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B HaCTO~~e~ pa60Te ~3naraeTCR HOBbt~ nOAxoA K np06neMe Ha
XO*AeH~R Hen~He~HWX ~HTerp~pyeMwx C~CTeM. CYTb ero COCTO~T 
B cneAy~~eM. B03~MeM Hen~He~HY~ ~HTerp~pyeMY~ C~CTeMY, o6na
Aa~~y~ npeACTaBneH~eM naKc~ / l l B~Aa 

~+fA.Ll=O,
at 

rAe L ~ A - n~He~Hwe A~¢¢epeH~~anbHwe onepaTOpw. AnR w~pOKoro 
Knacca onepaTopOB L ~ A MW nOKa*eM, 4TO cy~ecTByeT n~~e~Hw~ 
A~¢¢epeH~~anbHw~ onepaTOp 

N 
r 1 [' 

n 
n= 1 

TaKO~, 4TO I<03¢¢~l..I:.1eHTbt onepaTopa r n 3aB~C~T OT peweH~R rh n 

ypaBHeH~~ 

(l - A ) d> = 0 , n n 

a 3a~enneHHa~ C~CTeMa ypaBHeH~~ 

~ + fA.l]=r. (L -An) rh =0. n= 1, .. .• N,
at n 

~HTerp~pyeTc~ C nOMO~b~ MeTOAa 06P~THO~ 3aAa4~ pacce~H~~ AnR 
onepaTopa l . 

np~ 3TOM OKa3anOCb, 4TO T~K~M 06pa30M MorYT 6btTb nonY4eHW 
KaK HeKOTopwe y*e ~3BeCTHwe ~HTerp~pyeMwe C~CTeMw, TaK ~ PRA 
HOBWX ~HTerp~pyeMwx C~CTeM. Cy~ecTBeHHo, 4TO AnR Bcex ~3BeCT
HWX paHee ~HTerp~pyeMwx C~CTeM ~3naraeMw~ 3AeCb nOAxoA RBnReT
C~ 60nee npOCTWM ~ 60nee eCTeCTBeHHbtM. 

1. CKAnRPH~A OnEPATOP BTOPoro nOPRAKA 

Ha4HeM C npOCTe~wero cnY4a~ CKan~pHoro onepaTopa BToporo 
nOp~AKa, TO eCTb nYCTb 

L a2 
+ u, /1/ 

rAe a - onepaTOp A~¢¢epeH~~pOBaH~~ no npOCTpaHCTBeHHo~ nepe
MeHHO~ x. a u - CKan~pHa~ ¢YHK~~~ x. PaCCMOTp~M n~He~HY~ C~

cTeMY ypaBHeH~~ 
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(L - ,,) f = 0 f' = 0 f n = 1, ... , N , /2/o 'n n 0' 

OTHOC~TellbHO CPYHKlI~~ f 0 ' f 1 , .•• , f N' 3AeCb WTP~XOM 0603Ha4e HO 
A~C!l¢epeHlI~poBaH~e no x, a CPYHKlI~~ 0 1 , ... , 0 N C4~TalOTCfI nOKa 
HeOnpeAelleHH~M~. B03bMeM, Aallee, onepaTOp A B~Aa 

. k + 2 ko 
oA=a + ~ a ak k > 0, /3/k o

k= 0 

TaKO~, 4TO onepaTOp 11 = [A , L 1 ~MeeT HyneBo!ii nopfiAoK, TO eCTb 
flBnfleTCfI onepaTopOM YMHomeH~fI Ha CPYHKlI~lO, ~ nonom~M 

N
af 0 e A fg = + K 1 dJ f o + 0 n n
at n=l 


/4/ 

g = 0 n f'o - 0' f 0 - (" - A ) f , n 1, , .. , N • 


n n n n 

rAe e ~ K - KOHcTaHTbl, a dJ1~ •• , ¢ N - HeKOTopble /noKa He~3BeCT
Hbte/ CPYHK4~~. 

BWflCH~M Tenepb, KaK~M Tpe60BaH~flM AonmHw YAoBneTBopflTb CPYHK
1I~~ U, ¢1"'" ¢N' t/11"" ,t/1N Anfl Toro, 4T06bl onpeAeneHHble no
cpeACTBOM /1/-/4/ Bell~4~H~ go, gl"'" gN YAOBlleTBOpfln~ yc no
B~flM 

N 
(L - A) g = K 1 dJng , ~ :; 0, n = 1, ... , N , /5/o n = 1 

n ax 

C nOMO~blO npOCTWX BW4~cneH~~ HaxoA~M, 4TO Allfl cnpaBeAn~BOCT ~ 

ycnoB~~ /5/ Heo6xoA~MO ~ AOCTaT04HO BwnonHeH~e COOTHoweH~~ 

N 
~- + erA. Ll 2K 1 _a_(¢ t/1 ), 

nat n = ·1 ax n 

/6/ 
(L - A ) ¢ (L-A)I/J = O,n=l, ...• N. 

n n n n 

B TOM cnY4ae, KorAa e ~ K - Be~eETBeHHble KOHCTaHTbl, a Ben~

4~HW .\n YAOBneTBopAlOT ycno~~l0 An = All...! C~CTeMa /6/ ~MeeT ~HBa
p~aHTHoe MHoro06pa3~e u = u, 0 = ( ¢ , rAe (2= 1, n= 1, ••• 

n n n n 
... ,N, a 4epTa 03Ha4aeT KOMnneKCHoe conpflmeH~e. AB~meH~e 

Ha 3TOM MHoro06pa3~~ on~CWBaeTCfI c~cTeMo~ ypaBHeH~~ 

2 

aL N a 
+ e [A, L 1 2 K 1 f -. - l dJ 12 


n ax n
at n= 1 

/7/ 

(L-A)dJ =0, n=l, ... ,N 
n n 

np~ k 0 1 , e 4, If. 1 nepBoe ypaBHeH~e 3TO~ C~CTeMbl ~MeeT 

BillA 

a a2uNa ~ + _._ (3u2 + -.--) = 21 ( ~I d., ; 2 

at ax ax2 n= 1 n ax n 


TO eCTb OTnlll4aeTCfI OT ypaBHeH~A KopTeBera - Ae Bplllca / 2 1 Bwpame
HllleM, CTOfl~IIIM B npaBO~ 4aCTIII 3Toro paBeHCTBa. 

B paGoTe 13 1 nplIIBeAeHa cxeMa ~HTerplllpOBaHIIIA C~CTeMW /7/ 
B Knacce 6blCTPO y6bIBalO~~x no x CP'YHKlI~~ C nOMO~blO MeTOAa 06paT
HO~ 3aAa4~ pacceflH~fI Anfl onepaTopa L B~Aa /1/. 

2. CKAn~PH~~ OnEPATOP TPETbEfO nOP~AKA 

PaCCMOTp~M Tenepb cnY4a~, KorAa onepaTop L ~MeeT B~A 


. 3 . 

L = a + u 1 a + u 0 • /8/ 

nyCTb f 0' f 1" .. , f N - peweH~e n~HeI7lHo~ C~CTeMbl ypaBHeH~~ 

(L - A) f 0 = 0 , f~=0 nfO' n = l, ... ,N. /9/ 

rAe '" , .. " "'N - HeKoTopwe /noKa He~3BecTHwe/ cpyHKlI~~. Aane e , 
.B03bMJM onepaTOp A B~Aa /3/, TaKo~, 4TO onepaTOp 11 = [A , L 1 
~MeeT nepBw~ nopfiAOK, ~ nonom~M 

Na fo 
g =_._ + eAf + K 1 dJ f , 

o at 0 n = 1 
n n / 10/ 

n= 1, .. .. '-:. 
gn If; , f' + "' '' f + u 0 f - (" -" )f ,'" n f"0 - nO nO 1nO nn 

'Ae e ~ K - KOHcTaHTbl, a ¢ 1"'" ¢ N - HeKoTopble cPY HK lI~~ · nOTpc 
6yeM, HaKoHell, 4T06w o np eAeneHHwe nocpeACTBOM / 3/ ~ / 8 / - / 10/ 

Ben~4H HW go ' gl"'" gN YAOBneTBopRnlll ycnoB~R M 
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N 

(L - A) g 0 = K ~ chng , ~;o n=l, ..... N. /11/nn= 1 ax 

C nOMOlllblO HecnO*(HblX Bbl41-1CneHI-1r:1 Haxo,QI-1M, 4TO ,QnFl cnpaBe,Qnl-1BOCTI-1 

ycnosl-1r:1 /11/ Heo6xo,QI-1MO 1-1 ,QOCTaT04HO BblnOnHeHl-1e paBeHCTB 

aL 	
N . ach )

+ c[A, L] = 3 K ~ 1- (~-'L rPn + ch 
n 

rPn a , 
n =at 	 1 ax ax 

/12/ 

(L - A ) ch = (L - A ) rP = 0, n = 1, ... , N , n n n n 

r,Qe 

- 3 · 
L = - a - a·u + u 	 /13/1 0 

nOnO>KI-1M Tenepb u = 1.- u, u =1.-u '+ ip , r,Qe ¢YHK~1-11-1 u 1-1 P 
1 2 0 4 

npl-1H~MalOT TonbKO sellleCTBeHH~e 3Ha4eHI-1F1, TO eCTb B~6epeM onepa

TOp L BI-1,Qa /8/ TaK, 4T06bl BblnonHFlnOCb COOTHOWeHl-1e L * = -L, r,Qe 

3Be3,Qo4Kor:1 o603Ha4eHo 3PMI-1TOBO COnpFl>KeHl-1e. nYCTb, Aanee, Benl-1

41-1Hbl An Y,QOBneTs·opFiIOT ycnoB~1O An + An = 0, TO eCTb FlBnFlIOTCFI 

4~CTO MHI-1MbIMI-1, n = 1, . . . , N. B 3T0r:1 CI-1Tya~1-11-1 ¢YHK~1-11-1 rPn B cl-1ny 

/13/ MorYT 6blTb Bbl6paHbI TaK, 4T06bl BblnonHFlnOCb paBeHCTBO rPn = - 2 
(n ¢n' r,Qe ( = 1, n = 1, ... , N. HaKoHe~, Bbl6epeM onepaTop A 

TaK, 4T06bl Bbl~onHFlnocb COOTHOWeHl-1e A * = (_l)ko A , a Benl-141-1 Hbl c 

~ - . k + 1 
1-11( sbl6epeM C co6nlO,QeHl-1eM Tpe6oBaHI-11-1 c = (-I) 0 c, K = K • 

B 	 3TI-1X ycnOBI-1F1X CI-1CTeMa /12/ npl-1HI-1MaeT BI-1,Q 

N ~ ( aeh n aL + c [A, L] = 3 K ~ (n ax ~ ch n + I ch n 12 a) •at 	 n= 1 

(L - A ) ch = 0, n = 1, ... , N . n n 

npl-1 ko = 0, C = i ,K 1 nepBoe COOTHOWeHl-1e 3T0r:1 CI-1CTeMbi 3KBI-1

BaneHTHO ypaBHeHI-1F1M 

au ap N a , 2 
3- -4~=6 ~ ( -Ich I 

at ax n =1 n ax n 
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ap a 2 a2uNa a¢ n a¢n in) /14/4- - -(3u + --) =6i ~ ( - (¢ - 
at ax ax 2 n = 1 n ax n ax ax 

Ecnl-1 B CI-1CTeMe /14/ nOnO>KI-1Tb ¢ n ;: 0, n = 1, ... , N, TO nocne 

~CKnI04eHI-1F1 1-13 Hee ¢YHK~1-11-1 P nonY4aeM XopOWO 1-13BeCTHOe ypaBHe
141 

Hl-1e 5YCCI-1HeCKa 

3. CKAnAPHW~ onEPATOP npOH3BOflbHoro nOPAaKA 

4T06b1 OTTeHI-1Tb HeKOTopble MOMeHTbI B CKa3aHHOM paHee, paCCMOT

pl-1M cnY4ar:1 onepaTopa L np0l-13BOnbHoro nopFl,QKa, TO eCTb nOnO>KI-1M 

rno+2 rno rn 
L= a + ~ u (I rnO > O. /15/

m=() rn 

B03bMeM, ,Qanee, nI-1Her:1HYIO CI-1CTeMY ypaBHeHI-1~ 

(L - A) rOo. r ~ =.p n r 0' n = 1, ... , N. 	 /16/ 

1-1 	 C nOMOlllblO ee peWeHI-1F1 fo , f 1, "', f N onpe,Qenl-1M Benl-141-1Hbl go, 
g 	 11 ••• , g N nocpe,QCTBOM paBeHCTB 

ar No 
g 0 = + cAr 0 + /( ~ ¢ n f n 


(If n = 1 


rno -rn + 1 

m o +l rn arnrPn (J fO 


g ~ (-1) + 

n rn = 0 (Jx rn ax rn 0- rn + 1 


/17/ 
rno _ arc .1.) arn-r-1r 

rn 1 r U rnIP n 0 

+ 	 ~ ~ (-1) - (A - An) r n • 

rn = 1 r = 0 ax r ax rn -r-l 


n 	= 1.... , N. 

r,Qe C 1-1 K - KOHcTaHTbI, a A - onepaTop BI-1,Qa /3/, TaKor:1, 4TO no

PFl,QOK onepaTopa tl = (A ,Ll paBeH rno. 
BblFlCHI-1M Tenepb, KaKI-1M Tpe6osaHI-1F1M ,Qon>KHbI y,QoBneTBopFlTb ¢YHK

~1-11-1 1I 0' ... , urn ,¢ l' •.• , ¢ N, .p 10 •.. , .pN ,QnFl Toro, 4T06bl onpe
o 
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AeneHH~e nocpeACTBOM /3/ ~ /15/-/17/ Ben~4~H~ go, g 1,"" gN 
YAOBneTBOp~n~ ycnoB~~M 

N ag n 
(L -'\)~ K L ¢ngn' ",0, n=1, ... , N . /18/ 

D = 1 ax 

C nOMOU\blO HeCnO)f(HbIX BbI4~cneH~i:1 HaxoA~M, 4TO 

N N 

(L - A) go - K L ¢ g = K L f ( L - A ) ¢ n= 1 n n n= 1 n n n 

- I -at +c [A . Ll - KrU ' oat /19/ 

ag n ~ 


I/; n ( L - A) f 0 - f 0 (L - An) I/; n' n = 1, .. . , N . 

ax 


rAe 

- rn rn + 2 rno m m
L = (-1) 0 a 0 + L ( -D a . urn' /20/ 

rn=O 

a Aei:1cTB~e onepaTopa r Ha ¢YHK~~IO fo onpeAen~eTC~ paBeHCTBOM 

N rn:+- 1 . rno - rn + 1 

L ~ _a___ am¢n )
r f 0 = ( - ·--l/;lJo 

11=1 rn=O ax rno-m+ 1 ax rn 


m m o-rn+ 1 

N rno +1 rn a I/;n a fo 

- L L ( -1) ¢ --- -------- + 
n= 1 rn=O 11 ax rn m0- rn + 1 

ax 
/21/ 

N rno rn-1 am-,-l (a '¢, ) 
+ L L L Urn - .-- I/; nfO 

n=1 rn=1 r=O ax rn - r - 1 ax r 


r m-r-1

N rno rn-1 r a (Urnl/;n) a fo 


- L L L ( -1) ¢ ----- --- n .n=1 rn = 1 r =0 ax rn r - 1a xr 
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HeTPYAHO B~Ae T b, 4TO npaBa~ 4aCTb paBeHCTBa /21/ B Aei:1cTB~
TenbHOCT~ He COAe p)f( ~ T npO~3BoAH~X OT ¢YHK~~~ fo B~we rno-ro no
p~AKa , nOCKonbKY COAep)f(a~~ec~ B nepBOM ~ BTOpOM cnaraeM~X B~
pa)f(eH~~ C npO~3BOAHO~ ( rno + 1) -ro nop~AKa B3a~MHO COKpaU\aIOTC~. 
TaK~M 06pa30M, onpeAeneHH~~ nocpeACTBOM /21/ onepaTOp r ~MeeT 
nop~AoK He B~we mO' B c~ny /1 6/ ~3 paBeHCTB / 19 / B~TeKaeT, 4TO 
An~ cnpaBeAn~BOCT~ ycnoB~ i:1 /1 8/ He06xoA~MO ~ AOCTaT04HO B~non
HeH~e COOTHoweH~i:1 

~~ + cr A , Ll =K 1 , 
at 

- /22/ 

( L - A n) ¢ n = (L - An)' tjJ 11 = °, n = 1 , .. • , N. 

Ecn~ BXOA~~~e B 3TY C~CTeMY napaMeTp~ c , K ~ An B3~T~ C c06nlO
_ k 0+ 1 - rna 

AeH~eM ycnoB ~i:1 c = (-1) c, K = K , An = ( -1) A11, n = 1, ... 
... , N, TO cornaCHO /20/ B 3TOM cnY4ae C~CTeMa /22/ ~MeeT ~H

rn a 
Bap~aHTHoe MHoro06pa3~e L* = ( -1,) L, tjJn = { n ¢ n, r Ae (~ = 1, 
n = 1, ... , N. np l-1 3TOM onepaTopbl A ~ r AOn)f(Hbl YAoBneTBop~Tb 

Tpe60BaHI-1~M A* = ( -1) 
k 

0 A, 1* = ( - 1) 
rn or. 

4. MATPH4H~~ on EPATOP nE PBo ro nOPRAKA 

On~caHHa~ B~w e npo~eAypa HaXO)f(AeH~~ HenI-1Hei:1H~x I-1HTer pl-1Pye
M~X C~C TeM C HeKOTOp~MI-1 ~3MeHeH~RM~ nepeHOC~TCR Ha cnY4a i:1 , Kor 
Aa K03¢¢~ u~e HTaM~ onepa Topa L RBnRIOTC~ KBaApaTH~e MaTp~u~ npo
~3BonbHoro nopRAKa r o > 1 . Ha 4H eM paCCMOTpeH~e 3Toro Bap~aHTa 
C npocTei:1we ro cnY4a~ onepaTopa nepBoro nop~AKa, TO eCTb nono
)f( I-1M 

L= M +U , /23/ 

r Ae A - A~arOHa J1bHa R Ma Tp~~a C nOCTo~H HbIM~ 3neMe HTaM~ Ha rnaB
HO I1 Al-lar OHanl-l, a U - KBaApaTHa~ MaTp~~a C HyneBblM~ 3neMeHTaM~ 
Ha rna BHOI1 A~aroHan~. nYCTb, Aanee, A- A~¢¢e peH~~anbH~~ on e pa
TOP B~Aa 

k + 1 . k 

A ~ Ak ii kO ::' O, /2 4/ 


k=O 

TaKOH, 4TO K03!\XIJlo1 u~eHT bI Ao, . .. , A kO + 1 fl BnRIOTC fl KBaApaTHblMI1 

MaTp~4aM~ TOrO )f(e nop RAKa ro' a onepaTOp ~ = r A, Ll ~MeeT Hyne
BOI1 no pRAoK , TO e CTb RBnReTC~ onepaTopOM YMHO)f(eH~~ Ha MaTp~uy· 
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XOPOWO H3BeCTHO, LITO Ha rnaBHO~ ~HarOHanH MaTpH~~ ~ B 3TOM 


cnYlIae CTO~T HynH . 


PaCCMOTpHM Tenepb nHHe~HY~ CHCTeMY ypaBHeHH~ 

( r, - TJ) F 0 =0 , F ~ IJI n F o . n = 1, N , /25/ 

OTHOCHTenbHO HeH3BeCTH~X MaTpH~ F ' F 
1

, .•. , F • npH 3TOM 6yO N 
~eM npe~nOnaraTb, LITO F O ~Bn~eTC~ KBa~paTHO~ MaTpH~e~ nOp~~Ka 
f O' a F 1,· .. , FN H 1J1 1, .· ., IJI N ~Bn~~TC~ np~MoyronbHblMH MaTpH~a

MH C f 1 CTpOKaMH H r o C Ton6~aMH. C nOMO~b~ peweHH~ F 0' F 1 , • .. 

••• , F N CHCTeM bl /25/ on pe~enHM BenHlIHHbl G o ' G , • • • , GN nocpe~1 
CTBOM paBeHCTB 

Nil F 0 

G o = --- + cAF 0 + K L <l> F 


(It n = 1 n n 


/26/ 

G 'l' AFo- ( TJ - TJ ) F . n = 1, .. . , N . n n n n 

r~e C H K - KOHCTaHTbl, a rtJ 10 ••• , <l> N - np~MoyronbHble MaTpH~bl 
C f O CTpOKaMH 101 f1 cTon6~aMH, H, cne~oBaT enbHO, G o ~Bn~eTC~ 
KBa~paTHO';; MaTpH~ e ';; nop~~Ka r 0' a G l' .. . , G N - np~MoyronbHblMH 
MaTpH~aMH C fl CTpOKaMH H fO cTon6~aMH. ~anee B~~CHHM, KaKHM 

Tpe6oBaHIo1RM ~on)j( Hbl y~OBneTBop~Tb MaTpH~bl U, Cfl ' • • • , <l>N ' 1JI ' • , .
1 1 

'" ,'l'N ~n~ Toro, lITo6~ onpe~eneHH~e nocpe~CTBOM /23/-/26/ Ma 

TPH~bl Go' G 1" •• , G N y~OBneTBop~nH ycnoBH~M 

N (l G n 
( L-TJ ) G 

O 
=K ~ ¢ n G n · ----- == 0 , n = 1 , ... , N . /27/ 

n= (Ix 

C nOMO~b~ npOCT~X B~lI H cne HH';; Ha XO~HM, liTO ~n~ cnpaBe~nHBOCTIo1 
ycnOBH ';; /27/ Heo6xo~ HMO 101 ~OCTaTOllHO B~nonHe HHe COOTHoweHH~ 

N 

~.!:. + d A . L 1 =K L fA , ¢ n lJl n L 

at 	 n = 1 

/28/ 
A¢ ' + U <l> - n ¢ = 'l" A - 'l' U + n IJI = 0 , n = 1 , . .. , N .n n " 11 n n n " n n 

CHCTeMa /28/ co~ep)j( HT HeCKonbKO HHTepeCH~X 4aCTH~X cnYlla eB , 

HeKOTop~e 1013 KOTOp~X ~ eTanbHO paCCMOTpeH~ HH)!(e . 
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5. 	 HEn~HE~HOE YPABHEH~E WPE~~HrEPA 


C CAMocornACOBAHH~M ~CT04H~KOM 


nYCTb r o = 2. B03bMeM onepaTOp L BH~a /23/ C MaTpH~aMH A 

H U, onpe~eneHH~MH nocpe~CTBOM paBeHCTB 

A = di ag ( 1, - 1) , U = /29/ 
u 

KaK 1013BeCTHO / 5/ , B 3TOM cnYllae nplo1 n~60M k > 0 cy~ecTByeT 

o 	 ~I 
o 

onepaTop A BH~a 

2k - 1 

2ko : k


A=A il + .... A ka , /30/

k =O 


TaKO';;, LITO onepaTOp ~= [A, LJ ~Bn~eTC~ KOC03PMHTOBO';; MaTpH~e';; 
C HyneB~MIo1 3neMeHTaMIo1 Ha rnaBHo';; ~HarOHane, TO eCTb 

~ 	 /31/
1_°0 ~ I · 

npH 3TOM BenHlIHHa q ~Bn~eTC~ nonHHOMOM OT <!>YHK~Io1';; U, U H HX 

npOH3BO~HbIX no x ~O nop~~Ka 2k , a MaTpH~bl Ao"'" A 2k -1 y~OBo 
neTBop~~T ycnoBH~ 	 0 

npH U '" O. 	 /32/
A 0 = " . = A 2k _ 1 '" 0 

o 

HeTpY~HO y6e~Io1TbC~, LITO ecnlo1 BeKTop-CTon6e~ <l> = ct> n C KOMno

HeHTaMIo1 ¢ = ¢ n H r/J = r/J n y~OBneTBop~eT ypaBHeHH~ 

/33/A<l> ' + U<l> - TJ<l> = 0 

npH TJ = TJ , TO BeKTop-CTpOKa IJI::: IJI n C KOMnOHeHTaMH r/J::: r/Jnn 
H 	 ¢ ::: ¢ n y~OBneTBOp~eT ypaBHeHIo1~ 

IJI ' A -IJI U + TJIJI = 0 	 /34/ 

npH TOM >t<e CaMOM 3HalleHIo1H napaMeTpa TJ::: TJ n' TO eCTb peWeHHe 

IJI nypaBHeHH~ /34/ CB~3aHO C peweHHeM ct>n ypaBHeHH~ /33/ npH O~H
HaKOBblX 3HalleHIo1~X napaMeTpa TJ = TJ n C nOMO~b~ COOTHOWeHH~ 

IJI n <l> n a, a 	 /35/I~ ~ I 
r~e 3HaK THnb~a" "03HallaeT TpaHCnOpTHpOBaHHe, TO eCTb, B 48
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CTHOCT~, nepexoA OT BeKTOpa-CTOn6~a K BeKTO pY- CTpOKe. ~anee, 

nerKO np OB ep Wr b, 4TO ecn~ BeKTOp-CTOn6e~ If> = 4> n YAO BneTB OpR eT 
ypaBHeH~1O / 33/ n p~ TJ = TJ n , TO BeKTop- CTon 6 ell 4> =a A<P_ YAOBn eTn 
BopReT 3TOM Y lKe ypaB HeH~1O np~ TJ = - TJ , a Be KTo p- CTpOKa II' = 
=q, ~i\ B c~ny / 35/ Y.QOBneTBopReT ypa B He H ~1O / 34/ np~ TJ = - T, • 
npeAnono)j(~M , Ha KOHell, 4.TO lIenoe 4~cno N - 4eTHoe, TO e CTb nN = 

2N o , Ben~4~Hbl TJ n YAO BIleT Bo pRIOT ycnoB~RM TJ N + n = - ijn' TJ n+ ii 11 " 
o 

~ 0, n = 1, ••. , No , a KOHCTaHTbI C ~ K - 4 ~CTO MH~Mble. C Y4eTO M 
CKa3aHHoro Bblwe nonO>K~M np~ n = 1, ... , N o 

lJI l1 = f n If> n a, If> N + 11 = a AIf> n' lJI N + n = f 11 <l> ri A , /36/
o 0 

rAe f ~ = 1. Tor,qa np~ n = 1, ... , No cnpaBe,qm1Bbl paBeHCTBa 

2 -2 o ¢n o r/l n

[A, If> 11 lJI n ] 
 2fl1 [A, If> No+ n lJI No + ~J= 2 fn I_¢ n2 0 - r/l~ 0 

r,qe ¢n ~ r/l ll - KOMnOHeHT~ BeKTopa-CTon6~a <l>n. OTclO,qa Ha OCHOBa
H~~ /29/ ~ /31/ cne,qyeT, 4TO B paCCMaTp~BaeMOM 3,qeCb cnY4a e 
C~CTeMa /28/ ~MeeT B~,q 

N au o 2 - 2 
+ cq . 2K L (n (¢ 11 + r/l 11),at n= 1 

/37/ 
¢ '11 + u r/l n - TJ n ¢ n = r/l 'n - u ¢ n + TJ n r/l n = 0, n = 1, ... , N , 

np~ ko 1 , c = - 2i , K -i nepBoe ypaBHeH~e 3TO~ C~CTeM~ ~MeeT 
B~,q 

2 No 

. au .-+ 21 u 12 u a u L (2 - 2)
1- +--=2 f ¢ +r/l , 

at (Ix 2 n = 1 n n n 

TO eCTb OTn~4aeTCR OT Hen~He~Horo ypaBHeHKR rupe,q~Hrepa 16/B~pa
>KeH~eM, CTOR~~M B npaBO~ 4aCT~ 3Toro paBeHCTBa. 

B cne,qYIO~eM pa3,qene np~Be,qeHa cxeMa ~HTerp~pOBaH~R C~CTeM~ 
/37/ B Knacce 6~CTPO y6~BalO~~x no x ¢YHKlI~~. 

6. ~HTErp~POBAHHE C~CTEM~ /37/ 

B 3TOM pa3,qene 6y,qeT nOKa3aHO, 4TO B Knacce 6blC TPO y6blBalOU.l~x 
no x ¢YHK~~~ C~CTeMa /37/ MOlKeT 6~Tb npO~HTerp~pOBaHa C nOMO~blO 

10 

Me To,qa o6paTHo~ 3a,qa4~ pacceRH~R ,qnR onepaTopa L B~,qa /23/ 

C onpe,qeneHHb~~ nocpe,qCTBOM /29/ MaTp~~aM~ A ~ U. Donee T04HO, 

n YCTb U = U ( x) - npO~3BonbHaR KOMnneKCH03Ha4HaR ¢YHK~~R x,
o o 
,qOCTaT04HO 6~CTPO y6~BalO~aR BMeCTe co CBO~M~ npO~3Bo,qH~M~ no x 
/ ,qo HeKoToporo KOHe4Horo, HO 3aB~cR~ero OT ko nopRAKa/ np~ x~ 
~ ::"". npe,qn0I10>K~M, 4TO C~CTeMa ypaBHeH~i1 

r:h ' +u0-TJ¢ = O, W' -U¢+TJ r/l=O /38/ 

np~ u = u o(X) "'MeeT POBHO 2No T04eK ,q~CKpeTHoro cneKTpa TJ1" " 
, •• , TIN' - Til" '" -TiN' nYCTb, ,qaI1ee, An(t)- npO~3B0I1bHble 

o 0 

HenpepblBHble ¢YHK~~~ t, n = 1, ... , No ' H~>Ke 6y,qYT YKa3aHbi YCI10
B~R, np~ B~nOI1HeH~~ KOTOP~X C~CTeMa /37/ ~MeeT peweH~e U = 
=u(x " t) , ¢n = Qn(x , t) , r/l = r/ln(x, t), n= 1, ... , No, TaKoe,n 
4TO 

/39/u( x, 0) U 0 (x) 

r ¢ ( x, t) r/l ( x , t ) dx = A (t), n = 1, . . ., No ' /40/
n n n 

~I1R peweH~R 3T0i1 npo6neMbi HaM, 04eB~AHO, HY>KHO Ha~T~, Ka K 
MeH~IOTCR CO BpeMeHeM ,qaHH~e pacceRH~R C~CTeM~ /38/, eCI1~ nOTeH
~~a Il u= u ( x ,t ) y,qOBI1eTBOpReT C~CTeMe /37/ ~ YCI10B~RM /39/, 
/40 / . C 3TOr::i lIeI1blO n0I10>KI1M TJ = i ( , r,qe (I;; (-00, "" \ ~ B03bMeM 
peWeHI1R ¢ _, r/l _ 11 ¢+, r/l+ CI1CTeMbl /38/, y,qOBI1eTBOpRIO~~e Tpe6oBa
HIiI RM 

¢ _ ~ 0, W '" exp ( - i (x), x ~ - 00 , 

/41/ 

¢ + '" exp ( i ( x) , r/J + '" 0 , x ... 00. 

BMeCTe C _pewe,ttl1eM ¢ , r/l CI1CTeMe /38/ y,qOBI1eTBOpReT TaK>Ke napa 
¢YHK~~r::i rjJ, - ¢ . n03TOMY MaTp~~bl F';-11 Fi; B~,qa 

¢+ W+r/l_ ¢ 
F+ /42/Fo o-

l,/J + ¢+- ¢- r/l 

RBI1RIOTCR ¢YHAaMeHTaI1bH~MI1 MaTpl1~aMI1 peweH~i1 C~CTeM~ /38/. 3Ha
4~ T, cnpaBe,qI1~BO paBeHCTBO 

S 11 S 12 

F + = F- S S 
 /43/o 0 S 2 1 S22 
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- -

rAe 3neMeHTbl 8al3 Ma Tpl-1~bl 8 He 3aBI1C fIT OT x, a. 13 = 1,2. B CI1I1Y 
paBeHCTBa de t F - = del F + = 1 OTCIOAa cneAyeT, 4T O o 0 

SII= rP + t&_- rf) _ "' + , 8 t 2= - rP _¢ +- 0 _ d,+ , 
/44/ 

8 2 1 = ,lJ + ¢ _ + 0 + IjJ _. 8 22 ~ rP + - rP_ + 

TO eCTb 

8 11 = 8 22 . 8 12 =-8 !C l det 8 '" I 8 111 
2 

+ I 8 12 I 
2 

'" 1 . 

B COOTBeTCTB~~ C / 25/ nonO~~M npl-1 n 1 , ... , N 

x 


Fn 'Pn(z) Fa (z. ( ) dz . 


/45/ 
F " - r 'Pn (z) F~ (z . () dz.n 

x 

\ 

On peAen~M, Aanee, MaT p~Ljbl Go, G ~ , G; , Gt,... , G ~ , G ~ nocpeA
CTBOM no,qcTaHosK ~ s paBeHCTsa /26/ MaTpl-1Lj F o' F ~, F1-,Ft , .. . 
... , FN-, F~ BI-1,qa /42/ 1-1 /45/. C nOMOll1blO /2 7/ HeT P),,qHo+y6 e,qI-1Tb
CR, YTO n pl-1 n = 1, . . . , N cnp a Be,qnl-1Bbl paBeHCTsa G n = G n ;; O. 
C yyeTOM 3T o ro ¢a KTa Ha OCHose / 26/, /27/, /30/, /32/, /41/ 
1-1 /42/ nonyyaeM paBeHCTsa 

_ . 2k _o + . 2k 0 + 

G 0 = C (1 () F 0 ". Go = C (I () Foil . /46/ 


B03bMeM Tenepb BblTeKaKlll1ee 1-13 /26/ 1-1 /46/ paseHCTSO 

+ NaFo + _ 2ko + 
+ C A Fo + K. L <lJ F C (i () Foil •at n= 1 n n 

3aMeHI-1M s HeM F~ Ha Fa S 1-1 nepe~AeM K npe,qeny npl-1 x ~ - 00. B pe
3ynbTaTe HecnO~H~ X B~YI-1C n eHI-1~ nonY4aeM pas eHC TBO 

a8 . 2ko 
+ C (1 () [ II, 81 = 0, /47/

CIt 

onpeAenRlOll1ee 3S0nlOLjl-1Kl BO SpeMeHI-1 MaTpl-1Ljbl8 BI-1,qa /43/. KaK nOKa
3blBaeT 3TO paseHCTBO, Ha 3S0nKlLjl-1Kl 8 -MaTpl-1Ljbl HI-1KaK He Snl-1ReT Sbl
pa~eHl-1e, CTORll1ee s np a so~ 4aCTI-1 nepsoro ypaBHeHI-1R CI-1CTeM~ /37/. 

KaK 1-13BeCTHO, onpeAeneHH~e nocpeACTSOM /41/ peweH~R rP ' r/J ' 
1-1 ¢ +' 0+ CI-1CTeMbl /3 8/ ,qonYCKaKlT aHanl-1TI-14eCKOe npo,qOI1~eH~1(~' n o -t; 
B BepXHKlKl nonynn o cKOCTb. OTclOAa cornaCHO /44/ cneAyeT, YT O 
cPYHK~I-1R Sl1 TaK~e ,qo nYCK a eT aHanl-1Tl-1yeCKo e npo,qon~eHl-1e no ( 
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B BepXHlO1O n0J1ynJ10CKOCTb . ,D,anee, HYJ1RM ( = (0' n = 1, . .. , No, 
¢YHK LjI-1I-1 8 11 B BepxHe~ n0I1ynJ10CKOCTI-1 cooTBeTc TBYKlT T04 KI-1 ,qI-1C
KpeT Horo cneKTpa on epa Topa L, TaK KaK B CI-1 J1Y /44/ cnpaB eAnl-1B~ 
paBeHCT Ba 

¢ +(x, ( n ) = B n ¢_ ex, (n)' 1jJ+(X, (0) = Bn 0_ (x, (0)' 48 / 

rAe BeJ1 1-1 41-1Hbl Bn He 3aSl-1CRT OT x, n = 1, ... , No. C nOMOll1bKl /38/ 
J1erKO y6e~,qa eMcR. YTO npl-1 J1Kl6bIX m. n = 1, ... , No cnpaBe,qnl-1Bbl 
paBeHcTBa 

r !¢ (x .()1jJ (x, ( ) +¢ (x, ()1jJ (x, (l }dx=O, m~n,
+ m + n + n + rn 

-00 

- /49/
"" 
r !¢ + (x, ( m) ¢ + ex , ( n ) 1jJ+ (x, (m) 1jJ+ (x. ( n) }dx = O. 

-00 

KpoMe Toro, s COOTBeTCTB~1-1 C /38/ 1-1 /44/ Haxo,q~M, YTO npl-1 nKl
60101 n = 1, ... , No B~nonHReTCR COOTHOWeHl-1e 

as 11 

r ! rP+ (x, ( n) ift _ (x, (n ) + ¢ _ (x, ( n) '"+ (x. ( n) I dx 
 i-I (=(n'/ 50 /at, 

nYCTb 1_= diag(O,l), 1+= diag(l,O). CornacHO cKa3aHHoMY 
SbIW; 1-13 paBeHcTS /42/ cneAyeT, YTO MaTpl-1Ljbl fo = FoI_ 1-1 f+ 
= Fo 1+ ,qonYCKaIOT aHanl-1T~yeCKOe npo,qon~eHl-1e no ( B sepXHIOKl no
nynnocKOCTb. Ha OCHOSaHl-11-1 /45/ 3TO 3HaY~T, YTO MaTpI-1Lj~ f; = 

- C+ 
n 

+=FnI_ 1-1 = FnI+ npl-1 n= 1, .. ,N TaK~e AonYCKaKlT aHanl-1TI-1YeC
Koe npo,qon~eHl-1e no ( s BepXHKlKl nonynnocKOCTb. HaKOHeLj+ B cl1ny 
/26/ OTCIO,qa cne,qyeT, YTO 1-1 MaTpl-1~bl g~= G~I_ 11 g~ =Gn1+ npl1 
n= O,l, ... ,N ,qonYCKaKlT aHanl-1Tl1yeCKOe npOAon~eH~e no t; B Bepx

HIOKl nonynnocKOCTb. 60nee Toro, s cl1ny BToporo 113 paBeHcTB /26/ 
Haxo,qI-1M, YT O npl1 7) = 7)n = it;n I-1MeKlT MeCTO To~,qeCTBa 

- + 
'Pn (x)!\fo (x. t;n ) = 'Pn(x) Mo(x, t;n ) ;; 0, n = 1, ... , No. 

C nOMOll1bKl KOTOp~X cornaCHO /36/ nonyYaeM, YTO KOMnOHeHT~ ¢o 
11 r/J m BeKTopa-CTOn6Lja ~n 06R3aH~ I-1MeTb B~,q 

rP n= Cn ¢+ (x. t; n) ' r/J n = C D r/J + (x, t; n ) , /51/ 

rAe senl-1Y ~ Hbl Cn He 3aSI-1CRT OT x, n 1, ... , No . 
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BblTeKalOU\V1e 1'13 /26/ paBeHCTBa 

af~ N_ 

- + C A f 0 + K k ell n f n g 0' /52/
at n = 1 

art + N + + 
-+cAfo +1( k ellnfn=go /53/at n=1 

Ha OCHOBe CKa3aHHoro B~we AonYCKa~T aHan V1 TV1yeCKOe npOAo n*eHHe 

no , B BepXH~~ nonynnocKOCTb. KpOMe Toro, B COOTBeTCTBHH C / 42/ 
1'1 /46/ cnpaBeAnV1B~ paBeHCTBa 

_ 2k ° _ + 2k 0 + • 
g 0 = - c (i ') f 0' g 0 = c ( i ') f 0 

C yyeTOM /48/ Ha XOAV1M, YTO npV1 BblnonHA~TCA COOTHowe HHA,=,
rn .. 
+ - + 

fo(x, 'lD) = BlDfo(x" rd (7, go(x, 'm) = - BrngO(x, 'm)a, Ii:i = 1, ... , No· 

YMHO*V1M Tenepb paBeHCTBO /52/ cnpaBa Ha MaTpV1I.lY B ma 1'1 nonyYe H

H~~ pe3ynbTaT B~4TeM 1'13 paBeHCTBa /53/. B V1Tore nonyyaeM. YTO 

npV1 (= 'm V1MeeT MeCTO MaTpV14Hoe paBeHCTBO 

aB m _ N + _ 

-:-- to (x , (m) a + I( :£ 'ell (x) [f (x" ) - B r (x., ) a ] 
at n = 1 n n m m n lD 

= -2B lD gO(X, 'm)a, m = 1,... , NO' 

nepe~AeM B 3TOM paBeHCTBe K npeAeny npV1 x -+ - "". Ha OCHOBaHV1V1 

/45/ V1MeeM npV1 01= 1.... ,N 1'1 n= 1 . ... ,No 

lirnf+(x ,( )lim f: (x, 'm ) = 0 , - r 'IIn (z) fo 
+ 

(z. ' lD) dz • 
• 

n m 
1:-" -00 X -t - oo 

B cHny /36/ 1'1 /48/-/51/ npV1 n # m c n paBeAnV1BO paBeHCTBO 

"" + r 'II n (z) f 0 (z, 'm) dz = 0 , 
-00 
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a npV1 n = m I-IMeeM 

OG 

r 'IIm (z) r; (z, (m ) dz = H m ' 
-"" 
r Ae H lD - BeKTop - c TpoKa C KOMnOH eH TaMV1 11 m,1 H Il BI-I,[lam•2 

as11 


. B C - - I)' I" ' h rn •2 =0, m = l .... ,N o .
h m•1 =lEm m ma, ~=~rn 

C nOMO~b~ 3T V1X p aseHcTB nonyyaeM COOTHoweHHe 

aBm ~ 

at -[ Kh m.1 Cm + 2c O'm) O)Bm= ·O, m= l .. .. ,N o /54/ 


B TOM cnyyae, KOr,[la Bce HynH , = 'rn ~YHKIlV1H 8 11 B BepxHe~ no
nynnocKOCTH npocT~e, CnpaBe,[lnHBO HepaBeHCTB O 

as 11 

m=l, .... NO •
,=,

rn 
f- 0,a( 

Cne,[lOBaTenbHO, B~6HpaA BXO,[lA~He B paBeHCTBO /51/ BenH 4 V1H~ Crn 
Ta K, 4T06~ B~nonHAnOCb COOTHoweHV1e 

. 2 as 11 T 

1B rn C rn -a(I,=,rn = 2A m' m = 1, ... , NO' /55/ 

M~ B V1Tore CMo*eM y,[lOBneTB o pHTb ycnoBHe /40/, a ypa BHeHV1e /54/ 
Mo*eM 3anV1caTb B BH,[le 

aB m 2ko 
- .- -2[c(i'm) + K! A (t)) B = O. m = 1, ... , No ' /56/m m rnat 

TaKV1M o6pa30M, no 3a,[laHHb1M ~YHKIlV1AM Arn(t) cornaCHO 3TOMY ypaB 


HeHH~ onpe,[lenAeM BenV1YHHbI Bm> a 3aTeM Ha OCHOBe /55/ Ha X O,[lHt~ 


C m' m = 1, ... , No· 

Y paB HeHV1A /47/ 1'1 /56/ nonHOC TblO o npe,[l enAIOT 3 BonlOllHIO Aa HHblX 

pacceAHHA CV1CTeM~ /38/. B TOM cnyyae, ecnV1 Bce HynH ~YHKIlHH S11 
B BepxHe~ nony nnocKoc TV1 npocT~e , a caMa $YHKIl HR S11 He o6pa

~aeTCA B Hynb npH nlO60M Be~eCTBeHHOM ( , c nOMO~ b lO n6nyyeHH~X 

,[laHH~X H3BeCTH~M o6pa30M onpe,[lenReTCR R,[lPO HHT e rpanb Horo ypaB 
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HeH~H renb¢aHAa - neB~TaHa,~ 3aAa4a, TaK~M 06pa30M, CBOA~TCH 


K peWeH~1O 3TOrO ypaBHeH~H. PeWeH~e u = U(X, t) C~CTeMbi 137/, 

YAOBneTBopHIO~ee ycnoB~1O 139/, nonY4aeTCH ~3 peweH~H ypaBHeH~H 


renb¢aHAa - neB~TaHa ~3BeCTH~M 06pa30M. nanee, B COOTBeTCTB~~ 


C 1471 YKa3aHH~e 3AeCb orpaH~4eH~H Ha ¢YHK~~IO S11 6YAYT B~non

HHTbCH np~ nlO60M t > 0, ecn~ OH~ B~nonHHIOTCH np~ t=0.3TO Hana

raeT · HeKOTopble AononH~TenbHbie Tpe60BaHI1H Ha ¢YHK~~IO u 0= u o(x) , 

o KOTOP~X M~ y*e ynoM~Han~ B Ha4ane 3Toro pa3Aena. 

7. 	 MOn~¢~U~POBAHHOE YPABHEH~E KOPTEBErA - nE BP~CA 


C CAMocornACOBAHHblM ~CT04H~KOM 


npl1BeAeM e~e OA~H ~HTepecH~~ np~Mep CI1CTeM~ 128/. nYCTb CHO
Ba ro = 2, A= diag(l, -1), a MaTpl1~a U I1MeeT BI1A 

uu 	 1571 oI~ 
rAe ¢YHK~~H u YAoBneTBopHeT ycnOBl11O u = u. KaK 113BeCTHo / 5 / 

, 

B 3TOM cnY4ae npl1 nlO60M k 0 > 0 cy~ecTByeT onepaTop A BI1Aa 

2ko-12k o + 1 k
A a + 2- Aka 

k = 0 

TaKO~, 4TO onepaTop ~ =[ A ,Ll HBnHeTCH CI1MMeTpI14HO~ MaTpl1~e~ 
C HyneB~MI1 3neMeHTaMI1 Ha rnaBHo~ Al1arOHanl1, TO eCTb 

~ = 	I~ ~ I 
npl1 3TOM Benl1411Ha q HBnHeTCH nOnl1HOMOM 
BOAHbiX noX AO (2k + l ) -ro nopHAKa, a 

YAOBneTBopHIOT ycnOBl11O 132/. 
PaccMoTp~M Tenepb ypaBHeHI1H 1331 11 

Aa 157/. HeTPYAHo y6eAI1TbCH, 4TO ecnl1 
C KOMnOHeHT aM~ ¢ n 11 "'.P YAOBneTBopHeT ypa BHeHl110 1331 npl1 TI = TI n , 
TO BeKTop-CTpOKa ~ = ~na C KOMnOHeHTaMI1 "'n 11 ¢n YAOBneTBopHeT 
ypaBHeHl110 1341 npl1 TI = TIn. nanee, nerKO npOBepl1Tb, 4TO ecnl1 
BeKToP-cTon6e~ ~ = .~ n YAOBneTBopHeT ypaBHeHl110 1331 npl1 TI = TI n ' 
TO BeKTOP-CTon6e~ ~ = Aa ·~ n YAOBne.:TBopHeT 3TOMY *e ypaBHeHl110 
npl1 TI = - TIn, a BeKTop-CTpOKa ~ = '~n A YAOBneTBopHeT ypaBHeHl110 
1341 npl1 TI = - TI n . HaKoHe~, 3aMeTI1M, 4TO ecnl1 BeKToP-cTon6e~ 
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1581 

OT ¢YHK~1111 u 11 ee np0l13
MaTpl1~bl Ao , ••. , 1A 2ko 

1341 C nOTeH~l1anOM U B~
BeKTop-cTon6e~ ~ = ~n 

~ = ~n YAO BneT Bo pHeT ypaBHeHl110 1331 npl1 TI = TIn, TO BeKTOp-CTon
6e~ '~ = i n YAOB n e TBo pHeT 3TOMY *e ypaBHeHl110 npl1 TI Tin, BeKTOp
CTpOKa 'P = '~ * a YAOBneTBopHeT ypaBHeHl110 1341 npl1 TI = Ti n, BeKTOpn -	 _ 
cTon6e~ '~= Aa '~n YAOBneTBopHeT ypaBHeHl110 1331 npl1 TI = - TIn' 
a BeKTop-CTpOKa 'P = '~riA YAOBneTBopHeT ypaBHeHl110 1341 npl1 TI = 
= -~n' npeAnono*I1M, 4TO ~enoe 411cno N KpaTHO 4eTbipeM, TO eCTb 
N = 4No , Benl1411Hbi TIn YAOBneTBopHIOT ycnOBI1HM TIN + n = - TIn , 

o 

TI 2N + n = TI n' TI 3N + n = - TI, 1'1 n + Ti n ~ 0, n = 1, ... , No, a KOH-
o 0 

CTaHT~ c 11 K- Ae~cTB~TenbH~e. C Y4eTOM CKa3aHHoro B~we nonO*~M 
npl1 n = 1, ... , No 

~ n = E n '~ n a. '~N + n = A a '~ n ' 'P N + n = f n '~n A , o 	 0• 

~2N +n = '~n' ~2N +n =Enlll;(1'~3N +n=Aa'llln , ~3N +n = Enlll~A, .. 
 o 0 	 0 0 


rAe E n 
2 

1. TorAI ~ n:11 n = 1, .•• , NO cnpaBeAnl1Bbi paBeHCTBa 

o 	 -"';
[A'~n~n 1= 2 E n 2 n,21 [A, 'til N + n 'I' N + n 1 = 2 E n ¢ 2 0 

n-'" n 0 0 0 

o ;2
n[A,~2N ~2N l= 2E no + n o + n -~; 0 

-2 o 
-2 	- "'n[A'~3N + n ~3N + n l = 2E n 

o 0 o¢n 

rAe ¢n ~ "'n - KOMnOHeHT~ BeKTopa-cTon6~a ~n' OTclOAa Ha OCHOBa
HI1I1 1571 11 1581 cneAyeT, 4TO 
CI1CTeMa 1281 I1MeeT B~A 

No au 	 2 -2 
+CQ 2K I E n(¢n + ¢ n at n=1 

B paCCMaTpl1BaeMOM ce~4ac cnY4ae 

2 - 2 
'" n - '" n ), 

¢~ 	 + u"'n -1'1n¢n="'~ -u¢n +Tln"'n =0, n = l, ... ,N o • 

OTMeTI1M, 4TO npl1 nonY4eHI111 3TO~ CI1CTeM~ M~ Hl1rAe He npeAnonara
nlo1, 4,2"0 1'1n ~ Tin ' n = 1, ... , No. B TOM cnY4ae, ecnl1 paeeHCTBO 
TIn = 1'1n Ae~CTBI1TenbHO Io1MeeT MeCTO np~ HeKOTopOM n = rn, 3TO npl1
BOA~T K TOMY, 4TO KOMnOHeHTbi ¢m 11 "'rn BeKTopa-CTon6~a ~m MorYT 

1591 
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6~Tb B3HT~ Be~eCTBeHH~MM)H, CneAOBaTenbHO, HeKOTOp~e CnaraeM~e 

B npaBoA 4aCTM nepBOrO ypasHeHMH CHCTeM~ /59/ BCTpe4a~TCH ABa*
Abl. npM ko = 1, C = 4, K = 1 nepsoe ypasHeHHe CMCTeMbl /59/ HMe

eT BMA 

a2 N au a u 0 2 -2 2 - 2 
-- + - (2u 3 + - - ) = 2 I (n(¢ n + ¢ n - t/J n - t/J n ),at ax ax 2 n = 1 

TO eCTb OTnH4aeTCH OT MOAH¢M~HposaHHoro ypaBHeHMH KopTesera -
Ae BpMca ! 7! s~pa*eHMeM, CTOH~HM s npasoA 4aCTM 3Toro paBeHCTsa. 

HHTerpMpOBaHMe CMCTeM~ /59/ 04eHb noxo*e Ha MH TerpMposaHMe 
CHCTeM~ /37/ M n03TOMY ony~eHO. 

8. MATPH4HWR onEPATOP BToporo nop~nKA 

Pe3ynbTaT~, nony4eHH~e B paSAene 4, AonYCKa~T o606~eHMe 
Ha cnY4aA MaTpH4Horo onepaTopa npOHssonbHoro nopHAKa. OAHaKo, 
*enaH Hs6e*aTb rpoMoSAKHX ¢opMyn, M~ orpaHH4MMCH paCCMOTpeHM
eM cnY4aH MaTpH4Horo onepaTopa sToporo nopHAKa. HTaK , nYCTb 

L Aa 2 + U 1a+ U a ' /6 0/ 

rAe A, U1 M Uo - KBaA paTHbie MaTpM~bI n pOI1SBOnbHoro nopHAKa r 0 > 
> 1. npM 3 TOM A - Al'la r OHanbHafl MaT p l14a C nOCTOflHHblMM 3ne Me HTa

MH Ha rnas HoA AMarOHa n M, a MaTpM~a V1 MMee T HynM Ha rna BHoA 
AMa rO HanM. nYCTb, Aanee , A - AM¢¢e peH~Man bHblA onepaTOp BMAa 
/24/ , TaKoA, 4TO one pa TO p ~ =[ A ,L ] MMee T n e ps~A nopflAO K, 
TO e CT b ~ = ~1 a + ~o, rAe ~ 1 M ~ o - KBaApaT Hbie MaTpM~bl no pHAKa 
~. XopOWO MsseCTHO, 4TO Ha r nasHoA AHaroHanH y MaTpM~~ ~1 CTO
HT HynM. 

PaCCMOTpMM nMHeAHY~ CMCTeMY y pasHeHHA 

(L - '7) Fa = 0, F' 'l' Fa' n = 1, ... , N • /61/n n 

OTHOCMTenbHO HeM3Be CTH biX MaTpM~ F 0' F l' ... , FN ' n pM 3TOM npeA
nonaraeTCH, 4TO Fa - KsaApaTHaH MaT plo1~ a no pHAKa ~, a MaTplo14bl 
F l' ... , FN H '1'1"'" 'l'N MMe~T r 1 CTPOK 101 to CTonb~OB. nonO* "'M 

aFo N 

0 0 -- + cAF0 + K !. 'ell n F n • 
at n= 1 
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On = 'l'n A Fo- 'l'~ AFO+'IInUlFO -(77-77 n)Fn • n=l .... ,N. /62/ 

rAe MaTpM~bl ell 1 , ... , <I> N MMe~T r 0 CTPOK M r 1 cTon6~os M, cneAo
BaTenbHO, 00 - KBaApaTHaH MaTpM~a nOPHAKa r 0, a MaTpM~bl 01, ••. 
... ,ON MMe~T r 1 CTPOK M r 0 cTon6~OB. 

nOTpe6yeM Tenepb, 4T06bl onpeAeneHHble nocpeACTSOM /24/ 
M /60/-/62/ MaTpM~~ 00,0 1 , ... ,ON YAosneTBopHnM ycnoBMHM 

N aGn 
(L - 1)) 0 0 K !. '<I>nOn' 0, n 1, ... , N • /63/ 

n = 1 ax 

C nOMO~b~ HecnO*HblX B~4McneHMA HaxoAMM, 4TO AnH cnpasegnMBocTM 
ycnoBMA /63/ Heo6xoAMMO M AOCTaT04HO SblnonHeHMe COOTHoweHMA• 

aL c [A L] = 
at 

Kf"-- + • 

.. 
A <1>;; + U 1<I> ~ + U 0 <l> n = 77n '<I> n ' /64/ 

'l'~'A- ( 'l'nU1)' + 'l'nUO 77 n 'l'n' D=l , ... ,N , 

rAe onepaTop T HMeeT SHA 

N 

f' = !. ![A,<I> 'l' ]a +2A('<I> 'II)' + [U , '<I> 'l' ] -[A,.<I> 'l"]I. /65/
0=1 n 0 0 0 1 0 n n n 

nYCTb ro 2, k 0= o. nono*MM 

q + ~p ' 
2U1 = I o_ P I, Uo = I U 

2 I Co = 
al- a 

, 
-p 0 - 1 - , Al -A2vq -"2 P 

A =diag(A 1 , A2)' Al =diag(a1.a 2 ). Ao =c 0 1 •0 

rAe Al # A2 H a 1 # a 2 - npOHSBonbH~e Be~ecTseHH~e KOHCTaHT~. 
B 3TOM cnY4ae CMCTeMa /64/ S COOTBeTCTSMM C /65/ npMHMM 2e T BMA 

N 

~ + c(aq + b ap ) K'\~ (n¢n!/;n ' 
at ax n= 1 
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http:diag(a1.a2


au au 1 a 2 - · -	 +a1c-- +CC o (- -·- Ip i + pq + pq)
at ax 2 ax 

N a 2
K 2 (n (2A 1 -- I cP n I + PcP n t/! n + PcP n t/! n ), 


n= 1 ax 

av av 1 a 2 - 
~ + a2 c - + CCo (- - ip i - pq - pq)at ax 2 ax 

N a 2
K I (2A2- I"' n l -PcPn"'n -PcPn"'n)' 


n= 1 	 n ax 


aq 1 a2 p

$... 	+ cao ax -ac-- - cco(u -v)pat 4 ax 2 


N a- 1 acPn - a"'n 

=K 	 I (n[2A o-(cP "'n) +-A(-t/! -cP --) n 2 ax n n axn= 1 ax 

2 2 
-(lcPnl - I"'nl )p1. 

Al 	cP'~ +p"'~ + UcP n +(q + ~P ') "'n =TJ o cP n • 

A2"'~' 	 - PcP~ + (q - ~ p' ) cP n +V"'n = TJn"'n ' n = 1, .... N, 

rAe 

1 1 

A=A 1 -A 2 • AO ="2(A 1 +A 2 )· a = a 1 - a2 ' a 0 = 2(a 1 + a 2 ) • 


1 	 1
b = "2(al-a2) +a 1 -2CO A1 = - "2(a 1-a2 ) + a2 -2COA2 • 

KpOMe Toro, u, v - Bell\eCTBeHHble (jJYHKlIl-1l-1, C, K 1-1 TJ l' ... , TJ N -
Bell\eCTBeHHble napaMeTpbl, a (~= 1, n = 1, ... , N . 

9. 	 YPABHEH~E KA~OMUEBA - nETB~AWB~n~ 


C CAMocornACOBAHHWM ~CT04H~KOM 


~3no~eHHa~ Bblwe npolleAypa HaXO~AeHI-1~ Henl-1He~HblX I-1HTerpl-1Pye
MbiX CI-1CTeM npl-1MeHI-1Ma TaK~e B cnY4ae ABYX npOCTpaHCTBeHHblX ne
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peMeHHblX. ~n~ I-1nn~CTpalll-1H 3ToroYTBep~AeHH~ paCCMOTpHM cneAY~
ll\H~ npHMep . nYCTb L H A - nHHe~Hble AH(jJ(jJepeHlIHanbHble onepaTopbl 
BHAa 

· 2 · . 3 
L = ax - iay + u. A = 4a x + 3(ua x + all· u) + ip • /66/ 

rAe ax 1-1 ay - onepaTopbl AH<l><t>epeHlIHpoBaHH~ no npocTpaHcTBeHHblM 
nepeMeHHblM x 1-1 Y cOOTBeTcTBeHHo, a u 1-1 P - cKan~pHble (jJYHKlIHI-1. 
PaCCMOTpHM nHHe~HY~ CI-1CTeMY ypaBHeHH~ BI-1Aa 

afo 
AHO 	 0, /67/(L 	- = ~a-x = '" 0 f 0' n = 1 , ... , N • 

OTHOCI-1TenbHO (jJYHKlIl-1~ f 0, f 1 , ... , f N. (jJYHKlIl-1l-1 "'1 •...• "'N 6YAyT 
onpeAellet-lbl HI-1~e. ~anee, C nOMOll\b~ peWeHI-1~ f o , fl •... ' fN CI-1CTe
Mbl /67/ onpeAenl-1M Bell1-141-1 Hbl go' gl , ... , g N nocpeACTBOM paBeHCTB .. 

afo N 

go -- + A f 0 + 4 I cP 0 f o'
at 0 = 1 

/68/ 
afo a", n af n 

go 	=1/;0-- - --fo-i-- - (A-An)fn.n=1 •..•• N. 
ax ax Cfy 

rAe 	 cPl' ... ' cPN - HeKOTopble /noKa HeonpeAeneHHblej (jJYHKlIl-1l-1. 
BbI~CHI-1M Tenepb, KaKI-1M Tpe6oBaHI-1~M Aon~HbI YAOBneTBopHTb (jJYHK

lIl-1l-1 U, P, cPl> ... , cPN, '" 1, ... , "'N An~ Toro, 4T06b1 onpeAeneHHble 
nocpeACTBOM /66/-/68/ Bell1-141-1HbI go, gl' .. ·' gN YAOBneTBop~nl-1 
ycnOBI-1~M 

N 
ag n _ ° n = 1 •... , N • (L - A) go = 4 I cP n g n • -- = , 	 /69/ 

n= 1 ax 

C nOMOll\b~ HecnO~HblX Bbl41-1CneHI-1~ HaxoAHM, 4TO An~ cnpaBeAnHBOCTH 
ycnOBI-1~ /69/ Heo6xoAI-1MO 1-1 AOCTaT04HO BbinonHeHHe paBeHCTB 

aL 	 N a 
~	+ [ A, L1 = 8 I -. -( cP t/! ),at 	 n= 1 ax 0 n 

/70/ 

(L 	-Ao)¢n =(L -),.0)t/!0=0, n =1, ... ,N. 
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rAe 
- · 2 . 
L =ax+iay + u. /71/ 

C Y4eTOM /66/ nepBoe ~3 paBeHCTB /70/ 3KB~BaneHTHO C~CTeMe 
ypaBHeH~~ 

a' S uNa ap dp auau 6 au --=3--.- + u--- + -:;:s- - 8 L -(¢ '" )at ax ax n= 1 ax 0 n ay ax ay 

HCKn~4~B oTC~Aa p, nonY4aeM ypaBHeH~e 

. .. . . 2 
d2u a au a 2 a u N 
3~ - -[- + -(3u + - -8 L ¢n I/J n )] = O. 

ay2 ax at ax ax 2 0=1 

B TOM cnY4ae, KorAa Bce An. - BeU\ecTBeJ:lHble Ben~4~Hbl, Mbl MO
)!(eM B c~ny /71 / nOnO)!(~Tb u = 11, 1/J n = f n ¢ n, rAe f ~ = 1, n = 1, 
... , N. TaK~M o6pa30M, C~CTeMa /70/ np~H~MaeT CBO~ OKOH4aTenb
Hbl~ B~A 

3 ;'2 U _ _ d_ au a 2 ;'2 U N 
. 2 . [ -. - + -. -(3u + -. - - 8 L f t¢ 12 ) ] o , 

iJy ax at ax ax 2 n = 1 n n 


. 2 /72/ 
. a¢ n a ¢n 
1 -3;;- = - + (u A) A. 1u;y axr - n Of' n , n = .... , N . 

np~ ¢ D '" 0 nepBoe ypaBHeH~e 3T0r:1 C ~CTeMbi o6palilaeTcH B XOPOWO 
~3BeCTHoe ypaBHeH~e KaAoM4eBa - neTB~awB~n~ / 8 / . 3aMeT~M, 4T O 
B paooTe / 91 AnH 3T0r:1 CVlCTeMbl 6blnO Har:1AeHo onepaTopHoe npeACTaB
neH~e, B pa6oTe / 10 / nocTpoeHo MHorocon~TOHHoe peweH~e, a B pa6o
Tax / ll ,121 VlccneAyeTcH A~HaM~Ka MHorocon~TOHHoro peweH~Fl. OAHa
KO ~3nO)!(eHHW~ B 3TOM pa3Aene nOAxoA n03BonHeT nO-~HOMY B3rnH
HYTb Ha npo6neMY ~HTerp~pOBaH~Fl C~CTeMbl /72/. 

B 3aKn~4eH~e Heo6xoA~MO OTMeTHTb, 4TO Bce C~CTeMbl, nonY4a e
Mble C nOMOU\b~ ~3nO)!(eHHor:1 B AaHHo~ pa60Te np04eAYPbl, o6naAa~T 

OAH~M 3aMe4aTenbH~M CBor:1CTBOM: OH~ MorYT on~CWBaTb np04eccw 
3aXBaTa ~ YAep)!(aH~H con~TOHOB. 3TO 3Ha4~~, .4TO Bce 3T~ C~CTeMW 
~Me~T peweH~H. on~CbIBa~U\~e con~TOHbl, KOTopble np~ XOAHT ~3 6ec
KOHe4HOCT~. a 3aTeM 3aXBaTblBa~TCH B pa 3n~4Horo pOAa Kone6aTenb
Hble pe)!(~MW ~ npe6b1Ba~T B H~X BO Bce nocneAy~U\~e MOMeHTW BpeMe
H~. BnepBble 3TO HBneH~e 6b1no o6Hapy)!( eHO B pa60 Te / 1S1 , a 3aTeM 
~ccneAOBanOCb 60nee AeTanbHO B pa60Ta x 13 ,12,141 . 
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