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BBFJlEID1E 

KBaHTOBaH Mexamma yTBe.PJr,D;BeT, ,TO ,n:lICIq>eTH~ CneKTp O,IUiOMep
HRX CHCTeM Q6HSBH 6UT}, HeBupo~eH 11 . TaM He MeHee.eCT}, EC~eHRH 
lIS sroro npaaaaa, Mu RMeeM B BH.JJY noeemraans: (8) cm.weTpwnme 
OTHOCETeJIDHO mmepClm X.....:,. - X ; (6) mmryJIHplWe B TOtIKe X -- 0 

npHtIeM npzpona sToil cmrryJIHpHO-CTH TaKOBa, lITO paBH8 HYJID BepOHT
HOCT}, rrpocalJRBaHHH tI8C~ ES ~eBO~ 06naCTR B npaBYD H H8060pOT. 
)1.1IH nOTeHIU18JIOB, y;ltOMeTBOp.m<IItHX 3Tl1M ,n:OBOJIDHO 06I1tl:fM YCJlOBIDIM" aaep
reTHtIec~ ,ItHCKPeTHHll cneXTp .n:B,YgpBTHO BHpo~eH. qac~a c ,ItaHHoD 
3HeprHeil. MOJKeT HaXO,1lHT},CH ~60 B npaBoil., ~60 B JIeBoil. 06JIaCTE, T.e. 
eCT}, ~a BapRaHTa,H HM COOTBeTCTByroT,ItBS paSHHe BO~OBHe ~RUBR. 

YK8S8lU18H {}H'l'YBllIDI Mo.n:eJllipyeTCH CJle~ hpHMepori' 2/. PacCMoTpwlI 
oJUIoMepHYD cHcTeMY' C nOTeHlUia~OM BS8HMo.n:ei!cTBlliI ZI.::: K X 2 +..Q.. £"(x) , 
T.e. raPMo~ecKHA O~TOp C .n:e~To06pas~o~ .n:06aBKoil.. CneKTpo
CXODRR 3TOB CHCTeMH TaROB8, tITO ecT}, ypOBHK C tICTHHMn H C HelJeTHH
MH BOJIHOBmm !WHIUO/IHMH, H 3TH ypOBHR tIepe.nyB)TCH Mew c060.11. He'tleT
HH:e ypOBHR He saBHCHT OT napaMeTpa.i2.. , qeTHHe S8BRCHT. C POCTOM 
.si... KaJl\lU:lH tIeTHld. ypOBeHl:. npR6JImKaeTCJI It HaXO,1UIDteMYCR H8,I( HRM He
qeTHOMY ypOBHD,:H npH.n. =00 CJIRBaeTCH C 1mM, nopoznaa .IJ;ByKpaTHO 
BHPo~eHH~ 3HepreTH'tlec~ ypOBeH},. 

Mo~o BMeCTO ,ItBYX BaHT}, IV To~eCTBeRHHX HM, o~e~eHHHX 

HenpOmmaeMIDm oapsepaaa, R nOJlY1iliTb N -zparaoe BlipOJlUte1me B O,ltHO
Mep:ce. BOSHRK8eT sonpoc: HBJISieTCH JIH Mo.n:en CHHrYJIHPHO-CHMMeTpWI
Horo nOTeHUHa~a e,ItHHCTBeHHHM MexaHHsMoM, o6~c~ BlipO~eH:He B 
o,n:HOMap.be? 

K 3TOMy BOnpOCY EMeeT Henocpe.nCTBeHHoe OTHomeHHe RB8HT0B8H 
Cl!9Tr: C nOTemum~OM 11 (x) =- e2 (x I-~ T. e. OJUIOMepHWt aTOM BO.IJ;OPO
.n:a'.3. SneCb pa60TaeT MO,n:arrD CHHrYJIHPHoro CHMMeTpHtIHOrO nOTeHUHaJm, 
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TaR KaK RHTerp8JI 0'1' <PYH.EtqIDr lx l-i B npenenax (- E , E) P'2j0;n:lITc.R:~1I 

nOTO~ o6JIaCTlI X < 0 Ii X >0 liSOJIHpOB8HH ;n:pyr 0'1' ;n:pyra • ~e7Te 

o 9THM pacoraee H ,n:pyroii" MeX8ID1SM - cxparas CIDAMeTpRH 0(2) /5,6 , 
ns KOToporo T8RXe CH~eT ~KT ;n:BYRPSTRoro BHpo~eHRH. MT8K, Ha~o 

nse Mo,n:eJm, 06'bSiCItfmI{He O;n:HO H TO :me HBJIaID!8. QqeBE;lUIo, 3TH Mo;n:eJIJII 

;n:pyr ;n:pyry He npOTRBOpe~ST. Uenb HaCTOHme~ CTaTDH - 06paTHTD BHHMa

aae za TO, 'tiT0.1 B OTJIlftlHe 0'1' MO,uSJIliI cmrrYJIHPHO-CHMMeTplNHOrO nOTeH

IJ;RSJIB, 0(2) ciIMMeTluU! OTBe~aeT He TOnKO S8 .n;ByKpaTHoe BHP0JB;1leHlIe, 

HO n aa BCIO ,IOlliaMHI\Y O;n:HOMepHOro STOMa aonopona: SIBHl:tl1 Blm cnexrpa, 

JiBHW1 BHit BOJIHOBHX <PYHro.m:n, ,uodsno"t!lill1l IIHTerpSJI ;r(BmKemm. 

CTSThH HSMH nOCTpoeHa CAe~ 06p8aOM. CHS~SJIS MH 060CHO

BHBaeM TOT ~KT, ~TO B O;n:HOMepDe KY~OHOBC~ nOTeHUHaJI ;n:eMCTBHTeJID

HO CEHrY~H B YKaSSllHOM pSRee CMHCJIe. 3'1'0 ,uOCTHrSeTCR ;n:oxasaTeJIbCT

BOM roro, ~TO aanaxa 06 o,IUIOMepHOM STOMe BO;n:OPO,It8 T01g];eCTBeHHS sana

xe 0 ,ItBIDKeIDm -qSCTRnH B nOJIe U:= (o(x+ '!-)~ npe,n:cTsBJ.I.lIDIteM C060R .IJ;Be 

To~eCTBe1IHl:le SlMH, p83,I(e~eHRHe Henpomru;seMHM capsepoa, CJre~ 

Ham msr - nOllHTKa BHRCHHTD B~ ;n:06aBo~oro HHTerpSJI8 ,n:B~e~, 0'1'

BeTOTBeHHoro a8 ;n:BYKpaTHoe BHp~eHRe. 8Ta aa.us~a pemeHa HaMH 

CHS~BJIS C nOMOmDlO nepexo;n:a K O;n:HOMep:bJO B BHpaEeHIDI BeltTOpa PyHre

JIsmtS, aSTeM C nouOmDID BeC:oMS HCI<:yOCTBeHHoro TpIDIta, HaIIOmma1OOlsro 

MeTO,n: paa,n:eJIeHEH IIepeMeHHHX. 

C TO'tllGI apeHIDi CllliI'YJUiPHO-om.weTpJ1'qHOa Mo.n;eJIIi! ,l(JI.R: .ItBYKPSTHoro 

BHpOJJr;IteHlUI He BSJKeH KOHKPSTH:bI1! TID! CmiryJIHPHOCTH, ;n:OCT8TO"tiHO, ."tlTo6H 

6aPhSP Me~ Onn8CTHMn 6ux HenpoHHUseM. l109TOMY ;n:06aBO~ EHTerpaJI 

;a;BmKeBmI ;n:OJIlleH cyxqeCTBOBaTD II ,ILID! nOJIe:D, OTJlWl8lllIllIXCH 0'1' ~CTO 

RYJIOHOBCKoro nOJIH, HO CHHrY~HHX. B CBHSH C aTHM BOSHHRaeT BOnpOC 

M03HO JIHRaKlIM-JIM60 cnoc060M IIonyqHTD HBHHfi Bnn aTOa coxpsHRrome~c.R: 

BeJIHtmmi. HSMl?I ,n:OKaS8HO, ~TO .ItJIH nOTe~8JIOB 'U = - lx \ --1+ G(IX\), rne 

Gt(/Xl) ~ eqtcAt npa x ~ 0 11 He EMeeT coooeanocrea, nepeaeaaae paa

~~TCH B "O;n:HOMepHHX napSdOJIHqeCRRX KOOp.n:HHaTaX~ 11 RHTerpa~ ;nnnxe

HRH COBn~aeT C HHTerpanOM ,ItBHZeHHH ~ ~CTO KY~OHOBCKoro nOJIH. 

8TOT pesY~DT8T rOBopliT B nOJIDsy Mo~e~ CEHry~HO-CRMMeTp~orono

Temuuura, XOTH anecs YMe-CTHO 06paTlITD BJmMaffiIe aa MOMeHT, 0 KOTOpOM 

Ml:l rOBOpBJm BHnIe. HH!IJopMaUBfl, ltOTOpyil MH 1IBBJI8KaeM HS SHBIIWI aroro 

lIHTerpaJIS ;a;BHEelmfI, BeCDMa Cxy;zJ;Ha, TSK RBlt nee, ~TO Wi MOlteM npa 

STOM <mU8TD - 3TO oosacaars .nBYKPaTHoe BHpo~eIDIe. HmtaIGIX HaMeKOB 

HeT Ita TaKHe BOnpOCl:l, RaK SlBHIf1l mm: BHepreTlflIeCKOrO cneKTPS R COOT

BeTCTB~e BO~OBHe ~YHRUKH. 8TH BOnpOCH HSXO,ItHT ~OSHa~e OTBe

TH B no~~e, OCHOBaBHOM HS CKpHTOA 0(2) CBMMeTPKH, R8JIOXBKHID KOTO

pol nOCB~e,s OCTa~8H ~CTD CTSTDR. QT06R He nOBTOpRTb yxe liaBeT
5HHX BemeA' , MH JmJte paSBHBaeM .nonxon; OCHOBSHlIHii H8 HeCKOJIDKO 

.upyroil PfJI.e/?/. HaMH nOJ!Y'tleHO .n;HcMepeHlijiaJIDHoe ypasaeaae aroporo 

nopansa, onacsaannee noseneaae O,IJ;HOMepHOro- STOMa aonopona B m.my~DC-

• HOM npOCTpaHCTBe. H sa ero OCHOBe paasara cxeaa O( 2) cEMMeTpHH, 

npencsasssamaa KaK <PaKT .n;BYKPBTHoro Bl:lp0JQI;emm, TaK 11 HB1fl:tl1 BE;l( 

SHepremqeCKOrO cnesrpa ~ BOJIHOBIDC rpyHI«Urli K .n;o6aBOtIHOrO zarerpaaa 

,ItBDeHIDI• 

I. !\y~OH-ocmpr.n.s:TopHaH aHaJIOrIDI B o,!UIoMepD8 

Bwne MH ome1JsJm, 'tJTO nOTEtJmRaJI "U =- e 2. rx l"~,IJ;eJmT OCh X sa
 

nne XaOJIHpOBaHHHe ;a;pyr OT ~Y.I'8 nOJIYoc1I X'> 0 M X <. O. CaM no
 

ce6e STOT qiaKT He 01JeBiJ;lI;eW 4.7. 3,necD Ml:I npRB~:HM ero npocroe nosa


saTeJIDCTBO, lICnOJIDsyH npe06paaOBsmre
 

~ 
X = 1~nU. U. 

3TO npeocpeaOBaHH6 R4 ~ R-i ilBJIJieTCH TpHBHaJlllHHM Ii B TO lite BpeMH
 

BHpo~eHHW (BaBHMHO-o,ItHOSHa-emHM) B cepaa ltBEUipaTlI'tJHHX He6HeKTHB


R2, R3BHX npeoopaaoaaaaa, nepeaonanax ~J10HOBC.lWe sanasa B H 

R. 5 B OcmtnJIJITopBHe sa;lta~ B ~ 2' , R.l.c :H Rs COOTBeTcTBeHBd'9,Ir 

BMecTe C nO~CTSHOBKO~ 

1f (x) = JTUT 'P(u) 

aTO npe06pSSOBaH1I8 nepeBO,ItHT ypaBHeHHe llipe.n;HHI'epa ( e =' t =- t"::: -i ) 

~2~ ( A II,
o!){z of:t E+fXj)' =0 

,ItnJl CUtHOMepHoro aTOMa BO,ItOpO;a;a B ypaBHeHlIe Illpe.mmrepa 

~Z<p 
- -t:l (E. - VCU))'P = 0duz. 

JtJIH CBHrYJIJIPHOrO OcxntJJJIJ1TOpa. aneCD 

c = 11 + JGIEi 
V(b/)= (/liEi. u + jf ~ ):1. 

C~saRHoe RJI.1WCTPBPyeT Rar~'IJUOIo pRC. I. TaKmi 06paSOM.1 HS 

HSliKe KOOImHHBTH 'U MH miaSM nse TO~eC'1'Bemme no ~INe SIMH, 0'1' 

.zt.eJIemme HenpoBmta611W4 6ap:DepOM. TaM ca~ ~(jKa3E!Ha nplNaC'1'HOCTD 

QJOIOMepHOro 8'l'CUa sonopona K Mo,neJIE CRHrYJrRpHO-CMfMMeTPJ:ItlJIoro nOTeH

2 3 



V(u) 

u(x) \JV
:::> 

\( 
x

u 

PRC. I 

UHaJIa. II<?CJIe arcro lJjaRT .IUJyxpsTHoro BHpoz;zxemm 3HepreTlNeCKOrO
 

cneKTPB O,IUlOMepHOro aTOMa aonopona He Bli3HBaeT COMHeHllUl.
 

2. AHa~or BeRTopa PyHre~e~ 

H3 reopaa aTOMa aonopona R3E1eCTHO, 'qTO B RYJIOHOBCROM nOJIe HB

pR;Ily C MOMeHTOM HMIIYJThca coxpaHHeTCfl onepsTop PyHre-JIemJ;a!8/ 

;.. ~ A 1\ ",. 

-" ~.A { .... ..>t 1 [~~] t (2.1)A == - Z -t 2" [f'x L - Lx t' J. 
~ 

ECTb Jm HHTerpaJI nonocaoro rana B Q,lUiOMepbe? B O,lJ,HOMepbe L = 0 R 
~ BMeCTO ~ B (2.D CJIe.nyeT no.nCTaBRTb BeKTOp (X,O, 0). Tor;n;a OT-

JIKqHoA OT HY~ OCTaHeTCH AHmb X -KOMnOHeHTa, KOTOPYID MH 0603Ha~ 

6YRBoi! A . HTaR, am HanBHHe paocYE,neHlUI IIPHBO,IJ;jiT It Bemr<mH6 

... x (2.2)A =- IXI =- ~3l1 X. 
IIepe.n TeM, KaK npOBopHTb, ROt.wyTRpyeT Jm A R3 (2.2) C raMK1IllTOHRa

HOM 
A 012. 1"-II A __ 

(2.3)J1 = - 2 ~x 2. [x I ' 

OTMeTHM O,lJ,HO BaEROe 06CTOHTanbCTBO. TO'qRB X= 0 He BXO,nRT B 06

JIaCTb onpenexeaaa orreparopa (2.3). 3TO TaR aaassaeaoe peryJIjij>RSo

BaHHOe KYJIOHOaCKoe none. ORO MoxeT 6HTh IIo~eHO lIS nOTeHnRaAa 

~ 
-U (X)d-) = - ~ 

npa 01. ~ 0 • a.eHHO B TaKOM peryJIJij)1l30BaHHOM RYJIOHOBCKOM II0JI6 MIl 

EMeeM ,nayxp8THoe B1ip~eBHe, 0 KOTOpOM rOBopWXOCb mnue. liTaR, MH 

HlIQit6 aeane CtmT8eM, -qTO X ~ O. C yqeToM aroro SaMe'lJalmSl EM8eM 

4 

-A 1\ 

[~} A1= ~'CX) =-q, (2.4) 

'1'.e. onepaTOp {2.2) ,ne:UCTBUTeJIbHO JlBJI.fieTCS! IDIT,srp8JIOM ,1UlmteHIDl. 

3aUililleM ~a.na~ Ha co6CTBeHHHe ~Ra'lJeHEH H 'co6CTBeHBHe ~~ orre

paTopa (2.2) 1\ 

Ai=Aq-. (2.5) 

..2.. 
Bo-nepsax, lIS (2.15) HeRO.. 'qro A = .tr... '1'.1\. A = 1. l{aJIee, 

co6cTBeHH~ 3HB'qeHHD 14 = +1 cooTBeTcTByeT, co6cTBeHHaH ~~ 

~R = &(X)~\Je.>~ r a C06CTBeHHOMY asaseaan A = -I - oo6CTBeHHBJI 

qJyH.KD;IDi 1l' \.::' 6 (-x)~(X') , r~e 

5" 0 x'o 
(Y (x) ::: t 1. " X ~ 0 • 

-lf3 HenpepHBHOCTH BOJIHO.B!l1X <WHItIUrli B TOllKe X:=; D CJIelIYeT.., 'qTO 

~ (+0) = 0 ~ ~(- 0) = o , ~mnm: 'Y R If"\f L. ,nOJD!HH {5HTl) 

C06CTBeHHHMJ4 <WH~ rBMWIbTOHBBHB (2.3) npa X -+ 0, R nOsToMY' 

~(x) = ~(- x) • Ha !jJmmTHOCTH ,ItBPeHIDl CJCeJI.YeT, tIi'O~(oo):~f~)=O. 
baSRCy (~ R ~ ~ L. ') cooTBeTcTByeT noJIllWl Ha60p oneparopoa (t;UJ A) • 

l{a'lJeCTBe1lH1ii! rpaWRK cliYHliIOO! 't-R R 1} L R306palteH sa pUG. ,2 ('lJlICJIO 

yaJIOB, KOHetrHO, aaBJICMT 01' aoaepa ypo.81m). 

¥R 't'l 

PlIC. 2 

ECTll II .ztpyroit, aJIbTepHamnmdt Ha60p (";I(, ~) , rne CS - oneparop 

qeTHOCTH. 3TOMY Ha60py cooTBeTcTByeT 6a3Rc ( '-t(+» 1}(-) ) : 

-i(+):::: .i (~ +1f- '\ "'((-)= ~(1f - 't '\ (2.6)\ff R L.) I 't" E R c: 
" " A 1\ I\, 

oneparopa A Ii r aHTBKOMMYTEPYlOT, 8 ROMMYTaTOp r~} A] =-2 A 
He npRBO~HT K HOBOMY RHTerpa~ ~BHEBHHH., 
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3. CIIeg,y.1IJllUIH C pa3;geJIeHIiIeM nepeMeHHl:lX 

MOXHO Jm nOJIYtrn:TII BB.It oneparopa (2.2), He 06pamaswlI .K TPeXMepYl? 

3m4eTEM, 'qTO B ltBSHTOBOn Mexamme ypSBHeIDIG Illpe.n;HHI'eps ,1t1IH aTOMa BO

~opo~s llo~aeTCH pS3~eJIeHHID nepeMeBHUX B napa60JIKqeCREX .KOO~aTax. 

IIOJI1l3YHCli 8TEM 06CTOHTeJIIICTBOM, MOxmO BHBeCTR HBHHil .Bltl( B'- -npoemum 

oneparopa If III. TaKHM Jle oopaaoa MOJtHO nOJIytmTli'A)( 11 A::J ' 8CJm 
"OpneHTlIpOBSTli" napaoonaseczae .K00p.l4mi8TH B,IJ;0JIb ooea X IiI ~ COOT

BeTCTBeHHO. 

B aTOM naparpsq>e MH 1Ip1IBO.ItIW CIIeI\YJISlTliBHHe C006paJiteHIDI ~ saae
wnmtHe MeTO,n; paaneaeaaa nepeMeliHWC· B CJlY1iae O,II;HOMep:DSI. Ha~eM c TO~O, 
'qTO ~ a~aHEH nOJIOEeBER -qacTHqa ,B O~OMeplie ,n;OCTSTO-qaO aanaTb MO

lIYJ1b ROOpD;HH8m X Ii ee aaas. TaRoil cnocoo 8aSJIOMN8H sa,n;8mm no

JIOJIteIDISI TO'liKR B ~BYMep:ba 0 nOMOJIU.,Kl llOJIHPHblX KOOp.IJ;lm8T. KoOp.mmBTH 

IX I IiI ~n X He3aBHCi1MH. CymecTByeT JllII B T8ROM JIte c.nyqae O,IijlOMepHHi1 

aHaJIOr n8pa6o~ecKHX ROOp.IJ;BH8T? B ~Yt~eplie llapa60~ecKHe KOopnR

HaTH, "opaeirrapoaanaae" B,It0JTh oca X ,HMeIDT BR,ll; 

}-t = f (Jx Z+d 't + x) v = ~ (;:;~.f s'> X). 

B npeneze f(j -=) 0 orcnna DeeM 

v:: &{-X)/X/. (3.1)fl :: so: IxI 

H3 (3. I) cne,uyBT, -qTO 

f1 + V = \)( J ) t..t - V = X. (3.2) 

B OTJIl{qRe OT KOOp,ItHHST [x I H 68" X, KOOMJiIHBm (3.1) H9JIb3S1 C'lHT8Tli 

He38BHCl!Mb1WI. ECJDiI f.<:/: 0 , TO V:;:. 0, H Ha060poT, eOIDI Y:f:= 0 , TO fA= 
= 0 (<:24. pRC. 3). )Lwree, npoaaseneaae fl V == 0 • 

p v 
~ 

x	 x 

PHc. 3 

6 

llplI X -:F 0	 cnpaaenaaso TOJK,lJ.eCTBO
 

of2~ g"t~ ';}2t
 

eXx z = (l(x) d rz -t 6(-x) oV 2. '3.3) 

Ha (3.2)':. CJIe.nyeT, qTO 

jJ. v
 
e(x} = p+v } 6> r-» = fA+v
 

Ii nOaTOMY' lPOPAYJIY (3.3) MO'KHO 'npe.n;CTSBIiTb B Te,IMm8x ROOp,n::mr8T p-
B V 

ot2~ _ ~ ~~~ V ~2~------+-ob( z. -	 J-<+v 'aJA%' r+ v 'dV2. (3.4) 

Ha (3.4) CJI6l/YeT, 'tlTO ypaBHeHHe Illpe,ItmIrepa'EMeeT BIn( 

_ .1. L -a'ltY _ 1.. ~ aZ'l' _ --i.- '\ L == E 'Y (3.5) 
:L tJ-+V d~'Z. 2 fA+v dY2. JA+v 'f . 

llpe.r.lOTaBMM lPYH.K:r.Um"i' B Blme npOR3Be,Itemm tf'" (~r\f2- tv) 11 6y;neM 

,IteACTBOnaTb B lIYxe MeTO,ns pas.n;e.n:emm nepeaeaaax, Tor~8 'BMeCTO (3.5) 
nOJlY1IaIDTCR: ,ItBS 06HltHOBemmx ~peHUiIaJIbHHXypaBHemm 

of, ., 

p"f., + 2Ep."\f-t+ 1{t-1 = - "tY-1, 

V~: + c:2Ev l}2 + tz-::" '" lf2,." 
B ROTOpHX napaMeTp A - aTO KOHCTaHT8 pa3~e~eHRH. HcxnroqaR ns 

STHX. ypaBHeHHid aaepran E , np:HXO~EM It ypaBHeHmO 

" Act= X-lf
l 

" rae oneparop A IIMeST mm 
JAI/ (;)7.. _ 'd2.)+ ~" A-=	 (3.6)f<.J- V \;}f% ~y Z f1+v 

Tenepb, BCIIOMHltB, 'qTO 

~ = [x \ 6'(x) (»(-x) == 0f-i+\1 
n 

( fJ- v) (~y)-~ = ~~t1 X 1 

npHXo,ltEM It q>01JqJIG (2.2). 
HT8K, ecmt He o6pama'l':& BmIMamfJI He aeltOppSKTBOCTL MaTBMaTKtIe

czax onepamrR, pa3~SJIJIIW.tIU ~pqJIl1 (3.5) li (3.6), TO MOJmO C'tfflTaT:&, 
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~TO B OnHOMep»e eCT» MeTOn, SaMe~ MeTOn paS~e~eHHH nepeMeHHHX
 

B napa60naqeCKRX KOOpnKH8TaX II npRBO~~ R TOMY xe peSYA»T8T,Y (2.2),
 
~TO R HaHBH8R TO~ speHRR, npHHRT8H B n8pa~ps~ 2.
 

4. P8S.11eJIeIDIe nepeM8HHWC 1! CIIHr¥JY!PHO-Cl:IMMeTJ)J1[qHaH MOllem.*Hs (-2.4) cnenyer, -qTO oneparop (2.2) ROMMYTHPyeT C IIpII 

JIID60M nOTeHUHBJIe 1.A ex) , a He TOJI»KO B CJIY'Iae RYJIOHOBCKoro nOJUI. 

!\aK aTO nORR:T»? Bo-nepasx, r-«. A] == 0 He npa JII06OM, a TOJI»KO npa 
CHHryJIHpHOM B Hs-qaJIe KoopnEHaT nOTeHURaJIe, T.R. B rrpOTRBHOM ~ae 

06JIaCTR X:;> 0 II X-'=.O CBSlsaHH, H TO'tIRY X = 0 HeJTh3R He yql{

Tl:lBaT». IIPII aTOM "pacoraer" cmrrYMPH8R ~ fi' (x), 11 KOwyT8

rum napymaerca, BO-BTOpax, ['i<. I AJ::: 0 MJl JIl>6oro CHHI'YJUIPHorO no

TeHInISJIa, TaK RaK npa aTOM TO'tIKa X = 0 HCl\.1IXRaeTCfI HS paccaorpezaa, 
liTaK, oneparop (2.2) JrnJISIeTCR mITerpaJIOM ~B:IDKemm .n;.ID1 JID6oro Cl!IHrY

aapaorc noremraana, KaK aTO 06MCIDlT» C TOtIIGl speaaa H3JIOJIteHHOrO 

B npe~ymeM naparpa~ MeTo~a? 

PaCCMOTpHM nOTeHUHaJI 

1.1 ex) = - \~\ + G(\xt). 

anec» G(I x I) - H8CIDlrYJlHpHM IIpR X = 0 <PYIOOnIH, 

wmC ': x 2 • Ha HSWte BBe.n;eHHWC Bl>tIIIe KOOpn;mI8T t<
ypaBHe1fl1[R IIlpemmrepa HMeeM 

11 'd1.o/ V ,;)Ztr If, ( 
- L - - -- -If-(fJ+V)G(u+Y)y::: 

~ ~p2 ~ ~V' r r-

Hs paBeHCTB8 p.v =0 CJIe.n,yeT, -qTO 

(4.1) 

sanpasep, C = \~ \ 
II V ,lUIJi 

(Lf't+v)E. (4.2) 
. 

(f-<+V) C (p.+v):. ~ G (~) + Y C (vL (4.3) 

3TO cB01tCTBO. JIerKO .n;0K8S8T», pa3JIBrBH qiyHxmm G (p.+v) B pan 11 

rnITI:lBaR, -qTO 

( ~+ v) n = t.t" + V ¥l . 

M3 (4.3) CHe~eT, ~TO nepeMeHHHe
 

, ~TO npa aTOM BMeCTO <I>OpdYJIH (306)
 

JAI! (c>t. 'd"Z.)
= - - - - -2J! 1'+)1 17/2. ';7V 

B (4.2) pas~~TCH. nerKo rrOKaSBT», 

Mli rrpHXO,nHM K pe3yJI»TaTY 

fl- v 1ft'; +-#,,1 /.+ --- 1- a(#)+ .:.t--(Jtl/)
j1-tv jL+1/ f· )'+v . 

TaK RaK JA Y = 0, TO MH npHXO,nJiIM OIDIT:o K IDiTerpaJlY ,nBlDKeHWl (2.2). 
UTBR, MeTO,n paanexeaaa nepeaeassx He npOT1IBope~UT TOMY, 11TO oneparop 
(2.2) RBJIffeTCR IDiTerp8JIOM ,I4Bl:DKeHIDI .I(.1IH JII06oro C11HrYJIJIpHoro nOTeHIJ;Ha-

JIB. 

5. MeTo! XwIJIepaaca 

I) 
PaCCMOTpRM Tenep:o no,npo6Hee BOrrpOC 0 CKPUTOM cRMMeTpHH o~oMep

aoro aTOMa sonopona. B rpexaepse CIq>HTaR CllMMeTpRH ~To,a nonopona 
BWlB..1IHeTCH npa nepexone K :HMIIYJI»CHOMy npe~CTaB1leInll:i' II • IIp11 aTOM 

npl1Xo,nIiTCH~eT:O ,neJIO C lliiTerpaJI»HHM ypaBHelllieM, T. R. MO.nyJIIO panayc-

BeRTOpa ~ COOTBeTcTByeT B EMTIY~CHOM npe~CTaBJIeHHIi He ,n~epeH-

Ul:1aJIbHHH, a lIHTerpi~ onepaTop. To xe caMoe cnpBBe~o B OTHowe-

IDm Be.1llNIDil:l r)<., 5. 11 ace ae , HeT Jill BOSMOJltHOCTH OIlliCHBaT:O aTOM 

aonopona B 11MIIY~CHOM rrpencrasaeaaa He lliiTerpaJI:olillM, a ,nl:IlW?epeHlUiaJI»

HUM J~aBHeHHeM? llOHHTHO, 11TO ~ aToro HYEHO npOBeCTH p~ MaHEllYJIH

~ B HCXO~HOM ypaBHeHHn illpe~RHrepa B Ha~e~e nO~liT:O li3 Hero ypaB

aeuae , B zoropoe BXO,nw:w. 6l:l TOJI»KO ~eID1! ,~.t ,fit H T.,no, 

Toe. ~eHH, K KOTOpW IIpl1MeHIDJI liSJ38CTHWl aHS8U 

~ ~ ~ ~ ~ 

-+ -'P ·.LV ~P =-iiV-+f} ~=lh r " , (5.1) 

nep~BO~~ ~l!IsnRY liS KOOp,D;RHaTHOrO npe,nCTaaneHRa B HMnYJI:oCHoe. 

lIyJnn.rlt TplOK B rpezxepse 6wr IJR~aH ~O roro, K8K 6WIa OTIq)HT8 CKPl:l

TaR Cl1MMeTp11H aTOMa BO,nOPO,nBF l • B rrpl!IMeHemm K O.1UIOM8P:bKl STOT TPIOR 

,CBO,nHTCR K CJIe~eMY. 

YMH<>JK.l1M YPBBH,eHHe Illpe,nllliI'epa 

( p2 J.)-- - tV= Etf2 IXI 

sa 21'x I 11 npaaenex ero K BE;Dy 

(5.2.)[x l C~z.:. 2E)lf = 2*. 
IIone~cTByeM Ha ypaBHeHHe (5.2) CJIeBB onepaTopoM

I, 

Q= (p2- 2 E) [x ] (p2_ 2E) 
(

}
. 

H rrepeazteM OT ~ (x) K ROBoa c'pYHIaUfil 

JI.. (x') '= (p?:- 2 E)~()(). 

Tor~a BMeCTO (5.2) rro.nyqHM ypaBHeHHe 

8 9 
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(p2.;. 2E)rxl(p~- 2E)t)(tJ/(x) = ~J( c». (5e.3} 

)laJIee, JIerKO ydeJ,lRT:bC.II, 'tITO 

Ix) f, Z- pZ t)( \ = ~~ -t~'(\ )t - 2 r(X). 

OTc~a CXe~eT, -qTO
 

II (/I. Z
 
} X I (p 2._ 2 E) Ix I = P2_ 2 E).x - 2 t

'APX • (5.4) 

Yl:ilITHBa.a (5.4), llo.nyqaeM- BMeCTO (5.3) ypaBHeHRe 

[(P:2E)2Xl -t 2l(p2_2E)~~JYon =- .q__e(X). 

Tenep:b MOJKHO RCll0JI:b30BaT:b anaau (5. I). ECJlli OT J( (x) nepeaTH K ee 

epyp:be-06pa3Y Cf>( p} , cBfI3aHHoMY C q>JP:be-06paaOM tt (p ) BOJIHOBOM 

WYHl\UID1 1f (')(.) COOTHOmeHReM 

ep(p)= (r 2- 2 E) Cl. ( P) , (5.5) 

. TO aa STOM nyTR MH llpIDCO,IJ;:aM K .IU1[4JepeHURaJI.bHOMY y~aBHellliIO 

(~:.. 2Ef;~+ '(p':.. 2E)p ~ + 4 <p '" O. (5.6) 

Mn IIOJJ;YlUIJIH ypaBHeHRe aroporo nopsnza, 3TO rOBopHT 0 TOM, 'tITO B 

cpaBHeHIDI C R3Ha-qaJI:bHHM ypaBHe1llIeM (5.2) - TOJKe aroporo nOpg;I.tRa 

MH ~ero He rrOTep~ H m~eCTe C TeM He npHo6pe~ ROBOM H~H3H'qe
cRoil HHllJopvtmnm. 

B ~TepaType R3BeCTeH Ta~ nQnXo~, B KOTOpOM BMecTo/(5.6) 

no.nyqBIOTc.a ,IlEa .ItnrIxPepe~HaJI1>HhIX ypaBHeHIDi nepsoro nop~Ra' 12/. 
HeCMoTpa H8 npOCTOTY H aneraHTHOCT:b, 3TOT noAXO~ He RBJIHeTca 

nOCHe,IlOBaTe~BHM, T.K. OCHOBHBaeTCH Ha BHsaue 

.J 
Lotp X >0 

(5.7)\X \ ---7 { _i. rJ 
J., "" o , 

~ 

HCHO, 'tJTO npaBRJIO (5.7) 3aROHHO TOJI:bKO B O,1UiOM CJ1Yliae. PacCMoTpw
 

IPYHI<IUm ~ (~) H L (x) , TBlWe, 'tITO !< (x.) = 0 npa X L 0 H
 

Lex) = 0 npa X » 0 • Tor,n;8 H TO~KO rorna aerno ;n;0.K83aT:b, 'tITO 

«Rl,x'\ R> =-1
00 

i~(p) [~~ JR:Cp) elp 

pO,.., ~ r-: 

<L1rx I t L) = SL"*(p") G«04' JL(p) £ PI 

-00 

"rt 
Ii nOaTOMY' cnpanenaaao (5.7). TIo,n; R(p) Ii L( p) npmmM8IOTCJ1J 

c 
cWP:be-06pa3H ~YHKD;:d R ("Jl) E Lex) • Ha JIID60M ;n;pyrOM KJIaCce 

ll>~ 'rPIO.lC C npe06pa30BaHIiIeM (5.7) He npoxonae, TaIWM 06pa30M, 

B 3TOM nO;n;XO,D;e aapaaee HaRBHO npe;n;IIOJIaraeTCJ1, 'tITO pemeaaa ,D;OJDK.HH 

6HT:b l'I3 zaacca R(>l) H t.oo l'I TOJrbKO lI3 arcro saacca, TIOSTOMY' 

He y;IOmHTeJrbHO, 'tITO YK83a~ IIO;n;XO;n; npRBO,nliT R aecsaa CTpaHHHM 

mmO;n;aM 06 OTCyTCTBD: B O.ItHOMepHoM aT0l'1e ,o;n;opo;n;a COCTOIiHHit C ;n;aH
I 3 •HO~ 'tIeTHOCT:bD H 0 Ilp8BRnaX cynepoT6opaf 

6. CKpHTa.a cl1MMeTplm 0 (2 ) 

YpaBHeHHe (5.6) .K8JKeTC,ff HB nepBWi BSrJIR;Il 60JIee CJlOJKHHM, 'tieM 

ypaBHeHHe Illpe;rr,IDiI'epa (5.2). Ho aTO ace He TaR. ECT:b aa~e'tIa'1'eJIDHa.a 

no,IlcTaHOB.K8. KOTopa.a C'RJl:bHO ynpoIllaeT ypaBHeHIiIe (5.6). Mll EMeeM B 

BW'llO,ItCTaHOBKy/5/: 

p = po -l~ ~ j - 1\~ If ~ 1i"") p".::: J-2 E~ (6.1) 

KOTopaH yCTaHaBnEBaeT B3aHMHO-O;n;H08HBqaOe COOTBeTCTBRe M~ llpHMoU 

(- 0'<) L PLex,,) R 0KPymlOCT})1) pa,zmyca Po 

Po 

"~I 

I 
I 

I 
.t. 

- Po 

PIIc. 4 
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~Ta nO,ltCTaHOIHta eCT], O,ltHOMepmt1t aaaaor CTE1¥eo-rpaq>1ReCKOit 

npoesnaa, HCnOJI:DsyeMoii B TeOpO aTOMa BO,It{)PO,lta' 4/. BBe,IteM 0003H8

"tlemre <q> (1))= CClf) • li3 (6.1) -crre.nyeT. "tlTO 

.f! ::: P
2 
+ Po

2 J (6.2)
dtf 2Po vip . 

Y~THBaH (6.2), nepesonaa "y;gaBHeIDIe (5.6) HB H3liK nepeMeHHo~ 'f : 
J 

of2C' ~ ,,_' ,~- -t ..:- I'" = o. ,r;~ 3"dlf2. pI U to:" •. I ')
MH BMEM, "tlTO ,ItBIDKeHEe -qacTlrLUi B o,ItHOMepHOM RYJIOHOBCKOM nOJIe paBHO ib 
C:wIllHO paBHOMepHOMY )unDKemm "tlaCTEWi no ORPYEHOCTH pa,n;EYca Po • 
YpaBHe1f,fle (-6.3)HMeceT nsa .HeS8BRC1IMHX peneaaa (t1 ::: I, 2.... ): 

C( J.) - ~rt'f I" (L) ~nlf (6.4) 
\'l 

= C·e U h = C· e 
y 

OITHCHBa~ BpameHne no II npoTHB 'lacoBoi CTpe~ COOTBeT~TBeHHO. 

3HepreTH"tlecKRfi ClleKTp OITHCHBaeTCR 3HaMeHnTOn ~oPMYJIO~ Bopa 

~ 
V\;:~IZ) ••. (6;5)ttl= 2n2. 

.llpyroit 3KBHBaJIeHTIIW1 casac - aTO <PYHl\UIDi 

(-) .C (ot) = C" W1 \'\L:f ) en::: c. ~»'l V1Lf. (6.6) 
'h 

B KaJ1Ol.0M BS cocroanaa (6.6) HapR,I(y C 3Heprliei m.teeT onpeneaeanoe 
aaaxeaae 11 -qeTHOCT:b <5' • ,lI,enCTBBTeJThHO, HHBepm1H X ~ - X paBHO

CWThHa aasepcza P~ - P , a nocnenaaa, COrJIBCHO (6.1). 3KBRBaJIeHTHa 

HHBepm.lli \f' -) -If • 
COCTORHllE (6.4) HBHHIDTCfl c06CTBeHHHMH <PYHKUHEMH reHepaTopa 

rpynIIH 0 (2) • T. e. (c TOtrnOCT.blO ,Ito UOCTOHHHoro MHOJKHTeJIR) onepa

Topa ~'l 

1\ L of 
L::: -n ollf" (6.7) 

(R) I"(L) . 
rrpWIeM cPYHElUI.HM GrI H tA h COOTBeTcTBYIDT coocraeaaae SHa1JeHIDi 

(-1) H (+1). B aanaxe 0 paBHOMepHoM ,II.BIDKeHIDi no OKpYiKJIOCTlI onepa-

TOp (6.7) arpaar qJyH,1laMeHTaJlbHYIO pO.II.1l, T.K. 06MCRHeT .ItBYKPaTHoe 

BlipoJImeHHe cneKTpa. 11Ha'le rOBopH - 3TO HHTerpa.n ~IDKeH:lm, OTBeTCTBeH

md1 S8 CKPHTY10 CHMMeTPHlO 0 (2) . Bazao, 'lTO oneparop (6.7) O;J;HOSHa'l-

HO onpe.n:eJIJIeT smmrli B~ !pyHI\Ulrli (B;.4). HCHO, 'lTO oneparop (6.7) ,ItOJl

EeH 6HT:b CDH88H C orrepaTopoM PyHre-lie~. BHHCHHM xapaKTep STOn 

CruI3B. 

Ha'llHeM C yp8BHemlli 

" I' (R) L C (\..) - C (L-)f? ( R)L LA n = - lA "'. '" - "'. (6.8) 

IIepet:1,I{eM or nepeMeHHoii tf K rrepeMeHHot! P .,1J,Jm aTOI'O BBe,IteM 

q>yw<I.Um a C:)(p) H a~) (p) coraaCHO epOPMYJIaM 

(R) '2 '"l. (1) r: (L) _ (2 2.) /? (L) ( )

C l'\: (p+Po)a" (p) u ., - p + Po \'\ P •(A. 

Tor.n:a ypaBHemm (6.8) MOlQlO npe.ItCTaBHT:b B BH,IJ;e 

A ~ 

(R) on A (L) (\..)

A a 11 == - o-"h ) a l! 0:: a ., , 
" 

I',lJ;e HoBHtl onepaTOp A onpeneaaerca CJIe~ 06paSOM: 

" (p Lot- pC:) 
-i."

L (p2+ p/) .A = 
~ (6.1) CJIe~eTt ~TO 

/I. p2+ p~\. il,L = - ~ pon o(p 

1I n03ToMY' 

~ 
l J ( z (6.9)A= 2p ,lp P + poZ). 
oh 

3TOT oneparop :PI ecrs aHCJJlOr HHTerp8JI8 ,lJ;BHiKeHIDl PyHre~eHUa.
 
llepeBe,lJ;eM npe,lJ;CTaBJIeHBHe BHme npOCTHe :PI KPaCKB~e peSYJl:bTaTH
 

Ha MeHee ~o6~ HSRK KOOpnKH8THoro npe,ItCT8aneHHH. C TexanqeCKO~
 

TO"tlKH speHHH S,IteC:b BaEBa epopuy.na
 
• • n
 
uHf l'\ (~\e = (-~) p+ ~Po) . 

I13 STOi! q>oIMYJIH CJIe.rt:YeT t "tlTO 
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.(I-)	 
( P-2Po)tlL " ./!o

'" -- 22	 " ,.. 1 .{ "a h (p) =- c· (--1) PofLPO P+Po	 '= 0
[ A, l.. .l = - 2" (~~ tt X h ~ ~~ t1 x) 1., J 

.R n03TOMY OHlI RMeIDT oamne co6CTBeHHHe WYHKUHH (6.10). Ha 8TRX ~YHK
,	 )., 1,(R) '" P-t LPo _./l_·_	 naax ~:1'.t , .1 n03TOMY (6.13) TpaHc4>op.mpyeTCSI B (2.2).

c1	 h (p} ~ c· (-~) (p_ i po pZ-t p: 
3S1(JlJlJqemre 

~:be ..odpasu 3THX <PYH.I<I:O:tii BIltIHCJI..mOTCSI MeTo.uOM BWIeTOB. IIpJiIBe
,neM OK01{qaT~Jil>mrti pesyJil>TaT HTaK, lITO BSXHee - CRPhITaH CEMMeTpHH ~ CHHrY~HOCT:b? MhI 

uoxaaaza, '{{TO HaliK CKP.HTOH CliMMeTPllli EMeeT HeCOMHeHHoe npeE:MYIneCT11~ (~)= eo~-/- G(-)<J~(}(J' I tf(Y1R~ ~+ &( Xl 4(X)7 (6.10)	 J.{ BO. CKpHTaH CEMMeTPEE He TOJIbXO 06~CRHeT ~aKT ~BYKpaTHOrO BHpo~e
:.& HllH CaM no ce6e, OHa ·oa~CRHeT Bng cneRTpa (6.5), B~ BonHOBHX 

I me <PY'Hl\IUIH ..f(~} BhIpaJKaeTCJi xepes IlpRcoe.nHHeH.HhIe. nOJIHHQ.\W JIarep ~ (6..4) H (6.10), cmaMeTplIfiHoe "npoHCXOJ1\IteIDIe ll zarerpaaa 
pa: ~BmKeH.IDI (6. II) 1I yCJIOBXe, rrp1'I KOTOpOM (6. II) nepeXO,D;RT B (2.2). 

sv/(x}= X L 1 (2~X11 e- 1X!//1 .	 lliITepaTypan 
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