
I S / v'llt- I-f. 

M-ct't P2 - 8878 

t 9~ 1 ~ .. 
B.M.M~b~ea, C.H.CHHeroBCKH~ 

0 qACTHqHO-KOrEPEHTHOM PO~EHHH A~POHOB 



P2 - 8878 

0 qACTHqHO-KOrEPEHTHOM PO~EHHH A~POHOB 

HanpliBJJeHo B HllJ 



I. ,l(eTaJibHoe onucaHHe npocTpaHCTBeHHo-BpeMeHHoi 

3BOITIDUHH npo~ecca B3aHMOAeHCTBHS Tpe6yeT C~eCTBO

BaHHS S -MaTpH~bl, YAOBJieTBopsiO~ei ycnoBHSM yHHTapHo

CTH H npHqHHHOCTH /I/ .0AHaKO 3KCnepHMeHTaJibHble B03MO)K· 

HOCTH, OC06eHHO AJIS MHO)KeCTBeHHOrO po:>K,D;eHHS qaCTH~, 

He no3BOJISIOT H3BJieqb HenocpeACTBeHHYIO HHWOPMaUHIO o 

pa3BHTHH npo~ecca B npocTpaHCTBe- speMeHH. Bonee Toro, 

B KBaHTOBoi Teopuu nons, cornacHo TeopeMe Xaara12 / , 

He cy~eCTByeT MaTpH~bl pacceSHHS, onpeAeJieHHOH Ha OT

pe3Ke BpeMeHH OT -oo AO t. 
HAeH nocTpoeHHS pacwupeHHoi no WYHK~HH BKrrwqeHHS 

B3aHMOAeHCTBHS g (x) /I-3 / MaTpH~bl pacceSHHS, YAOBJieTBO

pSIO~ei aKCHOMaM KBaHTOBOH TeOpHH nOJIS TOllbKO AJIS 3Ha

qeHHH g(x), 6eCKOHeqHo 6JIH3KHX K KOHCTaHTe CBS3H g/4 / 

/T.e. S(g(x)) - MaTpH~bl B oKpecTHOCTH MaccoBoi nosepx

HOCTH/, 6b1JIH nOJIO)KeHbl B OCHOBY S - Ma TpHqHoro nOAXOAa 

K OnHCaHHIO MHO)KeCTBeHHOH reHepa~HH qacTH~ npH BbiCOKHX 

3HeprHSX /S/ · 
H3 npeACTaBneHHS 

dS(g) 
dg 

00 /1/ 

B~ (g)+ k:/ B k(Pp···Pk; g): S (g) ¢in (pi).··¢ in (pk ): dpi · · .dpk 

H o6wqHoro pa3JIO)KeHHH MaTpH~bl paccesHHH no in -nonsM 
00 

S(g) =S0 (g) I
0 

fA (pi, ... p ;g):¢. (pi) ... ¢. (p ):dpi ... dp , n= n n In m n n 

/2/ 
S 0 (g) =<0 !S(g)!O> 

nonyquM ypaBHeHHe 
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dg 

1! (n-1)! 1, ... ,n-1 )A B + 
---P( D-I I n! n 

dAD 

2!(n-2)! P( 1, ... ,n-2 )A B + ... + 
+ n! n-1,n D-2 2 

/3/ 

(n-1)!1! 
P( 1 )AIBD-l B D , + I 2, ... ,n n. 

CBJI3WBaiOIQee seJIH'JHHW AD , nponopuuouam.uwe aYnJIHTy

.u;aY nepexo,.u;a B COCTOJIHHe C fl BTOpH'IHWYH 'laCTHUaYH 

/.AJIJI npOCTOTW - CKaJIJipHWYH 6030HaYH/, C clJyHKIUIJIYH 

B k BHeWHHX HCTO'IHHKOB, B npe,AnOJIOlKeHHH, 'ITO HYeeTCJI 

npouecc c JIH.lUIPYIOIQHYH qacTHUaMH, yuocJIIQHYH 3Ha'IH

TeJihHYJO 'laCTh 3HeprHH-HYnyJihCa Ha'laJihHOrO COCTOJIHHJI: 

a+b-> n +a'+b', /4/ 

r,.u;e a', b '- JIH,AHpYJOIQHe 'laCTHUW. 

AD(pi, ... pn;g=O)=onO · /5/ 

2. Bo3MOlKHW cne.AYIOIQHe cxeyw B3aHYo.u;eiicTBHJI, B 

KOTOPWX B03HHKaiOT KOpOTKO,AeRCTBYIOIQHe KoppeJIJIUHH cpe

,ZUI BTOpH'IHWX 'laCTHU. 

Coy.u;apeuue Ha'laJihHWX qacTHU npHBO.AHT K o6pa3oBaHHIO 

N HCTO'IHHKOB ,HcnycKaiOIQHX qacTHUW no o.u;uoii, napaMH H 

T • .u;. Pe3yJihTHPYJOIQee pacnpe.u;eneuue no YHolKeCTBeHHOCTH 

polK,AeHHWX 'laCTQ 6y,.u;eT CO,AeplKaTh KOpOTKO,AeBCTBYJO

IQHe KOppeJIJIUHH, OTpalKaiOIQHe CYIQeCTBOBaHHe B npoYelKy

TO'IHOM COCTOJIHHH CBJI3aHHWX KOYUJieKCOB, pacna,.u;aiOIQHXCJI 

Ha BTOpH'IHWe 'laCTHUW: 

r,ne 

4 

p 
n 

= ! 
1{:3 l 

f:3I f:3N 
a I ... aN 

{3I! ... {3n! 

N 

o(n-!k{3k), 
k=l 

/6/ 

3 3 
1 d PI d pk 

ak=(;:::--:n2) I-E- ... E I (ci ... c. C\ + 
11 I k ik I I k 

+ c ~ ... c.* c . ) S ( I i k - k ) 
II lk I k , 

~ 

Ck=i I Bk(pi , ... ,pk ;g')dg'. 
0 

~auH'Iecxoi ocuoBoA Taxoro po.u;a npoueccoBuolKeT 

6WTh B3aHYO,AeBCTBHe COCT~X a.u;poHW napTOHOB. 

BcJIH npu coy.u;apeuuu ue npoHcxo,nHT pa3pymeHHJI HH o,AHoii 

H3 Ha'laJJhHWX qaCTQ, T .e. HeT clJparueHTaUHH, a B03HHKaiOT 

B036YlK,AeHHWe COCTOJIHHJI napTOHOB, KOTOpWe "BWCBe'IHBa

JOT" xorepeHTHWU o6pa3ou a.u;pouw, TO pacnpe.u;eneHHe no 

UHOlKeCTBeHHOCTH 6y,.u;eT nyaCCOHOBWY. JioJiee CJIO)f(I(}'IO 

xapTHHY .u;aeT, uanpHUep, yqeT napHWx napTou-napToHHWx 

B3aHUO,AeBCTBHB, 'ITO BBO,AHT nonpaBKY K He3aBHCHUOUY 

ucnycxaHHIO 'laCTHU; BeJIH'IHHa a 2 npe.u;cTaBJIJieT 3Ha'leHHe 

3Toi nonpasKH. Pacnpe.u;eneuue no YHOlKeCTBeHHOCTH cTa

HOBHTCJI pacnpe,AeJieHHeY UIOJIJiepOBCKOrO THna/S, 6 / 

--n 

-(4I+a2) (y'-a2) H ( a_I_), 
p = e n! n 2y-a 2 D 

/1/ 

r.u;e HD - noJIHHou 3pUHTa. B nocne.QJreY cnyqae uolKHo 

rOBOPHTh 0 .ABYX KJiaccax HCTO'IHHKOB, clJYHKUHH KOTOpWX 

f\ (pi; g) ~ B2 (pi ,p j; g). 06o6IQaJI H3JIOlKeHHYIO cxeYy 

ua B3aHYo.u;eucTBHe N napTOHOB, npHXO.AHY K pacnpe.u;ene

HHIO /6/. 
qT06W BaBOJIHHTh KOBKpeTBWU co,.u;eplKaBHeU BeJIH'IHHY 

B I (pi; g) , conocTaBHY npe,AJiaraeuwii no.u;xo.u; c o6o6IQeHHOB 

OUTH'Ie CKOR YO,AeJihiO /7/, OCBOBaHBOR Ba UO,AeJIH qoy- .JIB

ra /S/. 3aYeTHU, 'ITO, B006J:Qe rOBOpJI, BCe HHTerpanhBWe 

xapaKTepHCTHKH, T.e. pacnpe,.u;eJieHHJI no YBOlKeCTBeHHOCTH 

H KOppeJIJIIUIOHHWe napaYeTpW, 6y.u;yT clJYHKUHJIYH Be TOJihKO 

Ba'laJihBoii 3BeprHH, uo TaKlKe H napaYeTpa coy.u;apeBHJI b_, , 
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KOTOPWR 3a~aeT OTHOCHTenhHOe pacnono*eHBe COy~apmo· 
DniXCJI '18CTBIJ; S nnOCKOCTB, nepneH~KynJipHOB HaJtpasneHBJO 
nB*eHHJI. 

Ecnu 'lacTHo;w ucnycxaroTc• cTaTHCTB'IeCKB He3asucu
MWM o6pa3oM ~.II xa~oro 3Ha'leHB• napaMeTpa coy~ape
HBJI, nnOTHOCTh HCTO'IHBKa, KOTOpa• S HameM Cny'lae 3a~a
eTCJI senB'IBHoii 

0
1Y B I (Pi ; g ') dg ', onpe~enJieTc• BHTerpa

nOM nepeKpWTHJI SOnBOSWX 41YHKIJ;HB H8'18nhHWX 'laCTHIJ;. 
rayccosa annpoKCBMaiJ;HJI Bonuoswx 41YHKIJ;Hi, c noJiylllllpHBol 
pacnpe~eneHBJI b 0 , npuso~T K cne~YIOIIJ;eMy BWP8*eHmo 
~.II nnOTHOCTH BCTO'IHHKa: 

b2 
g -- b2M2 
fBI (p; g')dg'- ge h~exp[- - 0 -(p2 + 
o s II 

·P2 + 2 ~ fl 

2 
) , /8/ 

r~e M H fl - Macca HaneTaiOIIJ;eii: H STOpH'IHOi '18CTHIJ;, 
p

1
lup 

1 
- npo~onhHa.ll B nonepe'IHa.ll KOMnoueuTw HMnynhca 

o6pa3osaHHOH 'laCTHIJ;W, s - KBa~paT nonuoii 3HeprHB. 
Bocnonh3osasWBCh orpauuqeuuocThiO nonepe'IHorouM

nynhca, BMeeM ~n.ll cpe~eii: MHO*eCTSeHHOCTH 

b2 

<n(s) >-L__J d2 be-~ 
a 

inel 

b2 2 2 
K 

0 
( .:J!.! l. M s --), /9/ 

2 2 2 
r~e fl..L=<p..L> +fl a K 0 - Mo~4luo;uposauua.11 41YHKIJ;HJI 
1ieccen.11. 

B 3ii:xouanhHWX Mo~en.11x ycnosue paseHcTsa 3ii:xouana 
e~BHBIJ;e H nepexo~ K aCBMnTOTHKe SWCOKBX 3HeprHii He 
TODhKO n03SODJIIOT onpe~enBTh 3HepreTH'IeCKYJO 3aSHCB· 
MOCTh ynpyroro, ueynpyroro H nonuoro ce'leHBii, KoTopwe 
pacTyT KaK £n £n S , HO TaK*e 41HKCBPYIOT ee ~n.ll Cpe~Heii: 

MHO*eCTSeHHOCTH 

<n(s)>- fns 
£n£n s 

/10/ 

3. Ilepswii: 'lneu s npasoii: qacTH ypasueHB.II /3/ onucw
saeT KOrepeHTHYJO BDH CTaTHCTB'IeCKH He3aSHCHMYIO reHe· 
paD;HIO 'laCTHIJ;; OCTaDhHWe ~aiOT nonpaSKH Ha KOppenBpo· 

6 

l 

'I 
I 

BaBHoe o6pa3oBaHBe nyx, Tpex H 6onee 'laCTHo;. llpe~cTa
BHM see nonpaSKB Ha HeKorepeHTHOCTh O~M 'lneHOM, 
nponopiJ;HoHanhHWM ocuosuoMy - xorepeHTHOMY. B 3TOM 
Cnyqae ypasHeHBe /3/ npBMeT SB~ 

dAn=(n-1)!(1-a)P(1, ••• ,n-~A B +aP(1, •• ,n-1)A R~ll/ 
d 1 n n-I I n n-T g n. 

r~e a - sec uexorepeHTHwx o~o'laCTH'IHWX cocTOJIHBii. He
KorepeHTHOCTh 3~eCh nOHBMaeTCJI S CMWCne HeTO~eCTSeH· 
HOCTH O~O'IaCTB'IHWX COCTOJIHBB, n03TOMY OTCYTCTSyeT 
MHO*HTenh (n-1)!/ n!, Y'IBTWSaiODniB TO~eCTSeHHOCTh nepe
CTaHOSOK no~ ~eii:CTSBeM on epa TOpa CHMMeTpH381J;HB 

P (
1

••••• £ ).HexorepeHTHoe po~euue MO*eT 6wTh o6ycnos-
E+ 1, .. ,n 

neHO CyiiJ;eCTSOSaHBeM 60nhWOro 'IBCna MO~ SOnHOSWX 4lyuK· 
IJ;Hii: H3ny'laeMWX a~pOHOs/9/. flony'leHHOe B3 npe~~YIIJ;ero 
COOTHOWeHBJI /11/ ypasHeHHe ~.II sepO.IITHOCTeii: 

dP0 dai da 
-- =--P + (n-l)a ....:::.1. P 
dg dg n-I dg n-I 

/12/ 

r~e P
0 

- sepoJITHOCTh po~eHBJI n - 'laC THo; /pacnpe~ene
HBe no MHO*eCTSeHHOCTH/ 

pn 
n! 

n-I 
IT (1+ka) 

k=O 

1 
an 

(217)2 

d3 3 
f A A* PI d p, 

n n~···~, 
n 

3 
da I 1 d pi g 
<Tg = (2 -3/2 f --E.- [B I( Pi; g) f ~*(p. ,g ')dg '+ 

1T) 1 0 I 

g 

+ B*I ( p . ; g) f B I ( p. ;g ') dg '] , 
I O I 

/15/ 
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npeo6pa3yeM B ypasueuBe AJUI npoB3BOAJI~ei 4lYBICltiiB 
oo n 

Q(z,g)=Iz P, 
n==O n 

a BMeuuo: 

a Q ( z ' g) = dda1 ( z Q + a z 2 a Q ) 
a8 g az /13/ 

c uaqanJ.HWMB ycnOBHJIMB Q(z,g=O)=Q(z=<J,g) =1. Peme
uue nocneAUero ypasueuBJI ecTJ. 

1-aa1 
Q ( z 'g) = [ 1- a a1 z 

1/a 
] ' (14) 

a pacnpeAeneuBe no MHO)KeCTBeuuocTB npBHBMaeT DBA 

1 r (n + -) 
n a n 1 _!__Lq_l = 1 

pn_n! azn z=O r(n+1)r(~) 
a<n> ) 

1 + a<n> ( 1 +a<n> )1'/a 

( 15) 

rAe <n>= a1 
- CpeAHJIJI MHO)KeCTBeHHOCTJ.. 

1- aa 1 

TaKHM o6pa30M, npeAUono)KeHBe o 'IACTH'IHo-KorepeuT
HOM xapaKTepe reuepa:QBB qacTB:Q npBBOABT K pacnpeAene
HBIO IIOHJI. 3TO pacnpeAeneHBe npBMeHJinOCJ. AnJI OUBCAHBJI 
MHO)KeCTBeuuoii reuepa:QBB B P•Ae pa6oT/10/. XapaKTepuwM 
csoiiCTBOM pacnpeAeneHBJI /15/ JIBnJieTcJI uenBueiiBoe B3-
MeueuBe BCeX KOppenJI:QBOHHWX napaMeTpOB C pOCTOM cpeA· 
Heii MHO)KeCTBeHHOCTB: 

f = (m-1)! am- 1 <n>m. 
m 

/16/ 

H3 COOTHOWeHHH /15/ H /16/ BHAHO, 'ITO 
2 

D -<n> 

<n::::-2 
JIB· a= 

nJieTCJI BenH'IHHOH, UO'ITH He 3ABHCJI~eii OT 3HeprBB. 
Ilpa a=1, T.e. B cnyqae TonJ.KO ueKorepeuTuoro po)K

AeHHJI, pacnpeAeneuae /15/ nepexoABT B reoMeTpB'IecKoe 

8 

f 

~ 

n 
<n> p = ----~ 

n (1+<n>)n+ 

a B npeAene a ->0 CTAHOBBTCJI nyaCCOHOBWM. 

/17/ 

cl>yuK:QB.a: Ko6w-HBn~oceua-Oneceua, KOTopas cneAyeT B3 
pacnpeAeneuBs /15/, BMeeT DBA 

1 
'I' (x )= < n > p = .!__ (.!...)-a -

1 

n 
rAe x =-. 

<n> 

n a a 

X 

a e 
/18/ 

r (..!.) 
a 

HeAaBuo 6wno noKa3auol 11 1 'ITO pacnpeAeneuae IIoiiJI 
' XOPOWO cornacyroTCJI C 3KCnepHMeHTanJ.HWMH AAHHWMH AnJI 

nap:QBAnhHWX Ce'leHBH o6pa30BAHBJI 3ApJI)KeHHJ.IX 'IACTH:Q 
B WHPOKOM ABana30He 3HeprBii pp-12 -:-400 T3B/c; pp -
- 3,3-:-14,8 T3B/c; 11+p- 8 T3B/c; 11-p -10-:-205 T3B/c; 
K-p-10 B 33 T3B/c. 

,nns noBeAeHHJI KoppenJI:QHouuwx napaMeTpos TPYAHO ro
BOpBTJ. AA)Ke 0 KA'IeCTBeHHOM COrnaCHB C 3KCnepHMeHTOM. 

3aMeTBM, 'ITO pacnpeAeneHBJI /15/, /17/ B /18/ coa
naAaiOT C pe3ynJ.TaTaMB/12! nony'leHH:biMHBnpeAnOnO)KeHHH, 
'ITO OTKnoueuBe OT KorepeuTHOCTH 3AAAHO rayccoaoii aeco
aoii «)yuK:QBeii. 

4. Ecnu uecKon~oKo ycno)KHBTJ. 3AAa'ly B BKniO'IBTJ. B pac
CMOTpeHBe B03MO)KHOe o6pa30BAHBe ABYX'IACTH'IHJ.IX KnacTe
pOB KAK «)B3H'IeCKBX 06'heKTOB /uanpBMep, pe30HAHCOB/, TO 
nony'IBM ypaaueuue 

da2 p dPn = da1 [1+a(n-l)]Pn_
1 

+ dg n-2· 
dg dg 

/19/ 

IIpoH3BOAJII.l(aJI «)yuK:QHJI pacnpeAeneuuJI, YAOBneTBopsroll{ero 
3TOMY ypaaueuuro, 

-1/a 'a z2 Q ( z , g) = ( 1 - a 
1 
a z) exp [ __ 2 __ ] 

1-a
1
az 

/20/ 
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d a 
6LUia Haii:~eHa npH ~OllOJIHHTeJILHOM yCJIOBHH ag- (a})= 0 , 

03Ha'laiOII(eM ll0~06He a I (s;g )H at.s,g) B 3aBHCHMOCTH OT KOH

CTaHTLl CBJI3H. HopMHpOBaHHOe pacnpe~eJieHHe no MHO)I(eCT

BeHHOCTH awpa)l(aeTCJI qepe3 o6o6meHHyrorHnepreoMeTpH

qecxyro «ilYHKU:HIO 

I n 
n+- -n (-2) 

Pn(al' a 2,a)=exp[-a 2(1+J7)]J7 a(l+J7) --'----x 

n! B(n; l.) 
a 

n 1-n 

X 2F2 

-T, -2-
/21/ -4a ( 1 +17)2 2 -17- ], 

1-n-1.. 1 a, a 

a a 
r~e 17 = _c__ , B(n, a- 1) 

1-ai a 
- 6eTa-«ilyHKu;HJI. 

Bee nony'leHHwe HaMH pacnpe~eneHHJI JIBJIJIIOTCJI, 

JierKO BH~eTL, 'laCTHLIMH CJiy'laJIMH «ilopMyJILI /21/: 
1. a pk 0, a2 =0, a = 0 - pacnpe~eneHHe llyaccoHa, 

2. a
1 

f. 0, a
2
f. 0, a=O - pacnpe~eneHHe MroJIJiepa, 

3. a I= 0 a =0 , a = 1 - reoMeTpH'Iecxoe 
I ' 2 

pacnpe~eJieHHe, 

4. aif. 0, a2 =0, af.O,l - pacnpe~eneHHe lloii.11. 

KaK 

Cpe~HJIJI MHO)I(eCTBeHHOCTL, BTOpOH H TpeTHH KOppeJIJI

u;HOHHLle napaMeTpw pacnpe~eneHHJI /21/ onpe~eJIJIIOTCJI 
CJie~yromHMH COOTHOWeHHJIMH: 

aenQ 3 < n > = -- I = a2 17 + ( 3 a + a) 17 + 2 a 
2 

, az z=l 2 

i en Q I - 2 a 3 + < 6 a + a) 772 + 4 a 277 + 2 a 2 , f2 = ---2- -I- 217 2 az z-

/22/ 
3 

f3 = a en Q 4 a;-r- lz=I = 4~17 + (14a 2 + 2a)J7 3 + 20a2'7 2 + 10a21J. 
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... 

Anx ~eTaJILHoro onHcaHHH 3KcnepHMeHTa Heo6xo~HMO 

3HaTL 3HepreTH'IeCKYIO 3aBHCHMOCTL 17 H a 2 , T.e., B KO

HC'IHOM c'leTe, caoiicTBa B k -«<lyHKU:HH. TeM He MeHee 

MO:lKHO rOBOpHTL 0 Ka'leCTBCHHOM COrJiaCHH pe3yJILTaTOB 

/22/ c 3KcnepHMeHTaJILHLIMH ~aHHLlMH I I3 / BHe 3aBHCHMo

CTH OT KOHKpeTHOro llOBe~eHHJI TJ H a 
2 

OT S /3TO MO)I(CT 

fiLlTL ens , sa H T.n./. 

HTaK, qacTH'IHo-xorepeHTHLIH xapaKTep po~eHHH a~
poHOB ll03BOJIJieT 06'LJICHHTL cymeCTBOBaHHe ~aJILHO~eii
CTBYIOmHX KOppeJIJIU:HH cpe~ BTOpH'IHLIX 'laCTHU:. 

B 3aKJIJO'IeHHe OTMeTHM, 'ITO a o6msx qepTax nony'leH

Hhle COOTHOWCHHJI 6JIH3KH K pe3yJILTaTaM, CO~Cp)l(amHMCJI 

B MO~CJIH CJiy'laHHLIX npou;eCCOB /I 4/, B npe~llOJIO)I(CHHH, 'ITO 

B O~HOM aKTe B3aHMO~CHCTBHJI O~HOBpeMeHHO ~CHCTBYIOT 

MeXaHH3MLl O~HO-~BYX'IaCTH'IHOH reHepaU:HH H. O~HO'IaCTH'I

HOrO pa3MHO)I(eHHJI. 
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