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Pen.ATIIIBio1CTCKHe o6"beKTbl paCCMaTplo1BaiOTCR B Mlo1pe co6b1THV! nyaH

Kape - MHHKOBCKOro. 8 CBOeM 3aKOH4eHHOM BH,qe pen.ATHBHCTCKa.A 

MexaHHKa - 3TO MexaHHKa O.QHOH MaTepHanbHOV! T04KH. E~e nyaHKa

pe /l/ seen nOH.ATH.A 4eTbTpeXCKOPOCTH, 4eTblpexyCKopeHH.A 1o1 4eTbi

PeXCV1nbl, 6e3 KOTOpbiX He 06XO.Qio1TC.A HH O.QHa pen.ATHBa.1CTCKa.A Teo

PH.A, ecm.., a HeH paccMaTPHBaiOTC.A MaTepHailbHble Ta4KI-1. EMY npVI

Ha,qnemHT TaKme nocTaHOBKa sonpaca o Heo6xo.QHMaCTH onHCaHHR 

B3aHMO.QeJ.1CTBH.A .QBYX MaTepHanbHbiX T04eK B peilfiTIIIBHCTCKOa::i Mexa

H~Ke. no era MHeHHIO, nOCTaHOBKa peJl.ATHBHCTCKOV! 3a,qa4H .QBYX Ten 

.ABJl.AeTC.A nepBbiM 3TanOM Ha nyTH nOCTpoeHHFI MO,qeneV! peil.ATHBHCTC

KHX npOTFI}f(eHHbiX a6oeKTOB KOHe4HbiX pa3Mepoe. 0H me C$0PMYilHpo

BaJ1 VI npHHL.IHnbl, KOTOPbiM .QOJlmHa YAOBJleTeap.ATb peil.ATHBHCTCKa.A 

sa,qa4a ,qsyx Ten. 

3T~t~ nPHHUitlnbl He ,qanycKaiOT cy~eCT8o8aHiti.A T8ep,qora Tena 

B KnacCH4eCKOM CM~cne. B pa6oTaX 6opHa 121 , reprnoT~a/8/ H He

Tep141 ,qaHo anpe,qeneHHe mecTKora A8HmeHH.A Tena 8 cne4HailbHOa::i 

Teopltlltl OTHOCHTeJlbHaCTI-1. ~BHmeHHe TeJla, KOTOPOe .ABil.AeTC.A npOT.A

>KeHHbiM peJl.ATit!BitiCTCKI-1M 060eKTOM, np1o1 :)TOM 3a,qaeTC.A C noMOUJ,biO 

KOHrpy3HttltiH MHpasbtX n~t~HHH era Ta4eK. CanMaH 111 Tay6 151 Han1-1canH 

ypasHeHiti.A meCTKOra .QBio1>KeHH.A peJl.ATiti81-1CTCKOra Tella. npH HCCJle,qo

BaHHH 3THX ypa8HeH14i11 16 •71 6biilO yctaHosneHa, 4Ta ycnoBHfl meCTKa

CTH BblnaJlH.AIOTC.A TOJlbKO 8 Cily4ae npfiMOJlHHeV!Hara HeycKopeHHara 

ABH)I(eH~t~fl Tena. 

PaccMaTpHaaeMbte s,qecb pen.ATHBHCTCKHe npoTfi>KeHHble o6oeKTbl 

Mbl Ha3blBaeM apeaJlbHbiMH, nOCKOJlbKY HX ,qeV!CTBa.1e CKJlaAbiBaeTC.A 

H3 secas· paeHoMepHo HarpymeHHbiX nasepxHaCTeill. na,qpo6Ho pac

CMOTPHM ,qaa apeaJlbHbiX o6oeKTa. 0,qlo1H H3 HHX ,qaeT npe,qcTaBileHHe 

0 ABH}f(eHHH ABYX OAHHaKOBbiX MaTepHaJlbHbtX Ta4eK C nOCTO.AHHOV! CI-1-

JlaV! npHT.AmeHH.A. apyroill npHBOAitiT K npe,qCTaBJleHHIO a MHpe ,qe CHT

Tepa. 
B pa6oTax /8-!5/ nocTpoeH npHMBP penRTHBHCTCKo~ 3aAa4H ABYX 

Ten, YAOBneTBOPR~~H~ BCBM npHH~HnaM nyaHKape. B pa6oTe/l6/ no

CTpoeH aHanarH4Hblt1 npHMep peJl.ATHBHCTCKOV! 3a,qa4H Tpex Tell, 

a s 1171 - 4eTbTpex. CyutecTBeHHo, 4To s sa,qa4e Tpex Ten noRBil.AeT

c.A TpoHHOe B3aHMO,qei1CTBHe, He CBOAHMOe K napHblM, a 8 aa,qa4e 

4eTblpex Ten - 4eTBepHOe B3aHMOAeJ.1CTBHe, He CBOAHMOe HH K TpoV!

HbiM, HH K napHbiM B3aHMO.Qet1cTBHFIM. 8 3THX npHMepax ,qeV!CTBHe 

cKna,qbTBaeTc.A H3 secas pasHoMepHa HarpymeHHbiX nosepxHocTeH pas

MepHoCTH OT 1 ,qa 4. no,q OAHOMePHOV! nosepxHaCTbiO s,qecb nOHHMaeT-
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C.A MHpOBa.A TpaeKTOPH.R MaTepHallbHOt1 T04KJ.1, nOA 4eTblpexMepHOt1 -

o6naCTb B MJ.1Pe C06biTHt1 nyaHKape - MHHKOBCKOrO. no ABYMepHbiM 

noeepXHOCTRM nepe.qaiOTCR naPHble B3aJ.1MOAet1CTBH.A 4aCTJ.1LJ,, no Tpex

MepHbiM - TPOI1Hble, a no 4eTblpexMepHot1 - 4eTBepHoe B3aHMO.qet1CT

BHe 4aCTHU,. KaK u,enoe paccMaTpHeaeMble CJ.1CTeMbl xapaKTepi-13YIOTCR 

4eTblpexBeKTOPOM 3HeprHH-HMnYI1bCa H 6HBeKTOPOM MOMeHTa. 3TJ.1 xa
paKTepHCTHKH COXpaHRIOTCR, TO eCTb He MeH.AIOTCR B npou,ecce ABI-1-
meHH.A. OHH onpe.qenRIOT co6cTBeHHYIO OCb epeMeHI-1 - aHanor MHposot1 

TpaeKTOPHH U,eHTpa MaCC Hepe11RTHBHCTCKOt1 CHCTeMbl. 

Mbl 6y.qeM Bbi6HpaTb C06CTBeHHYIO OCb epeMeHH 3a OCb epeMeHH t . 
3TO 03Ha4aeT, 4TO Mbl 6y.qeM paCCMaTpJ.1BaTb nOKO.ALL\HeC.A KaK u,e110e 
CHCTeMbl C u,eHTPOM MaCe B Ha4alle KOOPAHHaT X, y, Z. 

BHa4ane paccMOTPHM npHMep penRTHBHCTCKot1 sa.qa4H .qeyx o.qHHa
KOBbiX Ten C MaCCaMH nOKOR m H C CH110i1 npHT.A>KeHJ.1.R 0. nono>KHTeJlb

Hble KOHCTaHTbl n1 H Q- 3TO n110THOCTJ.1 KaK pa3 Tex CaMbiX BeCOB, 

H3 KOTOPbiX CKilaAbiBaeTCR .qei1cTBJ.1e CHCTeMbl. Mo>KHO CLJHTaTb, 4TO 

C06CTBeHHaR OCb BpeMeHH CJ.1CTeMbl Jle>KHT Ha ABYMePHOI1 noeepxHOCTH, 
no KOTOpot1 nepe.qaeTCR npHTR>KeHJ.1e 4aCTHU,. MHPOBble TpaeKTOplltl-1 LJa

CTHLI, paCnOJlO>KeHbl CHMMeTpi-14HO OTHOCHTellbHO C06CTBeHHOt1 OCH Bpe
MeHH. 3TOT npHMep paCCMOTpeH 8 pa60Taxfll-15/ , OAHaKO B HI-1X 

He paCCMOTPeH TeH30p ~HeprH~tt-HMnYIIbCa CHCTeMbl. 3.qeCb Mbl BOCnOJl

HHM 3TOT He.qocTaTOK. CKopoCTb C8eTa c nonaraeM pa8Hot1 e.qHHHu,e. 

MHpo8aR nosepxHoCTb I., coe.qHHRIOLL\aR MHPOBble TpaeKTOPHH L 1 

1-1 L 
2 

LJaCTHLI,, .A8Jl.AeTCR A8YMePHOI1 MHHHMaJ1bHOt1 noaepXHOCTbiO 8 Ml-1-
pe co6biTHI1 nyaHKape - MI-1HK08CKoro. Ee MO>KHO sanHcaTb a BH.qe 

-+..,. 1-+ -+ 
x ~ x(~, t) ~ -z[B(t-~) -B(t+~)], /1/ 

121 
~ 

a • <I>YHK~HR B (t) ygoaneTaopReT ycnoBHIO 
~ 

I B(t) I ~ l. /3/ 

ToLJKot1 o6osHaLJaeM npoi-13BOAHYIO no apryMeHTY $YHKU,HJ.1. npeAno

naraeM, 4TO nepeaR K8a.qpaTH4Ha.A $opMa noaepxHoCTH /1/ perynRp

Ha. 0Ha pasHa 

/4/ 

~ 

cos2t..(~. t) ~ B(t- ~) B(t + ~). /51 
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YcnoaHe perynRPHOCTH oaHa4aeT, 4TO sc~AY Ha noaepxHOCTH /1/ 
" . " yron !!. aaKnl04eH s npeAenax - 2 < '-' < 2' npH ycnosHH /3/ nosepx-

HOCTb nepeHOCa /1/ CTaHOBHTCR MHHHMailbHO~. 0pH 3TOM YCIIOBHH 
CeTb nepeHoCa U = t + 71, V = t - 7J RBHAeTCR H30TPOnHOi1 CeTbiO. 

rpaHH4Hble nHHHH ~ = -f(t) H ~ = f(t) nosepXHOCTH /1/ pac
CMaTpHaaeM KaK MHpoa~e TpaeKTOPHH nepaoro H aToporo Ten. HHa4e 
r.1x MO>KHO aanHcaTb a BHAe X= -X(t) H X = X(t), rAe 

-+-+ l-+ -+ 
x(t) = x(f(t), t) = 2 [ B(v(t)) - B(u(t))], !61 

u(t) = t + f(t) , v(t) = t - f(t) • 171 

HMnynbc aToporo Tena, Bbi4HCnReMbli1 no $oPMYilaM penRTHBHCTC

Koi1 MexaHHKH MaTepHailbHO~ T04KH, paaeH 

!8! 

m m 
!!. (t) = !!. (f(t) ' t) ' 

191 

a HMnyn•c nepsoro Ten,a paseH - p (t). Kpaesoe ycnosHe AnR MHHH
ManbHo~ nosepxHOCTH /1/ 3aAaeM B BHAe 

-+a-+ -+ 
p(t) = 2 [B(v(t)) + B(u(t))]. /10/ 

KoMnoHeHTbl TeHaopa 3HeprHH-HMnYIIbCa paccMaTpHsaeMoro apeanb
Horo o6beKTa paaH~ 

f(t) 
-+ -+ -+ -+ -+ -+ 

T 00 =p 0 (t)[8(x -x(t)) +8(x + x(t)]+ G J 8(x -X(l),t))dl), 

-f(t) 

T ok o( [e-+-+ -+ -+ "k = p t) o(x- x(t)) - B(x + x(t))] x (t) + 

+ G 
f(t) . 

-+ -+ a k ko 
( B(x -X(l), t)) -x (~, t) dl) = T 

at 
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k£ -+ -+ -+ -+ "k •f T ~ p 0 (t)[ .S(x -x(t)) -.S(x+x(t))lx (t) x (t) + 

~(t) ~ ~ k£ 
+0 f 8(x-x(~,t))F (~,t)d~, 

-~(t) 

k £ ax (1),t) ax (~.t) 
k £ ax (~. t) ax (~. t) 

at at a~ a~ 

MomHo y6e,qHTbC~, 4TO e cHnY Kpaeeoro ycnoeH~ /10/ ,q~eepreH~~R 
TeHaopa 3HeprHH-HMnynbca pasHa Hyn~, TO eCTb 

aToo aT ok 
--+--=0, 

at ax k 

aTko 
---+ 

at /11 I 

Tenepb paCCMOTPHM B (N + l) -MePHOM MHpe XN+l nyaHKape - MHH
KOBCKoro C MeTp~KO~ 

~ dxadx/3~-(dx 0 ) 2 + (dx 1 )2 + •• .+(dxN)2 
a/3 

/12/ 

a peanbHbtl1 06DeKT, ,qei1CTBV1e KOTOporo paBHReTCR /lS/ : 

/13/ 
a"'N+l 

TaKol1 06DeKT COCTOHT H3 N-MepHO~ apenbHOI7! MaTepHH, ,QBHmeHHe KO
Topol1 npe,qCTaBnReTCfl (N +1)-MepHO~ MYIPOBO~ o6naCTb~· WN+l 
H (N-U-MepHo~ apeanbHoH.MaTePHH, ABHmeHHe KOToPoH npe,qcTas
n.ReTcR 6oKOBO~ rpaHHLJ.el1 a(UN+ 1 o6naCTH (.(.) N+ 1• Eionee cocpe,qoTo-
4eHHOH MaTepHH, H, B 4aCTHOCTH, CaMO~ cocpe,qoTo4eHHOH - MaTe
PHanbH~X T04eK - paccMaTpHBaeM~~ 06beKT He HMeeT. npocTeHwHH 
CTaTH4eCKHalf o6pa3 TaKoro 06beKTa - MblnbHbtH nY3b!Pb, npH4eM KOH
CTaHTa P HrpaeT ponb ,qasneHH.R, a KOHCTaHTa Q- ponb noeepxHocT
Horo HaT.RmeHH.R. 

8 $)PMyne /13/ U
0 , U 

1 , .•. , UN- KOOP,QHHaTbt B o6nacTH WN+ 1 
C nonO>KHTenbHbiM RKOfiHaHOM 

J 

4 

I axa I 
aull /14/ 



... , /15/ 

Ko3¢l¢111UIIIeHTbl gJJ.v KBa,qpaTIII4HO~ ¢opMbl /12/ B KOOP.QYIHaTax u
0

, u 
1

, 
••. , U N-1 , UN paBHbl CKaJlRPHbiM npOYt3Be,qeHVIRM 

/16/ 

narpaH~YtaH L paeeH 

L ~ ~ ~ det I a~ I ~ J . /17/ 

OH on~t~CbiBaeT MaTepvuo 3i:1HwTei1Ha. AoKa~eM, 4TO 

_a_(~l 
au f3 a a (J 

~ 0. /18/ 

.Qei:iCTBIIITeilbHO, 

~~J ai. /19/ aa;g axa 

noaTOMY neaaR 4aCTb paaeHcTaa /18/ pasHa 

aJ 
/20/ 

E~e pas o6pa~aRCb K paeeHcTBY /19/, HaxoA~M 

/21/ 

Ha /20/ ~ /21/ cneAyeT, 4TO nepaaR rpynna ypaaHeH~R narpaH~a, 
a ~MeHHO - C~CTeMa (N + l) ypaBHeH~~ /18/ BblnODHReTCR TO~AeCT
BeHHQ. 

/lanee, a <!JopMyne /13/ v 1 , ... , v N - napaMeTpbl Ha noaepxHOCT~ 
aru , TaK 4TO HeKOTOPaH ee 4aCTb aa,qaeTCR B Blll,qe 

N+l 

X a = ra(v 1 , ... , vN) • a = 0, l, ... , N. /22/ 
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a a · k 
06o3Ha4aR b k = ar I av HMeeM N KacaTeJ1bHb1X K nosepxHoCTVI 

awN+ l BeKTOPOB 

ara 
--1 ..... av 1 

a ar 
av k 

af 
bN =i--1 

avN 
/23/ 

/24/ 

RBJlRIOTCR K03<b$VILtHeHTaMV! nepao~ KBaApaTVI4HOt:i ¢OPMb1 noaepXHOCTVI 

awN+l' JlarpaH>t<VIaH M paaeH 

/25/ 

rAe r - onpeAen~Tenb MaTp~~bl (f kf ) • BTOpaR rpynna ypa8HeH~~ 

JlarpaH~a VIMeeT BHA 

8 0 8 1 8N 
a a a 

N a aM bo b 1 bN 
Q l -. -(-. -) p 1 1 1 

k=1 avk ab~ - - - - /26/ 

bo 
N 

b 1 
N 

bN 
N 

a 
rAe 8 {3- C~M80n KpoHeKepa. noA06Ho /18/' MO>KHO AOKa3aTb' 4TO 

8 <!JopMyne /26/ o6e 4aCT~ opToroHanbHbl K Ka>KAOMY ~3 8eKTopo8 

/23/, TaK 4TO ~3 (N + l) ypa8HeH~~ /26/ ~MeeTCR TOnbKO OAHO He

aaBV!CHMOe ypaBHeHHe. 

Bbi4~CnRR ne8yl0 4aCTb 8 <!JopMyne /26/, HaxoA~M 

aM 
/27/ 

i. 
rAe (f J) - MaTP~~a, o6paTHaR MaTp~~e /24/. CneA08aTenbHO, 

ypasHeH~R /26/ np~80ARTCR K 8~AY 
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~ao ~a! ~aN 

ora ~ AM-I 
bo 

I 
bl 

I 
bN 

I 

/28/ 
bo 

N 
bl 

N 
bN 

N 

r~e o!~ - aTopo~ AH$$epeH4HanbH~~ napaMeT~ OenbTpaMH Ha noeepx
HOCTH awN+ 1, KOHCTaHTa A paSHa P/Q, Tlafj - TeH30P, o6paTHbH1 

TeH30PY 71 aS . 
B Ka4eCTae npHMepa paccMOTPHM speMeHHnoAo6Hy~ noaepxHOCTb 

apat~.~eHHFI 

TaKaR nosepxHoCTb speMeHHnoAo6Ha, ecnH 

t' 2 > l . 

6yAeM C4HTaTb, 4TO 

xk=vk, k=l, ... ,N. 

B Ta KOM cny4ae 

I 
b 1 =I _x_t', l, ... , o I, 

r 
0 •• , 

XN 
b N = I - t' ' 0, ... , l I ' 

r 

Cor nacHo /28/, nP~ a = 0 nony4aeM ypaaHeHHe 

N 

~ 
k=l 

F 
t' 

/29/ 

/30/ 

/31/ 

/32/ 

1331 

/34/ 
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YAoaneTaopReT ypaaHeHH~ 

d N-1 
-F + --F~ A. 
dr r 

0TC10Aa HaXOAI<M 

A F ~ -r 
N 

B 
+ --;::-~-· 

r 

rAe B - KOHCTaHTa HHTerpHpoaaHHR, TaK 4TO 3aAa4a CBenacb 
K K8aApaType. AeHCT81<TenbHo, cornacHo /34/, 

dt 

dr 

F 

a F pa8Ho /36/. 

/35/ 

136! 

1371 

Bb1AenRIOTCR A8a cny~aR A = 0 "' B = 0. B nep8oM cny~ae HeT Ma
TepHH 3~HWTe~Ha, a noaepXHOCTb /29/ RBnReTCR MHHHManbHO~ no-
8epXHOCTbiO 8 M~<pe 8 npocTpaHCT8e c MeTpi<KOH /12/. TaKI<e no8epx
HOCTH npH N > 2 6yAeM Ha3biBaTb ccpepH4eCKHMH MeM6paHaMH, a npH 
N = 2 - KOflb~eBHAH~MH CTPYHaMH. Bee Aeno CBOAHTCR K HHTerpany 

X ds 
/38/ y = J 

o j 1- s2CN-1) 

Bnep8ble KOnb4eB~<AHYIO CTPYHY paccMoTpen~< H.A.4epH~<Koe 

"' 6.M.6ap6awoe B pa6oTe 1191 • np .. N = 2 I<HTerpan /38/ AaeT CI<HY
COI<AY, a np~< N = 3 - neMH~<CKaTHYIO ¢yHK41<10 1201 • B cny~ae B = 0 
nony4aeTCR OAHononocTHo~ rHnep6onoHA 

r2 - t2 = ..B.:_, 1391 
A2 

HHa4e roaopR, N -MepHbt~ Mlo1P Ae Clo1TTepa. 
HTaK, 1-13 np1o1H41o1na HaHMeHbWero Ae~CTBHR cneAyeT, 4TO e MeTpH-

4eCKOM npoCTpaHCTBe-epeMeHH MOryT Cy~eCTBOBaTb H 3BOn~4HOHHpo
BaTb npOTRmeHHble penRTHBHCTCKHe CTpyKTYPbl KOHe4HbiX pa3Mepoa 
B BHAe BceneHHO~ Ae Clo1TTepa lo1 ccpeplo14eCKHX MeM6paH. npl-1 3TOM 
paAHYC BceneHHo~ Ae Clo1TTepa 3aBHCHT OT pa3MePHOCTH npocTpaHCT
aa-apeMeHI-1. 
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