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BBEAEH~E 

Ocuunnarop - OAHH H3 nepaux 06beKTOB KBaHTOBO~ MeXaHHKIIl. 
Onepa ropu "pO}l{AeHlttfl-YHH4TO)J{eHl-1fJ", TaK WHpOKO Hcnonb3yeMbie 
B COBpeMeHHO~ K~aHTOBO~ TeOpHH nOnfl / 1/, BnepBWe nORBHnHCb 
1-13 OAHOMepHO~ MOAenH KSaHTOBOrO OC4HnnflTOpa/21 : B nOCneAHee 
BpeMR 3aMeTHO nOBWCHnCfl HHTepeC K TaK Ha3WBaeMWM HeCTaHAapTHWM 
MOAenRM KBaHTOBOrO OC4HnnflTOpa / 3,41 " B HaCTOfll1.\e~ pafore Mbl no­
CTpOHM OAHO 1113 o606l1.\eHH~ TpaAH4HOHHO~ MOAenH rapMOHIIl4eCKOrO 
OC4111.JlflflTOpa nyrea nepexona OT 06bl4HOrO 6HnHHet1Horo laHTH/KoMMY­
ra ropa K nOHflTHIO nOnHnHHe~HOrO laHTH/KoMMYTaTopa. B151 6blna 
npeAnO}l{eHa HAeR nOCTpOeHHfl KBaHTOBO~ MeXaHHKH, OCHOSaHHoH 
Ha nom..tnHHe~Hblx ¢OpMaX B none 411iKJllA4eCKIIlX 4Hcen. OAHIIlM !113 06beK­
TOB 3TO~ KsaHTOBO~ MexaHIIIKH flsnfleTCfl MOAenb non~nHHe~Horo OC­
4HnnRTopa. ~HTepeCHoe.CBO~CT80 MOAenH 3al<nlO4aeTCH B TOM, 4TO 
nOpO}l(AalO~lIle oneparopu nonHnlllHe~Horo ocuannaropa CABlllralOT KsaH­
TOBoe 4Hcno aanauuor-o COCTORH:.1H Ha Hel.\enYlo BCI1H4I11HY H, B npHH­
4Hne, MoryT 6WTb peanH30BaHW C nOMOl1.\blO Onepal.\HH APo6Horo AH$­
¢epeH4HposaHHfl. n03TOMY npeAnaraeMafl MOAenb MO)J{eT 6WTb npHMe­

·	 HeHa B TO~ 06naCTI-1 ¢H3HKI-1, rne B03HI-1KalOT APo6tibie «aauroeue 4HC­
nat npHMepaMH ¢H3H4ecKHx clllcTeM, B KOTOpWX peanH3yeTcfl APo6ne­
Hille $epMHOHHoro 3apflAa, flBJ1~~TCfl: MoneKynflpHafl l.\en04Ka THna 
n0J1Ha4eTHJ1eH/e,71 ; 3neKTpOHHafl CHcTeMa s nnOCKOCTH, nepneHAH­
KynflpHo~ MarHHTHOMY norno , H AP!8,91 • OC06bl~ HHTepec npencraa­
nfleT np~MeHeHHe pa3BHsaeMoro ¢opManH3Ma B TeopHH KsapKOB, no­
CKOllbKY nocneAHHe o6naAalOT APo6HWMH KBaHTOBWMH 4HcnaMM 3neKTpH­
4eCKoro 3a pflAa 1101 • 

OnPEAEJ1EHlJUJ 

1. nYCTb P eCTb onepaTOp ~HKnH4ecKoM nepeCTaHOBKH, Ae~cTBYIO­

U4H~ Ha 3aAaHHblH MOHOM M-~ CTeneHH, npH4eM po = 1 H pM = 1. 
nOmliJtHHe~HblM aHTHKoMMyTaTopoM Me>KAY 3aAaHHbiMH M onepa ropaaa 

b 1, b 2 , ••• , b M 6YAeM Ha3blBaTb cyMMy SHAa 

M-l 
i 

( b 1 ' b2 ' ••• , b M] : = L p m( b 1b 2b 3 ••• b M) •
 
m = 0
 

2" nYCTb ()- npHMIitTHBHbJ~ KOpeHl? yp'aBHeHMft ,xM :... 1 = U. 
nOJlI4JlI1HeMHb'M KOMMYTdTOPOM Me>KA'Y 3aAaHHblMIo1 M orte pa roparau 

(b l' b 2' ••. , b M) 6YAeM Ha3blBa~b CYMMy BHAa 

M -1 
,	 m m 

{bl'b2, ••.,bMI:= I. B P (b1b2 ••• b M) .
 
m == 0
 

3. nYCTb {~nl eCTb 6eCKOHe4Hoe MHomeCTBO 3neMeHTOB npOCTpaH­
I. CTBa L2 H o6pa3yeT opTorOHanbHY~ CHCTeMY 

( '<lJ '¢l ) = 8 •
n' m nm 

nOCIleAOBaTeJlbHOC'Tb 3JleMe,HTOB {'tIl }, In - uenoe/ ofipaayer 6a3HCn 
rHIlb 6epToBa npOCTpaHCTBa §. ,llanee, nYCTb A(q) - Jn1HeHHblH or paaa­
4eHH~H onepaTOp B 6aHaxoBoM npOCTpaHCTBe ~. 

MHomeCTBO <!>YHKUHH {cIlp : = A(q}'cD n l , p = n + q, q - He~enoe, 6YAeM 
Ha3biBaTb o6pa30M npoc t paucr aa ~ B ~ 1111 0 

3. OnepaTop raMHJlbTOHa KsaApaTH4Horo OCUHnnRTopa onpeAenReT­
CR 4epe3 aHTHKOMMYTaTOp ABYX nopomAalOlA\HX onepaTopOB " pO>KAe­
HHft" - a 1 11 "YHH4TomeHHRII - a2 : 

H(2): = : [al'a 2J. 

~e~CTBYR no aHanorHH, onepaTOp raMHnbTOHa nOnHnHHe~Horo OC~Hn­

nftTOpa onpcAenHM B Ta~OH ¢opMe: 

H(M):='~ [b t,b 2 , ••• ,bM
L 

Onepa ropu b l' b 2 , ••• , b M. 6YAeM Ha3blBaTb nOcpO>K.qaJO~HMH onepa­
TopaMH nonHnHHe~Horo OC~HnnRTopa. 

4. Oneparop
 
"
 
N (M) : =b '1b2 ••• b M' 

no aHanorHH C onepaTopoM 

N(2) = a 1a 2' 

6YAeM HHTepnpeTHpoBaTb KaK onepaTop 4Hcna 4aCTH~. 

5. npaB~J10 .qe~cTBHR one pa ropa b Ha 3a.qaHHoe COCTORHHe '<1'n 3a­k
.qa.qHM C nOMO~blO $OpMynbl: 

k lIMe» 
(n +btcf)n I. ()e) n + ()k	 III 

f -= 1 

......i.;.:-")~, -.. 
...tiJ\.J"..\\... ~~ 

,i l·t"\ 

3
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cnEKTP OnEPATOPOB rAMHnbTOHA H 4HCnA 4ACTHU 

nOJ1bSYflCb ¢OPMYJ10~ /1/, onpenensea cnexr p N(M) l-1 H(M) 

N(M)<1l = n'el> ,	 /2/
n n 

M-l 
1

H ( M ) <Il n = (n +	 -M L (M - m ) em) '<I> n • /3/ II(m=l 

onEPATOP~, nOB~WA~mHE /PO*~EHH~/ 

H nOHHmA~mHE /YHH4TOmEHH~/ ~AHHOE COCTORHHE 

BBeAeHH~e B~we onpeAeJ1eHl-1~ nOSBOJ1fl~T 6es TpYAa yraAaTb 
B onepaTope b l nOB~wa~~H~ onepaTOp: 

+ + 11M 
b : = b1 • b<1l n == (n + 1)<1>n + 1 ' 

a B b-:': b2 b ••• b - one pa rop , nOHl-1)f{a~~H~ aanauuoe COCTOflHHes M 
Ha e.qHHH4Y: 

b- ell == (n) (M - 1) I M<1l • 
n n-l 

Onepa ropu b+ l-1 b" ,qe~CTBHTeJ1bHO HMelOT CBO~CTBa onepa ropoa 
II pmKAeHHfl H YHH4TO>KeHH~II: 1Q = b+ b" - eCTb oneparop 4HCJ1a 4a CTH4, 
KOMMYTaTOp {b+.b- I paBeH eAHHH4e H 

{H(M). b+ 1== b+. {H(M). b-l = -b-. 

·AHaJ10rHfl' Me>KAY b+, b" H a+, a- npHBo.qHT K MbICJ11fl 0 cyuiec r ao­
BaHHH "x'{-npencr aaneuaa AJ1fl one pa ropoa b", b-. PaCCMOTpHM Ae~­
CTBHe onepaTopOB b+ H b- Ha COCTO~HHe ~n' onHC~BaeMoe 4eJ104HC­
J1eHH~M KBaHTOB~M 4HCJ10M n. OnpeAenHM ¢YHK4HIO n-ro COCTOflHHfl 
TaK: 

-11M 2
 
lpn (x ) : == ( 2nn ' ) exp ( - x /2 ) J(n (x ) , /4/
 

rAe J(n(x) - nOJ1HHOM 3pMHTa, KOTOP~~ YAOBJ1eTBOpBeT CJ1eAYIO~HM 

COOTHoweHHflM: 

J(n+l- 2xJ(n + 2nJ{n_l == 0, d J( == 2nJ{n_l.	 /5/-- n
dx 

Hs /4/ H /5/ HaXOAHM peKyppeHTH~e COOTHoweHHR AJ1R 'l'n(x) • HMeeM 

1/ M 
(2n+2) 'l' 1	 - 2x'l' + (2n)(M-l)/Mlp 1 == 0, /6/

n+ n	 n­

4: 

-9_ 'II == x \IJ. + (2n ii--M) 1M 'I" •	 /7/
dx n n	 n-l 

06beAHHfJR /6/ vf /7/, n0J1Y4aeM, 
(l-M) IMa (1-M) 1M 

2 (x + ax )\lln == (n) 'l'n_l • 

-11M a	 11M 
2 (x - -)'11 == (n + 1) 'l'Jx n	 n+l 

TaKHM·o6paSOM, eCJ1H n-e COCTOflHHe Ae~CTBHTeJ1bHO onpeAeJ1fleT­
CR ¢YHK4~e~ /4/, TO 

b+ == 2_.1/ M ( x _	 .!-.) 
ax ' 

/8/ 
_ (1-M) 1M ( . a)

b==2 x+-. ax 

npe>KAe 4eM npHHflTb BMpa>KeHHfl /8/, HaM npeACTOHT ,qOKasaTb, 
4TO COCTOflHHe, onHC~BaeMoe ~YHK4He~ /4/, Ae~CTBHTeJ1bHO flBJ1fleT­
Cfl co6cTBeHHo~ ¢YHK4He~ onepaTopa H(M) • 

¢;YHKU.~M 3PMHTA An~ tlEUEnblX 3HA4EHHt1 n(q) 

OOllL1HOMbl 3pML1Ta AIlfl uenux n onpenenacrcs Bblpa>KeHHeM 

J{ (x ) =: (- 1 )n exp (_ x 2)." , 
n	 n 

rAe 

d 
n 

2
 
dxn exp(-x )
"'n 

RBJ1ReTCfl peweHHeM ypaBHeHHfl 

z " + 2x z ' + (2n + 2) z == 0. /9/ 

Cy~ecTByeT YAo6Hafl ¢opMa B~pa>KeHHfl peweHHfl /9/ npH He4eJ1Wxn
 
C HCn0J1b30BaHHeM onepa4HH APo6Horo AH¢¢epe H4HpOBaHHfl. ~e~CTBHe
 
onepauau APo6Horo AH¢¢epeH4HpOBaHHfl nopnaxa q Ha <PyHK4H~ rex)
 
6YAeM 060sHa4aTb TaK:
 

(:f)q-C)(x). 
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CornaCHo / 121 , ~MeeM cneAy~~ee npeACTaBneH~e peWeH~R ypaB­
HeH~R /9/ npa npO~3BonbHOM 3Ha4eH~~ n = q /B TOM 4~cne ~ AnR 
KOMnneKCHoro q , Req > 0/ 

mq 2 
z (x) = (.v exp) (- X ). 
q 

Tenepb MomHO onpeAen~Tb $YH~~~~ 3pM~Ta ~HAeKca q 

2H (X '.: = expf i eq ) exp(-x ) Zq (X)q I J 
KOTopaR nepexoA~T B 06~4H~~ non~HOM 3pM~Ta np~ HaTypanbH~x 3Ha­
4eH~RX q ~ anR $YHK~~~ 3pM~Ta Kq~) cnpaBeAn~80 OAHO samHoe CO­
OTHoweH~e, o6oo~a~~ee $opMyny /5/ AnR non~HOMa 3pM~Ta /CM. np~­
n9meH~e/: 

2q of (p + 1) 
cnq

}{ ) (x ) J{ (x ) , /10/
p p-q


of (p-q +1)
 

Konb CKOpO BBeAeHa $YHK~~A 3pM~Ta ~HAeKca p, onpeAen~M 4epe3 
Hee $YHK~~~ COCTORH~R AnR He~en~x KBaHTOB~X u,~cen: 

p -l/MJ{ ·2
'l'p (X ) : = [2 r (p + 1 ) } p (x ) exp ( - x /.2). /11/ 

Jlei:1cTB~e onepa ropoa nOpO>KAeHHA b l , b2 , ••. , b MHa $YHK~1i11O 'l'p(x)
 
onpeAen~M ~opManbHo, no TOi:1 me $OpMyne, 4TO ~ B /1/:
 

k 11M 
b 'I' = (p + I (} f ) 'Pp +e • /12/


k p f = 1 k
 

B 3TOM cny4ae HeTpYAHO y6eA~TbcR, 4TO 'Pn /n - 4enoe/ Aei:1cTB~­

TenbHO RBnReTCR coocTseHHoi:1 ~YHK~~ei:1 onepaTopa H(M). 3TO 03Ha­

4aeT, 4TO ~ "x' - npencr aaneuae AnR oneparopoe b+, b" ~3 /8/ ~Me­


X"­eT cv.ny. 0AHaKo 6bIno Obl aeCbMa V'lHTepeCHO nonblTaTbCR Hal7lT~ "
 
npenc'raaneaae ~ AnR oneparopoa bk / k = 1,2, •.. ,MI.
 

OnpeAen~M onepaTOp
 

q(l-M)/M 2 2
L : = 2 exp(- x /2) (g) q exp ) (x / 2 ) 

q 

H paccMoTp~M ero Aei:1cTBHe Ha .~YHK~V.ID ~p. ~cnonb3YR ¢oPMynbl /11/ ~
 
~ /10/, nonY4~M
 

6 

L '1' = ( r(p+ 1) M-l 
q.p, _) tr-lp /13/

T(p-Q+l) p-q 0 

$opM~na /24/ -aepHa ~ AnR KOMnneKCHblX 3Ha4eH~~ p H q. KaK B~AHO, 

onepa rop L a OTn~4aeTCR OT htt n~Wb K03$$~4~eH'rOM nepea ¢JyHK­
-17

k 
~~ei:1 'Pn+8 • OAHaKO Ba)f(HO, 4TO KOHeu,Hbli:1 peayns ra r Aei:1cTB~R one-

k ~ 

paropoa La, 'a J.1MeHHO - cnex r pu one paropoa N(M) ~ H(M) - OA~H 
-v'lt 

~ TOT me. TaKV1M 06pa30M, onpenenar s "x'{-peanaaauao ~opMynbl /12/ 
He YAaeTCR, BMeCTO Hee Mbl ~MeeM $OpMyny /13/. $opMyna /13/ no­
3BonReT onpeAen~Tb onepaTOp raM~nbTOHa non~n~He~Horo oc~~nnRTO­

pa He3aB~C~MO OT 4~cen ~~Kn~4eCKoro 6a3~ca ek, . 
Paccaorpu» nponaaonsaee aeuiecraeaaue 4~cna q 1 ' q 2' ••• , q , 

. M M 

YAOBneTBopRIO~~e ASyM ycnoB~RM: 1/ ql = 1; 2/ ~ Qm = O. BBeAeM 
. m= 1 

oneparopu b+ = L1 ~ b k : = L+q , k = 2,3 ••• M. B 3TOM cnyvae 
k 

flMecTo tPoPMyn /2/, /3/ nonyu,~M cneAYIOU\~i:1 cneKTp onepaTopOB 
N(M) ~ H(M) : 

N(M) <%l = n'ct1 I 
n n 

M-l 

H(M)~ ===[n+ !:.- L (M - m) q m] <I>n ~
 n M m=l
 

B np~H~~ne MO>KHO 3aAaTb eU\e oonee oo~ee npeAcTaBneH~e AnR 
oneparopos b j , b 2 ,. •• , b Mp a ~MeHHO, BMeCTO ycnoB~i:1 1/ ~ 2/ 
orpaH~4~TbCR TonbKO ycnoBHeM 2/. 3TO B03MOmHO, ecn~ onpeAen~Tb 

oneparop r ana " po>KAeHHR II Ha He~enoe KBaHTOBoe 4~·cno. B Kau,eCT­
Be TaKoro onepaTopa MO>KHO BblopaTb BblpameH~e 

-q/M 2 2 
-K(q) := 2 exp(x /2) (1)q exp ) (-x /2) I 

RBnRIO~eeCR o60ol.l4eH~eM oneparopa' b" ~3 /8/ Ha cnY4ai:1 aeuenux q', 
np~4eM. np~ q = 1, b+ = K(l). 

Ae~cTB~e one pa ropa K(q) Ha 3aAaHHoe COCTORH~e 'lip aapaxaerca 
<I>oPMynoi:1 

11MK(q)'I' = (r(p+ q + 1) 
p ) 'I'p +q. r (p + 1) 

,7 



B 3TOM cnyuae He YAaeTCfJ Han~caTb 06U\1II~ BillA cnekr pa-onepa-
Topa H(M) , oaaaxo B Ka}I(AOM KOHKpeTHoM cnyvae l;ieTpYAHo Ha.i:1TIII 
BillA 3Tol::1 $YHK~IIII11. B Ka4eCTBe npIIIMepa paCCMOTpHM TpIIIJ1I11HeIltHbl~ 
OCl\IIIIV1RTOP, KBaHTOBble 4111CJla one paropos ri.opO>K,qeHViR KOToporo IIIMe­
lOT sHa4eHlllfJ: 

<;t i = 2l13, q'2 = - !...f.3, q 3 -= -1/3. 

OnepaTop faMIIIJlbTOHa 

H (3) := t [ b 1( t), b 2 ( - ~ ), b3 (- ~ )} , 

6YAeT IIIMeTb CJleAYIOU\III~ cneKTp: 

5 4rep +-) r (p + '3)
H( 3 ) 'ell = [ r (I) + 1 ) 3 

p + ---- + ] ell
p 

•
 
2
r (p +.!:...) r (p + 1 ) 

3 rep +"3) 

3aMeTIIIM,.4TO npIIIHRTllle B Ka4eCTBe onepaTopa pO~AeHIIIR b 
+ 

onepa­
ropa K(q) Iq - ueuenoa/ npHBOAIIIT K TOMy, 4TO H(M) 6YAeT IIIMeTb 
lie,npepblBHblllt cnexr p , 

B SaKJl104eHllle aBTOp B~pa~aeT HCKpeHHlO1O npIIISHaTeJlbHOCTb 
npo¢.BcrcMaxaHbKoBY sa PflA 4eHHbiX yt<asaHllllIt, a TaK~e H.B.MaxaJl­
AlllaHH, oxaaasureay Hoau.eHIIIMYIO nOMQlqb B nOA60pe nsrreparypu, 

nplt1nO}f{EHlt1E 

$yHKIlIIIR 3pMV'\.Ta HHAeKca p onpenenae r ca KaK peweH-IIIe ypaBl:ieHlllfl 

d2 d 
--J{ - 2x --.- J( + 2p J{ . = o.. /n.l I
dx 2 P dx p P 

/ 121 
nOAelltcTByeM Ha In. 1I oneparopox AP06Horo AH¢<pepeHIlHPoBaHlllfl : 

~ q + 1 (xz) = x gjq + 1z + (p + 1) 1)q z , 

nOJlY4ViM 

r'ne 
q+ 1 

R pq =:D J{p 

C APyro~ CTOpOHbl, <PYHK4I11fl J{P-q_l TaKme aanserca peweHllleM In. 21 . 
CJleAOBaTeJlbHO, 

gjq+1J{p = A(p,q) J{p_q_ b In.31 

A(p,q) - nOCTOfJHHafl, nOAJlema~aR onpeAeJleHllllO. COOTHoweHHe In.31 
yKaawaaeT Ha cnoc06 nDJlY4eHHH RBHO~ <POPMYJlW AJlH <PYHKl\IIIH 3pMIIITa 
AJlfl Hel\eJlWX 3Ha4eHH~ HHAeKca. npIII P = n In - HaTypaJlbHOe 4111C­
Jlol <PYHK4\1l~ 1{Jx) MomHO sanlllcaTb B BHAe CJleAYIO~ero KOHe4Horo 
pRAa / l SI 

J{ (x) (2 x ) n _ n (n -1~ (2x) n-2 -+ ~1.l.{ n f~ )( n.=.!L.2.xn- 4 + ... 
n 

'/n.41 
nOA Aei~cTBllleM oneparopa :c q+l nOJ1HHOt-JI 3pMIIITa J{n\(x) nepeXOAIIIT 
B <PYHK4HIO 3pMIIITa J{n-~-l (x) Hel\eJlOro IIIHAeKca. nepen\llWeM PHA 
In.41 B B\IIAe, KOTOpbl1ll ¢OpMaJlbHO Mo~eT 6blTb 0606Ule~ III Ha CJlY4a~ 

Hel.leJl~X nOKa3aTeJle~~ 

00 

r(n+1) _ (2x)n-2k.J( (x ) = (2x) n + I (-1) k In.51 
n k = 1 F'(n - 2k + 1) 

Ae~CTBYR onepaTopOM ~q Ha PflA Ino5/, nOJlY4111M 
qr(n+l)

mqJ( 2 tI 
~ n(X) = . J\n_q- In.61 

If (n - q + 1) 

. 04eB~AHo, <poP~YJl~ IQ.5/-/n.61 ~Me~T TOT me B~A III AJlfl Hel\e­
Jl~X 3Ha4eH\II~ HHAeKca. OTCIOAa CJleAyeT, 4TO flBH~~ B~A A(p,q) onpe­
AeJlReTCR B~pameHllleM 

2qr (p + 1 ) 
A(p,q) = -----:",-- ­

F (p - q + 1) 
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Mop;eJlb nOJlHJlHHeHHOro OC~HJ1JIHTOpa
 

B rrpOCTpaHCTBe HeJJ;eJIbIX KBaHTOBbIX 'lHCeJI
 

rrpeAJlO~eHa MOAeJlb nOJIHJIHHeHHOro OCJJ;RJlJIRTOpa, onepaTopbI 
nOpO)K,IJ;eHHH KOToporo p;eifcTBYIDT B npOCTpaHCTBe P;P06HbIX KBaH­
TOBbIX QHCeJ1.. Onperrerrenst npas ana p;eifcTBliH H "XU -rrpep;c r aane­
HHe P;JlH rrOpO)K,IJ;alO~HX orrepaTOpOB, cone TBeHHble IPYHKJJ;HH co­
CTOHHHH P;JlH orrepaTopOB QHCJIa~aCTHJJ; H 3HeprHH. MOp;eJlb MO­
)KeT 6bITb HCnOJlb30BaHa npn liCCJleAOBaHHH IPH3RQeCKHX CHCTeM 
C P;P06Hb~H KBaHTOBbWH QHCnaMH. 

Pa60Ta BbIIlOJ1HeHa B J1a60pa"TOpHH BbIQHCJlHTeJlbHOH TeXHHKH 
H aBTOMaTH3aJJ;HH OH5IH. 

npenpHHT 06'LOJJ.HHoHHoro HHcmTyTa anepasrx accnenoaaaan. .uy6Ha 1988 
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Model of Polylinear Oscillator in
 
the Space of Non-Whole Quantum Numbers
 

Model of polylinear oscillator generating operators 
'of which work in space of non-whole quantum numbers is 
proposed. Rules of operation and "x"-representations for 
generating operators, state eigenfunctions for operators 
of particle number and energy are defined. The model may 
be useful for investigation of physical systems with non­
whole quantum numbers. 
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