KOMIUieKCHbIX 'IHCeJI - KBaTepHHOHbI, 

C ycnexoM MO:>KHO npHMeHHTb. ,n;JIH OnHCaHHH TpexMepHbIX BeKTOpOB, a 

a.Jire6py, KJimpq>op,n;a - }J;JIH OnHCaHHH aeKTOPOB a M-MepHOM npoCTpaH· 

CTBe. TaKHM o6pa30M, KOMilJieKCHbIM 'IHCJiaM, KBaTepHHOHaM, 3JieMeHTaM 

a.Jire6pbr KJI1-1cf>cf>cf>opna MO:>KHO ,:i;aTb reoMeTpHtJeceyro HHTepnpeTauHro. 

3TO noJie3HO H ,n;JIH caMOH reOMeTpHH, nOCKOJibKY C IlOMOlil;bIO anre6paH

qecKHX onepaUHH MO:>KHO OilHCaTb pa3JIH'IHbie }J;BH:>KeHIDI BeKTOpOB B 3a}J;aH· 

HOM npOCTpaHCTBe. 

qHCJia rpeaca / 2/ - Ol];HO H3 o6o6m;eHHH KOMnJieKCHbIX 'IHCeJI - HHTe

peCHbI TeM, 'ITO MO}J;YJIH 3THX tJHCeJI o6pa3yIOT Ky6HtJeceyro q>OpMy. COOT· 

aeTCTBeHHO, Ha q>yHKUHOHaJibI Ky6HtJeCKOH cTeneHH MOryT 6bITb o6o6m;eHbI 

KBaTepHHOHbI, B 3TOM CJiyqae MbI IlOJIY'IHM aJire6py nHKCOHa CTeneHH 3 /S, 4~ 

B CBOIO oqepe,:i;b, aJire6pa nHKCOHa 3a}J;aHHOH CTeneHH MO:>KeT 6bITb o6o6m;eHa 

Ha npOH3B0JibHOe 'IHCJIO H3MepeHHH, o6pa3yH TeM CaMbIM aHaJIOrH anre6pbI 

KJIHq>q>op,:i;a ,n;JIH q>yHKQHOHaJIOB CTeneHH N/ 5 • 6/. TaKHM o6pa30M, BilOJIHe 

eCTCCTBeHHO 3al];aTbCH aonpoCOM: HMeIOT JIH reoMeTpH'le·ceyro TpaKTOBKY 

yKa3aHHbie BbIWe anre6pbr? 

B HaCTOHm;eii pa6oTe MbI orpaHH'IHMCH TOJibKO reoMeTpHlleCKOH HHTep

npeTauHeii tJHceJI rpeaca. 

BnepBbie caM rpeac }J;a.JI reoMeTpHlleCKOe HCTOJIKOBaHHe 'IHCJlaM, KOTO· 

pbre OH Ha3BaJI TpHIUieTaMH/2/. IlpH 3TOM rpeac CBH3bIBaJI TpHilJieTbI C on

pe,:i;eJieHHbIMH npoeKUHHMH npocTpaHCTBeHHbIX aeKTOpOB. HHTepnpeTauHH, 

KOTOpaH 6y,:i;eT ,:i;aHa HH:>Ke, npHHUHilHaJibHO OTJIHtJaeTCH OT nonxo,:i;a, npe,n;-, 

JIO:>KeHHOrO rpeBCOM, 1-160 OHa CBH3aHa C reoMeTpHeH HOBOro THna. B npen

JiaraeMOH reoMeTpHH paCCTOHHHe (HHTepaaJI) onpe,:i;enHeTCH Ky6H'leCKOH 

q>opMOH, npH'leM caMO IlOHHTHe pacCTOHHIDI HMeeT CMbICJl TOJibKO ,n;JIH Tpex 

3a}J;aHHbIX TOtJeK npocTpaHCTBa. IlpH 3TOM MbI 6y,:i;eT HMeTb ,D;eJIO C reoMeTpH

tJeCKHMH q>HrypaMH, CBOHCTBa KOTOpbIX 6y,:i;yT BeCbMa aHaJIOrH'IHbI CBOHCT· 

-BaM q>Hryp eBKJIH}J;OBOH reoMeTpHH. Il03TOMY ,n;JIH HHX Mbl coxpaHHM Te :>Ke 

Ha3BaHHH, ,n;o6aBJIHH K HHM Ka)K,I(bIH Pa3 npHCTaBKY "TpH" HJIH "t ". qHCJia 

rpeaca, KpaTKOCT~ pa,:i;H, 6y,:i;eM Ha3bIBaTb G-tJHCJiaMH. 



1. OilPE)lEJIEHIDI TP1111PHM0011 TPl10TPE3KA 

IlycrL ,n:rum eeru;ecTBeHHaH nono)KHTeJILHaH qficJioBaH ocL R. TpHnpHMOH 
(Til) 6y,n:eM Ha3LIBaTL JIHHeHHoe MHoroo6pa3He, TOqKaM KOTOporo MO)KHO 

IlOCTaBHTL B COOTBeTCTBHe 3JieMeHTbI R, CBH3aHHbie TpOHHbIM COOTHOllleHHeM: 

2 
P(a,b,c):=a+b0+c0 , 

(1.1) 
0_:=exp(i2rr/3), a,b,c~R, a>b, a>c. 

P ( a , b , c) 6y,n:eM Ha3bIBaTL paccTOHHHeM Me)K,Jl;y TpeMH TOqKaMH Ha Til 
HJIH .D:JIHHOH TpHoTpe3Ka TO (a, b, c) . KaK BH.D:HO, ,n:nHHa TO eCTL BeJIH
qH:Ha KOMilJieKCHaH. 3aMeTHM, qTO npH h=C BbipIDKeHHe P(a, b, c) pe,n:y
I.J;HpyeTCH e o6bNHOe IlOHHTHe pa3H~CTH 

P (a, b,c ➔ b) ➔ P (a,b,) = a- b, 

COOTBeTCTByroru;ee ,n:JIHHe 0Tpe3Ka Ha npHMOH, orpaHHqeHHoro TOqKaMH 
a H b. 

IlocKOJILKY ,Jl;JIHHa TpHOTpe3Ka - BeJIHqHHa KOMilJieKcHaH, TO Heo6xo
,ll;HMO onpe,n:eJIHTL ,n:JIH TpHOTpe3KOB IlOHHTHH "6oJILllle-MeHLllle". By,n:eM 
cqHTaTL,qTo 

p ( a 1 • b 1 • c 1 ) > p ( a2 ' b2 • c2 ) • (1.2) 

eCJIH al >a2, bl <b2, cl <c2. 
PaccMoTpHM onepaI.J;Hro ,n:eneHHH TO ( a , b, c) Ha TpH qacTH. C 3TOH 

I.J;eJILlO npH6aBHM K p ( a J b. C) 3aBe,ll;OMO TpHBHaJILHbie BeJIH~bl: 

e+0e+0 2e , r+0r+0
2

r . IlonyqeHHYID CYMMY crpynnHpyeM TaK, KaK 
IlOKa3aHO Ha cxeMe. 

CxeMa 

P (a, b, c) = a + b0 + c 02 
i'~{.. \ / ,, '/ 

/ \ {, 2 
+e + to +'e0 

\ \ 

// \ \ 2 
r + r0 + r0 • 

IlonyqHM 

P(a,b,c)=P (a,e,·r)+P (e,r,c)+P (r,b,f). 
1 2 3 (1.3) 

2 

'., 

11mK, H3 (1.3) MO)KHO 3a1<nroqmL, qTo TO (a,b,c) cocTOHT m cyM-
MLI Tpex TO: (a,e,r) , TO (f,r,c) H TO (r,b,f) , npfiqeM ,n:nHHa 

Ka,K,Jl;OH H3 COCTaBJIHlOI.ll;HX MeHLllle, qeM ,Jl;JIHHa cyMMbl 0Tpe3KOB. 3TO CJie
,n:yeT H3 onpe,n:eneHHH (1.2) . 

2. TPl1BEKTOPhl HA TPl1IlJIOCKOCTl1 

EcnH Ha IlJIO~K-OCTH BbI6paHO Haqano KOOp,n:HHaT 0, TO Ka,K,Jl;OH TOqKe 
IlJIOCKOCTH MO)KHO noCTaBHTL B COOTBeTCTBHe onpe,n:eneHHoe KOMilJieKCHOe 
qfiCJI0/1/. B TaK Ha3LmaeMLIX ,n:HarpaMMax Apratta-Beccena KOMnJieKcHLie 
qHCJia CKJia,Jl;bIBaIDTCH TaK )Ke, KaK COOTBeTCTByroru;He HM BeKTOpbI, BblXO,n:H
ru;He H3 Haqana KOOp,n:HHaT O (KOTOpoe H306pa,KaeT qHCJIO HYJIL). IlpH 3TOM 
ecJIH qfiCJIO Z = X + iy yMHO,KaeTCH Ha npOH3BOJILHOe KOMilJieKCHOe qfiCJIO, 
TO nonyqHM I.J;eHTpaJILHo-no,n:o6Hoe Bparu;eHHe BeKTOpa. 

TpHBeKTOp onpe,n:eJIHM KaK TaKyro reoMeTpfiqeCKyro qmrypy J KOTOpou 
MO)KHO nocTaBHTL B COOTBeTCTBHe onpe,n:eneHHOe qHCJIO PpeBca. 11TaK, 

. > 
Ka,K,n:OMY qHcny Ppeeca A(a·,b,c) cooTBeTCTBYeT ceou TpHBeKTop A: 

> 2 
A ➔ A(a,b,c)=a+b0+c0 • (2.1) 

reoMeTpfiqeCKHH 061>e1<T' COOTBeTCTByIDru;HH TpexMepHOMy HenpepbIB
HOMY MHoroo6pa3HID napaMeTpoB a , b , c ~ R , 6y,n:eM Ha3LIBaTi. TpHnJIOc
KOCTLID. 

Pa3 Ka)K,Jl;OMY TpHBeKTOpy Ha TPHilJIOCKOCTH IlOCTaBJieHO B COOTBeT
CTBHe onpe,n:eJieHHOe qfiCJIO PpeBca, TO 3TH TpHBeKTOpbl ,Jl;OJI)KHbI HCXO,ll;HTh 
m Haqana KOOp,ll;HHaT O (KOTOpOMY COOTBeTCTByeT qfiCJIO (0, 0, 0)). IlpH 
3TOM HeTpy,n:Ho nonyqHTb npaBHJIO CJIO)KeHHH .D:BYX TpHBeKTOpoe: 

> > > 
C ( c 1 , c2 , c 3) = A ( a 1 , a2 , a3 ) + B ( b1 , b2 , b3) , 

ck=ak+hit, k=l,2,3. 

qHCJIO Ppeeca A( a, b, c) HMeeT .n:ea conpa,KeHm1: 

2 -A1(a,b,c):=a+b0 +c0=A, 

A 2 (a,b,c):=a+b+c=A. 

BbipIDKeHHe BH,n:a 

'> . 3 3 3 1/3 . 1/3 IAI ==(a +b +c -3abc) =(AA1A2 ) 

> 
6y,n:eM Ha3bIBaTb ,n:JIHHOH TpHBeKTOpa A. 

3 



> > 
TpHBeKTop A 0 RBmieTCH e.o;Hl!HtlHhIM, ecnu I A 0 I ;,, 1. 
Ilpe:>K.D;e tJeM nepeiim K noBopoTaM Ha TPHIVIOCKOCTH, paCCMOTpHM 

3KcnoHeHUHaJibHoe npe.o;craBJieHue queen rpeBca. 

_ YTBep:lK.o;_eHH_e=l 
113 

IlyCTh I A0 I= (A0A0Ao) = 1. 
Tor.o;a HMeeT .MecTo npe.o;CTaBneHHe 

. 2 
A 0 : = Exp (¢,tf,) = exp(0¢ + 0 if,). 

,n O K ~3 a T en b CT B O 2 
Ilono:lKHM A0 =s> A0 : = a 0+ b00 + c00 . l-'.13 ycnoBHH I A0 I;,, 1 cne.o;yeT, tJTO 

3 3 3 
a0 + b0 + c0 -3a0b0c0 = 1. (2.2) 

Cne.o;oBaTenbHO, TOnbKO .o;Ba H3 Tpex napaMeTpOB a O, b O, co He3aBHCHMhI. 
Ilpe.o;cTaBHM a o• bo , co _Kai< q:>yH~H .IU3YX He3aBHCHMhlX napaMeTpOB 

(¢,,t,): 

a0 : = a0 (¢,,f,), b 0 : = b0 (¢,if,), c0 : = c0 (¢,1/J). (2.3) 

YcnoBHe (2.2) HBJIJleTC~ e.o;HHCTBeHHhIM ycnoBHeM, HaKna.D;hlBaeMbIM Ha 
q:>ymcr~HH (2.3) . PacCMOTpHM .o;Ba O.D;HonapaMeTpHtleCKHX . e.o;Hl!HtlHhIX G
tJHcna: 

2 
exp (0¢) = g0(¢) + g

1 
(¢)0 + g

2 
(¢) 0 , 

exp ( 02 1/J) = g
0 

(if,) + g 
1 

( 1/J) rl + g
2 

( tf,) 0 • · 

Bh16epeM q:>yHKUHH a 0, b0 , c0 B cne.o;yromeM BH.o;e: 

ao ( ¢ • 'P) : = go ( ¢) g o (if,) + g 1 ( ¢) g 1 ( r/I) + g 2 ( ¢) g2 ( tf,) • 

b o ( ¢ • rfr) : = go (cf>) g2 < •.u) + g 1 ( ¢) go (if,) + g2 ( ¢) g 1 ( t/I) ' 

co(</> ,tf,) ~=go (cp)_g1 (t/I) + g2 (¢) go (,fr)+ gl (¢) g2 (t/I) • 

Bb16paHHhie q:>yHK~HH y.o;oBnernopHIDT (2.2). TaKHM o6p830M, 

Ao= exp (0¢) exp (0 21/I). 

(2.4) 

(2.5) 

PaccMoTpHM eme o.D;Hy none3Hyro napaMeTpH3~ro a O , b O , c 
O 

, a 
HMeHHO, BhI6epeM HX B cne.o;yromeM BH.o;e: 

4 

" 

y=(l+a3+,83-3a,8)1/3, (2.6) 

a O = 1 / Y. , bo = a I y , c0 = ,BI y • 

IlpH yMHO)KeHHH e.o;HHH'lHhlX G -tJHcen napaMeTp~I (a·, ,8) 6y.o;yT "cKna.D;hl· 

BaTbCH" HenHl!eHIIhIM o6pa30M: 

Ao Bo = Ao ( a 1 • ,8 1 ) Bo ( a 2 • .B2 ) = Co ( a 3 • ,8 3) • 

a3 =(al +a2 +,81 ,82)/ (, 

(=l+a1f32 +,81a2. 

,83 =(,81 +,82 +a1a2)/(, 

YTBep)K.o;eHue 2 
Jlro6oe 3a.D;aHHoe 0-tJHcno A (a, b , c) ( a I- 0 , b I- a I- c) MO)KeT 6hITb 

npe.o;cTaBJieHO B BH.o;e 

A(a,b,c)=IAI exp(¢,if,). (2.7) 

,no1<a3aTenbCTBO 
lfa ycnoBHH ( a f. 0, b f. a f. c) cne.o;yeT, tJTO I A I J. 0 . Pa3.o;enHM H YM • 

. a a a Va 
HO)KHM A(a,b,c) Ha IAl=(a +b +c -3abc) • 06o3HatJHM 

r0 =a/lAI, r 1=b/lAI, r2 =c/lA!. 

Tor.o;a 

A(a,b,c) =IAIR(r0 ,r1 ,r2). 

KaK BH.D;HO, 0-tJHCno R (ro. r1 'r2) - e.o;Hl!HtlHOe, Il03TOMY, cornacHO 

YTBep:>K.D;eHHlO 1, OHO npe.o;cTaBHMO a BH.o;e 

R ( r 
O 

, r 
1 

, r 
2

) = Exp ( ¢, tf,) • 

Cne.o;oaaTenbHO, 

A=IAI R(r0 ,r1 ,r2 )=IAI Exp(q,,tf,). 

> 
EcTeCTBeHHO npe.o;nonaraTb, tJTO 1<am.o;hlii TpHBeKTOp A, _ucxo.o;amuii 

H3 HatJana KOOp.D;HHaT O' 3a.o;aeT onpe.o;eneHHOe HanpaaneHHe Ha TpHnnOCKOCTH. 
BpameHHeM TpHBeKTopa 6y.o;eM Ha3hIBaTb TaKoe npeo6p830BaHHe, KOTO· 

poe nepeBO.D;HT .D;aHHhIH TpHBeKTop B .o;pyroii, He MeHHH .o;nHHhI. 

5 



.YTeep:>KneHHe 3 
,Ilea G-'ll:ICJia onHHaKOBOH ,nJIHHhI MO:>KHO npHpaBHHTh IlyTeM YMHO:>Ke

HHH OAHOro H3 HHX Ha eAHHIBIHOe G-l!HCJIO. 

noKa3aTeJibCTBO 

IlycTh AaHhI nea G-'ll:lcrra A (a 1 , a2 , a3 ) H B (b1 , b2 , b3 ) ,npHtieM 

I Bl= I Al . CorrracHo yrnep,KAeHmo 2, A H B MO:>KHO npencTaBHTh a eune; 

2 
A=!Alexp (0¢, +0 1/, ), 

1 1 

2 
B=IBI exp(0¢,

2 
+0 if,2). 

B&r6epeM enHHHtJHoe G-tJucrro: 

2 
R : = exp ( 0 ( ¢, - ¢, ) + 0 ( if, - if,, )) • 

1 2 1 2 

Torna 

A=!Alexp(0-4- +0
2

,1, )R=BR. · 'f'2 2 

> > 
TaKHM 06pa30M, eCJIH )];aHhI naa TpHBeKTOpa A H B onHHaKOBOH AJIHHhI, 

TO -COBMememuo HX nyTeM apameHH.fl Ha TpHnJIOCKOCTH COOTBeTCTByeT YMHO· 

)l(eHHe G-tJHCJia OAHOro H3 ,HHX Ha enHHHllHOe G-'ll:ICJIO. IlpH 3TOM BeJIHllHHy 

<11:=(¢,1 -¢,2)+ 0 (t/,1-t/,2) 

MO:>KHO HHTepnpeTHpoBaTh KaK t -yrorr, Ha KOTOpbIH Heo6xonHMO noaepHyTh 
> > 

TpHBeKTOp B, llT06hI COBMeCTlfTh CA. 

3; AHAJIOrH CKAJI.HPHOro (S) H BEKTOPHoro (V) 
.. IlPOH3BEnEHH0 M.H nBYX H TPEX TPHBEKTOPOB 

IlOH.flTHHM " s - If V-npOH3BeneHHH" Mhl 6yneM npHnaBaTh TOT :>Ke 

CMbICJI, KOTOpbIH OHM HMeIOT a o6hillHOM BeKTOpHOM lfCtJHCJieHHH. 0CHOB· 

Hoe CBOHCTBO S- H V-npoH3BeneHHH 3aKJIIOtJaeTCH B TOM, llTO OHH He MeH.fl· 

IOTCH npH npeo6pa30BaHlfHX, coxpaHRIOlllHX yrorr If AJIHHy. B KatJeCTae npH-

' Mepa paccMoTpHM cnoco6 norrytJeHHH s - H V-npoH3BeAeHJilll AJI.fl o6hillHhIX 

BeKTopoa Ha eaKJIHAOBOH nrrocKOCTH. IlycTL aeKTOpaM A_ If B nocTaarreH&I 

B COOTBeTCTBHe KOMnJieKCHbie lllfCJia: 

A ➔ A ( a 1 , a2 ) = a 1 + a2 i , B ➔ B ( b 1 , b2 ) = b 1 + b 2 i . 

6 

l 
~' 

ij 

.HcHo, llTO 6HJIHHeHH&re KoM6HHaQHH AB H AB HHBapHaHTHhI omocHTeJihHO 

npeo6pa30BaHHH 

A'= AR', 

B '= BR , R : = cos ¢, + i sin ¢, • 

Ilo3ToMy Bhlpa:>KeHH.fl 

➔➔ 1·- -
S ( A , B) = - ( AB + AB) , 

2 
➔ ... i - -

V ( A ,B) : = - ( AB - AB) , 
2 ' 

(3.1) 

(3.2) 

npencTaBJI.fllOll.lHe co6on CKaJIHpHOe H aeKTOpHoe npOH3BeAeHHH ABYX BeK

TOpoa, TaK:lf<e HHBapHaHTHhI OTHOCHTeJibHO npeo6pa30BaHH.fl .. (3.1). Ilon

CTaBJIH.fl Bbipa:>KeHH.fl 

A = I A I exp ( i ¢, ) , B = I B I exp ( i </J2 ) 1 . 

B (3.2), IlOJIY'IIHM 

➔ ➔ IABI: . . . 
S ( A , B) = -- ( exp ( i ¢ li + exp ( -1 ¢12)) = 

2 

= I A I I B I ·cos ( ¢ 12 ) • </J 12 = ( ¢ 1 - ¢ 2 ) • 

➔ ➔ 

V ( A , B ) = I A II B I sin ( - ¢, ) • 
12 

(3.3) 

> 
EcrrH TpHBeKTopy A ( ao , a 1 , a2 ) IlOCTaBJieHO B COOTBeTCTBHe 0-

'IIHCJIO: A (a0 , a 1 , a2 ) , TO attarroroM npeo6pa30BaHHH noaopoTa (3.1) 
.flBJI.fleTC.fl: 

A'(a~, a~ , a;)= (g0 (¢)+g1 (¢)0+g2 (¢,)0
2 

)x(a0 +a 1 0+a2 0
2
). (3.4) 

> > >' 
PaccMoTpHM TpHJIHHeHHoe npoH3eename TpHe·eKTop_oa A, B, C; KOTO· 

p&IM cooTeeTcrayroT 0-tJHCJia A( a 1 ,a2 , a3 ), B ( b 1' b2 , b3 ) , C ( c 1 , c2 
,c

3
) 

e cnenyromen KOM6HHimHH: 

11 =ABC. 

2 -= 
IlocKOJILKY I R. ( g O, g 1 , g 2 ) I = RR R = 1 , TO I 1 HHaapHaHTeH OTHOCH· 

TeJihHO npeo6pa30BaHHH 

- -- = 
A'= AR , B '= BR , C '= CR • (3.5) 

7 



Ilo omomeumo K 3THM npeo6pa30BaHIIBM ueH3MeHHhl TaK'.lKe TpHJIHHeHHbie 

cpopMbl 

-= 
1

2 
=ABC, I 3 =ABC, 

- = 
J 

1 
=ABC , J2 =ABC , J3 =ABC. 

lfa cpopM IK, JK ( K= 1, 2, 3) M0'.lKH0 o6pa30BhIBaTh pa3JrnqHhie JIH

ueiiHhrn KOM6mnutHH, K0T0pbie, oqeeimuo, TaK'.lKe 6y.n;yT HHBapHaHTaMH 

0TH0CHTe.JlbHO (3.5). PaccMOTpHM TpH H3 HHX: 

1 S ( A , B , C) = - ( I 1 + I2 + 13 ) , 
• 3 

• 1 ·. 2 
V

1 
( A , B , C) = 3 (I 

1 
+ 12 0 + 13 0 ) , 

1 2 
V

2
(A,B,C)= 3 (J 1 +J2 0 +J3 0). 

,Uanee npe.u;cTaBHM Q-qttcJia A, B, CB 3KcnouenUHaJihHOH cpopMe: 

A = I A I Exp' ( <I> 
1 

) , B = I B I Exp ( <I> 2) , C = I C I Exp ( <I> 3 ) • 

Ilo.n;cTaH0BKa (3.7) a (3.6), .u;aeT 

S(A,B,C)=IABC!j
0
(~). 

V1(A,B,C)=IABCl~2C<I>), 

v
2 

c A , B , c) = I A B c I '§2 c <1>) , <I> = <I> 1 + 0 <1>2 + 0 2<1> 3 • 

(3.6) 

(3.7) 

(3.8) 

3.u;ech cpyHKUHH §0, '§ , '§ HBJIHIOTCH K0Mil0HeHTaMH e.n;HH~Horo 
1 2 

TpHBeKTopa. Ilo3T0MY 

Exp ( 0 <I>) = § (<I>) + 0 § (<I>) + 0 2'§ (<I>) , 
0 1 2 

HJIH 

·§ ('<I>)= l_ (Exp (<I>)+ Exp ( 0<1>) + Exp ( 0 2 
<I>)) , 

0 3 

'(i) 1 2 2 
ti (<I>) = - ( Exp ('<I>) + 0 Exp ( 0 <I>) + 0 Exp ( 0 <I>)) , 

1 3 
'(i) 1 2 2 
ti

2
(<1l)=-(Exp(<1>)+0Exp(0<1>)+0 Exp(0 <ll)), 

3 

8 

~o H HCil0Jib30BaH0 npH nonyqeHHH (3.8). HeTpy.u;uo yBH.n;eTb auanormo 
Me:>K.D;y (3.3) H (3.8), a TaK'.lKe Me'.lK.n;y cpyHKUHHMH § H cos¢,, § , §- e 

0 1 2 sin¢, • · . 

Ilpnee.n;eM KOHKpeTHhie BbipIDKeHIIB MH S- V npou3ee.u;~ MR .llBYX 

!,PHBeKTopoB. s - npoH3Be.n;eHHe MH .u;eyx TpHBeKTopoB X ( X. y • z) H 

A(a,b,c): 

2 2 2 2 (t) 
S(X,A,A)=xa +Yb +zc -xbc-yac-zab=IXIIAI ~ (<ll), 

' 0 

V - npou3ee.u;eutte: 

( · 2 '2 2 2 
V1 X,A,A)=a z+b x+c y-aby-bcz-cax= IXI IAI § (<I>). 

' ' 2 

4. IlPHMOYrOJibHbl:0 t -TETPA3,D;P 

Ha TpHilJIOCKOCTH pacCM0TpHM cpurypy' K0Topaa HBJIHeTCH npHMbIM 

auanoroM npaMoyr0JibH0ro Tpeyr0JibHHKa B eBKJIH,!J;0BOH reoMeTpHH. Ilo co~ 

qeTaHHIO CB0HX :meMeHT0B 3Ta qmrypa no.u;o6ua TeTpa3.n;py' Il03T0MY Mbl ee 

6y.n;eT ua3hIBaTL t -TeTpa3.n;poM, 06na.na10IUHM qeThipbMH yrJiaMH H qeThlpl>MR 

CTOp0HaMH. HMeHHO TaKHM ua6opoM 3JieMeHT0B o6na,naeT TeTpa3.n;p, Il03TO

My Mbl 6y.n;eM Il0Jih30BaThCH o6o3HaqeuHHMH, 0TH0CHlltHMHCH K np.RMoyrom,-
H0My TeTpa3.n;py (cM.pHCYHOK). . 

r:. - )t 

flpe.n;nOJIO'.lKHM, tJTO TeTpa3.n;p k f mn C00TBeTCTByeT. t -TeTpa3.n;py, npHtteM 

Ka:>K,ZJ;OH CT0p0He Il0CJie.u;nero Il0CTaBHM a C00TBeTCTBHe owm H3 6oKOBbtX 

TpeyroJibHHK0BTeTpa3.n;pa. Tor.u;a CTOp0HhI A,B,D 6y.n;eM,H83bIBaTb KaTeTaMH, 

C - rHnoTeuy3oif. IlpH 3T0M 6fkm➔A, .!\kmn ➔ D , Afmn ➔ B , .!\fkn ... c . 
,Uanee BBe.n;eM t-yrJihI ¢=~ACD. t,{,=o:;ABC. <l>=?BDC. X =,:;. ABD. 

Mbl 3.u;ec1, paccMaTpHBaeM npaMoyr0JibHhIH t -TeTpa3.n;p, H npe.u;n0JIO

'.lKHM, qTo npHMhIM HBJI.ReTCH t -yroJI x-B 06bitmOH IlJiaHHMeTPHH, eCJIH yroJI 

cp Me'.lK.n;y BeKTOpaMH npHMOH, TO CKaJIHpHoe np0H3Be.n;enHe paBH0 HYJIIO 
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H cos<{, = O. HecMoTpH Ha attanormo Me)K)ly cpyHKUJ:iHMH cos<{, H §0 ( x), .rum 
)J.aJibHCHlllHX nocTpoeHHH JIOrIBmee onpe)J.eJIHTb npHMOH t-yroJI X KaK TaKylO 

BeJIIBIHHY, npH KOTOpOH 

~\ <x) = 1.. 
(4.1) 

> 
CornacHo :§ 2, TpHBeKTopy A(a0 ,a 1 ,a2 ) cooTBeTCTByeT G-qHcJio A (a0 , 

a 1 • a2 ) '. TaKHM o6pa30M, ao ' a 1 , a2 HBJIHIOTCH KOOp)J.HHaTaMH TpHBCKTO· 
pa Ha B3aHMHO-OpToroHaJibHbIC HanpaBJICHHH, xapaKTepH3yCMbIC TpHBCKTO· 

paMH 

E 
1 

( a 
O

, 0, 0) , E 2 ( 0, a 1 , 0) , E3 ( 0, 0, a2 ) • 

BbiqHCJIHM S (E 1 ,E2 ,E3) H V (E1 ,E2 ,E3 ). 

·2 
S (E

1 
,E2 ,E 2 ) = 0, V (E 1 ,E 2 ,E 2 ) = a0 a1 • 

CJie)J.oaaTeJibHO, §
0

(<1>)=0, §2(<1>)=1, r)J.e <I>- t-yroJIMe)K)ly E 1 H E 2. Tenepb 

BbiqHCJIHM S- H V-npOH3BC)];CHHH Me)K,lly TpCMH TpHBCKTOpaMH El, E2, E3· 

Ifa cpopMyJibl (3.6) nonyqHM: 

S1(E1,E2,Ea)=aoa1a2 §o(<l>)=aoa1a2 • 

> > > 
r)J.e ¢ ecTb t-yron Me)K)ly E 

1
, E

2
, E

3
. qT06b1 nonyqHTb nepeA noCJie)J.HHM 

• > 
Bblpa)KCHHCM C)J.HHimY, HaM npHillJIOCb noaepttyTb El Ha yroJI i21T/3 , TaK qTO 

V
1

(E
1

,E
2

,E
3

)=0, V2 (E 1 ,E2 ,E3 )=0. 

nanee JierKO y6e)];HTbCH B TOM, qTO 

V
1

(E
1

,E
2

,E
3

)=0, V2 (E 1 ,E2 ,E3 )=0. 

I1TaK, yCJIOBHC OpTOrOHaJibHOCTH Tpex TpHBCKTOpOB Bblpa)KaeTCH paBeHCT

BOM (4.1). 3TOMY yCJIOBHIO YAOBJICTBOpHIOT CJIC)J.YIOIUHC 3HaqeHHH <{,: 

<p=i2rrn, n=l,2,3 ••• 

BepHCMCH K onpe)J.EmCHHIO npHMOyrOJibHOrO t ·TCTpit3)];pa. CorJiaCHO 

npHBC)J.CHHbIM BbllllC )J.OBO)J.aM, t -yroJI X npH 3TOM paaeH X = i 2 1T. BBe)J.CM ' 

CJICAYIOIUHC q>yHKUHH t yrJIOB <p, if,, <I> : 

(<) (A,,) - B l'il ·1u 
::, 0 "fJ - C ' t:l i< <p) = A/ C ' ti 2 ( <p) = D / C ' 

10 

§0 (if,)=D/C, § 1 (t/J)=B/C, §
2
(t/,)=A/C, 

§ (<l>)=A/C, § («ll)=D/C, § (<ll)=B/C. 
0 , 1 · 2 

(4.2) 

B AaHHOM CJiyqae A, B, D HBJIHIOTCH )J.JIHHaMH TpHBCKTOpOB, pacnOJIO)KCH· 
Hbl}{ no t -OpTaM: • 

> > > 
A => ( A , 0 , 0) , B => ( 0 , B , 0) , D => ( 0 , 0 , D ) , 

C - AJIHHa TpHBCKTOpa 

> 
C => C ( A , B , D ) • 

Ilo::iToMy C 3=A3 + B 3 . + D3 - 3ABD ecTb TOqffbIH aHanor H3Becrnoii 
TeopeMbl IlHcparopa )J.JIH npHMoyrOJibHOrO TpeyroJibHHKa. 

Bae)J.eM noHHTHe nnomaAH )J.JIH npHMoyroJibHoro t -TeTpa3)J.pa ABCD . 
EcTeCTBCHHO onpe)J.eJIHTb nnoiua)J.b KaK <PYHKUHIO CTOpOH t-TCTpa3)];pa, KO· 
Topan 6bIJia 6bI HHBapHaHTHa OTHOCHTeJibHO npeo6pa30BaHHH BH)J,a (3.5). 
B KalICCTBe TaKOH <PYHKUHH BbICTynalOT S- HJIH V-npOH3BC)J.eHlliI Tpex CJIO)K
Hbl}C CTOpOH t-TeTpa3)J.pa. IlpH 3TOM Mbl )];OJI)l(Hbl nonyqaTb O)J.HH H TOT )KC 
pe3yJihTaT HC3aBHCHMO OT Toro, KaKOH Ha6op CMC)KffbIX CTOpOH 6y)J.eT BXO· 
)J.HTl, B )J.aHHoe Bblpa)KeHHe. I,f3 ( 4.2) CJie)J.yeT, qTo 3TOMy Tpe6oaaHHIO YAOB
JleT130pHeT S -npOH3BC)J.CHHe Tpex CMC)KffbIX CTOpOH t-TeTpa3)];pa. I1MeeM: 

S (A, D , C) = ADC §
0 

( ef,) = S ( A , 8 , C) = ABC §
0 

( u,) = 

=S(B,D,C)=BDC §
0

(<I>)=ABD. 

IloCJie)J.Hee H3 paaettcTB anontte cornacyeTcH c onpe)J.eJICHHeM ( 4.1) . 
Ilnorua)J.b npHMoyroJibHOro t -TeTpa3)];pa Mbl onpe,neJIHM CJIC)];YIOIUHM 

o6pa30M: 

W (ABDC) = ! ABD. 

YTBep)K,nettHe 4 

CyMMa t -yrJIOB npHMoyrOJibHOro t -TeTpa3)];pa paBHa 

ef,+0i/,+0
2

<I>+x=10rri/3. 

lloKa3aTCJibCTBO 

ITycTb <p, 1/1, <I> - t-yrJibl npHMoyrOJibHOro t ·TeTpa3,npa. 
PaccMoTpHM <PYHKUHIO 
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2 
Exp ( ¢ + 0 ,jJ + 0 cJ)) = 

=(§0(¢)+~ (¢)+~ (¢))@o(r./J)+l9§1 (r./J)+e2§2(r./J))x 

X (§0 (<lJ) + 0~1 (<lJ) + 0§2 {(Ji))• 

II 0 0 0 
o,n;cTaBJIHH cw.n;a 3Hat1eH1rn ~0 , tJ 1 , tJ

2
, BhipIDKeHHhie qepe3 A, B, C,D H3 

( 4.2), nonytIHM 

2 1 2 
Exp ( ¢ + 0 ,jJ + 0 <ll) = --:::-S- ( A + B + D) ( D + 0 B + 0 A) x 

. C 
x ( A + 0 B + 0 2 

D ) = 0 2 = exp ( 4 11 i/ 3 ) • 

Cne.n;oaaTenhHO, ¢ + 0 ,jJ + 0
2 <ll = 411 i/3. IlpHMOH yron x = 2 "i . Ilo3TOMY 

¢ + 0,jJ + 0 2 <ll + X = l011i/3. 

B 3aKJIIOtieHHe OTMeTHM, tITO o6o6meHHe Ky6HtieCJ(OH cpopMbl 

3 3 3 
1(3)=x +Y +z -3xyz 

Ha tIHCJlO H31VIepeHHH, 60J1b11Iee, tieM TpH, MO:lKHO ocymecTBHTh, HCilOJlb3YH 
6a3HC anre6pbl JJ:HKCOHa/ lO /. Ilpo6neMa nocTpoeHHH aHanora PHMaHOBa 

IlpOCTpaHCTBa C MeTpHtieCKHM TeH30pOM TpeTbero pattra o6Cy:lK.D;aeTCH B /7- g ! 
AaTop 6naro.n;apHT npocpeccopa H.A.qepHHKOBa H A.B.IlecToaa 3a 

KOHCTpyKTHBHyID .D;HCKyCCHID no aonpocaM, 3aTpOHYThlM B HaCTOHIUeii pa-
6oTe. 
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