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"C08peMeW/{1Jl ¢u3uKa. KaK .Mbl Y8UOU.M 
n030Hee. eH08b CTOUT nepeo He06xodU.MOCTblO 
KpUTUlleCKOZOnepeC.MOTpa zeO.MeTpUlleCKUX 
npeoctaeneuuii npuueuurensno K .MUKpO

.MUPY"· 
J]..H.5110XUHijed 1/ 

"I would not be too surprised if discrete 
mod-p mathematics and p-adic numbers would 
eventually be of use in the building of models 
for very small phenomena. " 

21
Raul Botl '" 

B OCHOBe coaperaeaasrx MO,/leJleH enaasrx reopaa acex BH,/lOB MaTepHH H 

B3aHMO,/leHCTBHH neacar nporaacemrsre sacrausr, CTPYHbl'41 , MeM6pauhl / 5/ 

H ranoreasr 06 H3MeHeHHH pa3MepHaCTH npocrpaacraa npa nepexone or 
OJIalU<OBCKHX MaclIlTa60B K MacIIlTa6y 3J1eKTpoCJIa6hlX B3aHMO,/leHCTBHH. 

,lI,nJl MO,/leJleH peJlJlTHBHCTCl<OH crpyasi H aoofnue ,/lJIJI MO,/leJleH npora
)f(eHHbIX tJaCTHU cyurecrayer MaKCHMaJIbHaJI resmeparypa/V . 3Ta resrne
parypa ,/lJIJI MO,/leJleH 3aMKHYThlX (cynep) CTpyH ,/lOCTH)f(HMa - OJIOTHOCTh 

3HeprHH B KpHTHtJecKOH TOtJKe KOHetJHa. CnpaWHBaeTCJI, 'ITO npoHCXO,/lHT 

npa ,/laJIhHeHWeM YBeJlHtJeHHH 3HeprHH CHCTeMhl? B aaanorasaosr cnyxae 
MpoHHOH crpyasr, npa MaKCHMaJIbHOH resmeparype, MPOHHaJI crpyaa 
"raer" (HaTJI)f(eHHe crpyasi 3aHYJlJleTCJI), KBapKH H rmooasi BhlcBo60)f(,lla

JOTCJI, npoHCXO,/lHT nepexon H3 MpOHHOH ¢a3bl B xaapx-rrnooaayio ¢a3y"''''I7~ 

... 
P038U1U1O .MaTe.Ma1UlleCKOZO aHQ/lU3a cynepcusosetpuunux teopuii HOO 06lijU.MU 

IIUCII08bl.MU nO/IJIMU nOIlOJICeHO uauano 8 patiore 13/. 

**3aMeruM. sro KpUTUlleCKOU reuneparype OeKOH¢aUH.MeHTa T '" 200 M3B COOT
eetcreyer aopoHHblU .MacUlra6 1 ¢M. B senenuu eucotcoreunepatypuoii ceepxnpoeo
OU.MOCTU YllacTBYIOT CUllbHOB3aU.MOOeucT8YlOlijUe snexrpouu, no'JTO.MY npeOCTa8/1J1eT 
uutepec npU.MeHUTb .MeToOcl teopuu CUllbHOU C8Jl3U. Ecnu nepexoo 8 ceepxnpoeoontuyto 
¢03Y C8Jl3aH C nepexpsttueu "3I1eKrpOHHbIX .MeUlKOB". TO, cneoyn aHQ/lOZUU CaOpOHaMU, 
KpU1UlleCKOU reuneparype T ~ 100 K 0 6yoer cooreercreoeatu .MacUlTa6 uetuxa 
~ 10-9 CM. 80 npexoe IIeM OOBepJlTb TaKUM 0l4eHKaM. flOOo ysecrs xapaxrepnue ocotieu
HOC1U crpyxtypu ceepxnpoeoonuxoe, «easuaeyseepuocrs, fl/IOTHOCTb 311eKTpOH08 U r .o. 

~~.l,'7!lh,il~I<, ~ i~j:...~H~:t~~1@ O&bOAIDIOHKbIR KKUTHTyT 1l,llepHhIX HCCJI'~.naBaHHiIny6Ha, 1988 
... .., ', ." ,,,,O,, lll.'Yt! I 

,- ... . '. , ..... --_.... . 
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18-2960-661 ,B pa6oTax' oficyacztaerca HHTepeCHaH B03MO)KHOCTb onn

caaaa ¢H3HqeCKHX CHCTeM aa MHKpOCKOnHqeCKHX vracurrafiax na OCHOBe 

~eCTaH,Il;apTHhIX paciuapeaair nona paimoaansasrx qHCen /30 -33/ . B patio
.Te/ ll 1 npennaraercs ofiman H,Il;eH CTpOHTb MaTeMaTHqeCKHe MO,Il;enH ¢H3H

qeCKHX norieii na OCHOBe nponsaonsmax nonea xacen. nHHaMHKa ,Il;On)KHa 

ofinanars HHBapHaHTHOCThlO OTHOCHTenbHO 3aMeHhI nona qHCen, qTO asrra
eTCH 0606meHlieM penaparaerpasanaoaaori HlmapHaHTHOCTH reopaa. OCHOB

aoecocroaaae MOIKeTcooTBeTcTBoBaTb orrpeneneaaoray nomo tIHcen. IIpH H3

MeHeHlut. naeuraax ycrroana - TeMnepaTyphI, nnornocra, MaclllTa6a' (pas
peuraroureit cnoeofinocra rrpafiopa) - MO)KeT npoacxonars ¢a30BhIH: nepexon 
H3 OAHOf,O nona qHCen B zipyroe. 

Koxmnexcasre pacurapenaa qHCnOBhIX rrorreii norreansr ,nJIH aHaJIH3a 

ypaBHeHHH:. 'KhaCCHqeCKOH ¢H3HKH (nanpar-rep, ,LVIH OnHCaHHfl r anponaaa
MHKH HeCJKHMaeMOH ,,)KH,Il;KOCTH). YpaBHeHHR KBaHTOBOI1: ¢H3HKH cyurecr
BeHHO orraparorca aa KOMnneKcHhu1 aHaJIH3 (KBaHTOBhle ar-mmrrynsr aepo
HTHOCHI KOMnneKCH03HaqHhI) . Koxmnerccm.re pacurapenaa xacrroasrx noneli 

norreaasr ,Il;nfl fiorree 3KOHoMHoro onacaaaa MHoroMepHbIx reopaa rroneii 
H CTpyH /34 - 421. qHcno .n;eHCTBHTenhHbIX cocraanmomax xosmnexcaoro, 
xaarepaaoaaoro H OKTaBHoro 'IHcen CBfl3aHO C KpHTHqeCKOH paar-repao
CThlO npOCTpaHCTBa, B KOTOpOH o npenenensr 3TH reopna ". Henaaeiiaste 
ycnoaaa CBR3H .paapeiuarorca B TBHCTOpHOH naparaerpasanaa KOOp,Il;HHaT 

H IIMnynbcoB~ 

Anrefipaauecxoe pacurapeaae nona ,Il;eHCTBHTenbHhIX mtcen npHBO,Il;HT 

K norno KO:MnneKCHbIX qHCen. Teopaa KOMnneKCHbIX aHaJIHTRqeCKHX ¢yHK

~HH ne)KHT B OCHOBe reopna ,Il;ByMepHhIX mrror-papyer-nsrx HenHHeHHhIX ypaa
HeHHH (sanasa PHMaHa, a_np06neMa / 43,44/ ). Anretipaavecrcae pacurape
HHR p ~MHqeCKH:X qHCnOBbIX norreii MI-IOrOMepHbI, n03TOMY MO)KHO nane
arr.ca, qTO COOTBeTCTBYlOmI1e nocrpoeaaa OKa1KYTCfl norreaasrxra B HCCne,Il;0

BaHHH MHorOMepHbIX narer-papyerasrx CHCTeM 1241 . 
MO)KeT o xasarscs , tIT.O nna Mo.u;eneH .aaxncayrsrx crpyn BhICOKOTeM

neparypnoii ¢a30H flBnfleTCfl TBHCTOpHaH <pa3a. B HH3I<OTeMnepaTypHoH 

diase HMeeT MeCTo 'KOH¢aHHMeHT TBHCTOpOB B crpyasr. Flapaxrerpor-r nopan
rca MO)KeT cnY)KHTb rcoopnanara crpynsr, KOTOpaR B HH3KOTeMnepaTypHoH 

¢a3e npHHHMaeT neayneasre Ha6nlO,Il;aeMble 3HaqeHHH. AHaJ10rHqHaH KapTH

aa Mon(eT HMeTb MeCTo B CHHrJIeTOHHOH cPopMynHpoBI,e ImaHTOBOH 3nercr

po.z:U..lHaMHI<H / 4 51 H B MHOrOqHCneHHbIX MOneJIRX npeOHOB, pHlllOHOB, Tep

HOHoa li T.~.!46 -471 

1. B .n,aHHot\ pa60To Mhl o6pmunoM DHHMamie Ha CBR3b np06neMbI 

J(OMnaKTHcPH1<:QUHH npOCTpnnCTnn (OM., HanpMMep,!48/) H noneHe3aBHCI1

MO~ CpopMYJmpont<H TCOIUUL l(oMnnt<:THhte npOCTpaHCTBeHHble CTeneHH CBO

III 0rM OTUM , 'l7'n 'IlIC'JIO I«(Wf71(() tl 3~t'" 11 IlrnT01l06 6 6 CYMMe oalOT 'lUCIlO He3,Q6UCU

MhlX cy'cnrucQ CtlO(J(U)1J1 f1()'J0I1l1017 CTl'ylll,l: 26· 2 c 24. 

2 

60,Il;bI MO:>KHq CBR3aTb C KOHeqHbIMH qHCJIOBbIMH norrar-ra, HeKOMnaKTHble 

C ,Il;eHCTBHTeJIbHbIMH qHCnOBbIMH norrnsra. Ecrra paspemarouran cnocofiaocrs 
npafiopa CHJIbHee, tieM xapaxrepasni paaxrep KOMnaKTHoro npOCTpaHCTBa, 

TO 3TO npOCTpaHCTBO npencrasnaerca HeKOMnaKTHbIM. CneAOBaTeJIbHO, 

C H3MeHeHHeM MaClpTa6a MO/KHO nepexonars OT OnHCaHHR B pastrcax O,Il;HO· 

ro qUCnOBOro nOJIH K OnllCaHHIO B par-ncax zipyroro qHCnOBoro rrorra. Ha 3TO 

MO)KHO CM01'pe1'b TaK )Ke, KaK na ¢a30BhIH nepexon H3 O,nH0I1 qHCJIOBOH ¢a

3bI B npyryro acnencrane H3MepeHHR* . TaK 06CTOH1' neno B rpoprayrrapoa
, 150-521 3 6xe 1'eopHH nona na peuierxe . necs 0 bltIHO c1'ap1'yID1' H3 MO,Il;enH 

npOC1'paHCTBa C KOHetIHbIM Ha60poM TOqeK, pacrrorroaceaasrx B 061>eMnlOU\eM 

eBKJIH,Il;OBOM npOCTpaHCTBe C KOop,Il;HHa1'aMH, npHHHMalOmHMH 3HaqeHHR' B 

MHO)KeCTBe uenstx xacen. Tpe60BaHHe nepHO,Il;HqeCKHX ycnoaaa, HaKJIa;J.hl

aaevioe aa nHHaMHqeCKHe CTeneHH caofionsr, 3~HBaJIeHTHO paCCMOTpeHHIO 

MO,Il;enH: npocrpancraa B BH,Il;e nacxperaoro rnnepropa. KOOp,Il;HHaTbI Y3nOB 

peurerrca rrpa :nOM npHHHMaIOT aaaxeaaa B KOHeqHbIX qHCnOBblX norrax. 
B OKpeCTHOCTH KpHTHqeCKOH TOqKH draaoaoro nepexona aroporo porta 
xapaxrepasni MaclllTa6 ,nJIHHbI MHoro fiorrsure urar-a peurerxa a H MHoro 

MeHbllle ,LVIHHbI peurerrca L, L » e»a (npOMe)KyTOqHaR aCHMOToTHKa) , 

n03TOMY KaK ,Il;HCKpeTHaH, TaK H aerrpepsraaaa diopsrynapoaxa reopaa OIm

csrsator onny yHHBepCaJIbHylO TeopHIO. 

KOMnaKTHaH yrrroaaa neper-reaaaa ¢ npHHHMaeT 3HatleHHR B [0,277) . 
MO)f(HO nepeiira K neperaeaaon h = (¢/ 277 ) P , h E [ 0, p). TIPH 3TOM naa 
3HaqeHHR h H h ' CpaBHHMbI (paaaoaaasar,r) : h =: h ' (mod p ) ,ecnH h - h ..= 
= kp , k _. uenoe. ECJIH OrpaHHqHTbCfl JIHWb ueJIbIMH 3HaqeHHflMH h = 

=0,1, ... , p -1, TO npa ~OCTaTOqHO 60nblllHX p MO)f(HO xopouro npH6~H3HTb 

3HaqeHHR ¢ = (277/p) h. Cnezioaarensao, HCXO,Il;HYIO KOMnaKTHylO aenpepsm
ayio neperaennyio MO)KHO 3aMeHHTb neper-reanoi; h , npHHHMaromeH aaaseaaa 
B KOHetIHOM qUCJlOBOM KOJIbue Fp*.* 

Ta,K 06c1'OH1' neno, aanpassep, npn HCCne,Il;OBaHHH KaJIH6poBOlJHhIX 

reopaa aa peurerxe, xorna 3aMeHReM KaJIH6poBOtIHylO rpynny U (1). .aa KO

'HelJHYIO rpynny Zp. Ilepexoziy K aenpepsrsaoa KOMnaKTHOH nepesreaaoa 
coornercrayer npenerr P ,. • Heafieneasr KOMnaKTHble rpyrmsr SU(N)00 , 
npencraamnouiae mrrepec )J.JIR enaasrx TeoPHH norreii, TaK)Ke MO)KRO npafirm
3HTb KOHetIHbIMH neafierreasrr-nr nonrpyrmaraa 15S, 541. Cne,u,OBaTeJIbHO, 

npeacraanaer aarepec paccraarpaaars KaK xoopztaaarsr (naeumee npocrpaa- , 
CTBO) , TaK H nom! (BHyTpeHHee npoCTpaHCTBO) H3 pa3Hhlx qHCnOBbix noneH 

H 60nee 06mHX rpynnoBblx MHoro06pa3HH. 

I13-3a KOHettHOH TOtIHOCTH H3M.epeHHH ,Il;aHHble 3KcnepHMeH:ra npe,Il;C1'aB

nRIOTCH B MHO:>KeCTBe panHOHaJIbHbIX tmcen O. AHaJIH3 pe3ynbTaToB eCTeCT

BeHHO npHBO,Il;H1' K He06xo,Il;HMOCTH paclllHpeHHR nOJIR pau;HOHa.ITbHbIX qHCen 

* HHTepnpeTQ14UR npo14ecca u3MepeHUR B KBaHTOBOU MeXQHUKe KQK ifja3060Z0 nepe

XOOQOQHa B pa60Te /49/. 

**EIUl npOCTbIX 3HQlieHUU p Fp JlBlUleTCJI llUC/lOBbIM nOlleM. 
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,lJ,0 nOJIHOrO nOJIH qHCeJI*. Ha nOJIe pauHOHaJIbHbIX qHCeJI onpenerrensr 06blq

HaH H P-anasecxae MeTpI1KH. ECTecTBeHHo nOnOJIHHTb nOJIe 0 no acer-r 3THM 

MeTpHKaM. TIonOJIHeHHe no 06blqHOH MeTpHKe zraer nOJIe ,lJ,eHcTBHTeJIbHbIX 

qHCeJI 06'* • TIonOJIHeHHH no P -a,lI,HqeCKHM MeTpHKaM naror nOJIH p -azrase

CKHX qHCeJI 'Op, p = 2,3,5,... 3HaqeHHIO P = 1 cooraercrayer TPHBHaJIbHaR 

MeTpHKa. . 
/ 55 

OTMeTHM, qTO B HeCTaH,lJ,apTHOM afIaJIH3e , 561 npoH3Bo,lJ,~TCH ztans

HeHrnee pacuiapeaae nOJIH ,lJ,eHCTBHTeJIbHbIX qHCeJI ,lJ,06aBJIeHHeM 6eCKOHeq

HO MaJIOrO qHCJIa e , TIPH 3TOM apXHMe,lJ,OBO nOJIe ,lJ,eHCTBHTeJIbHbIX qHCeJI, 

,lJ,JIH xoroporo HMeeT MeCTO aKCHOMa Apxasrena (,lJ,JIH JII06bIX ,lJ,eHCTBHTeJIb

HbIX a H b naiinerca raxoe KOHeqHOe uerroe qHCJIO N, qTO Na > b), npeapa
uiaerca B HeapXHMe,lJ,OBO nOJIe necraanaprnsrx ,lJ,eHCTBHTeJIbHbIX qHCe~, 

ToR., aanpaxrep, nepaaencrao N e > a He HMeeT MeCTa npa KOHeqHbIX N. 
TIpe,lJ,CTaBJIHeT HHTepec pacnpOCTpaHeHHe MeTO,lJ,OB HeCTaH,lJ,apTHOro aHaJIH3a 

aa npyrne qHCJIOBble nOJIH. 

.lleHcTBHTeJIbHOe qi-iCJIO B P -HqHOM HCqHCJIeHHH (06blqHO paCCMaTpH

BaJOT p = 2,8,10 HJIH 16) 3anHCbIBaeTCH B BH,lJ,e 6eCKOHeqHOrO, cxonaurero

CH no 06bIqHOH MeTpHKe pana: 

T n n-1 -1:=: an p + an _ IP + ••• + ao + a_t P + ... . 
rne at = 0,1, ... , p - 1, p-ananecxoe qHCJIO sarracsraaerca B BH,lJ,e fiecrcoaex
aoro, CXO,lJ,HmerOCH B P -a,lI,HqeCKOH MeTpHKe pana 

-n -n+1 1 
t :=: a_ p + a -n+1 P + ••• +a 0 + at P + ••• n 

TIO,lJ,MHOJKeCTBY pa~HOHaJIbHbIX qHCeJI cOOTBeTcTByeT pa3JI'OJKeHHe B 

KOHeqHOrO pana * ** . IT HUBH,lJ,e ......eHCTBHTeJIbHble p-anasecxae qHCJIa nepece-
KaJOTCH na MHOJKeCTBe pa~HOHaJIbHbIX qHCeJI. ECTeCTBeHHO BBeCTH: 06'be,lJ,H

HeHHe ,neHCTBHTeJIbHbIX H P -a,lI,HqeCKHX qHCeJI, paCCMOTpeB pa3JIOJKeHHe 

-n nFp = ••• + a -0 P + ••• + a 0 + ••• + an P + •••• (1) 

TIPH TaKOM npe,lJ,CTaBJleHHH qHCeJI I1MeeTCH HeKOTOpaH aeonpeneneaaocrs 
B BbI,lJ,eJIeHHH KOHeqHOrO pa~HOHaJIbHOrO OTpe3I<:a qHCeJI. ECJIH napaxrerpy 

'" C[uc1l060e none - 3TO MHOJICeCraO C 3aOa1iHblMll ua HeM onepauusuu CIlOJICeHu.fl, 

U ysaioscenun, OT1l0CUTellbHO lWTOPblX 3TO ,MHOJICeCTBO Jl81lJleTCJl KOMMYTaTU6HOU 

epynnoil.
**qacTo npuuensuotcn o(J03Ual/CIlUJl R U/IU 000, Ilocneouee otiosnasenue onpaeoauo 

TeM, 'ITO (J lleKOTOpOM CMbIC/H] p-aOUI/CCKaJI uopua /le:JKUT MeJICOY TPU6UMbHOil U otiuu
Hoill10pMaMU.

"'.'" OTMeTUM, 'ITO Oc)1l0 /I TO JKC pauuouansnoe I/UC/lO, 8 .1a6UCUMOCTU ot 3HaIJeHWl p, 
MOJICeT npeocmannncn a auoe KaK KOlle'IHOil, TaK U tiectcouesnoii nepUOOUl/eCKOU OPO

6u. Hanpuuep, (5/7)10 • 0, (714285), (5/7), 0,5.=:I 

4 

p npaztars CMbICJI napar-rerpa paapetuaromea cnocofiaocrn npafiopa (cKaJKeM, 

nepenaaasra MMnYJIbC), TO npencraaneaae (1) YKa3bIBaeT aa TO, qTO ,lJ,JIH 

CHJIbHOH paapeuraronrsn cnoc06HOCTH (fionsunre nepenaaasre. HMnYJIbCbI, Ma

nsre paOCTOHHHH) cyurecraenna P -aztauecrcaa crpyrcrypa qHCJIa *. "OKHO 

pauHOHaJIbHbIX qHC,eJI" C YBeJIHqeHHeM P nepenaaraerca nnpaao. .llJIH· CJIa60H 

paapemarourea cnoco6HOCTH (r-rarrsre p) cyurecrneaaa ,neMCTBHTeJIbHaH xacrr, 
qHCJIa, OKHO pauHOHaJIbHbIX qHCeJI C yMeHbrnt:mHeM P nepenaaraerca BJIeBO. 

I 
Kazcnoe pannoaansaoe qHCJIO 'x OTHOCHTeJIbHO aanaaaoro npocrcro 

qHCJIa P HMeeT e,nHHCTBeHHoe npe,lJ,CTaBJIeHHe: 

a 
x = pOb' (2) 

rne a, blip B3aHMHO npocrsre, a n npOCTO uenoe qHCJIa. 

Han nOJIeM pa~HOHaJIbHbIX qHCeJI cyurecrsyer BaJKlWe TOJK,lJ,ecTBO, CBH

asrsaromea 06blqHYlO H P -anauecrcae HOpMbl (H, CJIe,noBaTeJIbHO, CorJIaCO

aaaasre C HopMaMH MeTpHKH) : 

n Ix Ip 1, 
(3)

P2: 0 

rne f 1o - 06bIqHaH aopsra: 

0, X:=:O 
I x 1 = x , x > 00 { 

-x x < 0; 

[1 - TPHBHaJIbHaH aopr-ra: 

0, x = 0 
I x 11 = 1,{ x 1= 0; 

I I ' p = 2,3,5, ... .p-anasecxae HOPMbI **:p
 

0, x = 0
 

I x Ip = { pO, x 1= 0 ,
 
(4) 

rne n orrpezterreao B COOTHorneHMM (2). 

*B 3TUX paccYJICoeHUJlX natua UHTYU14UJl onupaercn na 603MOJ/CHOCTb aHMUTUl/eCKOZO 

npOOO/lJICeHUJI. 6 (1) no P, J,tHOJICeCT60 {Fp ( t ) = l a i t i J npeOCTQ61lJleT cotioii none 
crenenuux PJl006 naa noneu euseroe no MOOY/l1O p, a i ~ F p' 

**3CIMeTUM, sto OTHOCUTeflbHO TpUBUaflbHOU nopusi none pa14UOIlMbHbIX sucen JlBIlJl

eTCJl nOIlHbIM, T. K. HU OOHa 6eCKOHellHQJl cyuua pa14UOHMbHbIX sucen no TpU6UMbHOU 

nopue He CXOOUTCJl U neseu nononuurs 0 = 0 1 . 
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rIoCJIenOBaTeJIbHOCTb (a i ai' ••• , a p , ••• ) == a ,rne atE- 0t, Ha30BeM Oneparop ~a == fa * HBJIHeTCH oneparopovr npofaror-o HHTerpHpoBaHHH npaO 
anener-t, eCJIH cyuiecrayer raxoe KOHetIHOe uenoe N, qTO aq _. uerroe npn a > 0 H npofiaoro nH<PcPepeHUHpOBaHHH UpH a < O. J 591 
q > N. ,UpyrHMH CJIOBaMH, anens conepsorr JIHlllb KOHetIHOe qHCJIO HeueJIhIX <1>paKTaJIbHOe HCqHCJIeHHe ynofiao rrpencraaars B cPopMe Anasrapa 
KOMnOHeHT *. MHO)l(eCTBO acex anerrea COCTaBJIHeT KOJIbUO A. Onepauaa no
I(OMnOHeHTHoro CJIO)l(eHiiH anenea orrpenenaer annHTHBHylO rpynny A+ . 1 x
Ha MHO)l(eCTBe A onpenenaerca nOKOMnOHeHTHoe YMHo)l(eHHe. 3JIeMeHThI A, 0 0-: 4J rw! dYlx_ y 1a-

1 
4J(y) (8) 

MH KOTOphIX cyutecrayer o6paTHhIH 3JIeMeHT OTHOCHTeJIbHO. yMHO)KeHHH, 
Ha3hIBaIOTCH HneJIHMH. ,UrrH HneJIH A = ( A0' Ai, ••• , Ap, ••• ) ,A t '" 0, a 1IAp.l p == 1 npa p > N. MHO)KeCTBO HneJIeH ofipasyror rpynny OTHOCHTeJIbHO l_x_1_ r dt [1 - t ]a - 1 cP ( xt ) . 
YMHO)KeHHH. Hopvia aa a:,n;eJIHX onpenenaerca TaK: r(a) ~ 

(5)lal == II [a I •A p 2:. 0 p p PaCCMOTpHM rrpasiepsr. TIyCTb 4J = 1, 

Anern, r = (r, r , ••• , r , ••• ) • rne rEO, Ha3hIBaeTCH co6cTBeHHhIM. Co6 !x!a I'(a)r(l) !xl a 
o-a 1 a ~ o.cTBeHHhIH H,lJ.eJIb HMeeT enHHHqHYIO HOpMy (5), (3). o x -- - (9)

r(a) r(a + 1) ['(a+l) 

2. ,UrrH onpeneneaaa oneparopoa npofiaoro HHTerpHpOBaHHH H nHcPcPe

peHUHpOBaHHH - tPpaKTaJIbHOrO HCqHCJIeHHH/ 481 BBOnHT 1581 cPYHKUHIO fa : ,UrrH npoaasonaoa - a == 13 > '0, n - f3 2: 0 

O(n-,8) + n 4J == O-(n-~) 4J (n ) = On D-(n-fJ) cP •Sex) a-l (10) 
a > 0, 

. r(a)lx l, 
f == t ,UpyraJI B03MO)KHOCTb orrpeneneaaa npoH3Bo,nHOH - 3TO' aHaJIHTHtleCKHa 

(n ) npOnOJI)KHTb onpenenenae anrerpana aa orpanarensnsre 3HaqeHHH a:! , a < 0, a + n > 0, n - ~enoe • 
a + n -  -/3 1

j3 [x ] cP(xt) 
D ¢ == --- r dt. (11) 

x r(-fJ) 0 \l-tj#+l
,llJIH cBepTKH 

x 
fa * f {3 == r dy fa ( y) f fJ(x - y ) (6) k

Jlerxo saners, qTO MH 'cP( x ) = x OTBeThI, nonyueansre no cPopMynaM (10) 
o H (11), COBn8,I:(aJOT. B xaxecrae cnenyiourero npnr-repa paCCMOTpHM ziyans

HMeeT MeCTO COOTHOllleHHe ayro asmnaryny BeHeUHaHO, BhmeneM cPopMyny, CBH3hIBaIOmYIO 6eTa
cPYHKUHIO C raMMa-cPyHKUHHMH: 

!a * !fJ = fa +f3. (7) 1 
a 1u{3-1B(a,fJ) == r dUdv8(1-v-u) v - = 

o .if-I 
1 a -1 {j - 1 - a fJ - 1 

,UeHCTBHTeJIbHO, 

x r du (1 - u) u = f' (a ) D1 Iu I 
1 y 119 o (12)r dy \y Ia - 1 \ X _ - 1

fa * f f3 
rt a) r( fJ) 0 

f'(a)r({3) 
= r (a) f' ( (3 ) 07 D- ({3 - 1 ) 

r(a + (3)\x\t%+f3- 1
Ix \a+ tl - 1 

B(a,,s) fa·a+,.,['(a+(3)f'(a)r(tl) UpH 3TOM MhI HcnOnb30BaJIH COOTHOllleHHH (9) H (7). 

* 167 521B otiuuuoe onpeoeaeuue aoen» • He 6KllIOlIQIOT 311eMellT at· 
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«1>paKTaJIbHOe liCqHCneHHe eCTeCTBeHHO rrepe~OCHTCH na p -a,D;MqeCKHH 

CJ1yqaH. LLrrH sroro 1l0Jle3HO BCnOMHHTh, qTO CHMMeTpH30BaHHaH no scevr 
4

KaHaJIaM asmnarvna BeHeUHaHO 3anHCbIBaeTCH B <PopMe/ / : 

s, (a, r:n -L
00

dx [ 1 - x fa:-l [x \(j-1 = 

(12') 

=B(a,,B)+B(,B,y)+B(y,a), a+(3-ty,,;,t, 

rne mrrerpan 6epeTCH rro acer-ry rromo .n.eHCTBHTeJlbHbIX xacen. MbI rrpHMeM 

onpenenenae 

a 
-a lxl a-1

Ox ¢ = -- .F dt [1 - tic/>(xt ) , (13) 
r(a} 0 

p 

rne I ! "r - p-arrasecxaa nopsra H r-<pyHKUHH (18) coOTBeTCTBeHHO. 

OTMeTHM, qTO H3 onpeneneana (13) cneztyer onpeneneaae, naaaoe B pa6o

Te/ 33 / . .neHcTBHTeJlbHO, nocne 3aMeHbI t = z/x rrOJlyqHM 

a 1 a .... 1 (14)D~ cP = -- J dz tx - z ~ ¢Cz ) •
 
r(a-} Op
 

Maoror-repaoe o606~eHHe <ppaKTanhHOrO HCqHCJleHHH naerca CJleAYIO~eH 

mrrepnperauaea epOPMYJlbI (13}: 
a a1 a2 an 

a = (a 1 ' a 2.'- ••• , an)' f x I = l x 1 I IX2 t ••• l Xn l 

I'( a) = r( a
1

} I' (a 2 ) •• , I'( an)' dt = dt 1 dt 2 ,'" dtn ' 

x = (xl' x2 ' ••• , x ) E 0;, a i E- C.n

LLrrH p -a,D;HqeCKOH asmnaryrrsr Beaeuaano - 6eTa-<pYHKI.J;Hli aHaJIorHqHO 

(12) rrOJlyqHM 

f'p ( a )r p ( f3 ) 
B .r dtI1_t\a- 1 I t l !3- 1 --- p(a,!3)= 

rp(a + {3}
Op
 

PaCCMOTpHM npasiep P-a,rJ,HqeCKOro mrrer-pana:
 

.r dt <f> (t) = L J dx ¢ (x ) •
 
k Ixl=p-k
 

EC!IH~ I x 1 = pk , TO
 

8 

. . 2
 
x = pit (a + a1 .p + a 2 p + ••• )
 o
 

a 0 = 1,2, ••. , p - 1 , a i = 0,1., .•, , p - 1 , ~ 1.
 

611 
llpHMeM orrpeneJleHH/

. 11k N-l).r dX¢(x) 11m - - L ¢ (p (a + alP + ••• + aN -lP ),o 
N ,. 00 pN pk {a i }Ixl=p-k

t, 

qTO ,l:(JIH cnyxaa ¢ = 1 cornacyerca C 06blqHOH HOpMHPOBKOH HHBapHaHT

HOM MepbI dx , 

dx = d(x+a), d I ax ) =Ia lpdx, J dx 1 ,
 

I x Is 1
 

ToK. 

p-k (1 - p-l) .r dx , .r dx = .r dx - .r dx
 
rxl=p-k lxl.sp-k li\Sp-k-l I x 1~1
 

B qaCTHOCTH, AJlH ep( x) = ¢( Ix I) rrOJlyqHM/ 
80

/ 

.r dx ¢ ( I xi) = (1 - p-1 ) P- k </l ( p - k ) •
 

Ix I=p-k
 

n

L(J1H </l(x) = L anx HMeeM 

.r dt</l(lt\) = L a (l-p-i) I p-k(n+l) I anp (15)
n n,


ItJSl n k~o n
 

-1 -n )-1rne Pn = (1 + P + ••• + P . ECJlH B (15) aHanUTHqeCKH nponon
)l(JfTh B TOqKY P = 1, nonyxara 

1 " . 
a 

\~, .r dt ¢ ( I t I) => :£ _n_ .r dt¢(t),
n+1 oIt I s 1 

rne B rrpason qaCTH HMeeM 06blqHbIM aarerpan. C npyroa CTOpOHbI,
 

J dt¢(\t!) = La ( 1 - p - ·l ) I pk(n-tl) = L anQn'
 
n

Itl2: 1 k> 0 n 

rne Q n = (1 - p- 1) / (1 - p n + 1) = - (p + P2 + ••• + p n + 1 ) -1 , a MbI 

OTCyMMHpoBanu PH)); B P-MHqeCKOH nopsre. CJIenOBaTeJlhHO, MH aarerpana 
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1 

.r dx<p(X) MbI BOCnOJIb30BaJIHCb ifHBapHaHTHOCTblO MepbI OTHOCHTeJIbHO C,D;BHra H onpe

o ,D;eJIeHHeM raMMa-<PYHKIJ;HH 1321 : 
OT <PYHKQIUf ¢ (x,) = It an x n MO)l(HO paCCMaTpHBaTb aHaJIHTHtleCKOe npo

a-1
J;J;OJDKeHHe B TOqKY P = 1 3HaqeHHH P-MHlleCKHX anrerpanoe 1 -P

f (a) = f dt \ t Ia - 1 X (t ) (IS]1 _ p-a
f dt ¢{ I t I) H/llJIH - J dt ¢ (I t I ) • Op 

Itis 1 I tl ~ 1 

,UnH aarerpana no BceMY nOJIIO Op OT paCCMaTpHBaeM0I1 <PYHKQHH B 

npenene p -+ 1 nOJIyqHM HYJIeBOe saasenae. .neHcTBHTeJIbHO, ]f dt ¢(I t I) = .r	 + J = -.f = - ¢( 1 ) (1 _ p-l ) • 

0p It I s 1 1tl > 1 I tj = 1	 
~. 

B neaopraapyer-nax KBaHTOBbIX TeopHHX nORH, aanpaxrep B qeTblpex-, 

<pepMHOHHOH reopaa HJIH rpaBHTaQHH, paCXO,D;HMOCTH aa MaJIbIX paCCTOH

HHRX BbI3BaHbI nOJII1HOMHaJIbHO paCTYIIJ;HM nOBe,D;eHHeM nO,D;bIHTerpaJIbHO

ro BblpIDKeHHH ,D;JIH naarpasrra <t>eHHMaHa. ECJIH HHTerpHpoB.aTb no BHPTY

aJIbHbIM .HMnYJIbCaM HM nOJIeM p-a,D;HqeCKHX qHCeJI, C nOCJIe,D;YIOIIJ;HM nepe

XO,D;OM K P = 1, TO TaKHe BKJIa,D;bI 3aHYJIHIOTCH. 

3. Paccraorpasr MO,D;eJIb CKaJIHpHOrO nOJIH, npaaasraroutero ,D;eHCTBH

rensasre 3HaqeHHH HM o,ll,HoMepHbIM p -MHqeCKHM npOCTpaHCTBOM Op co 

CB060,lJ.HbIM ,D;eHCTBHeM * : 

1·1- 
8 =2" Jdx¢(x)D:'¢ =2"J du¢(-u)ju\a¢(u), (16) 

Op	 0p 

r,D;e 

¢(x) f du X ( ux) ¢ (u ) • 
q, 

X - a,z:J.,D;HTHBHbIH xapaxrep Ha,D; Op,	 ,'I', 
\. 

X(ux) X(vx) = X«u+ v) x ) , fx(ux) dx = B(u), 

D'.4X( ux ) = _1_ J	 Ix-t la-1 X (ut ) dt = _1_ J It \a-1 X(u(t+x)) dt = (17) 
r(tt}O	 f(a) 

p 

= X (ux) r (~) .r I t la - IX ( ut) dt = IU1-aX (ux ) • 

*0606U4eHue ua MHOZOMepHblU cnyuai; (x l' x2 , ••• ,xn) E-O;'(¢l' ¢2'." ,¢o) eR D 

He COCTa81lJleT tpyoa. 

10 

C nOMOIIJ;blO C~OTHOIlleHHR (17) B npenene a -+ 1 nOJIyqHM 

p-1
 
J dt In .\ x - t I ¢ ( t ) ,
D~l ¢ = - p ln p 

Op 

eCJIH 

-
¢(O) f dx¢(x) O. 

Op 

/ 60 
Ilpa a = 1 MO,D;eJIb	 (16) CBO,D;HTCH K MO,D;eJIH pa60T ,6 11 

1 '2 
fdx¢(x) Dx¢ = -- rdxdy¢(x) ¢(y)/1 x - y I 

f(-l)'
 

1 2
 
2 r(-1) rdx dy [ ¢ (x ) - ¢ ( y ) ]1!/ I x - Y 1 ,
 

p+1
 
rne [(-1) = - T' f( 1 ) = O. CJIyqan a = 2 paccMaTpHBaJICH B pa60

/141	 .
T.e • OCHOBHoe CocTOHHHe Mo,D;eJIH (16) CllJIbHO Bblpo~eHo. MHHH-

MaJIbHOe aaaseaae ,D;eHCTBHe npHHHMaeT npn JII060M noCToHHHOM ¢ (x ) = ¢o= 
= canst • YCJIOBHe qi(O) = 0 oaaaxaer ¢o = O. KBaHTOBaHHe Mo,D;eJIH (16) 
npoaener-r C'nOMOIIJ;blO <PYHKUHOHaJIbHOrO aarerparra 

Z = f d ¢ exp t-8 [	 ¢ ) I · (19) 

,UnH nponararopa B HMnyJIbCHOM npOCTpaHCTBe HMeeM 

< ¢ (u ) ¢( v) > = 8 (u + v) / Iu Ia • 

B KOOP,D;HH~THOM npOCTpaHCTBe nOJIyqliM
 

< ¢ (x ) ¢ ( y) > = .r du dv X ( ux) X ( vy) <¢ (u) ¢(v) >
 

= .r du X ( u(x - y)) / Iu \a = r (1 - a) / Ix - Y \1- a •
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Ilpa u E 0 nponararop 6e3MaCCOBOH ,1IaCTHQbI G( U), OnHCbIBaeMOH 

MO,ll;eJIblO (16), y,ll;OBJIeTBOpHeT TO)l()J;eCTBy 

'Il Op( u) = 1, a ~ 1. 
p ~ 0 

PaCCMOTpHM ,ll;HHaMHKy qaCTHQbI, onacstaaer-toa aexropasna ofiobme
HHeM MO,ll;eJIK (16),.¢ ~ xtJ. • ,1lrIH aMflJIHTY,ll;bI 3aM¥HYToH rpaexropaa, 
npoxonamea xepea N roserc, B cnysae t ~ R HMeeM 

T/2 T/2 

A nXl n= J d'T .r dt 1 ••• f dt B( I t 1 - T) xN 
-00 -T/2 -T/~ 

x v(xl t 1: X 2 t ~ V(x 2 t 2: X 3 t 3) .... V ( X J rr Xl t 1) (20) 

N 00 

J dx(t) n (J dti5(l-(tl)--x'~))exp~s[x(t)]1
 
1 = 1 -00
 

dk~ . • ' JI. Il ~ f.L 
= .r n -L- exp ( - 1 I k j X j ) A ( {k j I); 

j, Il 211' 

r,ll;e 

A({k~ n= .rdx(t) ~ dt exp (-8 + i~ kjx(tj j)) 
J 

= J dx V (k ) .,. V (k ) exp(-&):
1 N (22) 

V (k ) = rdt exp ( i k X (t )), - BepIlIHHHbUf oneparop. 
,UJIH ypaBHeHHH ,ll;BH)KeHHH nOJIyllHM 

D~x/L - i~ k~8(t-t.) = 0, 
J j J J (22) 

Iu Iaxil (u) - i I k~ X (- u t.) = 0. 
j J J 

Ilocrreruree paBeHCTBO ,ll;OJIIKHO HMeTb Mel:TO )l;JIR: acex u , B lIaCTHOCTH, npa 
u = 0 nonyuaer-r aeofixozmvroe yCJIOBHe cymecTBoBroum' HeTpHBIUUIbHbIX 

peIlIeHHH: 

I k~ = 0. (23)
j J 

12 

MHTerpHpOBaHHe B (21) no x( t ) = const naer ac£ k j)' liTO ofiecneuaaaer 
C06JIIO,ll;eHHe yCJIOBHH (23). PeIlIHM ypasneaae (22): 

x ll (t ) = iD-a I k~ B( t - t j ) 
t J 

i - Il (24) 
-- I. k. It - t ~ a-l

r'a) i,1> j •
 

Ha pemenaa (24) ,ll;eHCTBHe (16) npHHHMaeT aaaseaae 

s = - _1_ I k 1k j It i - t j \a-l ~ (25} 
T'(«) 1 < j 

AHaJIOrHlIHOe paCCMOTpeHHe HMeeT MeCTO H B p-anasecxora cnysae, t E Op ~ 

Bsrpaaceaaa- ,ll;JI.H cnyxaa a = 1 nOJ1YllalOTCH npenensnsna rrepexonor-r a ~ 1 
C yseroxr yCJIOBMH (23) It noaeneaaa paMMa-<pYHKI.J;HH (18) : 

e
1 - P f In p 

r (1 + f) = 1 _ p-1 (26)1 - p-l 

It .p-l lL' 
x ( t ) = - I -- I k. 1n I t - t j I , 

p.lnPi! 

p-l I 

S[x(t)] -- I k k In It 1 - t j I • i j 
p Tn p i < i 

3aMeTHM, liTO R ,ll;eHCTBHTeJIbHOM cnyxae )l;JIH nOJIylleHHH xonevnoro asrpaace
HHH ,ll;JIH ,ll;"eHCTBHH rpetiyerca nepeaopr-rapoaxa KOHCTaHTbICBH3H, rorna KaK 

B p-a)l;HlIeCKOM cnyxae B 3TOM HeT Heo6xo,ll;HMOCTH. ,UnH axmnarynsr (21) 
HMeeM 

N 
- Il 1 a-l 
A ({k i l) =.F Il dt. exp (- -- !. k i k . I t 1 - t. l ) · 

j = 1 J F'(e ) i.< j J J 

B p-anaxecxoxr cnysae npa a == 1 
.p-l 

. \ N --k. k 

A({k~}) = .r n dt
j 

n It 
i 
-tj \pln

p 
1 j (27) 

j==l l<j 

B KOop,ll;HHaTHOM npe,ll;CTaBJIeHHH nOJIyllHM 
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- IL
 
Il N - dk j Jl. . 1 

AOx. l) = f II dt
j 
J II -- 0 ~ It k i ) exp( - i I k j x, _. -2 I ki Aij k. ) 

j=1 j,ll 27T i J J 

-M N -D/2 DILl -1 
= (27T) J,n dt (detA) f II da exp(2" It (Xi - aHA \j (xj--a)), (28) 

j 
J=l 1L=1 

rne 

M = D(N + 1) , 

i 1 
r(a) Iti _ t

j la - , a ~ 1 

i ~ jA = 
IJ 

p-1 
- --In 1ttl a = 1.p ln p - i - j , 

C,"", ' u le4/
,*,OpMyJIHpyeM KBaHTOBylO reopmo anenea Ha~ npaxrepe MOneJIeH

u 

rana (16). B xaxecrae npOCTpaHCTBa nenpepsransrx <PYHK~HH paCCMOTpHM 

<PYHK~HH BHna • 

(29)cP(a) = II cP (a ), 
p > 0 p p 

rne cPp(ap) = 1 WUI ape Zp H cPp(a p) = 0, xorna apE Zp, HallHHaH C 

p > N. TaKHe cPYHK~HH Ha3bIBaJOTCH 3JIeMeHTapHbIMH cPYHK~HRMH aa ane
JIHX/S2/ . Ilpoaaaeneaae (29) CXOnHTCH H HBJIHeTCH aenpepsraaoa cPYHK

~HeH aa a.n;eJIHX. 

,UnH onpezrerreaaa anonesa cPp~KTanbHoroHClIHCJIeHHH B (13) nOJIO)l(HM 

[x ] r(a) = r ( a ) = 1-an 1 xp I p ' II r p(a ) 1 a 
p ~ 0 p 2: 0 

. 11 1 - p-ar~ (a) = rdx Ix f -1e i27TX = (2")-a 2 cos _!!Z- r(a) = «l-a) 
-00 2 ( a ) p ~ 2 1_pa - . 1 (30) 

dt = II dt, cP (x ) II ¢ (x ). 
p ~ 0 p p ? 0 p p 

Aneneay KBaHTOBylO TeopHIO nOJIyllHM H3 BblpIDKeHHH (16) 3aMeHOH (30) 
H D~ -. I. D:p '
 

p ~ 0
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ECJIH paccraarpaaars cPYHK~HH (29), ynOB.TIeTBOpHlOmHe yCJIOBHHM 

2J da p I cPp (a p) I = 1, 

H, CJIenOBaTeJIbHO, 

fda 1¢(a)1 2 =1, 

TO 6yneT HMeTb MeCTO <paKTopH3a~UH S = . ~ ~' 
p>o

a -
Sp = J dap<pp(ap) Dap<Pp, 

Op 
Z = II Z • 

p~o p 

,UnH paccr-rarpnaaeraoii MOneJIH HMeeT MeCTO anenesa crpyxrypa 

Z II Zp = 1, 
p?o 

KOCMOJIOrHlIecKaH KOHCTaHTa A - In Z paBHHeTCH HyJIIO, r.e, npOHCXonHT 

KOMneHcauHH neHCTBHTeJIbHOH KOCMOJIOrHlIeCKoH KOHCTaHTbI sa ClIeT p -ana
lIeCKHX MHpOB, eCJIH HMnYJIbCbI npHHHMaJOT rnnus pauaoaansasre 3HalleHHH. 

,lleHcTBHTeJIbHO, 

~ti ft/JDa ¢ -~ a II \ u !-a/2Zp = [.d¢ e = det 0 
uP' 

-a/2
Z II(n1U[) =1, eenM U eO. 

p 
u P2: 0 

4. Bssecro nocToHHHOH nJUlHKa tl paccsrorpara cPYHK~HIO npOCTpaHCT

Ba-BpeMeHH / 48 / . 0606meHHe ypaBHeHHH Illpenaarepa nOJIyllHM H3 neH

CTBHH 

h -
S [ dt dxD { i _1 ('I' a 'I' - a '1"1') . 2 t t 

n; _ _ (31) 

-- V'PV'I' - 'l'V'I'I, 
2m 

rne h1 H 112 , aoofiute roaopa, pasasre cPyHKUHH. B npennOJIO~eHHH, liTO 

1'1 1 H 1\2 nOCTOHHHbI, BbI6opOM enHHH~ ,lUIHHbI H BpeMeHH MO)KHO nOJIOJKMTb 

h1 = ti2 = n . 
15· 
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,UeHcTBlie (31) HHBapliaHTHO OTHOCIiTenhHO rrrofiarrsnoro 1I3MeHeHlIH 
¢a3bI BonHOBOM <PYHKIJ:1I1i 

-ia
'V .... e 'P.	 (32) 

,UnH asrsona cooraercrayrouiero 3aKOHa COXpaHeHIIH
 

Jl. ....

aiL J = 0, /l =. t , x ,
 

,n;OCTaTOtlHo HaHTl1 aapaaumo AeHcTBIiH npa neper-renasrx 3HaqeHlIHX a:
 

u 
8S=(a/laJ ~ 

Jlerxo BII,n;eTb-, qTO * 

JO = h
l 

qJ'I', 

~2 .... in2 - .... .... - (33)
J = --[ 'P(V'P) - (V'P)'I'].

2m 

, ** ..H finarozrapro H.B.BonOBlIqa II O.K.llamaeBa sa o6cy)K,l],eHIIH p-ana
qeCKIiX reopaa; B.C.,n;e BIiTTaaa oficyacneaae KBaHTOBOH reopaa C neper-tea
HOM li II norresaoe sawresaaae. 
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