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S u m m a r y 

The Logunov-Tavkhelidze equation for 
scalar particles of equal masses and for a 
quasipotential, having in the coordinate 
representation the form v(r) =gr-I, has been 
reduced to the differential boundary value 
problem of the second order in the momen
tum representation. The corresponding prob
lem for bound states is considered in detail 
for S-wave. By the method of matching the 
solutions there was obtained the spectrum 
of weakly bound states which turned out to 
be similar to the energy spectrum of the 
Schrodinger equation with the potential 
v ( r) =- g' r - 2 • But: .in contrast to the latter 
case in our solution there appears no col
lapse onto scattering centre. The compari
son equation method (CEM) is formulated and 
applied to the mentioned problem. 

By the use of this method we obtained 
the discrete energy spectrum for arbitrary 
binding energies. 

B • e .ll e H • e 

B pa6oTe [r] 6~n no.llpo6no paspe6oTSH npenno~en~R panee 
[2] 06~HI K6T0~ HCCR6.zt0E8HKR KB83BOOT6HUH8RhHWX ypaBH6RHD Ro
ryHOBB-T8BXenHA36 [3J, 38KJI~Q8~~hCR B peAJK~HH COOTB6TCTBY~HX 
HHTerpallDHYX yp8BH6HHh K AH~epeH~HBADHHY HP8€BHN 3BA8Q8W B HN
nynLCHOW npeJtcTaBneHHH. 3TOT weroA HweeT PHA npeeuy~eCTB nepeA 
W6TOA8WH 1 OCHOBBHHUWH HS peweHHH HHTerp8llDH~X ypSBHSHHtt B HY
nynoCHOK npOCTp8HCTBB HnH HHTarpo-,llB~epe~HSHoHHX ypBBHeHHR B 
KOOpAHHSTHOM DP6AC1'8BJI6H.HH. ,lliDI .ztH!WJepeWJ,H8lll!HblX Kp86Bb1X 88)t8q 

paapa6QTSHU YO~Hble 8H8llHTHqeCKH6 1 8CHKnTOTHqecKH6 H QHCllBHHble 
M6TOAH 1 D03BOllRD~e HayqaTL DOB6A6HHe pemeHHM B6llH3H OC06UX TO
qeK H HX 38BHCHWOCTD OT 08p8M6TpOB, QTO B6CLM8 B8ZHO AllR ~3H

qeCKHX npHnozeHHD [4J. B qaCTHOCTH, a naHnoR pa6ore ~op•y~•py
ercn H npHK6Hft6TCR K pemeHHD KOHKP6THOA Kp86BOA 38A8QH e~e OAHH 
BCHKnTOTHqeCKHD M6T0At TBK H83NB86KN~ KSTOA 8T8HOHHOrO ypSBHe
HHH (YSY) [5]. ~opwynHpOBKS KB83HllOTeH~H8~oHOrO ypSBHeHHH B 
AH~epe~HBXLuoa WOpue HBnaerca TBK~e Oonee oO~e", qeu o6wquan, 
TSK KBK OHS ll03BOIR6T KOPPBKTHO OOCTBBHTL 38ABQy 0 paCC6HHHH H 
0 CBH38BHYX COCTORHHRX B cnyqae pRAB CHHrynRpHYX KB83HOOTSBUHB
noB, KOrA8 COOTB6TCTBy~~68 HHT6rpanLH06 ypaBH6HH6 He HWBBT pe-
•eua9 (ex. (rJ, [2] • [6}). 

P83XHQHW8 38A8QH 06 OflHC8HHH CBH38HHYX COCTORHHA HS R3YK8 

KB83HflOT8HqH8HLHHX YPBBHBHHA H3JQ8HHCL pBHBB B pRAB pa6or. BY
QHCHSHHS TOHKOH H CBBPXTOHKOA CTpyKTyp BOAOpoAOfl0A06HUX STOVOB 
DO TSOpHH B03UY~8BHA 6YnO BYDORHBBO B (7], rAe T8KZ8 6Yn 
llO,llp06BO paapa60TBH 06~9 KB83HllOT6H~H8~oHHR llO,llXOA K seneqe 0 
CBH38HHNX OOCTOHBRHX. 8 p860T8X [8] AAH H8XOZA6HHH aaepreTHqe-
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CKOrO Cfl6Ktp8 CBA38HHUX COCTOAHHY ,l(Byx 38pR~6HH~X CKBJIRpH~X 

qacTH~ "cno~oaoaanocL ynpomeHHoe KBaaunoreHuuanoHoe ypaBHeHHe, 

CBO)tfl!ll66CH K .ztHtMlepefmHBJI!:IHOYY YP8BH6H~I!l B KOOp.ztHHBTHOLI npo

CTpBHCTBe. KyJIOHOBCKBR 38,Zt8Q8 H8 CBR38HHN6 COCTORHHR p8CCM8TpH

B8JI8CL B CTat~e [9] HB OCHOB6 flOJIHO~ p6JIRTHBH38~HH KB83HflOT8H

UH8JI~HOrO ypBBH6HHR. 

~BHHBH padOT8 flOCBHm6H8 HayqeHH!l KB83HflOT6HnH8JibHDn 38,Zt8-

~H 0 CBH38HHNX COCTOAHHHX .ztByX CKBJIHpH~ qaCTHU O.ztHHBKOBOK 

Y8CCbl B CJiyt~ae KBB3HflOT6Hl.UfBJI8 v ('l.) :::'-9 rz-t , KOTOpN"£1 B 

HepemtTHBHCTCKOY npe.ztene m ~ 00 COOTB6TCTByeT fl0T6H~H87IY 

V{''t.)=-#i "l- 2
• B § I nony•euo AH<MJepea~•an>HOe Kaaa•no

TSHUHBnoHoe yp8BH6HH6 BTOporo nopH.ztKB B HKflYJibCHOY npe.ztCTBBJI6-

HHH H BN'B8,Zt6HN' rpBHHqHbl6 YCJIOBHR B HyJie H H8 66CKOH6qHQCTH. B 
§ 2 aa.n;a~a BblqacneHHR aaepreruqecKoro cneKrpa pemeHa B Hepena

THBHCTCKOY npe.n;ene. B § 3 C~opw.ynHpOBBH UEITO~ 8T8nOHHOrO ypaa

H8HHR (M3Y), KOTOP"~ ~anee B § 4 npKY6HReTCR K """KcneHHD pena

THBHCTCKOrO CflBKTpBHbHOrO yCJIOBHR. 

§ I. KaaaKnoreHquanbHBR AH~epeH~BrrLHBH aaAaqa B 

aw.nynocuou npe.n;cTaBneHHK 

K:saaunoTeHUnanoaoe ypaaueuHe AJIH nonHoR awnnHTY~ pacceH

HHH ~BYX CKBnHpHUX qaCTHU 0AHH8KO:BOU W8CCU fr1 HM66T BRA 

o.r) TtP,n=Vur-i>'tJ+ ( J'1 .Vrw-'IJ11Jii,?'J 
)V'I'+m'· (H'- 'I') , 

(!.2) ( Jlz 
V[(r-P'J'J = ) (zrrJ' 

4 

wr.; e-(p-fiVi 
'l . 

- -, 
3A6Cb f>, f' - COOTB6TCTE6HH0 uaqanLHbiK H KOHBQHUU HUDYJILCH 

B CHCT6U6 ~6HTp8 U8CC 1 aHepreTHqeCKBR llOBEIPXHOCTL onpe~BHRBT-

pl p'' u2 CH yCRO:BH6Y =: == n J 8 SHEiprHR B CHCTEIY6 ~6HTpa 

wacc paBaa W= 2V K 2 +m'· . Paanaraa awnn•TYAY • KB83K-

noTeH!Uian vro>- f~2 ) llO llBPUKBnoH"M BOHH8K 

00 

T(P: p') 'f~ PI>' L (2f+1Jfe (P,P') Pe ( P p'), 
e=.o 

00 

Vnr-r'J'J: 'f;PP' L u:e+tJ Veuw;Pe <Pf>'J 
e~o ~ 

(ue P = P /1 p 1 ) , nony••• ~na napu•anoa"x awnnKTY~ CMilJil-

lllEIEI yp8BH6HH6: 
00 

(I.3) fetP.P') = Ve(P,P')+ 
( d'l . Ve ( P.'l) fe (</,P') 

JV'l'+m 2 K'- gz ' 
0 

r11e 
o<> 

(1.4) Ve (p,p'J=Vpp' Jdz Vtz) Je•f (P7) le.t(P''l). 
0 

Bocnono30B8BWHCo lj)opwynoA ( n > 0, Re e > n- ~ ) "" r 3 ( -Zn+t] 1 {e+z: -n) 
Vpp' JdZ 'l e+jz(PZ) f+y.{P'z)= ztn-1 frnJrre+ 1) 

0 

{ 

Cl p•t+f 
u(P-P~ --:--:--. F(e+I-n -n+t ·e.,...J.· P'

2

)+ 
2. I ' .2 , P' 

f) P
e+l 

+ (P'-P)-:-:;-:-::- • _ f(e+i-n,-n+t;t+f; ;.:)} 
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I I -i HOTpy~HO llOK838T>, qro ypaBHOHHe (1.3) B cnyqae V{'l)=-f}'l 
CBO~HTCH K AH~epe~HanLHOMY yp8BH6HHD BTOporo nopH~KB. nettcr
BHTen1HO, MH 3TOrO llOTe·HUHBna B"pa~eHHe (I.4) ~nH Ve (p,P') 
MOZHO npeACTBBHTb B BH~e 

{ 
p•l+t p!+f} 

(!.S) \le{p,p)=-2~+i fJtP-P')pr-+fY(p'-P)p;t , 

Rd >-f. 
~H~epeHUHPYH HHTerpan1H06 ypaBHOHHe (1.3) C H~pou (1.5) 

H OOACTBBRRR p6W8HHH AH~epeH~HSRLHOPO yp8BH6HHH B HHTerpSRbHOe, 
Herpy~HO npoBepHTb, qro yp8BH6HH6 (1.3) SKBHBSR6HTHO cneAJ~~eft 
xpaeBo~ aa.ztaqe: 

( I.6) d
2

fe(P,P'l_ { t(t+i) + 9- . -~friP,P'l=;jdfp-p'), dp'- pz VP'+m'(K'-P'J) 

( I. 7) Pt+t d idP,P') _ (t+ t) pt fetM'l ----"" 0, 
dp P-o 

p-e d[, (P,PJ + e p-lt+t} fe (P,p') ~ 0. 
Jp P-• 

3a.ztaqa a CER3BHHblX cocroH.HHHX ( Kz:::- ~ 2 
< 0) , KBK H3Be-

CTHO, CBO)lHTCH K pemeHHKJ 0,1tH0pO.ztHOrO HHTerpan:OHOrO yp8BII6HHA 
(I. 3) OT6pacaBaHHeu '"""" Ve ( P, P') • aaueHoR fe ( P.P'} 
HB BOnHoByo 'PYHKUHO fe (p) . T8K KBK rpaaH'"He ycnOBHR (!.7) 
npH 3TOY He H3Y6HH~TCR 1 TO )lRR H8XOXA6HHH CBH38HHblX COCTORHHR 
~ocraroqHo pewHT1 ~n~epeHuuan1aoe ypaBHeHHe 

d'fe{P) { t(t+t) _ 9- }t (pJ=O 
(I .8) d pz - pz V P'+m' '(P'+<x!') e 
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-·-- ------------------
c rpaHH,HWMH ycnoBKR~K (1.7). DepenKweu ypaBHOHHe (1.8) H rpa-

p -t .... wa ycnOBKH (I. 7) B 6eapaawepHWX nepeueuawx X '= m ' 
,, -1£ -1 fe(P}= ftfX) • c 6eapaauepH""" napaYeTpaua "=Jtn , =oa?m. 

9 dz[,(x) {efe+i) it' Jt rx)=O (I.) JxZ - xz -(X'+i)~(x;'+E') t ' 

'Xe+tdf{x) -(e+t''Xe [(x.)-0, dX I x~o 

(l.IO) x-e d/(x) + e x-f(+i){(x)-0 
dX x~oo 

B ~anoaeAmaw HanoxeHHH aa~a•a (1.9)-(l.IO) HB co6CTBeHHue ana
qeHHR D0Ap06HO HsyqaeTCft AJ.IR ~ -BOnHH, HO HCOOJ.IL3yeuue HSUH 
K6TOAU npHrOAH~ H AJ.IH HCC1.16AOllSHHH B~CWKX nap~HBJILHHX BOnH, 
qTQ 1 OAHSKO, Tpe6yeT ~TA6JlLHOro p8CCMOTP6HHH. 

B aaKnnqeHHe nanounnw, qro ypa:sneune (I.8) B uepenaTHBHC?
CKOK npe,~te Jle m -t' 00 CBO.ltH'l'CH K yp8BH6HHX> )tJ.IR wpe.ztHHI'ePOB
CKOA BOJ.IHOBOA !)yHKI.tHH B HWIIYJlLCHOII DPOC'l'P8HC'l'Be C 00T6HUH81.10W 
Vtt)=-#; "l-l (cu. [IO]), 

§ 2. nHCKp6'l'HUA C06KTp KB83HflOT6HUH8JlLHOM KpaeBOA 

3B)t8qy B HepenHTHBHCTCKOW npe.ztene 

~Jlft TOrO QT06U HaRTH 3HepreTHqeCKHA C06HTP B H6p61.1RTHBHCT
CKOK OpHC5JIHZ6HHH £ 2 << 1 , p8306:b611 OC5Jl8CTL H3116H6HHR· Oepe
JieHHOA X na llBS MHTe pBana [ 0, I J H [ t, c:x:J_) , :B KOTopux 
HBRAeu DpK6nH&eHHHe peweHH~ 38A8qH (1•9)-(l.IO), 8 38Teu BOC-

' D011L3Y6KCH CTBHABpTHUM npHeWOK C~HBBH~H 3THX peweHHA. 
HS: HHre.PBane [a •. I] npeHeO'pezeu B "norenUHane"Kopuew 

(x'+t)\ M. 
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~ . A.' 
lf(X) r..-z~~~tY'+F') '?lf.(X) X'+£1 

Tor.11a YP""""""" (I.9) c nepBww "" rpaHH4HWX ycnoBnR (I.IO) 
CBO~HTCH K Cn8AYD~6~ KpaeBOR aa~aqe: 

( 2.I) 

dz/o(X} + .il.' 
2 

[
0
(X) = 0, 

dx' · ·. x>+£ · · 

"""df.(x) _ f (X}-- 0 
.A dx 0 x-o 

PeweH~e aa~aqH (2.!) ~OXHO B~pa3~Tb qepea rKnepreoweTpHqecKyn 

WYHK~·~ 

( x')~ (2.2) fotx)=COn{jt £'/ F(a.8je!;- :,') 

, ill 6 • 1. iv "- 3 v-z•r;11' c napaweTp8UH a;; 7j + '1 I =a = Tj- '1 I"' - z:} - Vtl--~. 

3To BwpalleHHe npHro.liHO np• X'/£' <. i . B oKpeCTHO-

CTH TO"lKH CDIHBBHHR X= 1 aprywewr rHnepreoueTpHt~acKoM 

<jlyHKUHH CTBHOBHTCH 6on•mHW ( e-z >> 1 ), H flOSTOuy H606Xo-

AHWO BOC001Ib30B8TbCR H3B8CTHYM 8H8HHTHt{8CKHY npo~OniCHHeY rHnep

reoweTpH46CKOR <jlyHKUHK [II] • HeTPY.liHO y6eJIHTI>CH, 4TO aHanHtH4e

CHH npoAonxeHaoe pemeHHe ( 2.2) • o6n8CT• X'/£' > 1 Bile aT 

BH.ll 

( 2. 3) 
{(

x'Ja• , 
fotX)-:-COn.t~f E.'/ Bt F(a,-a';t+';';-:£)+ 

( X~)a C' ·v E:l} + £') Bz 1' {a •, -a; t- ~ ; - x•) ' 

8 

·,; 3) 
r.11e * rr-~Jr(z: 

B1 = Bz = B = nIt _ i,f J n ~ _ ~ J 
]Or8pHijlWHqOCK8H llpOH3BOJIH8H pe•eHRH (2 .3) C TOqHOCTI>~ ~0 4R6-

HOB "'-' £Z« 1 • T04Ke X= 1 HMeeT ••.11 

< 2.4) Len f 0 (-xJ
1 

= 2
1 +Vn'- ~ t/Yo'-f(fnE -K)+¥} , 

dX x~t {I 

r.11e K = YrtJ- tY(l")- f Y(f) . 
Ha HHTepBane [ i, oo) npeueopezeu a "noTeuuJ.1am:: 11 

KB8.liPBTou aaapr•• £' " a8uea•u {'X'+t)!z aa X, T.e. 

.it' fi' 
'f(x) = (X'+t)Yz ex'+£') '? <f>rx) = x 3 • 

ilpH STOll yp8BH6HH6 (I.9) CO BTOPWU H3 rp8HH41!UX ycnOBHil 

(I.IO) CBOJIHTCH K CRO.liY~~en Kp86BOR 38.11846: 

(2.5) 

J 2 j 0 {X) + 
dx' 

ft.' xJ fo(x) = 0 

dfo(X) ~ 0. 
dx ..:-oo 

Pe•enHe 36.118'" (2.5) ""P8~aeTCR qepes ~•n•HAPH4eCKY~ <!Jyu•u•~ 

' 2 •
6 l fa(X) = corut X~ :h. { ~). 

norapK<!JYH46CK8H npoH3BO)lH8R p6W6KHR (2.6) HU66T BHJI 

d t - .J... - :;; (V.} 
(2,7) JX. fn afX}fx~t- 2 A'J~(t.?c.)' 

llpe~~e Q8W npHp8BHHB8Tb norapH~WHqeCKHe npOH3BO~H~6, H600XOAHUO 

CAenaTb uecKonbKO aaueqaHH" n~ noBOAY Hcnonbayeuoro HBMH npK-
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CinHaeHHA .ztn.FI "noreHIHtana" 'ftx) . B ToqKe X= i , r,ZJ;e 

OWH6Ka U8KCHll8JlhH8 1 llpH6lUflKBHHhll-! 11 flOTBHI.lH8Jl 11 lf< (X) J KBK 

H lf> (X), 38MeTHO OTnHqaeTCH OT TOqHoro <t ('X} • flpH 

3TOM 1 O,ltH8K0 1 H8W6 llpH611HlK6HHB ,ltJlH ~(JC) COXp8Hfl8T XS

paKTep oco6"x roqex ypaBHeHHR (X=O, X= 00). Oco6eHHO 

:sazHo, tiTO npH waJlllx X Wbl coxpaHHmt TOl.IHOe :Sblpa~:euue .ztnH 

fl0T6H!.J;H8JIB (_...._ (X.l+ £ 2
) -t) . ~UBHHO 3TO H Ollp6,llB1lHBT KSqecT

:SBHH~~ X8p8KTBp flOBBABHHR C06CTBBHHI:lX 3H8l.IOHHti SHBprHK £ npH 

£ ~ 0 • OonpBBKH K fl011Yt1BHHOU.y H8WH pewBHHKl ldO:S:HO YttBCTl~ flO 

TBOPHH B03Wy~eHHU. HBTPYAHO npo:sepHTD, tiTO HX Yl.IBT K81.18CTB6HHO 

HB H3U8HRBT OCHOBHblB peaynDT8TI:l 1 flOJlytiBHHblB B HBWBW npH611HZBHHH. 

3awerHw. TBKze, I.ITO B roqKe X= 1 paaaocr:& aHaqeHH" npH611H

:reHHhiX11flOTeHuHano:s" 1£>(1..) H l.f<.(t) crpewHrcR K HYJIKI KaK ""'-' E~ 
T.e. DpHO"m!:J:6HHblft 11 00TeHJ.tH8Jl11 DOQTH Henpepbi:BeH. 

0pHp8BHHBBR TenepD norapHWMH~eCKHe npOH3BOAH~e (2.4) H 

(2.7),nonyq•w np• £:z.<< 1: 

(2.8) .A J;(Vt.J=-V;..•-1. +n{vt.u-'(tnE-k)+:}: 
]t.(Z?..) '{ d '{ . 

Pemaa STO YP8BH8HHe OTHOCHTCJibHO ~,, HBXO;ttHY 

£ _ 17 exn{- {n+ f )ff} 
n-Lo I v~Z_:L' 1 11>11,(~} (2.9) Jl y 

£ -e {--~-arzcf~[/1 '],{v.;}+ uj 
o - x P Vi1'+ if LV11'- )1,-' 1, fZA) n 

OpH Vt..~-t << 1 

(2. IO) £n = 

anepreruqeCKHA cneKrp Hweer BRA 

exp {- (n+t)ff + uj 
V.il'- 7-~o: n 
10 

0.:~- ·'"~~- •r 

r~e, KSK H B (2.4), 

k=Yft)-tY{/jj-fYff) · 
~OpuyJIU (2.9) H (2.10) Ollp8,ll81Ifi!OT H88H91IHTH48CKYll 38BHCHMOCTb 

ypa:sueHHH aueprHl-i or KOHCTBHTU CBH3H 1\. , TBK KBK H npe)l.ene 

]ll~ t DpOHCXO;ltHT Cry!ll8HH8 3HepreTH48CKHX ypOBIICt:i, liTO HMeeT 

Y8CT0 T8KJ:8 H B HepeJIHTHBHCTCKoH TCOpHH B Cny~ae llOT8HUH81I8 

V(rz}=-~'7-l [12]. Hano~tHHU, OJ.lHBKo, ttro u uepenaTiiBHCTCKo£1. 

T80pHH 8TOT OOT8H~H81I Cl-!HrynapeH B H848ne KOOp,D,Hli8T, H DOaTOMy 

3H848HHR ~n 38BHCRT OT flpOH3B01IbHOrO De~eCTHCHHOrO napa

.LI6Tp8 [12]. B Haweu ~e cny4ae ypaBHeHHe (1.8), Koropoe nocny~H

no HCXO,ltHbiY OYHKTOY HCC1I8)1,0B8HHH, B HepemtTH.lHICTCKOM npeJlCJI8 

m---+ 00 T8K:ate COOT.d6TCTHyCT yp8BH8HH!O ,ltJIR WpC,li,HHI'epOHCHO~ 
11 B01IHOBO~ 4JYHKUKH 11 B HYDYJibCHOM flpOCTp8HC'PB8 D CJIY488 

Vtl)=-~ 'l. -z, OAHaKo B ormttn1e or nocne.a,uero H HaweM pel!le-

""" (ljJOpMy"" (2.9) H (2.10)) OTCyTCTByeT npo6neMa "na~eHHH Ha 

lt8HTP
11 

t QTO RBnJ16TCH CJI8,ACTB"8.W OOCJt8,llO.B8Te JlbHOrO pe JIRT"B"CTCKO

ro paCCYOTpeHHA B p8YK8X KB93HOOT8H~H81IbHOrO DO.ztXO,li,B • 

,ll,HCKp8THLI6 ypOBHH SHeprHH (Y8CCI:l CBH38Hlil:lX COCTOHIIHK) 

onpOAenHoTcH cooTHoweHHew W, =2mV1-£~, r~e OtE E'.. tE 1 
fipHtiJlH*eHHH, HCflOJib30H8HHl:le BLIW8, Cflp8B8AJIHBLI AJIA CJI850 CBH38H

HUX COCTOHliHI-t En2
<< 1, T.e. n"Oo "P" dOJibWHX n ' JIHOO npH 

wanwx j\'-I/4. GpaBueu•e " o6cy&AeHHe l))op.Jyn (2.9) • (2.10) c 

penaTHBHCTCKHY cneKTpantHbiY ycJJO.c~.HeM, npHrO,li,HLIU. npH 0 ~ £, .:E. 1, 
fiPOBOAHTCH H KOHUe § 4. 

J3 C116/tY!0111.6U nyHKTe B U8JIHX 38UKHyTOCTH H flOJIHO'l'bl H3JIOiK8!!HR 

C4JopuynHp0~8H M6TOA 3T8JIOHHOrO ypaBH8HHfl (M3Y), KOTOpl:l~ ABJiee 

flPHWeHH8TCH AJIR BLIBOAS pCJIRTHBHCTCKOrO BNp8~8HHH AJIH 3HeprHH 

CBH39HHLIX COCTOHHHMo 

II 



§ 3. MeTa~ aranouuoro ypaBHBHHH 

0CHOBH8H H~BH Y8T0~8 3T8JIOHHOrO yp8BH6HKH B8CbM8 npOCTa: 

npi16JIH311T6JlbHO 0.ZU1H8KOBbl'6 JJ.U4xtl6peHL!;H8JibHb16 yp8BH8HKH HM6DT 

np)1dJilii3HTeJI&lfO OJJ.HH8KOBbl'e peweHHH (13]. PaccuoTpHM KpaTKO O,ll,Hy 

H3 B03MOIKHbiX peam1381..lHU JT0£1 H,ll.BH, CJIBJJ.YR pa0"0T6 [14) • [lyCTb 

HOM H800XOJJ,IIIMO p6WHTb yp8BH6HH6 

(3.1) 

YpaBHBHt!e 

(3.2) 

d'U 
dX' + 'Otx)U.{x) = 0. 

JZ(r + rr6Jif(o)=-O 
d6' 

11a~oBeY sTanOHHti!.! no oruoweHH!O K ypaBH8H.IHO (3.!), ecnH I) pema

H:-!R 1.;( (5) H3B€CTHbl 8H8JIHT~ttl€CKU ( T. e • Bblp8JK8JOTCH ll:epe3 

Cfi8Ul18.1bHbJ8 lPYHKll1Bt) H1lH \{HCJI6Hil0, 2) r(6) 38BHCHT OT Q 

npH6nt13t1Tenb!:iO TBK :.:e, KaK (J(x) 3BBHCHT or X • Hawa 3a,Aaqa 

- B"P83RTb pewenHR ypaBHCHRR (3.1) qepea •SBeCTH"e ljJyHKURHif(o}. 

Ey~eu HCKBTD pemeHH8 B BH.ll,6 

(3.3) u rxJ = ( 1~TY, ifr6} 
ilOACTBBnRR (3.3) B (3.1) H RCllOnl>3YR (3.2), nonyqaeu CH6AYO~ee 

ypaBHeu•e MR ljJyKKu•• O(x): 

(do) 2 (do) 'h. Jl (do)-!:l 
(3.4) dx fro)= O(X}+ dx dx' dx · 

3TO T0liH08 OCHOBH06 ypaBHBHHe U3Y. Ha nepBbiR B3rnH~ ypaBH8HH8 

(3.4) ropa3AO cnozaee RCXOAHOrO nHHe~HOro yp8BR6HHR (3.1). 0A

H8KO BO YHOrHX CJiyqaHX, npe~CT8B}lH~~HX 3H8qHT8n~HYA HHTepeC 

~nR npuno~BHHR, BTOpoA ll:neu B npSBOU qaCTH (3.4) UOZHO paCCYBT-

12 

pHB8TD K8K Y8JIYD fiOfip8BKy, H H8 3TO" OCHOB6 y~86TCH fiOCTpOHT~ 

np•6n•zeHH"R UOTOA peWOHHR yp8BH6H.R (3.4) [i~] . 3HaR T8K06 

npH6JIHE6JlH08 Bl:lp8ll6HH8 AJIR c5 (X) , YOlii:HO Bhlp83HT:b peweHHB 

HCXOAHOrO ypBBHeH•R (3.1) qepea H3B6CTH"e \lJYHKUH• lr[6'(XJ]. 
3aueTHU, qTQ nonpaaoqHl:lH qJieH YOZHO Bl:lp83HT~ qepea T8K H83h1Bae

uy~ npOH3BOAHYO lliBapua [15]: 

1[0111 3(<:5') 2
] (3.sJD(<l',xJ=-i<o;x>=-z. o,--z o' . 

TaKaH aannc1 06blqao 6onee YA06Ha JJ.JIH Dl..l6HOK nonpaBoqaoro qneua 

H llOCTpOeH•ft •TepSUHOHHO" CX6U" peweHRR ypaBH6HHH (3.4) [16]. 

ECJIH fiOB6A6HH6 f( <)) AOCT8TOquo U8JIO OTmf.qaeTCH OT 

llOBOAeH•R O(:t) 1 TO QCX) - Y6AH611HO U6HROW8RCR \lJYHKURR 

H IlOfip8BOqHbiM qJieHOU. B nepBOY npKc:iJIHX\8HHH UO:«HO npenedpeliD 

( j 6)'0 ,1 << i ,/ 6/o,/«1). TorAa ypaBHeu•e (3.4) uoJ<HO aaue-

HHTD npH61lHX8HHbiU yp8BH6HH8U 

( 3.6) ( ~~rr(6) = ;r(x), 

OTKYAB cneAYeT X 
6 
S r;; s Y,Y. (3.7) r('Ci(h = {t)Jt 

6o Xo 

3ABCl> Oo K Xo - "aKBHBaneuTH"e T04KH" ij)yHKU•K flrSJ H Orx), 
H8llpHUep, TQqKH, rAe o6e 8TH ~YHK~HH HW8~T CHHryn.RpHOCTD HJIH 

pBBH" Hynn. TBKHU 06paaou, 38A84B onpeAeneHHR C)(X) CBO

AHTCR B nepBOU np•6nH&6HKK K KBBAPBTypau (3.7). PemaR yp8BH6-

HH6 (3.?) OTHOCHT6}l1HO <5, nonyqaeu B nepBOY npH6JIHX8HHH 

6 = C)('J{X) • llo,llcTaBnRR aTo pewaHKe B (3.5),,nonyqaeu 

13 



nonp8BQq]i!J~ qneH B nepEOM npHCinHlKCHIHf n ( a(-1: X) 0 .Ilna 

H8X0lt.1l6HHH c5 (X} BO IITOpOM flpH6niU!C8HHH H606XOJlHW.O HCUOn:b30-

BBTb ypaaueuHe (3.4): 

(3.8) (
d6(Z})2 
dX rro(ZI} = Q(X)+ n(6 1'~X), 

Koropoe CEO.llHTCH K KB8.1lp8TypaM: 
(jiZ) X 

~r(~)d'L = J [o(t)+ n{a1'!t)]\it. (3.9) 

<Yo Xo 

3TOT npOU6CC H8XO~,Zl8HHH flOC»8.1lOB8T8nDH~X npH6nHK8HH~ MO~HO npo-

.1lOniK:.iTb 1 HCflOn:b3YH peKyppeHTHO€ COOTHOW8HH8 
6(nHJ X 

) r/1)d'C = J [o(t) + n(o1~'tJ])zdt (3.10) 

6o 'Xo 

3HSH 6{X} 1 LlOllHO nonyqHT:b pe!DCHHe HCXO,ZlHOrO ypa:BHCHHH 

(3.1) no ~pwyne (3.3). B nepEoM npH6nH~eHKK aTo peweHKe, oqe

BH.llHO, HM88T BHA 

(3.II) [ 
f( o1'hJ)] ~ 0 _, 1, 1 U(xJ = orxJ u (6 txJ). 

TaKJU.t o6paao~o~., .llnH ycnewHo" peamtaaJ..tHH M3Y HeOCiXOAHJ.I.O Bf:l

CiHpST:b aranoHHoe ypaBHeHHe Ha cne,Zly~~Hx coo6paEeHHU! I) ~YHKJ..tHR 

r(C5) AOn&HB 6•Tb TBHo«, q'ro6" ypBBH6HK6 (3,2) HMeno peWOHKR 

B HnBcce cne~KBn>HbJX ljJJHH~H«; 2) qiyUH~Hfl rro) AOn•ua 6•Tb 

6nHaHa no BHAY H qiyuH~HH O(X) . B aTow cnyqae ypaBHOHHe (3.4) 

AOnycHaer peweuKe O(X), TaHoe, qro cJ 1
{X) - w<Aneuuo 

WOHROmaaca <!>YHHilHfl, ll03TOMJ n [ 6{'X), X]~ 0 K HM WO~HO 
npeHe6per8T1 B nepBOU npHCinH46HHH. 

14 
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I 

I 
I 

ilpH C06nVA6HKK 3THX ycnOBH« MOSKO ~06H''bCR, qTo6• 0 (X) 
6una B63~e HOHequo« ( 6 (XJ -:f. 0, o<)) , noaTOMY RBneuHe 

CTOKC8 He B03HHK86T H H6T HHK8KO~ npoCinew~ C ~opuynaMH CBA3H, 

B08HHHao~eg E o6uquo~ B K 5 reop•• [17 J. CTBHABPTH"~ B K 5 
UCTO.zt RBnHeTCR tl8CTHhiY cnyttaew M3Y, COOTBCTCTBY!OutHM npocreUweuy 

BU60py f(6)=. ± 1 , KOTOpu« OTpaMBOT nHWb 3H8HOB06 nOB6A6-

HH6 WYHH~·· J'(JC}. 
Cne.nyeT 0Tl46THT:b, \ITO BO WHOI'HX aa.ztaqax ypaBII8HH8 (3.1) 

38BHCHT OT H6KOTOpOI'O CiOnDWOI'O D8p8M6Tp8 1\ Z. 1 T.6. OC!IOBHbl€ 

yp8BH6HHH HU610T BH,Zl: 

(3,12) 

(3.13) 

~
1

~ + Jl 2 
O(JC) Utx) = 0, 

J>(J+ 
JrjZ 

J\' fcc>) if(o) = 0. 

TorAa ypaEHOHKe (3.4) WOXHO npeACT9BHTb B BKAe: 

(3.14) ( dc5} 2 1 (Jrr)Yz.J• (do)-Jz 
dx f(c>) = ;{(x) + i\ 2 dx dx' dx · 

0TCD)t8 C1I6AJ6T 1 tlTO BH6 38BHCHYOCTH OT TOI'0 1 H8CK01IDKO YA8lJHO 

UO,ltOC5pauo 3T8nOHHOe ypaBU6HHe, nonpSEOttHbl" ttneH Oy.ll.CT T6Y M6Hb

me, \1611 601I1W8 ./l..l, H, T8KHM 06paaou, npH AOCT8TO\IJIO 60nbL!IHX 

/l2 npH6n•~•••e (3.6) uomHo CAenaTb c&on• yroAHO ro""""· aro 

OO)I.TB6p!tA88T XOpOWO H3B6CTHW~ ~18KT: 8CHMOTOTI4ll6CKH8 W6TO.D.bl (H8-

0pHM6p, B K S )ASKIT Cionee TOtrHhle peayJIDTBThl .n.nA CiOJJbWHX aHat~e
HHK A 2 

• no.ntrepKHeu, O,li,H8KO, 1.{T0 M3Y B npH!iUHne uon<eT .ll8B8T:b 

,llOCTBTO\IHO TOtlHhl8 peayn1T8Thl H ,lt1IH Y8nHX j\l 1 TBK K8K npH 

YAB\IHOW B~6ope 3T8nOHHOI'O yp8BH6HHH UOXHO .zt06HTDCR TOP0 1 qT06~ 

nonpaaoquu~ "AEH n(x)Oun H9CTOnbKO wan, qTQ A -zn(X) ""= 0 
Aaxe npH uanux Jl 2 

• 
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BOJIHhl 

( 4 .I) 

(4.2) 

( 4. 3) 

§ 4. np~ueHeHHe uero~a oranoHHoro ypaBP.8HHH K 

KB83HTIOT8HUH8JfhHOli Kp86B011 38~8qe B HMnynbCHOI.I 

npe}J.CT8BJI6HHH 

KBBJKnoTeHUKBilhHY" Hpaeay" aaAaqy ( 1.9), ( 1.10) ARR :J ~ 
( f=O) MO~HO npe)!CTBBKTI> B ~opue 

d2fo(X) + J\.2 fo(X} == 0 • 
dX 2 (X 1+1.)h (X'+£') 

fo(X) ..-...- X 
x~o 

£, (x.J ~ eond 
l'.->00 

OcHOBhiBBHCb HB coodpa~eHHHX npe~hl~y~ero paa~ena, Bhi6Hpaeu 

3T8JlOHHOe yp8BH6BH6 B cneayD~61.1 BHae: 

( 4 .4) 
d'7J(6) + 
dd'-

.1\
2 

,, ifroJ == 0 

KOHCT8HT,Y a ldOJKHO HCKJI!O\IHTb TpH.BHBJibiiO~ 38W8HOR nepe-

W6HHOR 0-> Q-Q t T.e. a WOlltHO C\IKTBTL npOCTO PBBH0£1 HYJIIO. 

M3 }J.81IbH6RWero BHAH0 1 \ITO npH 3TOW 8BT01.18TH1.16CKH Bhlfi0JIHH6TCR 

ycnOBKe 0 (X} ~O CfJn~t 'f. 0 , B KBqeCTBe OKBKBBnBHTK"X T0-

1.16K 6CT8CTB8HHO Bb16p8Tb 

(4,5) Q
0 

= Xo = oO 

Tor,~J.a ypaBHeHHe nepBoro npHO:JH1liC6HHfl }J.JIR d('X) npKHHwaeT cne-

AY"OutHil BU}J.: 
oa 

J -Y, J 
(4.6) 0 'ad 

0"' 

~ 

00 

I dt 
( t'+ t)l''l ( { 2+ £'/'• 

l'. 

16 

OTCIO.ztB nonyqaeM 

(4.7) O(x)= '1</>(~.~J, 
r,n,e WYHKUHH <j>(x,£) onpe,l!.enneTcn cne.zty!Oll\HM HH'l'erpano~!: 

00 

f 
dt 

<4•8) p(x, E:) = uz. _.''A. o:•~C""'l'-2 
)( 

OO~ee peweHHe ypaBH8HKR (4.4) ••eeT BRA 

<4 • 9) if(o)={!.o'/zJ(/i)+Czo'/zM($}}. 
rAe CJ. H c2. - npOH3BOJ!bHble nOCTOHOitLiC, 0 1-t (Z) J.1 

!\It (Z.) - ~YHKQK" EeccenR nepaoro " BTOporo PDA8. lleTl'YAHO 

H8~TK noBeAeHHe 0 (X) np• OonJ>c•x X : 

(4.10) 0{X} = X+ (1A+,...Z!'J + O(x.- 3
) 

x~oo 

~Cfl0Hb3,YH STY 8CHMflTOTH~y, a TBK~e rp8HH~H08 YCHOBJ.1e (4.3), 
nonyqaeu, ttTO Cz = 0 H o6U(ee peweHHe KpaeBoH aa)l,al!H 

(4,1)-(4,3), nonyqeHHoe C llOYO'~b~ OTBITOHHOrO ypaBHeHKR (4.4), 
KweeT ••A (cw. (3.11)): 

' 
i [ 3 ]-/yr.~ 1 (2A ) (4.Il) 0 rx) = ct o (X) orx> u ('<) t vo(x) • 

CpaBHHW noBeJJ.eHv.e aToro peweHHH H ocoo~x TOttKax ypaBHeHHR 

(4,1) C llOBe~eH.6Y TOqHQrO peweHKR. AerKO a•AeTI>, 4TO llpK ~'f.() 
ypaBHeH•e (4.1) •weer npH X ?>0 TOTII>Ko o~HY ocooy" To4Ky 

X=+00 1 np•qey • Toqaoe • np•6mt<eHHoe (4.II) peweH•H ae~yT 
Ce0R npK 'X-->00 OAKHBKOBO: [ 0 (X) ~ COH-dt 'f-0. 

k~OO 

ilp• £=() B03H.KBeT perynHpliBH OC00BH TQqKa np• x--. 0, 
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HeTpyAHD noKa3aTb, tJTD np11 ::X---7 0 TOtJHoe pewea1o1e ypaBueHlol.H 

(4.1) ll6,.ll€T Ce0H KBK: 

(4 .12) fo (xJ ~0 A cD4[Vi1 2
- f en x + B], 

rAe A,B - npoH3BOnbHb16 nOCTOAHHble. C ,n;pyroA CTOpOilb1 1 no-

;'i.Q;f.HH B {4 .8) £ = 0 11 HC!10nb3YA 9Clol.M!1TOTI1tJ6CK06 p83110lK6HI16 

,l!,JIH \liJ'lU<UUJII ':ft {Z) nplol. 6011bWHX Z , nerKO !10K838Tb, tJTO 

11pJIIOnl1lK6HH06 (4.11) peW6HI16 HM66T C116.1lY!OLU.66 llOB6A6HI16 npH 

(4 .13) fo (:x) ;::o C C04 ( J\ fn X - ~ J[] 
TaKl-IM oupaaou, tlTOObl o6ecne4HTh npaBlol.11bHoe noBeAeHlol.e nplol.C511lol.li£6H

uoro pellieHHH (4.Il) H OCOUOH T04J<e 'X=0 npH £ = 0, 
H600XDA11MO B (4.!!) CA611BTb 38M6HY 

(4.14) .A~Vi\ 2-f. 
8Ta 38Y6H8 3H8Jtorlol.41!8 lol.3B6CTH0" 38U6H6 .lpauepca (17]: 

f(t+t)~ft+f)~ KOTopaR ~enaeTCR npH peweaKH 8 K 5 
L!6TOAOM p8AH81lbHOro yp8BH6HIHi. Wp6.£llol.Ure va' 1.1T06bl BKS pe-

W6HI1H lol.M61llol. np8lH1JlbH06 fl0B8ACHH6 B OCOtiO~ T04K6 '[ = 0 H 

npaBHJibHYIO qJaay npu 7 _,.<XJ (Is]. Ot~eBH~ao, t~To aaweaa 

( 4 • 14) 1 KOTOpyJO Mbl ABJiee dy.ll6N H83biB8Tb 8HanorOM J8U6HN Kpauep-

081 Cyi,I\6C'l'B8HH8 JHfWb flpH M8nb1X .1\t (£_...., 0) T.e. 8116 npe

A6JIOB WOpU81lbHOH 06118CTH nplol.M6Hlol.UOCTI1 8CI1MflTOTHtJ6CKOrO flO CED

e~ np11po,Z!;e ~;3Y. 

'1T06bl flOJIY411Tb C06!CTp811bHOC yCJlOBI-!6 )l.nR Kp86BOti 38,ll9'4H 

(4.1)-(4.3) 1 H606XO,llHMO BOC!1QJlb30B8TbCR rp8HI14Hblld YCJIOBH6M B 

Hyne (4.2). )ina aroro HaMeu noaeAOHHe ~YI!K~HM O(X:) np• 

x~ 0 . ~3 (4.8) KeTpy~HO nony4HTb, 4TO 

18 

(4.1Sl P(x,E:)= f(E)-: + (~~+~{x 3 +0(x'), 

r~e YH BBena o6oaHaqeHHe 
0() 

( 4.16) 
( Jt 

F(E) = ) (t'+tf/y(t'+E')h 
0 

~•rerpan (4.16) MOKHO Bupaaer; ~epea renepreouerpH~ecKy~ ~YHK

~un: 

(4.17) F(EJ=fB(f,fJFrt:,f;~;t-eJ. 
r~e /3(x, 'J) - ~Y·•~•• 8Anepa. 

Mcnon;ayR (4.11) H rpaHH~Hoe ycnOBHe (4.2), nonyqae• c 

y~eTOll (4.14) HCHOM06 Cil6KTp6noH06 yCJIOBH6! 

(4.18) Ji[z(~'-¥)~}=0 HAH O(oJ= lf{?..'-t) 
0(0) • 

r~e den - ayn• ~YH•~•A EeccenR 1t(ll. <JtoJ =If F(e). 
TeKHll o6peaou, ~HCKpetKHA cneKTP KpaeBo~ seA•~• (4.1)-(4.3) 
onpe~enReTcH ypa:aueHaeu 

1 , 2. den 
(4.19) V'A~- 77 == B(.L LJ F(' 1...1. ·t-£') 

""1 tt,z Z.tt''t' 

r.zte 11 *I, 2, 3, •••• aro onexrparr&Hoe ycnoBKe DtJ6Hb YA06ao 

T6Y, qTo OHO ,ll86T npOCTY~ 8H811HTH46CKYJO 88BHCHUOCTb ~HCKp6THUX 

8H846HHR KOHCT8HTbl CBR3H J\n (~) BO BCeA 06JI8CTH H3U6H6-

HHR aHepruH 0 ~ E .::; t H, cne~oaaren:&Ho, o.a.aoaHat~uo onpe

AenReT o6paray10 aBBHCHLtDCTb £,., (A}, T. e. aHepreTHtJeCKHe 

ypoBHH pacc>~arpHBaeuo~ cBRaa••oR c•creMu Wn C>.) =2m V1- £:(~/ 
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1 < -,l 00 
BO BCC~l o6naCT~ 11.3M€!1€HIHI lWHCT8HTbl CER3H 7j - /\ <: ' 

Pace~oTpiUJ 1.16CTHhle CJ!yqan penATI-!BHCTCKoro cneKTpancHoro 

yc.10llHH ( 4,19), llpH £ = 1 (ynupapenRTHBHCTCKHR npe~en) Hue-

eM: 

(4. 20) 
~--,-·• 2 den 

Y 1\~- t == B (~,f) 
fipH £--.. 0 (HepenHTHB~-tCTCKH~ npeAen) runepreouerpnqecK~~ 

pH~ (4.I7) paCXOAHTCH,H fi03TOMY H606XOAHMO BOCfl011b30B8TbCH cne

AYKIIUe~i ipopr.~ynoM. 8H8JlliTH46CKOrO llp011,0Jli1<6Hl1:H [II]: 

(4.21) F (£) == ~ {(~;)I~Jn [An- tn£
2
] £ 

2~ 
l'.ll,e A"= 2"/!in+t)-Y{n+t)-Y(n+~). 
0CT8BIDIR llli!Jib rnaBH(it\ lf116H p83Jl0lf.8Hl1H (4.18), nonyttaeM, lfTO B 

HCp61H!TlH!liCTCKO!J npe.n;ene £~0 C06CTB6\!Hhl8 3H846HIH1 Kp88BOtl 

aa~a"" (4.1)-(4.3) BeAyT ce6R cne~yD~Hu odpa3oM: 

('>.22) 
C' { ~n f?o } 
Gn = exp -VJ..'-t + T 

-,l -,z -1 
OCiH8py<in!.li8H H68H8JIHTKl.J.6CKyJO 38IIHCHY.OCTD OT A npH J\ ~ 71 ; 
KaK y~e orueqanoco, acHunTOTHI.IBCKHn no cBoeA npHpo.n.e MSY o6ecne-

411Baer XOpOWY!O T04HOCT:b npH 60JIDWHX J\.l H838BHCHUO OT B8Jil1llHHbl 

~ • K81.18CTB6HHO npaBliJlbHOe OflHC8HH8 cneKTpa npH M8JlhiXVAt-~' 
B0:3MO:tHo nHw:D np11 y.naqHol.t Bu6ope JTanoHu.oro ypaBHeHHH. nosroMy 

npeACTaBnneT HHTepec cpeBHHTI> MSY ~opuynu ~nH cneKTpa (4.19), 

(4.22) C peayJI:DT8T8LIH, 110Jl,Yll6HHbiMH CWHB8HH8W peweHHH B § 3. CaLl 

Y8TOA nonyqe U\tlfl Cfi€KTp81lbHOrO yCJIO.DHR (3 • 9) orp8HHI.IHBB8T 06118CTD 

ero npv.ueHHU.OCtH MMWLYt 3Hal.leHH.RM11 E , t.e. npu tiJHKCHpOBaHHOll He-
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uanou 3H846HHH A 2. •••• ,... n 
6oni>WOU ( n ~· no('].,)) 1 8 npH 

,l401li:H3 0b1Tb ,ItOC'f8'l'OqHQ 

YY6HI>W8HlU! }\ ~ B8HH4HH8 

no (il) YY6HU88TCH H B03p8CT86T T04HOCTI> npH6RHZ6HHH. fi03TOYY 

B H6KOTOPOY CWbiC116 peaynbT8Thlt nonyq6HHH6 B § 3 CmHB8HH6U pewe

HHR, HBAR~TCR AOD01lHHT61lLHbiMH no OTHOW6HH~ K Cll€KTp31lbHbiU pe

aynLT6T8Y, TIOJiytzeHHNU. B H8CT0fl!Ll6Y naperpa<fle 8CHY.nTOTH1.!6CKHJd 

ueTOAOW aTanouuoro ypaBH8HHR. Acnon~>ayn acKMnTOTH4eCKYD ~opuyny 

)lnH KOpHeA ~YHH~HA EeccenH ():'., npH 60ni>WHX n , nonyqeeu 

C116AY~!Ll66 Bblp8S6HK6 nnR M9Y HepenRTHBHCTCKOrO Cll6KTpa: 

(4.23) 

(4.24) 

{ 
(n+f)JL u'} En=exp -yi\z-f +n. , 

f·(= "1:(1.)- f Y(4;)- t Y(f), 

H61lh-

8R AOB6PHTI> npH YSnYX v i\'-1f'f , T8K K8K 3TO ~pU8fli>HO BYXO

AHT 38 npe~enH npHW8HHYOCTH 8CKWfl!OTRt{6CKHX W6TOAOB. COOTB6TCT

Byn~U peaynhTBT 1 nonyqeHHhl~ CWHB8HH6W paweHHa, HY68T BRA (cw. 

(3.10): 

(4.25) C' { rn+tJ1f u} 
Ln = exp -Vi\'- t' + f\. 

(4.26) f{ ~ Yu.J-fY(f;}-fY(f). 
To4Hocr~> ~opuynu (4.25) a p-rio-zi Teu ••we, qeu ueuueVj\'-1fv· 

EruoaocTI> arax peayn~>TaToB (4.2~)-(4.26) AOCTBT04HO y6eAHTen••o 

ro•opar • non•ay MSY. YAHBHTen•H•u a•nnercR TOT ~SKT, 4TO YSY 
"}L 1 

npSBHliiiHO npe,D;CK83!iB86T ·cyut6C'l'B8HHYD OCOCieHHOCT~ npH J\ ::= 'f 
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VI iJCJ1'11.JI1Hbl KOJtJ;oj!HUHeHTOE B (4.23). 06~8H K8pT~H8 ,I.HCKp6THOrO 

cnet<T_IJa KlHl8HflO'l'€HI .. Ut8Jibll0~ Kpi.3€BO~l 38,1J.84:H (4.!)-(4.3) npH.Be.zte

!18 1w pwcyHKe • 

.AO.IJOl:IYIO 'r01.JilOCTb l,i3Y Cfl€KTp8JlbHh!X peayJib'l'8TO.B 140lltHO fl0HR'I'11 

8CJU1 OU€JH1.'U:o ~eJU!\I:HHY nonp8B04:HOro tlJI€H8 ncx), l.ITO npoute 

BCero C,li.€JI8Tb H8 KOHU8X L4H'!'8p.B8JI8 H3MeUeHHH H€38EHCHMOH nepe-

MeHIJOM X E [0, 00) • licnon13~u (3.5) • (4,8), HeTp~AHO no-

K830Tb, 4TO 

(4.27) n(x) ~ 
x~ oo 

(4.<o) n (X} ;:;-0 

3(1+2£') + O(X- 6 ), 

10 :X" 

3+(Z+E'JF'ct:J + OCX). 
'IE' F're; 

TaKHM. oCipa:JoM,YC1iOBne HJH1MeHlntocrH nepBoro npH6JIHlKeHIHI (4.6) 

(4.2~) n (X) << 1\l. O(X} 

BcerAa m:monHAetcH npH AOCrarottHO- 601lbWI-1X X> Xm,i, {dtx)"-' X -J l x_,. oo A. 
T.e. B W~-i:pOiWi-1 OOJ18CTH H3MBII6HMH :XC [X'",·", 00 ). 

llp~-1 Manblx X ycnoBr~e (1~.29) .BblllOJtHeHo, ec1u1 J\l >> 1 . 

3 a K n n q e H H e 

fvlHOrHe 38)1.8tlH KB8HTOBOLi M6X:8UI1KH, KB811TO.BO£.i T60pHM UOJIH ~ 

~H314KH 3Jl8M8HT8pHb1X qaCTHQ CBO)I.RTCR K HHTerp8JibHbiY yp8BH6HHHY 

B HUUYJILCHOY npOCTp8HCTll6 (Hanpi1Mep, ypBBH€HHR J[HflOM8H8-IUBHHPe

pa, EieTe-Gonn11repa, JloryHoBa-Tanxeni-1Jl3e _, ..a.p. )-. VI3Bneqeuue KOH

KperHo~ ~H3Htl€CBOA HH~pM8~HM H3 3THX: ypaBH8HHK o(j~qHO OCnOMHH~ 

ercR cepLe3Hhll.Uf uateuaTJiqecKHtm rpy.llHOCTSiMH,· ·nocKOJJLKY cTaHJZ:apr-
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Hue ueTOA~ MaTeMBTKqecKo~ WH3HKH OK83~Ba~TCR wanoa~eKTHBH~WH. 

0CHOBH8H U6flD 3TO~ CT8TDH 38KH~qaeTCR B paapa60TK6 HOBOrO 

OOAXOA8 K W8T6Y8TH~6CKHU npo6neW8M, B03HHK8~~HW OpH pem6HHH pe

Hf\TI1.BI1CTCKOn 38A8ql-!. 0 CBA38HHbiX COCTOAIIIHIX B KB83HflOT6HUH8nO

HOM il,JopuanJ13Y6 JloryHOBa-TaBxeml).l36 [3 ]. fipeHW.Yil(6CTB8 KB83KOO

T6HUi18110HOrO ypaBH6H~-tfl no cpanHemm c yp8BH6HH6M Eera-Connarapa 

H60AHOKp8THO o6cy~Aanacn B nareparype (3, ?, 19]. B cnyqae aa

JlSqH 0 C~H38HHbiX COCTOAHHfiX 3TO OTCyTCTBH6 8HOW8RDH~ COCTOR

HHt\ H 
11 ,ll.yXOB 11 , a TBKll6 B03WOEH0CTll llOCJ16)l.OB8T6nOHOR BepOHTHO

CTHOR TpBKTOBKH KB83HOOT6HUH8R1HOR BOHHOBO~ ~YHK~HH. Cne).ly6T 

OTM6THTb, qTQ paCCW.OTpeHH~ T60PHH H W.6T0JlOB p6W6HHR yp8BH6HHH 

Eate-GonnHTepa nocna~eua o6mHpHaH aHTeparypa (cw.,aanpHuep,o6-

aop [20]), B TO Bp6YH K8K )l.HH KB83HflOT6H~H8H~HOrO ypBBH6HHft, 

KOTOp08 C ~H3Hq8CKO~ TO~H 3p6HHH 3H8qHTeHbHO 6onee npHB118K8-

T8nbHO, 8pC8H8H Y8TO)l.OB peweHHH, ~OCTBTOqHO 3~6KT~BH~X H npo

CTHX B HC00Rb30B8HHH, 3i:J8lutT6111HO 6onee orpBHHti6H. TBK06 fl0110-

~6HH8 Be~e~ BPHA nH WOXHO cqHTBTD Y.ll.OBll6TBOpHT6H1H~W, ll03TOWy 

B H8CTOH~6~ p8d0T6 npeAfipHHRT8 DOflHTK8 qacTHqHQ BOCll01lHHTL 3TOT 

npo6en. 

0CHOBHOt\ H8ill6rO OO~XOA8 (I, 2, 4, 6] f!B1lfi6TCR CB6Jl6HH6 HH

TerpBHLHHX ypaBH8HHA K ~~~6p6HUH81lbHHY Kp86BHW 38Aaqay B HY

nynbCHOW flpOCTp8HCTB6 C OOC116Jl.Y~~HY p6W6HH6W 3THX 38A8q 8H811H

THq6CKHMH1 acHunrorHqecKHNH (weroaou BKE [4], uaTDAOW sTanoHHoro 

ypaBHeHHR) H qHcneHHHUH (KOHT~HyanLHH~ aaanor w.eTOAB HbDTOHa 

[4)) ueroABWH. B ABHHO~ pa6ore paccw.orpeHa KOHKpeTHBR peanHaa

UHR ~TOrO llOAXOA8 HB flpHUepe HHTerpanLHOrO KB83HDOT6HUH81lbHOrO 

yp8BI16HiotH, OllHCHB8Kl~ero CBH38HHb16 COCTORHHft ABYX CKBHHpHhlX qac

THU OAHHBKOBOK Y8CCY B Cnyqae OOT6H~H81lOB, HW6~~HX B KOOPAHHB!

HOW npeACTauneHHH BHA V{7.} = 'if 7_ -zn+1.. 

24 

WCXOAHOe HHTerpB1lLH06 yp8BH6HH6 AHH ll8PUH811LHbiX 9UflRHTY~ 

CBOAOHO K AKiJ!<jlepeHUKBR>HOKY ypSBHOHKO TIOPHAKB 2n C n rpa

JUfqHIDI.H ycnOBHAJ.tH npH X~ 0 H n rpBHHqHUU.H ycnOBHAMH 

npH X~ ex> • OrpBHHtnmaacL AnA npocToru nHwb $ -aonHoH, 

WU flO,Ap06HO P8CCU0Tp611H 3B~aqy 0 CBR38HHf:JX COCTORHHHX .IJ.11H KBB-

v -1 
3HnoTeHu•ana ('l)=:.-{}7. ((1.9), (1.10)). AnnpoKcKKK-

pya roqHbl~ fl0T8H~H8Jl llpH6Jllflt6HHbiUH BNp8iit8HHHldH B 06n8CTRX [0,1] 

H [I ,co) H CWHBBH nonyqeHHble pewaHHH :s TO 'IKe X= i , Khl no

nyqun:u cneKTpanoHoe ycno:sHe (2.9), cnpaBe.llnHBoe ,JJ.nH cnacio c:aa

aaHuhlx cocroaauR. { E << 1} . B KaqecT:se ueTOAB, a.n;eKBBTHOro 

JtHtMlepeJU.(HBJI:DHblltl Kp86BUJ.t aa,n;aqaw. AOCT8TOllHO OtiW11:pHOrO KHBCCB, 

Up6,I(11BraeTCft HCfl01I130B8TL M6TOA 3TBHOHHOro yp8BH6HHR (MSY). ~3-

liOli:HB OCHOBHble H.lleH MSY 1 lW npHY8HHJIH era AnA nonyqeiHtH penHTH

BHCTCKoro CTI8KTpSn>HOrO ycnOBHH (4.19) HpaeBOR 38A8qK (4.1)

-(4.3). Ana Toro, qTo6" np•6n••""""" co6CTBeHH"e WYHKu•• ••en• 

npas•n>Hoe nosaAeHKe B oKpecTHOCTH oco6oR TO""" X= 0 ( E ::0 ), 

OK838110CL H606XOAHYhlU HCll01IL30B8TL ananor a8Y6Ubl :£paKepca: 

J\-7Vi\z-t' 
nyqeaH"a MSY npH 

ITpH yqere aToro cneKTpanLHble peayn&Taru, no

£_,.. 0, C '.<OJJOme« 'rOl!HOCTh~ COBD8A8!:0T C B6pe-

11RTHBHCTCKHWH Cfl8KTp81ll!HbiWH p63Y1l:DTBT8UH 1 nonyqeHHbiYH Y6TO,ll0W 

CWHBBHHH. OueuKM nonpanoqaoro qneua npH X~ 0, 00 

llOK83biBB!:OT 1 qrO np~61IH~6H~6 napBoro llOPHAK8 (4.6) HB11R6TCH 

B8C:DYB TOllHUU. TBKHW 06p830Y,M3Y, 6y,llyqu 3~8KTHBHbiY H YA06Hb1M 

B DpHU6H6HHH K KOHKp6THbiW 38,ztaqay, odecneqHB8eT A0CT81'01IHYD 

roquocro ~axe B roU o6nacTK, rae ~opwanoH~e ycnoBHH ero npHue

HMWOCTR HSpymeH~. fipB~CTBB~ReTCH ~enecoo6p83H~M npHM6HHT1 M8Y 

A•• paCCMOTpeHHR 38)(8"" (!.9)' (I.IU) npH e =1- 0 • )(Ill! 

APYrHx AH~epeH~HanLHHx KpaeBux aa.ztaq noA06Horo THna, nanpawep, 

Ana uccneADBSHHH no»a.zteHHH rpaeKropH« Pe.ztxe. TaKOB~ ocHOBH~e 

M8TO.ztHqeCKHe peaynLTaTY HaCTOR~eR padoru. 
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OCTBKOBiHLCfi KPElTKC Ha !flv.a~~EClun·; pea;rnn•N:'l'ex ~ XapaRTepuot~ 

tlf rrC't: .llY.Ct{pO~HCI'O cneR'! pr PECCii:O'tpC!lHOrC KDll3YlflOTeHJ..{H81IlHOI'O 

ypanHemm nDllflft~CA HDJIM\~Mc T04KY. cryutCHfir. ::meprcTKlleCKM¥ ypOI:

HCH np¥- f -r 0 , nomwcTLID aHanorY1'1H06 cryilleHJ.t!O ypOBHeii. aHep

rert<l.lCCP.OI'O cnflK'lP8 yra~:Hemm lllpc.n;~IHI'epe c noTemvtanoll 
\ ' . "-1 [ , Vi"(:)-::::.-9 L 12.j. O.n;HOKc, I O'!'nnttHe O'l' nocn.e.u,Hero~ E pac-

cwo'J:9eJmcit Hilh.:R Y.E-S3V,nO'I'CI·:l'Y,.E:!Jli>HOt'< 3D]t0tl~ HC II03H"K86T Op06JW

Ilbl 11 11D,LI,C1H1it !W U,eK!'p11 
1 Wl'C OOpe.£1,6Jlfl€'l' CY~6CTIICHHOE: npeHMYut(IC'l'

BC noeJWAODD'l\JJIHICI'0 pf.nRTY.Ei'iC'l·CKOI'C paccJ£oTpCHJtr. aa,naqu o 

CFfl2CHUHX COC'l'Of.a:anr E pE.ilKH KE63H!lOTCliU.HBIIE.HOI'O OO.li.XO.ll8 • 

p 30~.JiiOtteiU:IC. 8ETOPI:' Cttl1'!ll!O'l CBOlHi. flplol.RTUUk )l01II'O!:i noOna

I'CASpr•.ri A.I!.Tanxem~JJ.3t 3D nnO.ll.OTEOpUbl<: 06Cylll:~t.JHHI, OOMepzHy 

~.- WI/Tcpor K pa6oT€. O.n)m uz BB'l'OPOL Ul.ll.M~) npuaHarenen 

C .10, CJIEll.HIHODY a a o6cy;r..n.~HYic H6t<oTOpb1X nonpocot amnmTOTlJ\!eCI<W}.: 

).J,f'-TO.O,Oll, D TBI<X!C P.E.lJ.r.urn:; 'i !ll.Onnepy 3D OllO.ItOTBOpHylO nepe·· 
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