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YHDTprupH0~8TOBHe pacXO~HMOCTH B KBaHTOBOil: TeOpHH ITO~ 

(K'I'II) '!acTO paCCMaTpHBa.DT KB.K CBJ!UteTeHDCTBO TOI'O, 'ITO 06H'!Hile 

reoMeTpH'I8CKHe rrpe~CT~eHHH 0 ITpOCTpaHCTBe-BpeMeHH HeiTpHMeH~ 

B 06~TH MaJlHX MaCIDT&6oB. I'paHHini 9TOil: 06~TH orrpe~eJIIUJTCH Ho

BOI YHHBepCMI>HOI ITOCTORHHOI - "iPYHltaMeHT~HOil: ~~ol" f. . 
Ec~ ITOB8pHTI> B C.YllleCTBOBaHHe ~0 , TO ITpH 4)opMyJJHpOBK8 

KTn B p-rrpe~CT~8HHH Heo6XO~HMO OTKa3aTLCH OT rrce~oe~~OBOCTH 

4-rrpocTPaHCTBa aHeprHH-HMIIy~Lea*> rrpH 1• , \pI 7,... M , r~e 
M ~ Y'~.. . Ho,KB.K 6H~o OTMe&eHo Haw/1•2/, nce~oeBM~OBOCTL 
'18T!ip8XM8pHOI'O p-rrpOCTpB.HCTBa BOBCe He C~e.zzyeT H3 OCHOBH!iX B.KCHOM 

KTII, a R~eTCH B ~elcTBHTe~LHOCTH ~ono~HTe~LHiiM HeSaBHCHM!iM no

cTy~aToM. JlpyrHMH C~OBaMH, B llpiD!IlHne, ){OITyCTHMO CJIII8CTBOBB.HH8 

HOBOI KTII, OCHOBaHHOI Ha HCllOHD30BaHHH p-rrpocTpruillTBa C ~pyroft 

reoMeTpHel. EcT8CTB8HHO ~Hml> llOTpe60BaTI>, 'IT06!i npH MaJI!iX 3H8p

rHHX-HMIIyHDCax 

f· , !,PI <<- M (I) 

aTa HOBaR reOM8TpHH COBIT~~ C reoMeTpHeft MHHKOBCKOI'O. 

lrtl npe~npHHRJJH llOIT!iTKy B.KCHOMaTH'IecKoro nocTpoeHHH KTII/I • Z/, 

HCXO~ H3 rHITOTe3Ji, 'ITO HM!IyHDCHoe 4-rrpOCTPaHCTBO ~eTCH ITpOCT

paHCTBOM ~e CHTTepa: 

/n2. _,1 l.. t. z. 
'{" - -1' .... "-' _,, = M . (2) 

------------------
«) Pe11:t. S.JtecL Ji!Ut8'1' o rrpocTpaHCTBe 4-m.myHDCoB KaK peaHDHHx, 

'l'BK II BllpTyam.HiiX 118CTHQ. 
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B o6~TH (I) aqxpeKTH, c:aa:aaHHHe c xpHBHSHOA, HecymecTBeHHH, 'ITO 

o6ecne'IHBaeT COOTBeTCTBHe Me~ HOBOI CXeMOI H 06H'IHOI "n~OCKOI" 

KTIT. ITocxo~DKY Ha noBepXHocTH (2) 

D z_ --"2- " A '-
\0- f b. ,~, ' (3) 

TO IIOCTOJIHHYJJ M MOlltHO HHTepnpeTJipOB8.Tb RaR "npe.ne~LHYIJ" MacC~ 

a~eMeHT8.pHOit '18.CTm:J;bl. 

B paMKax HOBOf TeOpHH Y.!t~OCb ITOCTpOHTb aH~OrH H8.H6o~ee 

BamHHX COOTHOIDeHHf o6H'IHOI KTIT, B TOM 'IHC~e yc~OBBH rrpRHHHOCTH 

H ~oR~HOCTR. Tpy~ocTH c y~LTp~Ho~eTOBHMH pacxo.nHMOcTJIMR 

s.necb, ITO-BH.!tHMOMy, OTCYTCTByDT. 

B HacTOJimeM coo6meHHH 6y.nyT HS~OzeHH H8ROTOpHe peay~bT8.TH, 

rro~eHHHe npH HCC~e,ItOBa.HHH M8.CIDTa6HHX npeo6paaoBa.HJIA B p-npoCT

pa.HCTBe .ne CHTTepa. PasyMeeTCJI
1
llpH H~HH pa3MepHHX ROHCTaHT B 

TeopHH He~bSJI Tpe60BaTb HHBapHaHTHOCTb OTHOCHTe~bHO npeo6pa30Ba.HBH 

BIWI. 

1- ~f, (4) 

He saTparKBammero 3THX ROHCTaHT. il03TOMy "npHHUHII aBTORO,Ite~bHOCTH" 

MaTBeeBa, Myp~Ha H TaBXe~H.Itaef3/ He MOZeT 6HTb rrpoCTO rrepeHeCeH 

B HOByJO cXeMy. 0,ItHa.KO Te ze aBTOpH ITOR8.3~~ 4/, 'ITO npa HsyqeHHJI 

npoueccoB MHO&eCTBeHHoro po~eHHH a.npoHOB, r.ne Heo6xo.nHMO 

Y'JHTHB8.TD pasMepH 'lacTL{U, BeCbMa aqxpeKTHBHHM JI~eTCJI o6o6meHHHI 

BH~HS pasMepHOCTel, CBJ!Sa.HHH~ C MaciDTa6HHM npeo6pa30Ba.HHeM ~Hmb 

npo,ItO~bHHX KOMIIOHeHT JlMITY~DCOB 

f-z- -? )\ fr 1 f J.. - '\> .L 
(5) 

H BBe,IteHHeM .ItBYX MacmTa6oB .n~HHH: L 'i- H L L • B OCHOBe ,ItaHHOro 

MeTO,Ita ~eEaT C~e,ItyDmHe ~HSH'IeCRJle C006pa.EeHHJI, IlyCTb CT~HBaDTCJI 

4 

.ItBa a,npoHa c 4-I!MD.ym.c&m: -\'1- H "'"" • Ey.neM Hsyqan aTOT npouecc 

B CQM, llpH'IeM OCb ~ BH6epeM B.!tO~b OCR CTO~OBeHBH. ilpH BHCORRX 

aHeprBHx Hs-sa ~opeHUeBcxoro coxp~eHBH npo.no~LHHe pasMepu pac

CMaTpHBa.eMHx 'lacTHU CTaHOB.HTCJI RC'IeSaJI!le MaJIHMR, ilpe,ItiiO~OlltHM, 'ITO 

.npyrHx napaMeTpoB c L 2- -pasMepaocTI>D B TeopHH HeT. Tor.na npo.no~ 

HaJI p8.3MepHOCTb ~HSH'IeCRHX Be~H'IHH MOZeT onpe.ne~bCJI ~Hmb SaBH

CHMOCTbD OT r -ROMIIOHeHT HMIIyJll>COB. RIJ.H IIO-,ItpyroMy: ~HSH'IeCKHe 

Be~mm npH npeo6pasoB8HJIH {5) Be.nyT ce6Jl RaR O.ltHOpa,ItHHe <}Jyma:tu 

fi1: -KOMIIOHeHT, llpH'IeM CT8IJflHb O,ItHOpo~OCTH paBHa npo,ItOJll>HOI 

paSMepHOCTH STHX Be~HH. 

B /3-4/ MOZHO Ha.itrH 6oJU.IIIoe RO~eCTBO npHMepoB, K1LilllCTpH

PYDIIHX npHMeHeHHe .ItaHHoro np~JDia. ITpHBe.neM .ItBa HS HHX: 

I. Ilo~oe ce"leHHe ~-t (~) rrpouecca MHozecTBeHHoro po~eHaa 

llpH CTO~HOB8HHH .!tBYX ~HOB HMeeT "'HCTO IIOrrepe"lHyD paaMepHOCTb: 

1:_ li{..t ( s) l ~ L '\_ . 

IlOJial'aJI 

f! = ( fa J 0 J {) ' f.,) 

fz. = (f., 0 'o,-.-pr) 

H Y'JHTI:lBaJI, "'TO npH BHCORHX 8Hepraax 

5 = '-Lp! -= 1( f;-
1 

MOZHO np~TH R BHBO.ztY 0 ITOCTOJIHCTBe <rt.t 

(6) 

{?) 

(8) 

2. PasMepHocu O.ItHO'IacTRHOI HHR.IlllSHBHol <PYmm;u pacnpe.ne~eHaa 

E ~r = ~ (s,ft·<f·f2·~) paBaa L: ( 'f= (qo,qLJ<fz.) - 4-.HM-'1 
ITYJll>C Br:l,ll;eJieHHol "lacTHUH) • 0TCJUt8. CJ18,It7eT, "'TO B 06JiacTH ~parMeHTa-

UHH nepBOI "lacTHUH ( 'h -> oo) 

5~5cx,~ ... ), (9) 
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x "' ~ - ~AHMa.Ho:ecRM nepeMeHH8.ll. 
-'l"r 

BepHeMcR Terrep:& R cxeMe c p-npocTpa.HCTBOM .ne CHTTepa H 

r.ne 

pacCMOTpHM B ee paMRax npo~eco CTOJIKHOBeHHH ,nByX '18.CTH!l IlpH B!,ICQ

RHX :meprHRX. Ilo-npelltHef.W zs-sa Jiope~eBcRoro CORpailleHHR s.nom. 

OCH CTOJIRHOBeHHR npo,nOJil>HHMH paSMepaMH '18.CTH!l MOlltHO rrpeHe6pe'll>. 

IlpH 3TOM COBepmeHHO HeCYl!leCTBeHHO, RaR SaBHCeJIH HCX0@9 Ilpo

,noJI:&HHe pa3MepH OT i{JyH.naMeUTaJThHOI ,nJIIDIH t. . 3TO ,naeT HaM 

IlpaBO rrpe,nTIOJiaraTl>, 'ITO /flyH,I(aMeHTaJil>H8.ll ,nJIHHa B pa.CCMa.TpBBaeMOM 

IIpO~ecce MOXeT BHCTynaTl> JIHml> RaR ROHCTaHTa rrorrepe'IHO! paSMep

HOCTH*) 

l e. J = LJ._. (IO) 

Ho B TaROM CJIY'Iae MH BIIpaBe IIOTpe60BaTl> HHBapHaHTHOCTl> TeOpHH 

OTHOCHTeJil>HO H98aBHCHMOrO HSMeHeHHR e,nHHH!l HSMepeHHR npO,nOJil>HHX 

ROMIIOHeHT !4Ml1YJll>COB, T.e. npeo6paSOBaHHR (5). 0,nHaRO rrpeo6paSOBa

HHe (5) He corJiaCOBaHO C reoMeTpHeft p-npocTpaHCTBa ,ne CHTTepa. 

3TO MOXHO yCMOTpeTb, HaiipHMep, HS BH,na HHBapHaHTHOro 3JleMeHTa 

o6'beMa p-rrpocTpaHCTBa (2): 

c.Ulf = d.fo cl.-t~ _cl.h 

~ ~ - p.'---r.t-~ 
M"-

G 
Ilo-BH,nHMOMY, B RpHBOM 14M11YJll>CHOM IIpOCTpa.HCTBe Heo6XO,ni4MO 

aiiTII TaRyiO rpynrry npeo6pa9oBaHzA, ROTOp8.ll 6H B IIJIOCROM npe,neJie 

I) rrepexo,nHJia B (5). C 3TOft ~eJThiD BBe,neM Ha IIOBepXHOCTII (2) 

- rrceB.no-opzci{lepH'IecKII!e Roop,nHHaTH ( 'I· , 'h , 'S) ( cp. /
51) 

( -?~ + f?/My = e. 2VM 
fy- fo/M -2)/M 

- (I 
~-z 

Yz. 
M (II) q = (q.,q .. ) 

'~'• + w"" 
f ~ (f.,-? .. ) = Cry+ 1'yM)<f 

*) HHXe MH npHBe,neM ,nOIIOJIHHTeJil>HHe apryMeHTH B IIOJil>SY COOT
HomeHHR (IO). 
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B DJIOCROM npe,neJie, o'leB~Ho, 

~ 

'~=q (I2) ;fl. "" 't; 

B nepeMeBHHx ( C{ 1 ~ ) sJieMeHT o6'beMa d Sl.,. 
~l;/ 

npHHHMa.eT BH,n: 

J. Jl., = 1'!.- H "'- q, Q_ J.~ (I3) 

HeTpy,nHo yde,nBTI>CH, 'ITO B rpynne ne CHTTepa So (2 ,?>) , JIBJIRJD-

IIIelcR rpynnoft ,ItBH&eHHA p-rrpocTpaHCTB8. (2), co,nepXHTCR 'teTHPeX

napa.MeTpH'IeCR8.ll no.n;rpyiiiia "c.ztBHroB" (q',s')= ~iZ,l;) Cq,'S) co 

CJie~ npa.BHJIOM ROMII09H!J;HH: 

-YM-
e q. -t- "" 

-, 
'l = 

(I4) 

)' ~ 'S -\- ~ . 

B DJIOCROM rrpe,neJie 3TH npeo6paSOBaHHR COB118,naiDT C rpynrroA TpaHCJIR

~Hft p-IIpoCTpa.HCTBa MHHCROBCKOrO 

1'~ f -t- e.. ci~'k ,e3~s). (I5) 

3aMeTIIM Terrep:&, 'ITO MeJmY "IIJIOCKIIMII" rrpeo6pa90BaHHRMH paCTJillteHHR 

(4) H (5) H TpaHC~HRMH (15) CYl!leCTByeT orrpe,neJieHH8.ll CBR9b. B ca

MOM ,neJie, pa.ccMOTpKM i{lyHRUmo ~(it) , pasJIOXIIMYil B PR.n TeaJiopa. 

Jlei'RO BH,neTb, 'ITO 

),~() ~" ), 

H~+ f)= )-(;+>.;f)= e fo.<tc;), (efw) ~U) (I6) 

CJie,noBaTeJI:&Ho, orrepaTop c,nBII!ra ua BeKTop ~~ JIBJIReTcR A -cTe-

rreH:&ID orrepaTopa c,nBIIIra ua BeKTop f 
3TII! paccy~eHHR uerrocpe,ncTBeHHo o6o6maiDTcR Ha CJIY'I~ p-

npocTpa!ICTBa .ne CHTTepa, rrpH'IeM po111> rpyrrrrn TpeXMepHHx c,nBII!roB 
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TerrepL BHITORHHDT COOTBeTCTB~e rrpeo0pa30BaHHH H3 (I5): 
I -%-1 

Cjl. ~ e 'h + eJ_ 

>' = 'S -+ s . (I?) 

B HTOre MO.EHO ITO.Ily'IHTL "Kpl'IBRe" a.HMOrH Ma.CWTa0H!:lX rrpeo0pa30BaHHit 

(4) H (5). B ~acTHOCTH, BMecTo (5) Oy~eM HMeTL: 

s -) ).. ~ 
cli-1-)S/M 

91. ~ e 91-. 

B c Wiy (II) rrpeo OpaaoBaHKe ( IB) SKBI'IBaJ.leHTHo C.1le.zt1lllleMY: 

> --7 >.s 

(I8) 

(I9) 
f.L -'> -1> .L • 

HeTpy~Ho yOe~HTLCH, ~To aJieMeHT 

(I8) rrpeoOpaayeTCJI no aaxoHY 

oO~eMa {I3) rrpH 3aMeHe rrepeMeHH!:lX 

vU2 f' ~ >, ,LQ _, {20) 

OOpaT~I TerrepL·BHHMa.HKe Ha C.1le.zt1llllee BaZHoe oOcToJITeJILCTBo. ITepe-

MeHHaJI \ , 14I'paniiaJI y Hac poJIL ITpO~OJl:&HOi KOMIIOHeHTii HMIIyJILCa, 

HMeeT eBKJIImOBy rrpHpo~. C~nz B~OJIL "ocz" ) .IIBJIJIIlTCJI oOll'IIHllMl'I 

a0eJieBRMH Tpa.HCJ!JIUHHMH 

~~=~+"S. 
ITosTo~w reHepaTopR aTHX rrpeoOpaaoBa.HHi HMeDT Blm: 

< ;s : 2. (2I) 
A 

HCHO, ~TO BeJI~HHa C. JIBJIJieTCH a.HaJ.!OrQM npo~OJ!:&HOI KOMIIOHeHTJ:l 

onepaTopa ITpOCTpaHCTBeHHoi KOOp~HHaTJ:l, KOTOpaJI B c.n:yqae "IIJIOCKOI" 

Teopu ecTL l .} • ITpH MaCmTaOH!:lx rrpeoOpaaoBaHHHX (IB)-
fr-

(I9), O'leB~HO, 

8 

1: -;> 
-I " 
~ Z: 

(22) A 

TaxHM oOpaaoM, eCJIH B HOBOI cXeMe 3aBHCHMOCTL OT npo~OJILHbiX rrepe-

MeHH!:lX BHPazaTL B TepMHHaX ) , TO C Ma.TeMa.TR"l'eCROI TO'IRH apeHHJI 

3TO Oy~eT TO~eCTBeHHO OIIHCaHHD B TepMHHax 1r 00R'IHOI "ITJIOCKOI" 

Teopwa:, He co~epJralllel ({lyH.ll;aMeHTaJILHYJl .ItJIRHY. 3TH cooOpaJleHHJI JIB

JIJIDTCJI ~OBO~OM B IIOJIL3Y rl'IIIOTe3R (IO). 
IlciiOMHHM TenepL CKaaa.HHOe BHWe, W MOlteM c({lopMYJIHpOBaTL 

CJie~D Bepcl'ID IIpHHUHIIa aBTOMO~eJILHOCTR B p-rrpocTpaHCTBe ~e 

CHTTepa: Bee ({>R3R"l'eCKRe BeJIR"l'KH!:l, xapaxTepHaynnHe nponecc coy~ape

HHJI ~Byx 'l:acTHn*) rrpH BHCOKHX aHeprHJix B CUM, JIBJIJIIDTCJI o~Hopo~

Hb!MR ({lyHKnHHMR rrpO~OJ!LHbiX rrepeMeHHbiX Tl'IIIa S CO CTeiieHLD O~HOpO~

HOCTK 
1 

orrpe~eJIJieMOI npO~OJI:&HOI pa3MepHOCT:&D. 

ITpoi'IJIJIIlCTpHpyeM rrpHMeHeHRe ~aHHoro rrpmmHITa Ha Tex :ate 

IIpHMepa.x, KOTOp!le paCCMa.TpPIBaJIHCL BRWe. 

I. IToJIHoe ce~eHHe ut.,t • TerrepL, o'l:eB~Ho, MH ~oJLllHH mteaTL: 

(f"-tot = <J -tot ( S J ~o) 1 
(23) 

r~e rro-rrpeltHeMY S'""-" 4-vf • B CWIY (2) H (II) 

) =- ~ tv,_ ( t~ ' 1'7:/rv~y- ~ lv\ t,_ ( ~ -+ ~) • (24) 

c.,£ >o) 

r~e ..yn - Macca ~acTH.tJ;H. CoBpeMeHH!:le aKCrrepHMeHTMLHble ~aHH!:le 

yRa3RBaDT
1 

'ITO ~JlJI BCeX ~OHOB (a TeM OoJiee, ~JlJI JieiiTOHOB) 

""""._ 4.< M2. • {25) 

*) 3TH ~acTH.tJ;H He oOJiaaTeRLHO ~OJlltHbl 6RTL ~poHaMR, a MOryT 
6HTL, HarrpHMep, 3JleKTpOHOM H II03RTpOHOM. neJIO B TOM, ~TO pa3JIH'l:He 
B rrorrepe'IHHX paaMepax ~OHOB H JieiiTOHOB TerrepL He HMeeT npHHUH
IIRaJ!LHOro 3Ha'leHHJI, H6o norrepe'IHYD" MaCWTa6HYJl HHBapl'IaHTHOCT:& BO 
BCeX B3aHMO~eiCTBl'IJIX HapymaeT ({l~aMeHTaJILHaJI ~JIHHa e. • 
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IIoaTOMY 

'5 =- M k ( -1 + _fg_ )""' M e....._ ( -1 + vs). 
M 2M 

(26) 

IlOCKO~hKy COOTHOWeHHe (6) OCTaeTCH B C~e, TO Ce~eHHe ~t.t He 

~ORXHO SaBHCeTh OT nepeMeHHOA ) • C~e~OBaTe~HO, OHO He SaBHCHT 

H OT S • TaxHM oOpaSOM, 

u-lo .. -\. = (J-\..rl. ~to) = ~* ~: (27) 

Ec~H <flymJ;aMeHTMhHM ~~HHa t. eCTh Be~HHa llOpJJ,ItRa <flepMHeBCKOit 

~~HHH ~ GF, /6/, To B npHMeHeHHH K npoQeccy e+e--aHHHrBARUHH 
t..c. 

no~yqeHHHa pesy~TaT He xazeTcH aOc~HHM. 

2. ~PMY~ (9) ~M HHKJIDSHBHOI ~HH pa.cnpe,neJieHM o6odntaeT

CH cne.nynmHM o6pasoM: 

f c= tCX .9.~. 1 t), (28) 

r,ne 

Q,..._ ( 1 + p1g) 
\['; 

~ (I+ ~e·) 

A 

X (29) 

PaanarM ~ no cTeneHHM t H BBO.Itli napaMeTp x. , nonyqHM B 

nepBOM npH6nKEeHHR 

~ =- X (I -+ t (~-J<)Vs ~o) , (30) 

TaR ~TO 

E. ~C:=- ~["(lt '~)(..rse.),t:j 1 )e.]. car> 
O.q 

ConocTaBMH <fx>PMY.1JY (3I) c axcnepHMeHTMl>HHMH ,nammMH, MOliHo one-

HHT» BeJI~HHy ~ .. 

10 

CooTHorueHIDI TIDia ( 31) no~yqaiOTcn H ,nJI.f! .,npyrHx HHKJIJ)SHBHblX 

pacnpene~eH.ni. 

B 3aJ<.JlJOt!eHHe MH Obi XOTe~H OTMeTHTh, ~TO M8.CWTa6Hile npeo6pa-

30BaHIDI B TeopFIH C p-npOCTpaHCTBOil'! ne CHTTepa MOryT 6b1T:& HCU0~:&3Q

Ba.Hbl He TOJI:&KO D:JUI (peHOMeHO~Or~eCKHX u:e~efi, HO H B lt{Xe CTporo 

t~TeMaT~eCKOrO TIO~XOD:a KOH<flopMHO HHBapHaHTHOfi KBaHTOBOH TeOpHH 

TIOJUI. 

( 
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