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BBe,neHl1e 

MaTeMaTHqeCKH~ ~OpManH3M KBaHTOBO~ T eOpHH CHCT eM nepeMe HHOr O ql1C­

Ra ~3KQeCKI1X 06oeKTOB (qacTHQ, RBaHTOB, CHCT eM, 3neMe HTa p HNX B 036~­

n eHI1A H T.n.) C Onep~HT B ce6e n OHRTHR onepaTopOB po~e HliR ~K Ii YHH­

qTO~eHI1R . ~ ,nRR K~o r o c opTa 060eKTOB ~ • nO CKon b KY n e ACTBH e 3THX 

on epaTopOB npennORaraeTCR onpeAeR eHHb~ B n p OCTp aH CT Be L KBaHT OBUX 

COCT ORHI1A I LjJ> paccaarpasaeaoa CHCT eMhl, T O COBOKynHOCTb Q", H Q.", 

iL e ~ ,1d~HO paCCMaTpHBaT b KaK 0 6p a W IOl1\He anre6phl A (::Jl) on ep a ­

TOp OB B n pO CTp aH CT Re L ,KOTOpYlO e CTCCT BCHHO Ha1 ~DaTb anre6poA ono­

paTopOB po~ eHHR-YHKQT O~ eHH R. 

A.rrr e6pa A (~) C OA ep~HT B c e 6 e oncpar opu p a ,nl1qHhIX ~H3HqeCKI1X 
BeJ1HQI1H, XapaKT e pH3YlO~HX CHCT OMY nepCMCHHoro qHCna 0608KTOD, D qacT­

HOCTH , cax ocorrprtaeennse D 1. onepar opn ~ 1.IH CeR o60eKToB C ~eROQHC ­
J1 CHHh~H c 06CTB eHHhIMH ~ HaQeHHRMH n it , on pCnHn lmll\HMH fl O~Id O~~lhle qHcna 

06'bCKT OIl cop'ra J( n 0nIWM KBaHTOB OM COCTOl1lIHI1. 

y~ c ua <.ITOM nann pacCMOTPClHI1R MOlltOT ("iUTh ~ cf10PMYRHpO ll aHa 31l,ll B1l a 

11 :1~eHHR pa,J1HQH OrO pona KllaHTOBhl'X CTaTHCTI1K MIl TO~( :CTD nIlHhIX (O)l,HO­

ypon xenux ) 0 61>eK TO O, T. C . 06'h OKTOn !flI1ICCHp OnnlltlOrO COPT/\ .c:: : 
CTIlTHCTHKIl ~ (l PMH-.nHp8.Knj n.1! 6 0:1 i 
IlpOMClIty1 'O'lilOJI CTIlTHC1'I1Kn PaHl'll .S ... ; n ; t: O. ~ .. "pl1 1,,- i~ .. c: 

- CTlLTHCTI1K9. D0 :1e-3AHWTe AHa ; fl. '" € ~ • 1II 

B CI1RY 1~11 3 KQCC IW r O CMIJcna onepar opcu Ct. c (j'M OHblUl.lllT qHCn O 0 6'!IflK­

T Oil COPT/\ I( Hn C,Al1I IHI \y ) , Q. '" (YIl OnH1HlII IllJ1' .t HCRO 0 6'!I 0KT On COP'1'11 " , 

I Ill U)~H II I1~ ) H ~ ( COXPIUIJ1IO T '1l1c n ll 061>fl KTOII ncux copr cu) II I1pOCTfl IlH ­

C1'IIU ~ O KlL L.r c;;;; L. • IfUTnilYT OM lin coocru emnae Il CKT Ol ll .l 0I10P'1T OPOII 

f~. I )l,OJlllt tn>1 C'l 1,IT h r.npll.ll e)l,n l1l1l.1M 11 TOlll,l\ UCTII Il : 

J:....' a+ 
.... . (I).. /'I'." J- -O , r ~, a lii,) - - D" o" (,.~ , 

T n lC IlIlK 111.:' . AI.: , ')'0 C0 01'/I 01l1f 1lUllI (I ) 1I0 rt lI oJlnKIT CIt 11 'rI\T I, 0 l10p ll1'Op' ,l 

11 Q.. II :1 I1I1M/l O -C O Il P Il~ OlllllJMI1 II Lr ' '1' . 11 , : Ct/'- ct.. 11 l:l."," .. a .; 
}\lUl h llOAIIII1U Cllo Ac T1I1l 1 lJ1 r'I)O P I ~ II (~) • ')'M11 11 0 1'll')'HO'I'HIUl PllCCMUTPI1 ­

IIUt:MIoIlC oC!'r.a II TOII , Jll IIIl,IA (111)\ OIiOP/\'I'0POII ;Y,; H 'I' .11. OI I P' I)~ ()JIl'l'ITC I1 OHCTn ­



Moll TOJl(,ll,CCTBCHHhIX c oomomeaas ,ll,Jlll 06pEl3YJOlqliX 221<. H a t<. . 
B COBpCM 6HHOll KBaHTOBOIl T COpHH (CM., HanpHMep, r1-~ l) B OCHOBHOM 

HCn OJlb3yxJTCll ,ll,Ba THna T OJl(,ll.eCTB eHHhIX COOTHOW CHI1A AJIn 06Pa:JYJOO1HX anre6­

pu oncp a T op OB p oJl(,ll, eHHR-YH~T o~ eHHll, C BR 3aHH h~ C A BYMR THnaMH KBaHTO­

BUX CTa THCTHK, a HMCHHO: 

«.:»: lac , Q""J:! =- 6.cx ', [U K, a ' } !: = 0 (2) c 

3 ,ll,eCb 3HaK "t" cooraerc rsyer 4JcpMH-anrc6pe AF {1t) 11 CTaTHCTHK C <liCpMH 

-)J,HpaKa W,,= 1 ), "-" - 603 c-anre6pc A 6 ('JlJ Ii CTa Tli CTHKC E 03c- 3 Il H­

lCTcAHa ( S~ == 00 l , B 06lI\eM cnyuae npenn cnar-ac-rcn , ~ TO ace 0 6'bCKTbI 

peaxsmrx 4JH3~CCKHX CHCTeM RBJlRIOTCll JlH6 0 if>CpMliO HHMIi , JII16 0 6 030HaMH. 

Ilpx 3TOM :J[:: X, + X~ , a onepa-eopu poxneaun 11 YHH4 TOlll CHI1R Y,ll,OBJICT­

BOPRIOT COOTHOWCHH1lM ( 2) c o 3HaKOM "t" npa K, "" 'b :JC ~ Ii c o 3HaKOM "_,, 

npa ~ K' ~:tC~ . 31'0 npHBO,ll,HT K HCK OTOPOMY npOI1:)BCl\CHHiJ A(X) (fJep­

MH-aJII'c6pbl Ap (X,) H e oa e-anr-ecpu A" (7{~.J . )l,011 0JIHI1TCJlbHOC npennc-
JlO~CHHC rI -5] 0 KOMMYTal\HH 0 6Pa:JYJJIIlHX A, C 0 6pa1yxJII1HMH A 6 KOHKpe­

TH3HpyeT YKa:JaHHOe npoaaaenena e H npHBO,ll,HT K CTBJl,Il,apTHoll anr-eope Allot. 
O,ll,HaKO 3a I'0,ll,b1 pa:JBHTKR KBaHTOBoll TeopHH HCO,ll,HOKpaTHo npC,ll,JlaraJIHCb 

H K3yt1~KCb pa"lJl~HOI'O pona HCCTaH,ll,apTHbJC anre6pl,J A"st ( X j oneparopon 
p 0Jl(,ll.eHHR-YH~TOJl(CHI1R. K Amu , xanpaxep, OTHOCllTCR : aH OManbHble anrc6­

pu [6-8J, anre6phl napa-coae-oneparopoa [ '7, 9-18], an r-ecpu n apa~ePM H ­

orreparopoa [10- IO], anre6pbl "cynep" - oneparopos [I9-22 J, /". -anrcepa 
[23-251, ft - anr' e 6p lJ [ ~O, 26-2'7J, cP -anrecpa [23, 2£3- 31] , M -1lJI­

r c6pbl [28, 32- 33) . MaToMaT~ ecKK c if>op My JlHpO BKK H B03M O~HOCTK YKa"lBJiHI~ 
HecTaH,ll,apTHNX IlJIru6p MO~HO HaIlTH, HanpHMCp, B KpaTKoM 0630pe, npe,l\­

CTaBJleHHOM a ,l\OKJI~ e [341. 
C TOtiKH 3peHHl1 CTaTHCTKKH T03UJ.eCTBeHHhlX 06'bCKTOB 4JI1KCHpOBaHHOI'O 

copra HaJi60JlblllKR HII'I'Ope C np0,l\CTaBJl1lIlT anre6phl napa-oepaa-cnepar opou 

. / -1- .+ L	 {' I (jJ 
AI...; == -< ["0 01(, a ; J." .~ ..;j p , 0", ==	 ...L:.- b r (3a)

i " 1 ) 

(j) + (j .l >\' r,j) () 

L 6<) 6"" .I, - J(.JI.' ) [ 6. J .6K~ J.. 0) (36) 

[ b (i ) h~' ') _I' r.i ) (i '}) _ 0 
./ 

, / 
C > I: . ./ - /'." - .1	 (3B) 

H anre6pH "cynep"-onopaTopolI (no T lJpMHIIOJIOrHH J npHllIITOn " [19]), 
'I .,. 

~ ~ 0< OK ['"o"" a>f:J_"" f -
.j. 

,I 
- ,., ('la) 

2 

+ 
LO.c~ a."",J_= i»; {2.""l- =0, e: :F ,.It.' , (46) 

{'+1 + p+1
B 06 eHX YKa3aHHhIX aar-eepax /" eCTb ~ CJlOC t1HCJlO, Ct.", = Q", = 0 

H /Z"" e ~;o . n03TOMY 06c anpe6pH npeTcH,ll,YIDT Ha OnHCaHHe 06'beKTOB, 

nO,l\t1HHRJOII1HXCR npoM8lI\YTOtlHol1 KBaHTOBOI1 CTaTI1CTHK e panra ? . 
CaM ~T CYlI\CCTBOBaHI1ll ,ll,BYX Pa3J1HtlHbcr anre6p oncp a Top o B pO~ eHHll­

YH~TO~ CHI1R, c o oTB eTCTBYIDII111X o,ll,Holl H 1'011 ~ e npoM e~YT OtiHol1 cTaTHcTHK C, 

npHBO,l\HT K CCTCCT BCHHo l1 noc Tro i o BKe 3~aqn 06 OTUCKBHRH Bcex B03MOXHUX 

aJIre6p A(~), npKrO,l\Hb~ ,l\JIR On HCaH HR if>H3 H~C C K I1X CHCT CM C n epeMcHHbM 

t1HCJlOM 0 6'bCKTOB COpTOB It! , ,J<:2 , ••• e :It ) n O,l\4HHfllOlljKXCn CTaTHCTHKaM pax­
r OB $r.•• fil!..I. •••• G ~(;jC) COOTBeTCTBeHH O. 

B npHJlO~ eHKH K TOY~ CCTB eHHb~ (O,l\HOY POBHCBHM) 0 6'beKTaM YKa3aHHaR 

3a,D,atia t1acT~HO HCCJlC,ll,OBaHa B pa6 0Tax [20, 2'7, 35-3'7 ] . 
4 1'0 KacaeTCll H eTO~CCTB CHHbcr (HJlH pa"lHoypoBHcBhcr) 06oeKToB, n O,ll,4H­

HRIOlI\HXCR Pa3JIH4HbIM CTaTHCTHKaM, TO 06:!l aH 0 a.IV'l.~ a n OCTp o eHHR COOTBeT ­

CTOYIDU\HX HeCTIlll,Il,apTHbcr anre6p oneparopon P0lK,ll,C HHR -YHK~TO)l(C HH R noxa cae 
n paKTH4CCKH He paCCMaTpHBanaCb. HCKOTopo e HCKJI~t1 eHH e COCTaBJlRlOr JIHWb 

M -anr-eopa, cP -anr-eopu K HX 4aCTHble CJlY'IIl.l1. CBSl3aHHh1e C TaK lla'1LI­

naCMh~H ,!lJJ06HhlMH CTaTHCTHKaMH [23, 20-31, 3U-39J , rno HcnoJlh3YElTCFl 

:'IBJ.\()IIJIetIHe nonanr-eep anr-eripu 11 (:JC) COOTHOWeHHfTMH TKnll 

+ - i ()IJ./l' + .,; OJ{ It ' 

.. , =- e. a"" , a.i:~ a ", ClM, =e. a "' , ac>K.....: /( ~)) 

C ,l\OIlCTDH'I'OJlhlltD04H 1.lHClJlI.IMIf B",;.c! ' • 

CJl e)\Y0 '1' OTMO'l'HT h , 1.l'1'0 HIiTOPOC K llP OM ll~Y 'I '()tiIIlIM CT£lTI1CTHKIlM H CIJS1­

:)U lII lIoIM C IIHMH Hcc TUH,lJ,ap1'li134 llJII'1l6pllM On Upl\TOp OIJ P 01llAOIIHII-YIlHtl1'OllWHI1S1 

CYl1IOCT II OIIIIO nonpoc D 1l0CJl CAHOO )\OCFl'I'HJlO'l'11 1J IJ CIJIl:)H C H:lY IIlHOM KIl IUI'I'O­
'II

nor-o OI!X!lOK'I'1l. Xonna [3U, 39 ] , HCCJlC,nOll lllIHIIMH II '1'lJOpHH 3K :l O'fHtiOCKHX 1l0 ­

nuuux KDLUI'l'OD [ aJ , ;j2- :j3 , 4:!J, :l UPflll((1Jll nJX ClI(CH'J'OHOIJ [;.'9. 31J H MOIIOII l)­

JWc;\ [JO1, 11 TIU(JI(C C 06CyJ(,lI.OHIWM 1l01lPOCIl 0 1I0:IM Oltl.II0M (CJlI16 0M) lI11pYIIIU­

IIKH npH l ll lHnu lI ayJlI1 [1:1-4tl1. 
n lI ac'I'0 11lJ10l-l paoore IJ OCIIOII IIOM H:IJlIU'llu'J'c n MU'J'0A I1UCTpo ulllfH IIJll' o6p 

A (1(;) onnpnr opou POlMllllHJI z, H YIlH4 'r OJl(uI1KII f?. ,.. , 1!IOPI.4 IU1b Il O npa ­
1'0) \JII.rx )VUI OlIHCIl.IlKJl K IIIllI'I'Olllo/X CHCTUM I1UPOMUllIfOI 'O 4KCJIIL 00-100 11 '('0 11 pn..1 ­

JIHllI lI~ OOp T Oli K 6 X , n O)\tIHIlIl1OI1IKXOll :l 1l,J \Ul1l l1dM IW LUtTOIIl. 'M C1'1L'I'HO'l'HIUIM 

punt -on flit t: E: (:;<;) • Mo'l'o)\ ocuouuu 111 1 HOIIOJlh:l Oll flIlIfH IlI IPH OllllI,IX Hl t'I'yH ­

" H1Il Il I X 0 11 PO) \OJl(HlHl-l, ClIlI ~IUIHI~X o OCIlOlllll,lMH 1I011/1'I'HIIMH KOIWMIJX IUl l' o (lp. 

B :l Il I I JllU ({ H'I'U JI h l ll ~X 11Ilpllrplll!~ l.X Il'J'Il'I'IoH IIIHlJI ll)\WI'C/I CPll lI/ lI~ Il H O noayunu­

"'I,IX 1UI1' 06p C Y'JI( Il H:l ll lJC'I 'IIIJMH II JlH1'OPH'I'Y !l lJ H IJlIOOMIl1' !lH III1II1'I'O/l HX 1l00W'I '0 ­

11I JCJ IUJlII( P O'J'IIIoII I IIpHJIU~ umlJl. 

:1 • 



I. l1cXO)l,Hhle nOJl OJl(eHHH 

~R n ocTpo eHHR H H ~Y4 eHHR B0 3MOJl(HhlX MaTeMaTH~eCKHX ~OPMaJIH3MOB, 

npHI'O,D,HbfX ,ll,JIH KBaHT OBOI' O On HCaH HR CHCT eM nepeMeHHOI'O ~HCJIa 06'beKTOB, 

6 Y,D,eM HCXO,D,HTb H3 CJl e,II,YD~Hx HHTYHTHBHbfX onpe,ll,eJIeHH~. 

Onpe)l,eJIeHHe I .!2EOCTpaHCTBOM C OCTOHHH~ I y) <?HCTeMhI C neEeMe~ 
~>lCJIOM 06'beKTOB C OPTO~ K. , , K ;a , • •• e ~ , ~Q8~HH!!IJIl!.HXCH cooTBeTCTBeH:­

HO KBaHTOBhIM CTaTHCTHKaM aHrOB S 1 • S.2 , ••• t;.t( X), $" >.... 1 ,!!!t­
n He TCR KOMnJIeKCHOe BeKToEHoe npocTjlaHCTBO L re (~{)) !< nOJIOJI(HTeJIbH'2.!! 

MeTpHKot1, HaTRHYToe Ha 0PTO I' OHaJIb~~~_ 61i3_H~ (~, + 1 ) (S;a-t 1) • • • ~ 

p 0lK,IJ,eHHhlX B eKTo~ / Iffl., , n. , . .. > , ~ 

II./:/;1 >£L( ~(Y{)) /2., ~ ~ B,c (Ga)
1 ) .2 ) " . 

<Y'n.;,n.;" I~n."n." , ,,.) = jllfn"nJ.,.,,)1 
.t 

s:.;ft
1 

~11211..~ · · (66) 

S1 .$,2 
I~)= Z L:.. *" ,n.. ,,, . (':tn" n2 , .. ) ~ L ( 8 (X)j > (60)

17.,~ 0 '1~ 2'0 

s, ~. j *. j.tj lot 
{ '* prJ - 17-;". 0 ~ ... h1 ,f72 , ... · l<fn " n2" ..) ~ 0 (or) 

On p e)l,eJI C H~W ; ~ . A.nI' e6po« oll ep~TopoB p Oll:)J,e~-~To)p(eH>lR o 61>eK'tQI! 

paccMa'ryHBaeMot1 CHc'rOMLI l1BnR eTCR aJIpe~a A ("jC) , ~8JI-Ep e&c~­

~ L. r s rxJ) • C 1l3aHMH O-CO ~H)P( eHHhlMy"_~ Ct.,., JL u.."" • 
oC5eCTOJIRIOII\HMH Illl \olJlteJ lH o II 6 n:11!.~L{§a ) C H3MeHeH>leM COOTBeTCTB I e p o 

H})geKca Ha e,ll,HlIloll(Y , u HM.(,~ 

Q", 1:1..,"1/ _1 ) O . II ",,~ .,) ( 711) 

/J, ~ .r;:;aK /Y. , /1" . .. . ) . /!I. ''' ' '~ _ " " ' ) . ... . J ... ) .~ ('16 ) 

~..c: /Y..,1I"" ) ... I !.f. .. . /~~1J " .), ( 'I ll) 

aA: /':1:..,17.._1 ,.s" , / 7,.,... , . ..) .. () ) ~ ,eI. ... ..~, (71') 

Ilpaaenexaue auure Onpenene iras 110:'lllOJl Jlll1' ,D,Ol</1,1 Il TI, P/l)l nOOJlo,/\()IlIl1'OJII ,­

IfhfX yTB8pl1:)J, eHHtl, KOTOphlC wm n jlll:I0I111llllTCIl IIIl 'I' II 0 PIIMIl H CJlnI\C1'OHIl. Jlo­
Ka:JaT8JIbCTBa sc ex YT BeP!\l\CHI1t1 n n Yll\OI11J IlIlH)(Y H'lC )\ O C 'I'a 'ro~II()11 lI JIUMO/l1 'a p ­

'.
 

HOCTH. nOAPo6HNe ,ll,oKssaTenbCTB8 OT,II,eJIbHNX YTB ep~eHH~ npHBe,ll,eHN B pa­

60Tax [35-37J. 
TeopeMa 1.,§ 1 rsc ~)) CYD1eCT~eT OpTOHOpMHpOBaHHblll 6SSH<;' 

/n a \ = .£(11 11 ) / if. II) /" I) ~ . (Sa)
t » 2 )" '/ 1> .2 ). . . ""~ 2) . . . ) /7c C" ) "'4:: » 

(86)<1J;JI1;' ... //l~/l<, ...)= ~'/1 S:'11 ' " r -r '3 '2 ' 

~ .,(, (11~, 112 , . .. ) - HeKOTO hIe KOMIlJIeKCHble ~HCJIa TaROt!, ~TO 

a.. /. <:» /Z~ 0, /Z , . . ) = 0 . (9a)..... 7 > ~T1~ / 

/, , ,(i("I1<: ,...) /. S. . (96)a.;rt I ..,I7"'J ".)" 'J..:l..,IJ",...)e / ..,/1", -1, ...), /I", G" ) "It: 

-/- , -i()IC(.. .,I1",+-(, ...) _ 
(9B)Cl,t:j.'J /1"" ...)~ Y/lcf ., 11",+ (,...) e /. ., he f ~.. .)) I7c EO, .1",-1; 

... I ...I - 0 ~ $", ~ <.>C, (91")a.,c .,,) ~" "'f~ ~.K' ) ".c.,...() . . . ) - , 

~ A(n.)n~> ...) ~ HeOTP®aTeJIbHNe J! ()~ (/It/I;;., . .. ) ~~ 
HbI 0 tfHCna l Ha.:mBaeMble D ,ll,aJIbH ellweM naEaM e ~aMK .M I' 96 p H (M08Y!1HMH H, 

3aMHL.t . 

CnO.nCTBHl) I-I. AJIro6pa A(~) oneparopon P0JII,D.nJHlR-YHHQT0lK9HKR 0,11,­

1I03HatiHO onp OA eJlIWTCR :HI,D.amWM paHI'OA CTllTHC1'HK ~~c e S (~) K llapaMeT­

p OD 8.JIr e6pu - Io1O,D,yncfl ).,,(I1 I , n 2 , . . • » 0 H Ifa1 ' ()", (n" /~ , ,, .) - B: 
rne 1C6~ ,n" €I,.S:,,, • 11,,'6 ~, f1pH A: ~ ..t: • 

lin CIlM OM ,ll,OJlO. OCJlH Pll.HI'H CTaTKCTHK H I1IlPI\M01'pIJ 8.JIre6pIJ :'IB,Il,aHU, 

ro ~ II,l\ Il.I IO onnonuouncc npeACTn UJIOHHC 1f(:tC) II zrs(:Jt)) • TaR Kill< ,11,0«­

OTlIHO 1I0 0X a ir K &:~, a CJlO,ll,OUaTCJlhHO. 11 JIIoelOI' O onopur opa H:} ,4 (!JI() 

IItl .IIlJ6oP 1l0l<1'Op H3 L (.f(1t)), O,ll,H08Ho.4H O O ll p (~)\ eJI O Il O COOTHOUI<lHHIlMH (9). 
Gill;! 1' IIHO I-~. It'HKCHPODaHHOt:l KllaHT OIIO« CTll'rHCTHK e (:'lB,ll,QHl~ DCO pw-t­

PH .~ (Ji. ) MO)P(CT COOTu e"CTU OFlaTb 6 e CKOIIC411( 1) MllOlIt OC1'1l0 unr edp onupu­
" Op OIl POlAAUIIKR-YHH4TO)P(OIlHR A(X) • O'I'n HtH WlI1HXCll ,D,pyl' OT ,!l,llyrll KOIIJ(­

p a TII1.lMH :>1II1IW HHflM H napsx crpon, 
II ~HUl Jll) IIO IIH () )\WIHOr O n u p lU'pa4 1/l O'I'101 0 'I'HM. 41'() COOTIlO lUUII Hn (6)-(9) 

u (luC IIO Il I.I/IIWT !f>H::lHQecKy¥> HIITopll pU'rU.l(HM) HCIl OJl b:lYOMhIX M!l1'UMU'rHQ UCICKX 11 0 -

IIn'l'Hll K 0 1·Il.I I,/\UPTIly¥> TOpMHHOJIOI'HI) : n OK'l'Op /l1t, /1" ... ) (HnK lI POIl OPL(HO-

HlUl bllldrl OMY nex-rop /!/'I" n l . . .. > ) lJC'I'h () OiO 'J'OnIlH O 0 Ifll1JrCHp onn lll n,IMH tIK O­

JUIMH C,l'h,(J)C'I'OIl III , Il2 •••• ; O-.t; - OllnpWl'Op yIiH'I'I'O)'WIlHll 0 6', l'JK'r n 

OOpTU K. i a. ... - Oll OP/I T OP POllV\ OIlHSl O(l1,flKTII Cop'l'n ~ i 10. o. ,,. > 
C()O'l'OI1lIHII 11IlKYYMU; I !J" S,2 . . , . > - C OO " ()lIIIH ~1 II UOl ,Ul\nIIHJI, ) I OO'L'HI'110MOC 

JIHlII l , npH nc e x !l 

:; 



2. Anr e6p~ A(1 ), HX cBoAcTBa H MeTo8N onpe8eneHHR 

PacCMOTpHM cHcTeMy n epeMeHHH oro qHCna To~eCTB eHHNX (OAHoypOBHe­

Bh~) o6~eKToB,no,/\qH H~HXCR KBaRTOBOA CTaTHCTHK e paRr a S (B STOM 

nap a r p a¢e KHA eKC o6~eK Ta AnR npOCTOTH 3 aTIHCH on~eH ) . 

CornacHo n on o*eHHffM npeA~ero n a par Pa¢a, c oc TORHHR TaKO~ CHCTeYY 

npHHaAn ellta T npoc r pancray L (3) , HaTRHYTOMy xa OPT OHOPMHPOBaRHhI~ 6a.'3HC 

H3 (STj ) BeKTopoB, a anre6pa on epaTopoB po~eHHR-YH~TOllteHHR, H~~Ea­

eMaH B AanbHe~1lIeM A(1 ) , HMe eT OAHY napy 06Pa3YJJD1HX , a H Q. • 
OCHoB Hhle CEo tlcTBa H MeTO,lU>l onpeneneaas anr-eopa A (1) orpaxena B 

cne~e~ COBOKynHOCTH YTBep~ eHHtl. 

T e opeMa 2, A L (g) ~J'lIleCTI}.leT e8HHcTEe~ 

/ 0 ) a: L (g) J n G 0, f} ; </J /I7 I
) = bl1 l1 , , CIo) 

B KOTOp OM AetlCTEHe 06pa'3~~HX a .!! ti:. anre6~ A (1) 9.n'p'eA~ 
~cTeM otl EaBeHCT~ 

a. r o) = 0; a/n)./i (;7 /0 --1) » /l€-I,g ; CIIa) 

£ /n)=I;(IZ't-rJ /12t-{) h~~.{'-I· a./.s')=() 9< 00 CII6 ) ec n H 
) , , ~­

Cnep,C'I'BKO 2- 1, Jl,nR O,/\HO:iHaqHOrO onpeneneaxa anr ecpu A (1 ) neooxo­
~O H ,/\OCTaTOQHO 3aAaTb paRr CTaTHCTHKH S H COEOKynHOCTb n ap aMOT­

p OB-Ll OAYn lltl ;/ (12 ) 0 ,n € .(, S 
CnencTDHe 2-2 . !{llllJiTODOA CTaTHCTHKe JlIJ6 oro pant-a COOTBOTCTFlyOT 

6 eCKOHe'l'HO~) MH~nOTIIO anl'o6p A(1) , OTnHQ8lOll\HXCR ,IlJlyr OT npyr-a :ltla ­

QeHHRLlH I1S,paMOTp OU-Mo,o,ynel1 ,.1 (a ) • 

ToopoMa 3. QCS..Ell:)~HJ1. a Ij a: :l!JI r e 6.E~ A (1) £9..0TEeTcT E~~ o llI 

CTa TKCTHKO paKl' a S , y,/\ o un OT o opRIlT TO~CCTBeHHhIM COOTHomeHH RM 
...........-. ­

/( + K"t' 6 - l 11(,""", ~ ",,,I' m 
a. 

$-'1 
- 0 , e c m~ ~ a - L: ,/f(JIO a a- CI2) M- O / . ~ 

r,c",1' ... 
> 0 30.) jU. - /;..~/;;. ) . - 1. .. .. 

..;,,,,1' /, .. - ( r,,,,•• 
.1''1 = /;....c....//; ./Z..t' - z. / u.., ~.... ... ~ J'-K - I'.. / , (I :.J6) 

"" 0 

'1--(J",.c,," t' _ L /V K, M ,. e 
"'"~o / ...~ n - ITI , ..., ...tIit - ~~ (I 30)fl" 

h 

Cne8CTBHe 3-1. .l1BJ6otl oneparop anre6phl A(1 ) MOllteT 6~Tb 3aTIHCaR B 

HopManbHotl ~opMe, T. e. B BHAe BHPalIteHHR, r,/\ e Bce onepaT Op~ po~eHKR 

3 aTIHCaHH cn eBa OT Bc ex onepaTopoB YHK4To~eHHR. 

T eopeMa 4. lle..£.BbI..§ g KOS Hl..\HeHTOB C eCTBYIOO\er o B Jl/()60~ A (1) 
TOJl(,l\eCTBeHHor o COOTH01lleHHR ( 36) C J!. ~ 1 H e- 0 ,--.........---- ~ ­

..... S ";1 -I-m ~ 

a. a.~ ~ ~'" a. C2, ( I4a) 

CBR3aHH C na aMeT aMH arrre6p~ ) (a) p eKypp eH THblMH COOTHOmeHHRMH: 

n- -I I of / '"7
,) ~ n- I 

( 46);1(rz)= z.. jl/m ~ , n ,;:~ .f o 
;n: 0 " -/JI~ -t 

Cn e8CTBHe 4-1. Anre6pa A (1) O,IJ.H03 HaQHO onpeneaaerca paRrOM CTa-
If - ­

THCTHKH S H COBOKynHOCTblO nepaux ~ K03~HI..\HeHTOB~": ,m? tJ.,.r-1, 
rnaBHOrO To~eCTBeHHoro COOTHoweHHR (I4a), npHQeM B T OM H TOnbKO B T OM 

cnycae , CcnH B cany (46) ocecrreueaa acorpauarensaoc'rs :I(q). 
ToopeMa 5 . II A (1) ~ecTBy eT e8!.11jQTBe HHbltl on e,EaTO..2 AI , o 6n~BIO=­

~HA He o6xo,IJ.KMb~H CBOtlCTBaMH onepaTopa QKCn U 06c eKT OB , 
":'-_-~"";"':"'-_~~-~_-------...---.. ---

Nln.> =l2ln) J IJ.etJ;?; rN,a]_ ~-a ( 5) 

HOpManbHaR iflopMa SToro one E,aTopa 3 B.11HCldlJa eTC R fI BHA G: 

-f- S' ~K K 
~: / - . .z-.. ~.. a a , ( I 6a) . , 

~ n n-I ~ 
( 66)-)1 .. ~( ) ~Il : 7'" - Z r;- ~ ~ n~ ~ 

"' .( ) I'l .. _ l l n -" 

CJI()JI,QTDI10 5- 1. nUpUMOTpl ~ J(.Jl. ) llJI r o6pu A(>r) CIlSl3 1l.H1J C K 0 3<P~HI..\I1ElII­

TWIII1 VI( HOPMllJIh llOA iflOpMU ou ep u ro pa ;11 p Ky pp OHTl lIJMH COOTIIOWOIIHSIMI1: 

J> /'::.1 -.(

) (11.)- I I. ( ?;- VA - 1 i 7 (rn"'/1 /j'P .. 

<;J191\QTIIHO lJ -~ . A.IlI'o6 p o. A (1)- O,IJ.IW:l IIU11l1O Ollp 0Jl,Onl1 C'I'CSl pllHl'OM CTU­

'l 'l1C'l'l1KI1 9 H c on oxynu oceso Ko 04i!llUllIOIITOII JI' , k ( I, g , HOPMllJIbllOl-I 

IIIOJlMU OIl OpU1'Op a. QI1CJlfl 061.0KT OII , npl11WM 11 'I'OM 11 'I'OnbK O II 1'OM onY'l'llll , 

()om~ II Ol1n y ( 7) OOOCI10'l' HIl UllTOll KOIl 011JIOC'!'b H II UOTPHI\U'I' lln "'IOCT h A(,d 
TII 110 ~ ) -:l, An r o6 p u A(1) HMll lJT IUnIPH IJOJIHMOU MIl'l'l'I1QHOO lI Jl6J1,­

0 1'Ull n lll lllll (O OClCT IlOllllO tl I'r! - lI PUJ\C1'/LIJJlul l iolto: ) U UIolJ\O: 

- .(I)Kt • blt,f;f fi1t); wL,-t, (l0) 

1')\1 - (JIlIH' 'rn'I'H01'HI1lI , A""') - IIHPIIM Il ~'P IJ I lJl N l6 pl ,l, 

7 



T e opeMa 6 . OneEaToQ t.lMCJla 06neKT oB M o~ eT 6b1Tb 3anJolCaH B 6MJlJoIH e~-

f1~~ S ~ "<' oS' +-K C 
~ Co .... .L. ~ ,C' a. a. -e- Z C:Z.A:: a. t2.. (19)

K - 7 .c_ '1 

~ (2S+ 1 ) 8..e l1c TB JoI TeJlb~ K0 3<l$n.1HeHToB CBR3aHbl~~ 

~(~'t -1 ) ~2aHt.leCKHX ~aBH eHJoIR : 

S .s I:? 
Co = -.z... c; "" /; ~- ~ =>. ..z (' -.£... eCJlH ~< 00 ( 20a)

6 ::'" ~ ~ ,,_ 1 J',.c ~J( :> ---- ­

oS'-1'Z. r7 I'Z.
 
S"""" n /,.0:: -. C /;;


11- C0 """" ~ l.,-:,.t:' -- + ~ ~,A: -- ( 206)
~~ rz «: $'.

.".~ ~ /,; ~"" / /h -.. 

CJle,qCTBJoI e 6 - 1. ~ opMa ( 9) onepar opa AI' He o,qH03Hat.lHa. 

CJlen CTBJoIe 6-2 . 3B,I\aHJoI e paar-a CTaTHCTJoIKJoI S JoI onepar opa qJolCJla 

OObeK TOB ~ B 6HJlHHeRHO ~ ~opM e (19) on p e,ll,eJlRe T MH o~ eCTBO (,v;onycTH-

MblX) anre6p A(1 ), K~aR H3 KO T OP~ c ooTBeTcTByeT p ewe~ CJoICTeMbi 

( 2 0) OTHOCHTeJlbHO napaaerpoa ;I (n.)) 0 • 

Teop eMa 7 . ~ / n » RBJl1lJJTCR C~~ 

~oc OnpRltteHHO P~ L(.f) ~~ n e A (1) , ~ 

E: ~(I(
M== ~ ~ a. a. . H lrc) ~ mil. In » nbM , ( 2 I)

It/..- 0 lc ) 

TO c o 6 CT Bemn,te ~ Hat.l e H!! ll /n,. ~ f" E!.!:S! · H 0..E.M aJI b~ ~P M I~ 

~3 aHhl c n a e,UMe '!rUMH aJIr e6,ebl CHCT eMO~ E~ 

11 ;;::j-f 
m,, '=>050 ' )(It) -(m,,- m.J ( .z- rl(' ;:- ~ IlG.{rF (; !2 )

) Jt. • ..(., 1 ,._) ~.J 

CJIeJ\CT Il Ho 7-1 . A.np o 6p n A (1) 01\1l0:lH1L4 11O onpencnae -rcn paar oa cra­
'rHCTIlKH ,~ • COll OlCYIIII OCThlO C06c T ll u lllnolX :\lIn1j ClIIHIl m ; , II ~ ~ S , H 1(0 ­

olf.x~l1l l HmITO Il ~ ~ , I( f IT , II 0PMIUlhlllll! tfJOPWlJ JllIeJ or l) I(()MMYTH pYlJlI\ fJrO C 

AI' on op u ropn N C A ( 1) , II p H\lI 'IA 1\ 'r OM H 'I'OJlhKO II TOM c n y u ae , eCJlH II 

CHJlY ( :2 ;~) odecnll ' j HUlLuTC n KOll n 11lt 0 01'I, 11 I IIl 01'PHI\n1'. 'JIhIlOOT" .1(12. ) 
Ilonnonn H1'Ot'H f.llJUIII H:I JlOIIIOIIHOMY, 1..1110 po.., n O) \t.l0pKIIOM, 4'1'0 KDlU i T UII OIl 

CTIlTHC'I'HIW 'I'Ollt,ll, l lCT II OII IlUX ( onu oypo nnu nux ) OCl1,OKT OII pallPn S OOOTIHJT ­

CTBYOT (j1)CJUlIWllIIQO 1oI110lll e CTIIO LUlI ' o 6 p A(1) c nop neopon POlll,ll,OllHH-·YH Hlj'rlJ ­

~ eHHR (C JI Q,ll,C 'J~ll>lO ; ~ -; ! ) , II IlUJll,IVLII KOIIK PU'I'IIlL n I1JIPu6p n M Ollll~T ClInt> O)VIO:1­

HallHO onpenenonu 11 0 IcpllRIIOIl MUp U II UTI~p LMn 11IL'I nHlll nollolH o n OCOCl6M1t ( O,]JOJI­

CTBHR 2- 1, 1-1, ~J - ; ~ H 7- fl , 

3 . AJIre6[!bI AC.G) H II p OH;;IIIOJIUIlHIl A(I ) IIlL A(II) 

PacCM OTpHM CHCT eMY C ) \IlYMH COp TIAMH 0(\1,0 1('1'011 , IIIUlpIlM '. p <:A. II 

1\ 

no,v;qHHflIOlI\HXCJl KBaHTOBbIM CTaTHCTHKaM PaHPOB S,;. H .s,. COOTBeTCTBeHHO. 

coraacac HCXO,v;HbIM nOJlOJ\(eHHJlM, MaTeMaTHlIeCKoe OnHCaHHe TaKOI1 CHCT e­

Mbi Tpe6yeT aJI r e6pbl A(d.)j) oneparopos polll,ll,eHHJl-ymrtiTOJ\(eHHJl, H83blBae­

MoR B ,v;aJIbHel1meM AC2) , C ,v;ByMJl napasa 06P83Yf011lHX ~,a..£ H '?'~ . 
,ll,eRcTBYJJII\JoI},IH B npOCTpaHCTBe c OCTomrnl1 1 (~ , ~) . 

Oororacao Te opeMe I JoI CJ1e,v;CTIDUO I-I,aJIpe6pa A (,B) 0,ll,H0 3 Ha t.lHO onpe­

,ll,eJlReTCR 3 Ha t.leHHJlMJoI ~.1Is;, ~ ..e(.5!t... ~) napeaerpos - xeorpanarene-
HhIe MO,v;yJlH Lfl',n) ,,A/t'.t',Il} H ,v;el1cTBJoITeJlbHhle <P83 bl B.;.(~, n) I f)f(K,n.) , a 

,ll,el1cTBHe ee B npOCTpaHCTBe L (~, Sf) naercs COOTHOWeHHJlMH: 

a... /~ .t:')=: 0,' i2... / !1.., ,c) = o~ eCJlJoI $ ",",00 ; ( 2 3a) 

v' , i B,.Jn.,I!.) 
Q.",la,K)- )« (n,J!) e /12. --f) ~ ) '2 ~ -t; 51.,(, ; ( 2 36) 

-I- .I /. • - i B.£ (11 +.{) K) ( 2 3B)a.,/./a,K)~Y')"'CIZ+~i!. ) e / 11. +", ,,» /Z G0, S..-f ,. 

~ 

( 2 3r)q,. //1.,O)<>' O; ~ I /Z, ~) = 0, eCJlH SiL O" > 
.~_--" l ' ~ (rl,-J') _ 

( 23,0,)tJ /I2, K) '" ()~ (12, )!) e / n, ,(I- 1").> ~""~~ ; 

.;. • - i(ja(n,K.,.I) 
(23c)/'2JK)~/)/,(/l.,~+t) e /'2J K ~ /) ,/ K(,,~~ -I. 

06l1\o o JoICCJl C,D,OllaHJoI e aJIrn6p A(z) l1Unll11TCST I\OCTUT04HO cnOJ\(HoR npod­
Jl eMO~ . n o oToMy B AnHHOR paOOTO MN orp~rH4HMCR nHWb TpCMR TOOp eMaMH H 

OI\II HM KOHKp OTHhOol npH1010pOM. 

T OOpOMR U. M ro6[!tl A(2) t:0A 0I1l1tHT Il 0 06 0. ( ~~ 1 ) 

TRT I-1CTH!Q! Sf H IlRPllMO Tj?aMH A(Il.)- All (It, n) .!.!l' JoI ~"'~~.l' VU_' -
~ ...I:! (Sr-+ '1 ) .JUI pcCl.ll A (1) X-.EUII POM CTUTHCTHK !! 

~'rp~ ;lfxJ=A.JK , n) nEH cflIjKC'!POIl8Jlln!!2S f1 6 0,S", • 
Cn p ILllO)VIHDOCT b 3TOPO yTBOplll,ll,OHHIl O\l CIl Il,Jl,IIU . TOoK , II1l11pHMOp, COOTtlO­

UIOIlI111 (; ~3n , Cl , H) npa KOJIl,D,OM <f!HKCH POllfllIHOM /I. on p o,ll,un nllT aJIP oClpy A (1 ) 
~ 

o 06 PR.1 Y10IIIHMH a,.t H a..: , .o. c ~ c'rllyuq H I.1 H U IIpOCTpallOT IlO L", (.J'..) cL tG, $loft) 
Im TI11lY1'OM IIA. 60.1 HC 1013 (.s.,..1 1) Op1'OllOpMHpolllUu n.oc 1I0 KTOpOIJ I IL) - / /1., It J--: 

/1 4' (fit. . COrJlIlCH O 'roopoMO ;2, TIUULlI IUlT',,6p u O,ll,1I0:'l IlUllII O onpon un a ercn 

S~ IIlLpllMlJTPllMH ;j(,d , / 1 ' t, [,'.... , 1IJ1H11l"M H:I OOOTIIOlll ellJol R (?:lu, 6 ,11) 

CJlIl ) \y ll 'r: ,J(tt )a: :.I.d''',K) , 
Cn WloT II HIl lJ - I . AJlI' o Clpll A(2) II 061111:1.4 OJlY' Ul6 1.1 Ollt 1:1l' OO) \OJllltI LT Io II c e ­

Clu ( ~t 0,. 1'~ ) PI1..1 JlJol ll IUolX LUll' lleJp A (1) , ItllJII,/\lLlI H:1 KO'l'Op l1)( n nnnor c n fUI ­

!' ,. OpuR UllIl PM'OPOIl P OllV\ OIIJolll - YIlIt 'l'rOlll OIlHII o Cl'''U1I'I'OIl O)IIIO!'O 00p 1'11 IIpK IIJlm ­
HPOUIUIIIUM 4 HOJIll O(S'''O K1'OIl ,l\(ly r ol ' ll OOp TIL. 

" 



CJle8CTBHe 8 -2 . AJrr e6pa A (;0) D 06II\eM c n yuae He MOJKeT 6b1Tb n pen c -raa ­

.ne x a KaK npOH3 Be,n;eHHe A (-1) a a A (-1) • 

CJle8CTBHe 8-3 . B aJIre6pe A(Z ) B 06II\ eM cJJyqae He c~ ecTBy eT O~H O­
po~~ (co~e~~HX on epaTOp~ po~eHHR H ~~H~T OJK eHHR JlHWb O,IJ;HOr o copTa) 

To~eCTBeH~ C O O TH o weHH~ . 

T e op eMa 9 . 0 6p 8.3,Y!l!!l.He aJIre6.Ebl A (.2 ) y~ OB JIeTB O SlJOT CIiCTeMe He o,n;HO­

.~~ TOJIt,lI.eCTBe HHblX C o oTHolUeHH~ 

g.. .. 1 
~ .. f 0 eCJlH g o< .( 0<> 'Oc:J, - -' ____	 ,s.f ~ OC>.; ( 24a)~~	 - ~ " 

.<:: -s: "' .... e .s:..-f ..2 ~ K, L + I' ... ,." /,. ......~ . ( 246)"",,,t'+/Z /2 _ ... 

C2..c	 ~ = .z. ..2:. flL J m ,., 4'" ~ 4'.( t?~ +(tl.t ~,.J~ .J
h7 ~ 0 '1:0 / - / ./ / . 

.c: '... " E " .sp-E / ~	 + .;? ~ )
a 12 ......... 2..... .2 ~< ""~ / +...,--~+" a".. (art? ~<+~(24 B
=	 /Pl

J5 )5 /b r a ;'=0 ~,,,"/l W'''' ~ 4'..: » '?' 

/' IS' ~ -;-O ?_l> 0'./' 6" ... m"'''' m~ n,o -+ .... J ( 
0.,( 9' - ~ "''''0 o(.,~,. PI/Z tl.t ~ q. 9' -I- -~ . : 24 r )~ ...~, a-< 

e: ~ .5J-../' ~-6' 6~ +'"'+/1 A7"/ ;r.. s: ... " 
0. /? ~ .L. ..2.... .z~.( m/1 iZ t?- ~ q, + I'a"'~ q -d J. ( 24.n,) ?...... """'=0 "'·0 .,,- .-' / / / -....~.J 

/" ....0 .c~ ~ -6'" ll2 ;o0 .". nt .;< " ,If' Ar'/' If' .,. 01­

~ t?s "" .2: ..::E.. .,(~ mil tI.. a~ tf.( ~ .... f4.<-~ t(. ....,? )( 24 0 ) / ""'D ~t' -" -' / ./ ./ ' r, 

W f~.c' ~ ~"',1' ~ S'ol , n J:' ~ ,i1 ~E~ ~ I -I"~ ~ -S""a< I I'_.{ 0 """ ~ , 

jil , x . m -~C Jl O UldC , Il 06s eM c~ao KOMn JleKCHbie K O@~H 8t1'rl~~ 
fualfM OCOfl31l K0 3(M lIiI\HOHTOn H~ ( 24) C nap llM fl TpllMH anr- ec pu HCTpYAI H'l 

IiOJlytlI1Th, ,1\Il Ac 'l' ll y ll noc n en o uevom .n o 'l'OllV\OCTUIlMIi ( 24) Ita 6a..1HCHbiC 88K TO­

PI ~ upocrpancrua }.(9.. , aJL) C nOMCJlIbll pnUCII C'l'1I ( 23). 

Cn eACT u lio 'V - ! . J1IJCl oA o nu paro p ll.lI r e6pu AC..a) MO)KOT 6 1 ~T b 3an HC1UI 

B HOpWaJI bllOA <f!OpMO. 

.c,',;, .(1 Sf!' ~ 

~ ,!.u I1JIr~ Ii ( 1 

A!" (11 •c ) . J. J\ ( lot) 

T e op oMn 10 . ~ 

TIUlJl110T o oClo A n 

~ Sp !!..2'OM -­ ._._m. . n" , u_ m~ 

~eCTB eHHble C OOT~meHHR MorlT 6b1Tb 3anHCaHbI B~~ 

.p 6" !L.-j>~" O'fJ ... IZ -+m. ",~ r nt 'l" 
( 26a)

Q... ~= ~ ~ ~.(,nm ~ a~ ~ 4'" ,,' 

0' ~ y ko' /0 .. 111 r II- /1f~ ,,/1' D' 
( 266)~ a o<- =""-0 ~ .z"<;6~ m/2 a~~ ~~ J' 

I r ~ ~ f! ~6' bf ... /l~ 6+m 6' • 
0..: a~ = ..2:. 2- m~ am ~ a~ ~ 11,( "'~. ( 26B) 

/ ""-0 ~ :: O r > 

-c7"' s: -0 If" 
r;' --f _ Z. ~ 112fJ '" 1 10m of- n ,.r1 1f'~ /T7 ( 26r)~ ~ - m r O /7 : () ? ,. m a a: ~ a", ~ 

r~ e KOBiMlHQlieHTbl ;Z l:! m 0 H03HatlllO on e eJlrnoTClI nu aMeT aMli an­

~ A(.2 ). 
TO~CCTn eHHble cO OTHorneHHR ( 26) K OHKP OTH3HP~T n OHlITH8 npoH3B e.n,eHHR 

aJII'06p ,4(1 ) , oriecneu a aaa >IX cn el\Hq,HttecK O(' ::llll.\fln JlOHHe B npOCTp8.HCTB e 

r. OCTOllHHA	 L (1.1, Sj5) • 
nPlfMep. PacCM OTPIfM npocTeAwHA cJ!Y'4aA CHCTOMbl C 060CKTaMl1 COpT OB 

Ii j3, no.n,tlIiHRXlII\m<:Cfl cTaTHcTHKe I - ro pam-a, r , «, $,4 " g,p.c 1 • Tor­

na llPOCTP8.HCTllO COCTORHHA ./. (1" 1) Ha TJlIIY'l'O Hn 6 ll:) Hc aa '1 OpTOHOpMHpO­

IlIl.HHblX neier op o n (f 0,0) • /0 . 1) , /Ii,O) H /1/ / 1> ), a c o oT oe TcTBYIJIL\aJl an­

r (i~pn A(2) , nBJllllOO\f.LSlClI npOIi :l D6J\OHHCM ,IJ;Uyx I.UI r'OeJp A(1) I onpenenn e-rcn 

6 nnp ll.t.10TpllMH (;to( ,;)"e I e.,((1 ,O) , a (1 ,1) I Gt (O,V H f)J (1/1) H HMo nT CHC­

TOMy 'l'0 llt,lJ.OCTIIOll l lhlX COOTIIOU!tiHIiA: 

.... ....
 
'001 u.( · ).( - '7... 0 .,(,
 ( ,27a)/I ')c • -'l ­

.,. -r.,., 
( ~76) 

... " JL - 0:::- ­ '? '", 
+ 

J ru \Oll JlOllli lJ ( 276) aJIre6p ;/ (1) an c c b OIiPC,IJ;CJl fl C'l'Cn ,u(lA C'l'IIIiTCJlbHhlM llHcn OM
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·1. ~ _ '1 H C/~r - 7i ( ~? ) f101'1> OTln l,J \n pTl tOO n p OI4 :l nOp,UlllI ll ,1\1lYX 

([U lpMH - 1UI1' H6p . 

III 

II 



4 . 0 61J!He n p 0 6Jl eMbl BJIr c6p A ( :Jt) 

COBORynHOCTb H3Jl O~ eH~ D npe~HX naparp~ YTBe~eHHA, Ra ca ­

IOI1\HXCfl BJIr e 6p A ( 1) H A(2 ) , n ox aauaae r , tlT O anr- eopa A (~) B 0 6ll\ eM 

CJlyqa c npe~C TaDJlR eT c 06 0~ ~OCTaTOtlHO CJl QmHHn MaTeMaTHtleCKHA 0 6neK~ H 

HCnO Jlb30BaH He ee B ~H3 H~ec RHx Te opHRX Tpe6yeT npe~BapH Te JlbHOrO p ew eHHR 

pR~a n p 06 JleM . 

Bo-n c pBb~ , TeopeMa I H cne~cTBH e I- I KMe~ T CMblCJl ~O C TaT OqHOCTH, 

HO He He06xo~KMOCTH . I1Haqo r-oaops , 3 HaqeHH il napaa e rpoa Al:. (. •• , n"",. ..) 
H 9,,(. ., 0.:, . ,') 0~H03 Haq HO onpenenao-r anr-eop y A(7{j , H O He Ha 060­

p OT . Pa~ Jl Hq~1 3 Ha 4 e HHRM napaMCTp OB ~~1 n03T OMY M o~eT COOTBe TCT B OBaT b 

O~Ha H Ta JK e an r-eopa ( CM . , xanp sosep , r eopszy 2 H CJIe ,nCT BHe 2- 1 06 BJI ­

r e 6 p ax A (1) , a r axxe llp m.l ep ( 2'1) aJI r e 6phl A(.2 ) ), q T O Tp e 6y e T p e we­

HHR Bo npoc a 0 B~OJl8H HH He3 aBHCHMh~ nap aM 8TpOB . 

Bo - BTOphlX , anr-ecpa A('j{) CO.n.CJl1KllT B c e 6 e : MH o~eC TB O p a 1JlH1<HblX 

B 06U\eM cnyu ae BJIr c 6 p A (1) , fl DJlIllOlI\HXCR aJII' e6paMH onepa r opoa P OlAA8HHR 

- y HHq T omeHHR o6"b eK'ro ll O~HO I' O copr a npx 4lHRCHP OBBJiHhlX tlHCJlSX 0 6n e RT OB 

OCTaJIbHhlX COPTOD H ,l\d l c T llYJQl11HX Il COOTBeTCTDYlOn\HX no) \npOCTp a HCTBSX 

L (of) e L (.frxJj ; MHOlll CCT BO p a 1 JlHtl HlIX B o 611\eM CJlyqae anr-odp 71(2) 
oneparopou P 0;&ACHHfl - Y HHI,lT OllCtUU l 06nORTOD ,nDyx COp T OU npa tflliK CHp ODaHHhlX 

t,lHCJlSX 061>OKTO U OCTllJIl>llblX COJ.lTOll H T .)I, . [Jo a T ow y O~HOn H3 OCHOBHhlX 

n p 0 6 J1 eM aJII'COp lJ A(:J() fl n JlJ1 CTCH Il poOJle.Ma ee " T1PH B O~HMOC TH", T . O. Don ­

poe 0 11 03 MOlll tiOC TH c n e,nUHHll A/X ) R npO H3 Be)l,SHI1JO )l,uyx HJllI OOJle c llJI ­

r-orip A/X ') C X1e oX • 
B TpO'1'b HX , ,1\0JIl1: 11 cn yu ao " I1P H ll ()~HM OCT H " A(:tC ) . Tpe Oy c 'r c l1 HC C J1 t:)~O­

llll/m e aonpoc u () ll () :1 M Olll tn ,~ :11U ~ 1 ! 11 J1 0 HH SIX IlJlI'C6 p -cOMHOlllHT CJ1 c ll. T a R, OHJlH ­

HC"H OC :11U ~ 0 I1 J1 0HHO (;~? ) H IHJJIHllel1 110 1l :11U~ en Jl c II HU ( 26 ) ,l\IiYX an r-eep A(1) 
I( ll/{ C OM IIO~H" OJlO P IlJIrn6JlI ,1 ,If{ ?, ) nnnrmrcn 6 Hl lILp l-n,JMII ( Ii TOlK,I\CCT Ii!llnn,lC 

COOTII OIIIOllll l1 nnuenncuan II X O) \H1' Jllllll h )\ 111' n n p lJ oO p n.1YlOIlI IlX ) . GAlla K o 11 0;1 ­

MOlll l lI ,l 11 lie 611111111111,11) :1IUV' 11JI0I IHIl cO MII OlIIWrfl Jl[ l n, I( ll/{, II!U l pllMep , nr o HM[ 'CT 

MPCT O Il fV1 - nJl reOp ' 1x r;:ll , :I; ~ -:J :l , ,1:';1, rn e 1( /lJM0[ ) C DO'I'1l0 UIOtl I1C 3 111 \111 1­

JlCII Hfl 6Il JlHl l lI l1l n.IM 116pll:lOM CO)\[~ I IJ!( H T OI' PlII l ll l ! [, 1I1l01l Mlllllll UC1"l() nap 011 0 P' 1T O­

p OB p Ollt,l\OI IHH H y m fl l '1'OlllOIlH II . 

YI(1l.1ll/II nJe IIwne Il POOJl, 'MI,1 II11J1".' TCII II HC'1'O MIlTllMIl'r ll l ll 'CI(KMI1 H 0 " 1I0C Sl'I' ­

CI1 npoxn e nCCI'O J( 1(JI I LC CHIIIHI(l U\HH UJIl'o6p A(':It ) • 
llpa HCn OJlh :10 Il IUII1H IUII' [ ,(j p ouopnrnpon P0J!()\ll IlHII - Y IlI1I1" Olll Ol IIl Il II I( OIm p U'I' ­

inrx (~I1'Hl./ eCKHX '1'On pH JlX 1I0 :I IIIII(l1l11' 1)lI\ IJ \01 llf!o6J1n MIl )\O IlY0'1'IOol OO" Il , :l IlJ(JIJ.lII/l ­

1OIII'111CI1 n YCTaHOI!nctlHIl fU ll ' lld p A(Ij(;) , OOIl MlI OTlllolX 0 110 X O)\1I1JMI1 (YCTIlIlIlII ­

JlHI1I10MhIMH a npa opuo , JHll'ill I IOC'I'yJlllpy l 'MI.'MIl ) 1l0JlOlll OII MIIMII 'l·eO JlII II . IlpOOJlI'UU 
)~ IlIlYCT HM OCTH II n pH JlOJl\OIl HH ( IUII 'I JOp IlM AU) p ncc MIl'rplllIll llTOI1 11 CJlIl,n,y., ­

5 . Anr e6pbl A(1) ,IlJlfl K OHKpeTHbIX dJI.!3HQeCRHX o6'be K T o B 

ITPH n OCTpo eHHH KOHKpeTHo~ 4M3~ecKO n T e opHH CHCTeM n e peMe HHoro 

\.IHCJla OOneRT OB o O~O OK83b1BavTCR lIaB eCTHblMH JlHWh Onepa TOp bi ~1I3~eC­

KIIX B eJl~HH 8 , KOTopble B CJlyqae "cB o6 0~HllX" CHCTeM (CM., HanpllMep, 

[1-5]) lIMe~T BH)I, : 

t
 13 .= =I:- .101K gK~ " g k.o< = 6~ -<: ~rt' ( 28 )
 

3~e Cb 6-""..( - BRJl8,!J, o 60eRT a c op-ra ~ 0<. B 3 Ha tlCHI1e BeJlIl\lHHbl is , ~ ­
onspaT Op qHCJla To~eCTBeH~ ( O~HoypOBHeBb~ ) OOn e RT OB c opTa K~ • Bbip a ­

-+ 
l\( 8IOIl1 H~ C R \.Iep ea oneparopu P0lK,ll,CHII R C2L -<. H YHHtlT01ll8H HH a .e", 6lotJlIIHe"-

HOn ~OpMOe: ~ +# = c::, + c, C2C2-+ c<? a..Q. . ( 29) 

B ( 29 ) lot )l,8.!! e e HH)I,eRC bl onYll\ e HbI , TaR RaK pevs noan er 0 6 anr-eripax A ( 1 ) 

OTlOp a T Op OB p 0J!()l, eHlotSl- Y HllqTOJlteHH Il 06n e RTOB ¢l!RCIlPODBJiHOPO copTa . 

O '1~C T IlM , 4 T O onepaTOp tll1CJla 0 6oP.RTO B ( 29) AaH B 6H nHHe tlH otl ~OPMC 

( 9) II , COI' Jla CHO r eopea e t3 11 eo cne,nCT BHSlM. onponen aer MHOlll eC'1'B O nonyc­
T llMhIX aJI I' eOp A (1) C nepaaer paxa , y,nOBJlCTDOPffiOll\Il MH CHCT eMC ypalJ llfJ HH ~ 
(20) , ROT opan B CJlyttae onepaT o p a ( ~) HMfJe T BHA : 

CQ + C. H 1) >= 0; G + C~ ;U~) - S, CCJlH ~ L 00 ( 3 0n ) 

c: -+ C
1 

;l (1l+1)+ C z A( n ) = n ) 11. I , s . ( :106 ) 

!'£n1'1 C, H Cz aanasu , T O CHCT fJMll (S'" 1) 11e0)\ HOP 0)\IIlo1X JllotH o tl HhlX ypauuu­
1I11 1! ( :30) C ycn OBH1lMH )(12. » 0 JlH6 0 O)\ HO:JII UI II IO onpon enne'r nc o ( S+ t1 ) 

II n H:l n OC1'H1,~ Co , ,::j(1) , .. . , .:.1 U:) , JlHOO 110 HMu w r p OUl c II HIl . n I1llp ll OM cny ­
' IIlII nO)\C'1'IUIOIIR a ;l {ri ) B To~eC TB eHHble COOTII OWlJIlH 11 (I ;~ ) cnpon cmrr A OIIYC ­

'rIlMYI ' IUII 'l lOPY A(1) , BO-BTOPO M HCROMO" IlJ II' e6 p loi 110 Cylll CC'I' Uy OT. 

I'IlCCMO'1'PIlM r eneps t,l8 '1'blJ.ltl j.la3JlKlIHblX THlIU T Oll,L\UC T lI CI1I1LlX ( ON IOY JlOII II O­

IIIJX ) 1! IIl :) HIWCKHX 06'hCRT OB ( CM. [I -S1). 
I . 1(II OJIT OI1l,IC CHCT eMhI (H JlH n0:16YJl1,11,CIlHH ) BO Il T OPHI.II1 0 -KIlIlIIT OIlI1l1lW " IW p O-

JI" " HII IlC 'l'CROIl RI111HT OBO" MeXIl.HHRe : C , - 0 , C:;( _ 1 

; ~ . 1( 1111 11'1''' ' POJll1THDIl CTCRII X 'I'Oll:10 PI-n.JX 1I0Jln tl : C, • 11..2 • C, . 1;' 
:1. 1( 1I1l111H (lI IJl l1T HIl HCTCRHX ClIHII OPHhlX 11 0 Jlo tl : C " - 1/ 2. , C~ . 1/. 
·1. f1 o :lriY'K) ~ UIIIo\ II II CIIH II Olll,IX CHc 'r CMllX : C', . - '1 , C .. - () • 

} I'lIrt Y Jl "" 11 'l' l ~ HCCJIU)\OIl ll/mn CI'IC'1'OMIJ ( 30 ) II ylm "" lllfl lu X III Ji ll0 OJIYIIIUl X II 

IlO II OIl IlOM :l OJ(JlkJI.IHJOTCfl II IIH)IWCJl Il)~11II1H X T(1(1I)[ 'MILX. 

'I' ti0IlCMn IT . ~ISI !S lI llll'l' OIJtJX CIlCTllM (HJIH ll o:\ I'l'y..y~_._ .....~ ",",-=­

)OJIJJT Io\ Il IlC TCl( o tl 1(Il IlIlT OUO!\ 
1I 111M u u par-parpe , 

I ' 1:1 



...,I. 

(3Ia)An== 12 " «e c s , #= a a ~ 

-+ ~ .9+ 1 + ~ ~ a a » 1+ acz - ~ . Q a. 
~ 

.~ 9..:. o<J (3I6) 

-+ .,. 
(3IB)aQ = 1 -+ a.a~ 9 = ~ 

MHo~eC TB O (3I ) c o~ ep~HT TonhK O H3B eCT~ e anre6pw : ~epMH-anre 6pa npH 

Sf= 1 ,"cynep" - anr-ecpa (4) npx -IL..S' L 0'" H 603 e-anre6pa npa 

S = C>'" 

T eopeMa I 2. ~KBaHTOB EenRTI1BI1CTCKHX TeH30EHbIX n one~ 

KOHeqHOrO~~a He8onYCTl1MN~6 eCK OHeqHOr O paHra ~onycT~ 

~ Are ( 1 ) , na aMeT H3yr.JlI\HXCR HeOT aTenhHbIM na a -

MeTPoM de. : 

~2""'1 = 21f.,. '<:e , ) .:l,,=: 2 J<:. ~ -~ > O) J::. f. 0, c>o ; (32a) 

1 r 1 .".. 2- cr J: ( 326)#= :2 L 0 , O .l. - '2 <X_ 00 = e::+ -=- w ·t7t- ... 

TOlK,lJ,eCTneHHOC cOOTHOlueHHe (32cl) IJ O(\Ll\ ElM cnyuae C O~ I )Jll,nIT D C(l(\e 

se e on s p aropu OKC? ,c ,,<:' € 0, 00 C KO~~H CIITllMK, OllpO~ CJUT CMI ,1M11 

BHp8JIICHHRMH (13) npa napaa erpex ( 32a.). 

Ilpa -a:l ~ 1 (32) ecr s 6 0:Je-anre(\pa. 

T eOpCMQ I 3. ~ST KDaHTOB p OnfTTHB!!£TCKHX cnHHoEHhlX Tl OJlor, C'r(~THCTHK a 

(\CCKOHEl'U10r O paHra HC.&Q.nycTHM8., CTaTHCTHKH nlO(\l>lX KOlle'UllolX pallron .8£. ­

nycTHMI~ C ClW HCTnc Hlloel [!PH K~'!. S ~ A ( 1) : 

;l 
~ 

% 1'1 ( .!!- a .". V /J ~ -I, ~; -/~ !/..: 000 ( 33n) 
~. 

(:j36) , 7- S+ 
$ ­

'" - -- - -. 

- I ... .{ 
n /? - ,('1- - /? /? ,. ( :Y1 c'l),..y.;. .C! - 0 /J 

COOTl lOlII(jlfHC ( 316) It 0611\0i0oi CJlytlUU o0N 'PlI\Hl ' 11 0 1) U1IUP Il 1'Ol llJ 4 ~: - " 

1·\ 

i ) 

CO)\ UplKH'1' nee onupa­
IllLpllMOTpax ( 3311). 

.oc-rnouuou C OO'rtl OUI OIfHU (336) " 
'I'Opl,1 a I: 

Q 
;t 

I 

[lI lH s - 1 

TOOPQMA. 11\ . 

!.! 
C -

;J" .. s-:» 1 , / 1 t: lS'; 

C KO~HeHTaM l1 (I3) npa nap ax e'rpax (:34a). 

t = 1 (34) eCTh ~epMH -8.Jlre6pa • 

6 . A.nr e6p bl A ( 1) Ii an r e6pbl napa--<tepMH- onepaTop oB 

o np e~~eM nap arpa¢e Mbl ~e OTMeTIiJlI1 nORBAeHHe 1i3BeCTHblX 8.Jl r e6p 

onopaTopoB po~eHH R-YHl1q T OMeH IiR BO MH o~ ec TDax 8.Jlre6p ( 31 ) -( 34 ) ~Jl R 

KOHKpe TH1,IX TOlK,lJ,eCTD8HlIblX (ona oypoanea ux) 06oeKToB : anr-eopa 6o:Je-onepa­

TOpOD ( qacTHW~ cnyq~ (31) 101 (32)), 8.Jlr e6pa ~epMH-on epaTopoB (qacTHH~ 

cnyqaA (3I) , (33 ) 101 (34 ) ) , an r-ecpa "cynep't- onepar opoa (4) ~HKCKP O BaH­

uor- o pem-a (qac THHA c nyq n~ (3I)). 

liTO xaoeer cs an r e6pbl napa-oepaa-oneparopon ( 3 ) ~IiKCHp OBD.lllIOrO P W I­

r-a, TO, cor-nacso ~opM e ( 3a) oneparopa qHCAa oC:l1.eKToB B CJlyqae TO~CCT ­

nemnrx ( onu oyp omremoc ) 06o CKTOIJ, <ITa anr-ecpa ,IT,OJ1l!lllll coenacvs C an r e(\p oCl 

A ( 1) c ooTo eTCTByxJlT\c r o paar-a 1013 MHmWC'1'IIU ( 33 ) . O)\ IIa.KO YKa1aHHLlC 8.Jl ­

r o6pIJ 1I0 COnnll,lJ,WO T npa Jlll(\bIX panrax na HCK JTIO '~ eHllCM I - r o . 

f1 pO)\ llMOHC TpKpyeM 3TO yToeplK,lJ,cHHo Ha npauepe CTaTHCTHKK ~-r o pnxr-a , 
l lpa $,,'.2 lin COOTHOIUCHHA ( 33), (I ~) Ii ( 13) )\Jlfl COOTUCTCTIlYkllI\CeI an ­
1'()6 p ", A( 1) liMe eM: 

3 .... .t .,.. ~ <, 
::>.7_+ 1) - 0 

.> v ' - 0 0, ( 35 11 ) 

,. ~ ~ -c r e /
 
.. .J2 - 2' Q a " a a - -9' ­
 ( 356) 

j -l 
ll (JnoOpO)~O T Ii OllHO loin ( 35 ) CJIC)r,yeT: # .,3 , r , «, /J 

l1 P~)VI OA O~HM n mcpb, 'l 'l'0 0l10paTOplJ Q 11 li n ( 3!)) n p HIl ll,lJ,JIOMIl'1' 

llJIT' fJ6pl1 nllpll-if!epMIi -onopIlTop OD ; ~ -ro paur-u , T or )\l l Cnp'UHl)\JIHIl IUlnLUl I'pa-
IIIL (3n), T • o, : 

,. 7 ,. 
(:ll) ) , 6, 6J.. =/ c:C J.. "''':: 

15 



y6ep,HTbCR,n Op,CT aB~RR npep,CTaB~eHHe ( 36) B COOTHorneHHR ( 3 5) HeTpyp,Ho7 

liTO panencr ua ( 35a) Bbm O~HRlOTCfl. npHtteM 
. • ~ .;. of 

( 37)/11'= b I:, -+ ~ c~ "v = A!'.,.. 2 b e 6 c :> 

Bbm OJlHeHH R ( 35 6) B p,on o~HeHHe K ( 36) Tpe 6yeTcfl To~eCTB O :a )1,Jl fl 

-I- +) + :1:( b - c ( b - c ) - :2 b C be = 0 . ' 
of 

Ha J::, H cnpaaa Ha C, B CHJlY COOTHorneHlitl (36) n o­
~ OMHO~aH e r o CJle Ba 

JlyqHM: t ~ be ;" 0 • Ilpa 3 '1' 0101 H3 ( 3 7) cneny er rrporaaopevae : AI':' /V 
'1'. 8. ne 0,1 

TaKliM 06pa'3 oM, anr-eopu napa--¢epMIi-onepaTopoB HecoEMeCTIDvm C MHO­

* eCTB OM anre6p (33 ) . B TO ~ e B p eMR,c or~aCHO Teop8Me 1 3,MHo~ecTBo (33) 
C O)1, ep~IiT B c e6e Bc e anre6phl A ( 1) , )1,OnYCTHM We n p H onep a T op e lIlic~a 

060 eKTOB B ¢opMe ( 3 a).
 

TIPliXop,IiTCfl cp,eJlaTb B~B Op, 0 T OM, liTO aJIre6pa n a p a --¢ep MIi - on ep a T op OB
 

He llBJlReTCR a..nre6po l1 one p a Top oD pollt,l\ eHI1R-YHlitlT O~eHlifi (n o KpaflH EJI1 Mepe
 

D CMblCJl8 orrpe,neJIeHI1.il. I H 2) .
 
3'1'0'1' nuson c<fiopMyJIHpOBaHHhltl, n O-OH,l\IiMOMY, enepsae A p1160Te [12],
 

cnr-nacyercn C yT8 epllt)l, tlllHOM Pll)1,8 8BTOpOB (CM., HanpliM Cp, (Wl) 0 T OM,
 

\.lTO "napa-KOaHTOBaHH O fPHH8-!30JlK Olla ortacauae-r na CBMOM )1,OJl O lIacTl1lll,l
 

pll.')JlIi 'nn,lX c op ro n IiJlIi HHall o , '1'Ollt)l,CCTB fl ll fnW lIncTHUI>1 C )1,OI \()JlHHn~JlbH otl
 
I
 

IJllyTpOllilCtl KOOp,n.l1ll1lTOt1".
 

? ! Cp eJlHH O tlH CJlll :'I8Jl 0JlIICHHl1 n p H npoMCj'!(YTO\.lHhIX C'l 'I).'l'HCTIiKD.X 

PncCMOTp HM CIiC'l'CMY rll W) H'ltJCKHX 06'£'0 Il TOD, pacn p e,l\l-lJlCllln,1X n o suepr-c­
'1'H'lCCKHM yp OllnllM E ., > 0 II n O,l\lI li lllllOll\liXCIl KnlltlTOllhIM C'l'Il'l'HC1'HKaM PAJi­

I' oa ~11C 1I11 ypouunx l~ C()( l'r ll OTC'1'1I0 11ll 0 . Bye'l'!> o elt .OKT!. IIC D3ll1iMOp,cA­

CTUj'X1T, CIIC'l'IlMIl 1\I\)W,I\WI' Cll II Tll I'MOCTl l 'r e C ' l' I ~M l1 lJpn'rYP (l t1 t)= £ 
Lo:c n ll tll1 cno 06' I ,CII'I'OU II CHC1'I'Mo 110 II lllIlC Il POIIlUIO . '1'0, Co l 'Jl llC lIO 0 611\11 .... 

1I0Jl OJK o ll llHM C1'IlTHC'l'IlI111CIW t1 IIIH:111 111l ( CM., IInnpllMI~ p, [1\0, '1 r7), tl c lJowrllo c 1'1o 

IN'( /1) COCTOI1I1HH I ( fl ») . { . . • II •• , . " '> :l IUIHIIIOTCII II IIIl,ll,O : 

(: lU)
Well) " e4fi t (.o. ,· (/( - E..) n.~ ) 1, (,, ) 111(1&) - II I 

_ " 6 0n IoIll011" 1'OPMOJ\Il I Il LM ll t/nCKHI1!',1\lJ j!I - XHMIl 111ll:1l 1l11 n OTCl n\ II IlJI , 
11/1 y p Olllll ' '£ ,., , / /11 .. ~.. . [Jp l1 :-lTOM1I0T CfIl\I1 lU1, II " - 11llc n o o6"r,CJ Jt'I'OIl
 

elOJII>1II1111 C1'1l'l'HC TI1'II JCllllJl CYMM/l
 

_ ~ II , '
 

'f " ... ~ _ " ,, :J n \ !'ill f ( 3\1 ) 
• " . ' I ,;;) ,. I '" ) , ..n -II 

5"' ­, ,.) " 1 "­

It, 

n03BO~SleT B~I1CJIHTb se e ¢!i3l1tteCK He xapaxrepac'rmca CI1CT eMbl, B TOM qliC­

ne Ii cpe,n.HIle t1I1CJla 3an oJrneHI1R ypOBHetl: 

17.", = ~ 12e "0'l.) = f"""OJo: ~~ . (40) 

EHttlic~eHl1 e no ~OPMY~aM (38)-(40) ,n.aeT : 

(40Z = f7:Z (}.., s.J ~ /1", ~ 12. (~ ><', S'~ )~ 
'" 

r ,n.e BB e,n.eHW 0603HalleHiiSl 

S.. 1 
"'$ ( ~~ 1) - S ( j - 1):if.( )_ ~ - 1 (4 2)

~ , S - ~ s q _1) ) 7f($,~) = ( J- -V ( ~ .r + ~ 1) 

K1 ( 4 2),8 t1aCTHOCTI1,cne.nyeT: 

17{r,1)= ~ . h(~ 2 )= 2+ j ;Z /-.; .x, -.:L.. ( 4 3) 
5+ t1 ) ~ , " .... J+J Z , ( 5) 0/' 3 - 1 ~ 

T.e. npa S= '1 Ii $ .". 0<=> p e3ynbTaTbJ (4 2), KaK H CJlep,OBaJI O O~H -

,n.aTb, n cpex o,n.SlT B 1i3BeCTHW e BHP~e HH R )\~Sl CTaTI1CTI1K ~ epMIi -~paKa Ii 

b 03 C- 8 n HWTetl Ha COOTBeTC TBeHHO. 

OTMCTIiM, \lTO npa ..(L S L"",,", penyn s-ra ra ( 4 2) n OJIHOCTblO coanana-
KIT C COOTBCT CTBYJOD1IiMH BHP~eHH flM li , n OJlyq eHHhIMH p,nR n apa - CTa TIi CTHK (CM., 

Iflln p m,lOp , [,uJ). O,n.Ha KO rax oe COBnap,CHI1p' CYII\CCTBY EJ'l' JlIi Wb no r ex nop , 

n OKU o60e K ~ CIiCTeMN He B.')aIiM o,n.etlcTOYJOT 11 COXpaHReTCI1 a,D,AI1TH DHOCTb 

:m opr ll l1 , T . e . B paccwo rp enaa yqacTBYJOT rfJaKTHlI eCKI1 JlIiWb oneparo pu qli ­

c on oClo eKTOD ~ • 

TIPI1 r1 KJIIllleHIi Ii B3aHMo,n.etlCTBHSl B CTa1'I1CTlillt ICKHt1 on e p a TOp.z tlapll ­

.ny C 011 0p n T Op aMH ~ BOWT oneparopu P0lK,/\tlIlHfl 0 ot: H YHHlIT OJlt 8HHSl q 
aJI l' HCl pl~ A( ~) , J::. € X • KOT OpaH, HaK YJKe (lLIJlO 1I0Ka'HllW HI ~III C ! 0 moClOM 

CJIY' lnfJ 1If! c oananae-r C aJIl' e6p otl napa-onepa- opon, 

lj , !C UIU IT ODhW n ep eX OAbl B TCOp HH C n p OMC1KYTOl l1iO R CTll'l'I1CTHKo t1 

lIyc 'l'I l K llIIJIT O[JaH CHCT CMa COC1' OI1'I' ~ ~ TOJII,I\ CC1'IWllln ,rx ( O,I\1I0yp OJllWIlIJX) 

o ("i '!> ' ''(' I'OIl , Il O'/\'lHIUTIOI.I1IiXCI1 CTaTI1CTHK e PIUH' 11 S . 
I11IJl101.l 1I1I C ()CT O f1H~ J1 / -p) TIlKO" CHC1'()MIJ COI 'JlI l CIf O or. IIO II I IIJM II<JJIOlllO­

llltilM l(II IU I'r ollot1 Te OpHI1 onpcn enne -rcn COO'I'1I0Il1CII HIIMH : 

t / 7/9 - I I / :¥J) ) / / = ~ t- / 'fl) r .z i;; (tJ //J, ) (,1,1)
"' 0 ) 

I 'Jl lJ ~'N - :"lIIep l' Hf1 c n oC)oi\lI o R CIlr.'I' ( 'Mt,l, ;,V - (11 111p /l 'I'Op IIllOJIIl O(1'r,o lI 1' lJlI 

Ii .,r - tli lUp l 'Hl1 II: tI\HMO,l\U" CTII HII ( c /\MoJ\d l c 'I'1I1lII , II Jl ~ IInllllMo,l\ IJtl oTnll l1 0 
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APyrHMH CHCTeMaMH), npHH~ne~~He anre6pe A (~ ) On ep aTOp OB pO~eHHH ­

YH~TO~eHH R , 0,n,H03 Ha q HO onpe,n,enH eM O~ (cns~CTBMS 2- 1) paHrOM CTaTHCTH-

KH s >, '1 H napaae-rpaaa ;)(Il; > 0 ,/l e 1) S • 
Oneparopu anr-eopu A ( 1) MO~HO scerns 3 anHc a T b B HOpManbHOX 1jJ0pMe 

( CJlSACTBI18 3- 1) . Ilpn GT OM onepa ro p d l1Me eT BM)J, <I6), a HaJll6 0ne e 

06~H ~ BJIlA on epa Topa B3 aJ1lMo,n,e~ C T B JIlR ~ npH e CTe CTBe HHNX 1jJ!13 Mq ecKMx 

ycnosarrx If"t: II M <: 0/ HI 0> = 0 ec -ra : 

oS + if It $-1 S-J:: + '" ", ... n (45) v= i?tJ." a. a -I- i?o ~ <#A<n a a. -I-c9.C. 

3,n,eCb ;;.. - ,n,ePCTBHT eJlbHble, fl "",.. - KOMnJ1eKCHble KOHCTaHTbl B3a11MO­

,lJ,e~CT BJIlR paGM epHOCTM 3 Hep r JllM. 

I1ccne,n,yeM aonpoc 0 KBaHTOBblX nepexonax In>~ I n 
l

) 

BePOflTHOCTb vv"n' COCTORHI1I1 In I> B MOMeHT UpeMeHJIl t::;,.. 0 npn 

YCJ100MH. qTO B MOM8HT t - 0 6hW O COCTORHJ.le //1.) , c or-naca o (44 t OrJ­

p e,n,enwrcR KaK J-l 
Wnn,(t).= /(n.'/'4r(ml .l.,= I%,({;) npa r¥(c) =/n.) . (46 ) 

npJll S., 2 JIl .J\(I!10JlHHTeJ1bHOM YCJlOBJIlJll H 10>= 0 aa raMHnb'l'OHJIlaH
 

CI1CTUMhl :1a,n,llqll (4 ,1) - (4G) pomacrcn TOl.(HO
 (cOO'l'J leTCTBYlOl~JIle aHanJllTHqeC­

KI1C UhlpWK CHMR !10J[Yl.!0Hbl II pa60Tc pO)). 
npl'l CTllll,I\t\pTH OM lIPCA110JlOJltmUm 0 "MOCTH KOHCTaHT fj"",. HeKoMMyTH­

p;ylOllll1X C IV' O:lllJllMO)J,utlC'fDHtI H3 (4 f)) B HH:'I1lJ8M !10pR)J,Ke 'l'eOpJIlH D0 3 MYU\e­

HHI1 I lllp ORTHOC'l'b (·16) n epe nl1l11CTCI1 0 BH.J\C 

"t .t 
1 (1 711)~~fl ,(i) . /b~n' - ~ .J<n IV'(<T) / fL ) otrc / " 

n 

rne ?J(t) - onopuv op 1l0 :JMYlll OII>111 II np0.J\cTflllJIOJlMI1 lI :1aJ1lMO)W tlCTBHJl: 

I'M, t - .'11.,1. .1' ... /(
/10 -£#-1',22:. r... a a 'l". (17(,)V (·t.)- e (;/-110) _ , J' 

II pM p OIllOIIIUI :lI\ l\1ll Ul (.1'1) y)\oOIiO I1Cll onL:l OUll'l'L MU'l'pH'moo npcncrnuac­

InW U B) )Vl1l 1J0 Jlfl.:IYIOII\HX flJ l r n 6 plot A (1 ) • !}J 11>1CJIYl Il MI11'11>1l\hl ou u puropo u 

(1 76) JVlJl Bl~\, 01l 1'1I 0C ' l'Ml (1 7u), OKOll l!U'!'nn h IlO n OJIY' IYlM: 

(!j Uu)I / J. ) Ii:.-t'j '" 
w K,li+e (t c .y /:: -!:.o .' 

1')\ O !:~U!+e ~ S >1 lIlI O) \OIIl,I 00(l:1I111'IllIl>1 11 

., Kh 

• /7 A(II ) »D. (1 t1el) n - n.. E +2 Z ·r;n ." ~ '. ~ /Ff:- 1 :/11 "-I a ~"" 

III 

~OPMYJlN (48) nO Ka1 ~B8ID T , qTO B CHCT eMe To~eC TBe HHbIX ( O,n,H oypoBHe­

BNX) 060eKToB, n o,n,qI1HRlO~I1XCll KBaHTOB O~ CTaTHCTJIlKe nID6 0ro paHra, n o~ 

,n,e~cTBHeM B03M~e~1l (caMo,n,el1cTBJIlR, HJlM B3aHM o,n,e HCTBl1 ll) B 03M O~HbI oc ­

~HJlJlHqI1M Me~ COCTOllHl1llMM C 3~aHHHMJIl qHCnBMH 060eKToB. 

AMnnl1TYAa 11 n epJllo)J, YK83aHHHX oC~KnJlHqMA onpe,n,en RlO TCll He T onbKO 

KOHCTaHTaMl1 B3aHM O)J, e~CTB>1R, HO 11 c~ eCTBeHHO 3aBHCRT 0 '1' napaMeTpOB an­

r e6p~ onepaTopOB p O~ eHI1H-YHH~To~ eHH ll. 

9. ITpoMe~YTOqHbJ e CTaTI1CTI1KM H npMHyJlln ITaynH 

Ilonpoc ° Te opeTWi eCK oM OnHCaHHH B 03MO~Hor o (cna6 0r o) HapymeHHR 

np JllH4 Mn a ITaynl1 0 6c~ancR B p a 6 0 Tax [43-48]. TIo,n,06 Hble JIlCCne~ OBaH H R 6 a ­

3 11PYIDTCll Ha npe,n,non o~eHHI1 0 TOM, ~T O CHCT eMa C T o~eCTB eHHb~H (O~H OY­

P OBHCBblMl1) 060eKTaMH, xoropue Ha ,IJ,aHHOM a-rane pa1BHTHll IjJH3HKH CqI1 T8IDT­

Cll ljJepMl10llaM>1, Ha CaMOM )J,cn e M o~ eT HaxO)J,JIlT bCR He Ton b KO B COCTOllH HH 

Ba Kyyt.1a 10> JIl O)J,HOqaCT I1~HOM COCTORHHH I '1 > , HO 11 (X OTR 6bl C Mano l1 

s epORTHOCTblO) B ,n,Byxl.IQCTWiHOM COCTOllHMH 12> . 
~R. MaTeMaTI1l.(eCK O~ peanH3 aqHH YKQ1aHHOH JIlAeH npe,n,naraeTcH n oc Ty n l1­

p OBa T h [44-40J, q T O D n pO CTp aH CT SC COCTOllHI1A p acc MaTp HBaeMotl CHCT eMW, 

HaTHliy T oM lia Op T OHOp MHp OBaH HbItI 683I1C /0 ) ,1'1> , 12> , ,n,eAcTsyXJT ouepa­
~ 

TOp hi a.. H 0:., CBH:'IaHHble c o CTaTI1CTI1K o!l 2 - ro pasr-a. 
U p a 6 0Tax [45, 47J peq b H,n,eT 0 6 anre 6pB.X napa-onepaTop oD. Dpl1 3TOM 

Ha p ywCtmn npl1H4Hna ITaynM ~TH~eCKI1 HeT, TllK KaK 0600KT~ B CUCTO HHHH 

/2 ) 3~ tlC b pIt:3JlH4t.xJ'I 'CH BHYTpeHHeA Koop~H HaToll >1 He MoryT paccMaTpHBQTb­

c n KnK T~eCTBeHHbIe. 

B paOOT8X f!4, 46, 481 I1cnonb3YllTCli l.(8.CTHhl0 cny~aJ.I anr-eop A (1) npx 

KOIIKPOTHl lX 118CTHblX B3 B.H),lO,IJ,e ACTBHHX. PacCMOTpKM 3 TY :'I8,ltallY B o 611\eM Bl1,JI,e. 

!{OJ( 1I0K83aHO B npe,n,bMl1x nap ar-padax , n lO6aJl A(1) C $ = 2 38,ltaeTCf! 

)~llyMH nap lllloTp8MH, ), (1» 0 Iol A( 2»O , H conepxa-r cMcTeMy T Ol!l,ll,ecTB : 

+ ,z ;U:<) oj. -t, . oj. a.3 ~ 0 
- A(oZ) zz, - // (1) a. a ~ , (490.) 

r ..t- :(,a (19(1) 

.t ....t -I- ~ 
- ;((1) ) U)- ) (.t) aa + (1\9n) 

Onepnrop tlllcna 06'''OKTOU M 119Jl60ne o 061l\HA OH)\ ouepn r op 

JI{IAOTJlIlH Ll HO(lMllJlbHOA <fJOpM6 :JOm rury Tc ll C I1Cn Onhr, OIl LUIIl OW 

! ' 0 6 pU II " ullKf>eKTlllltlhlX" KOHCTLUIT flo ~ - nMlI n!1l1o r o, Q. _ K 

I') 



JlHHenHOro, g.. - TpH-JlHHe I1Horo H ,h=h" - lleTblpe-JlHHel1Horo B3aHMO­

~el1cTBHA B B~e: 

./ { ..,.. 2 A(1)-;]{2) &.za~ 
/11= ).(1) a.C2 -r (50)f ( 1) ~(2) > 

.z r + + ~./' +2 2 
y	 = .fj", a. + gO:>' a. + 71 a t2 + <8,1 at2. + pC; a --: 9 . c . (51) 

COrJlllCHO pe3yJlbTaTaM (48) ~JlF BepcRTHocTeA OCUHJJJlRQHn M~ COCTO­

RHHRMH C 3~aHHb~ H ~HCJlaMH 06~eKToB n pH B 3aKMO~enCTBHH (51) HMeeM:.> 

s. 
W; = ~ H 1) I ~o1 1 j,/z..l E, t- £1=£+2 ;I(1)!1, (S2a) 

°1 E Z 2, ,; 
1 

\. / == ~)(1)¥2 ){!i02( , . ot ~t L=2E+2),(.2)f+.2;;/(1)A(2)f (526)
Woz. E.:z:Z ,j7t'2. 2.> C,z 1 ~ , 

.:,. 

1 / ::: 4,,1(2)/go,+)(1)jl1l r . .t~ t £=F -E ( 5 2B) 
Wi'2 E ,3 2. ,J-Th ~ ) d 2 1 . 

On.WTHM, 'ITO ManOCTb [Jep oRTHocTel1 ( :) 26, [J) ()CUHnJlf~HA C ~llCTHeM 

COCTonHHSl /2 ) , Tpe6y eMaSl ~JlfI enadoro HapywflHIISl npllHUllna nayJlH, MOJr;eT 

06eClletlHBaTbCR nll60 MaJIOCTbKl napexerpa ;l (2 ) , JlH60 MaJIOCTbKl BE>J1I1~IIH 
30 1 H ~01'" ).(1) ~1 >1 , Xapo.KTepIl3YJ)1l\IIX B3aHMOAfJAcTDHfl H anr-eopy , 

nepShlA cJlyllaA ~)8.K~'HtleCKH p eaJIII30BaH D l44, 461, rne BI.,6p8.Hb1 anr-eo­

phi (49) C ,1(1) -' 1 H ~( ;~ ) -;::, 0 • O~H8J<O T8.Ko lI [Jhl6op napaaarpoa npo-ran o­

PCtlHT OCIWRHl,l),! n OJlOlKeHHfl),1 p eJl flTIIDIICTCKOP KnaHTon oA reopaa , tlTO 6b:JlO 

"(l.K HnH IIHB.tl O OTMHtlP.lIO CBMHMH anTOpaMll. 

COI"Jl8.CIlO TOOp OMUM I ;: , ];I H Jrl II llCTof1ll\ eA CTIlThll , Ann KllaHTOB penrrra­
BHC"CKHX ll oJi cA CTIl'rHC~'HK a 2 - 1'0 p 8 11l' 8 ,lI,OllyCTHMa JlHUlh C aJII" e6poA ( 3 :3), 

t1pHtlCM TOJlhKO )\J1n KIIIlHTOO nonyuonoro CIIHH lI.. n}lll ,~ - 2. H3 (33a) HMe l!M : 

A(1) . ~(2 ) :a 2. , 1'.0. CJlfielo e IIILPYWf1IlllO 1I}lIl IU{1l1l1.L ITn.yJlH n o nplltlllHe 

MIUlOro rJIlprIM01'pIL II UJIr't ltlpO (llle pll1' Op OIl P~\ Ollllll -YIIH'IT O" (oIIH fl HeBO~Mo"'H O. 

II I\cnnx n OCJI/'J\yllllll\l'O CPILlIl lllllHI1 p tl~ ~JlhTnTO n PIlCCM(l 'rpHM eme 3~atly 

<1(\ or,I\I1Jln 111{H nx IJ cny\llle, KOl 'All a. II a. nplIHII,l\Jl fllIl ll.T !flopMII-aJI1'e6pe, 

1	 
~ 

'I - 0 , ( ~ J : J) _ ~ ;.>- ,#,- " ';I, 
~

! " 
II OOOT OIII IHII 1,'2. ) 110 CjI1llllC'I' IIY " 1' , 3JII,Ch !1 - 1 H '\(1). 1 , 1I0 :JTOMy 1>1 :1 

P O ~YJlbT nTIL (ti ll) I1!,H lI~ rLIIMO)l n "C" 1 11I11 ( llT) IIMIH IM: 

(F) 1,1 l ot I 
I / _ "-!!!F r. J. E t ~ F ,. r	 ( ~ )'! )"(	 ef 
WOl - .11/1 - ­£ 1 ..3 ) 
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C~eCTBeHHO OTMeTHTb, llTO pe3YJlbTaTH (52a) H (54) COBn~~T npH 

A(1)= 1 H P83JIHtlSXlTCSl (no aMnJIHTY,D,e H nepaony) npx /I (IJ) =:2 
TaR KaR peJlflTHBH:3M C Heo6xo~HMOCTblO Tpe6yeT :3HalleHHfl A(1 ) = 2 , 

TO 4JOPMYJlbl (5 2a) H (54) ,D,JIR WOl He COBn~BIOT ~8lIte B cJIY1iae HClle:3HOBe­

HHSl Wo;!. H l-Y.,2. (no npHllHHe cneUH4JHllecKHX KOHCTaHT #0'- H $11 ) • 
TaRHM 06P83 OM, npouecc n epexona /0>~ /1) "1./YBCTRyeT" cYlI\ecTBOB8.HHe 

COCTORllHfl I~) ~8lIte B TOM CJlyllae, Kor,D,a CaM O OHO B nepexo~ax He ~a­

cTByeT. rrO-BH~HMOMY STOT 4JaKT MOl" 6H 6HTb HCn OJIb3 0BaH ~JIfl SKCnepHMeH­

TaJIbHOr O nOHCKa 06~eKTOBJnO~llHHRD~HXCfl npOM8)r;YTO~Hb~ CTaTHCTHKaM. 
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TEMATM~ECKME KATErOPMM nYBRMKAUMM 

OBDE~MHEHHOrO MHCTMTYTA H~EPHWX 

l1CCRE~OBAHMM 

l1H.neKC	 TeMaTHKa 

1. 3KcnepHMeHTanbHaR ~H3HKa B~COKHX 3HeprH~ 

2. TeopeTH4ecKaR ~H3HKa B~COKHX 3HeprH~ 

3. 3KcnepHMeHTanbHaR He~TpoHHaR ~H3HKa 

4. TeopeTH4ecKaR ~H3HKa HH3KHX 3Heprl1~ 

5. HaTeMaTHKa 

6. HAepHaR cneKTpOCKonHR H paAHOXHMHR 

7. ~H3HKa TR~en~x HOHOB 

8. KpHoreHHKa 

9. YCKopHTenH 

10.	 ABToMaTH3a~HR o6pa6oTKH 3KcnepHMeHTanbH~X 

AaHH~X 

11.	 B~4HcnHTenbHaR MaTeMaTHKa H TeXHHKa 

12.	 XHMHR 

13.	 TeXHHKa ~H3H4eCKoro 3KcnepHMeHTa 

14.	 HccneAoBaHHR TBepA~X Ten H ~HAKOCTe~ 

RAepH~MH MeTOAaMH 

15.	 3KcnepHMeHTanbHaR ~H3HKa AACPI1~X peaK~H~ 

npH HH3KHX 3HeprHRX 

16.	 A03HMeTpHR H ~H3HKa 3aIIlHT~ 

17.	 TeopHR KOHAeHCHpOBaHHoro COCTORHHR 

18.	 Hcnonb30BaHHe pe3ynbTaToB H MCTOAOB 

~YHAaMeHTanbH~X ~H3H4 e CKHX HccncAoBaHH~ 

B CMe~H~X 06naCTAX llayKH 11 TCXliHI(H 

19.	 6Ho~H3HKa 


