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§1. BBEllEHHE 

KaK xopowo ~38eCTHo 11 I' w~poK~~ Knacc ypa8HeH~~ 4y - noy1 21 

~ ~M nOA06H~X, OTI1~4a~~~XCH OT nocneAH~X no Cy~eCT8Y TOilbKO 
MaTp~~e~ KPOCC~Hr-c~MMeTp~~, AOnycKaeT $OPMYil~P08~ ~X 8 8~Ae 
CileAY~~e~ C~CTeM~ Heil~He~H~X pa3HOCTH~X ypa8HeH~~ 1

•
31 

: 

S i (- w ) = ~ Ai i S i ( w) , 
J 

Si(w+l) = 1/7 AiiS/w)" 
/1/ 

3AeCb Sj (w) - MaTp~4H~e 3IleMeHT~ 8-MaTp~~bl 8 COCTOHH~HX i, 
A~ - 3neMeHT~ MaTp~~~ Kpocc~Hr-c~MMeTp~~ nxn co C80~CT8aM~ 
A= E, I Ail = 1. PeweH~H c~cTeM~ /1/ Aon•H~ 6~Tb MepoMop$H~-

J 
M~ Ae~CT8~TeilbHbiM~ $YHK~J.1HM~ yH~$opMJ.13Y~~e~ nepeMeHHo~ w = 
= 1/ rr a resin w , rAe w- 3Hepr~H n~oHa 8 na6opaTopHo~ c~cTeMe, 
~ YA08IleT80PHTb HeKOTOpbiM IlOKailbHbiM YCil08~H·M Tpe6yeMoro nopo
ro80ro no8eAeH~H J.1 noaeAeH~H 8 6opH08CKOM non~ce. 

88~AY OTCYTCT8~H o6~J.1X MeTOA08 peweH~H HeilJ.1He~H~X pa3HOCT
H~X ypa8HeH~~ c~cTeMa /1/ npeACTa8nHeT co6o~ np~8IleKaTenbHY~, 
HO 8eCbMa TPYAHY~ 3aAa4y, peweH~e KOTOPO~, KaK ~ 11~60~ Hen~

He~HO~ C~CTeM~, ~MeeT caMOCTOHTeilbH~~ ~HTepec. 3TO~ npo6neMe 
noC8H~eH~ MHoroneTH~e ~ccneAo8aH~H PHAa a8Topo8 11

•3 - 16 < Hanpa8-
neHH~e KaK Ha no~cK 4aCTH~x peweH~~. TaK ~ Ha nocTpoeHJ.1e o6~e
ro peweH~H C~CTeM~ ypa8HeH~~ /1/, KOTOpoe 8 HBHOM 8~Ae ~3BecT
HO TOilbKO AilH cny4aH MaTp~~~ A(2x2 )14 ·51 . 

H38ecTeH o6~J.1~ npo~3Bon 8 peweH~Hx c~cTeM~ /1/, KOTop~~ no-
RCHReT 3aMeHa Si(w) .. Sj(W+f1(w))D(w), rAe {3(w) ~ D(w) II!Me-
~T C80~CT8a 

f1(-w) = -f1(w), f1(w + 1) = {3(w), D(-w)= D(w), 0(1-w)D(w) = 1. /2/ 

B HaCTOR~e~ pa6oTe anepa~e 6yAeT AaHo o6~ee peweH~e ypa8He
H~~ /1/ c MaTp~~e~ A(l ,1 ): 

A ( 1, 1) = (-l ~ i ) , 
1 1 1 
~ ""2" 1r fir"·_ ... 

I~:~· : 
~ u.,:. 

/3/ 

1 ' (,;.,. '~'·"" 



KOTopoe, KpoMe HeOAH03Ha4HOCT~ T~na /2/, 6yAeT aae~ceTb oT Ho
Bblx npo~3B011bHbiX I)>YHK4~~ y(w) ~11~ o(w) , rAe y(w) - 4eTHafl 
l)>yHKI..I~fl, a o(w) - He4eTHaR, ~ KOTOpble COOTBeTCTBY~T ABYM T~naM 
o~ero peweH~R. !1>~3~4eCK~ ypaeHeH~R /1/ c MaTP~Lie~ /3/ on~cbl
ea~T B paMKaX CTaT~4eCKO~ MOAe11~ ynpyroe S-Bo11HOBOe pacceRH~e 
ABYX 4acT~4 co cn~HOM 1 ~11~ p-eo11Hoeoe pacceRH~e 4acT~4bl c Hy-
11eBbiM cn~HOM Ha 4aCT~4e CO cn~HOM 1 . 

HacTOR~aR pa6oTa noceR~eHa peweH~~ 4~CTo MaTeMaT~4eCK~x eo
npocoe 3TO~ 1)>~3~4ecKo~ aaAa4~. 

H~me a §2 coeepwaeTCR nepexoA oT !I>YHK4~~ S1 (w) a /1/ K !I>YHK
LI~RM onpeAe11eHHO~ 4eTHOCT~ X(w ), y(w) ~ t(W), KOTOpble fiB11fi~T

Cfl K031)>1)>~4~eHTaM~ a paa11omeH~~ Si(w) no co6cTBeHHbiM eeKTopaM 
A(1,1). c~cTeMa ypaeHeH~~ /1/ pacnaAaeTCfl Ha c~cTeMy He11~He~
Hb1X paaHoCTHbiX ypaeHeH~~ A11R I)>YHK4~H x(w), y(w) ~ paaHoCTHoe 
ypaeHeH~e A11R t(w) c npaeo~ 4aCTb~, aae~cR~e~ oT x(w) ~ y(w). 
Ha ocHoee reoMeTp~4ecKo~ ~HTepnpeTal..l~~ /§ 2/ ypaeHeH~~ A11R x(w) 
~ y(w) KaK KBaAPaT~4HbiX npeo6paaoeaH~~ KpeMoHa a § 3 6yAeT no
ny4eHo !I>YHK4~0Ha11bHoe ypaeHeH~e Ha ~Heap~aHTHble KP~Bble ~ c ero 
noMo~b~ 6yAeT AaHa K11acc~I)>~Ka4~R ecex ~Heap~aHTHbiX KP~BbiX, 
a ~MeHHO: ~Me~TCR T011bKO TP~ a11re6pa~4eCK~e Kp~Bble ~ OAHa He
a11re6pa~4eCKaR, A11R a11re6pa~4eCK~x Kp~BbiX no11Y4eHbl ~Heap~aHTHble 
no11~HOMbl, ~x onpeAe11R~~~e. Ha ocHoee Ha~AeHHbiX ~Heap~aHTHbiX no-
11~HOMOB B § 4 nOCTpoeHO KBaApaT~4HOe KpeMOHOBO npeo6pa30BaH~e 
x(w), y(w)-. ut<w) , u 2 (w), KOTopoe np~BOA~T ~CXOAHble ypaeHe
H~R K RPrhM~ ~~or.TnMy B~~Y- B § ~ nony~PH~ ~B~ ~~CTH~x oeweH~fl 

3T~X ypaBHeH~~. KOTOpble fiB11fi~TCfl napaMeTp~4eCK~M 3aAaH~eM ABYX 
seTae~ ~Heap~aHTHO~ Hea11re6pa~4ecKo~ KP~Bo~. BbiRCHeHa CTPYKTy
pa n011~COB n011y4eHHbiX peweH~~. yKa3aH 31)>1)>eKT~BHbl~ a11rop~TM Bbi-
4~C11eH~fl 3T~X peweH~~ np~ npo~3B011bHbiX 3Ha4eH~fiX apryMeHTa. 
06cymAa~TCfl CBO~CTBa BeTBe~ Hea11re6pa~4eCKO~ KP~BO~ ~ ~X rpa-
1)>~4eCKOe npeACTaB11eH~e. 

B § 6 6yAeT ycTaHOB11eHo, 4TO ~cxoAHble ypaeHeH~R a ~x HoBo~ 
l)>opMe, no11y4eHHo~ a § 4, paccMaTp~eaeMble KaK npeo6paaoeaH~R 
n110CKOCT~, ~Me~T RKo6~aH,He paBHbl~ eA~H~4e. Aa11ee Mbl HaXoA~M 
A11fl 3T~X ypaBHeH~~ ~Heap~aHTHY~ Mepy ~ CTPO~M COOTBeTCTBY~~ee 

KBaApaT~4Hoe npeo6paaoeaH~e, npeo6paay~~ee ~x a l)>opMy, coxpa
HR~~Y~ n11o~aAb. 

3TO n03B011ReT ~Cn011b30BaTb reoMeTp~4eCK~e pe3Y11bTaTbl 6~pK
rol)>a1171 • C11eAYR 6~pKrol)>y, BBOA~TCR HOpMa11~3Y~~aR aaMeHa u 1(wh 
u 2(w)-+ ~ 1 (w), ~ 2 (w) - PRAbl no ABYM nepeMeHHbiM, A11R KOTOpblx 
npeo6pa30BaH~e /pa3HOCTHble ypaBHeH~fl/ ~Me~T B~A 

~ i. = b( 1J) ~ 1' ~2 
1 

b(7J)~2' 
rAe 1J = ~1 ·~2 - ecTb ~Heap~aHT. PRAbl HopMa11~3Y~~e~ aaMeHbl, 
a TaKme PRA A11fl b(7J) CXOARTCfl B HeKOTOPO~ KOHe4HO~ OKpeCTHOCT~ 

2 

Ha4a11a KOOPA~HaT, 4TO C11eAyeT ~3 pa60T /18, 19/. no11y4eHbl peKyp
peHTHble COOTHOWeH~fl A11fl K031)>1)>~4~eHTOB yKa3aHHbiX BbiWe PRAOB ny
TeM peweH~fl COOTBeTCTBY~~X l)>yHK4~0Ha11bHbiX ypaeHeH~H. YcTaHoB-
11eHa CBfl3b 3T~X K031)>1)>~4~eHTOB C K031)>1)>~4~eHTaM~, BXOAfi~~M~ B pe
weH~fl, 3aAa~~~e Hea11re6pa~4eCKY~ ~HBap~aHTHY~ KP~BY~ /§ 5/. 
PewaR pa3HOCTHble ypaeHeHI1R A11R ~ 1 (w) 11 ~ 2 (w) , no11Y411M o6~ee 
peweHHe a BHAe PRAOB no nepeMeHHbiM t 1 (w) = y( w) exp (ln b(y 2 ) w) , 
~ 2 ( w ) = y ( w ) e xp (- 1 n b ( y 2 ) w ) 1111 6o ~ 1 ( w ) = 8 ( w ) exp (1 n b ( -8 2) w ) , 
~2(w)=- 8(w)exp(-lnb(-o2)w), rAe y(w) 11 o(w)- ynOMfiHYTble 

BbtWe nep110AH4eCKI1e l)>yHK41111, ,ll11R TpeTbeH 11CKOMOH l)>yHK41111 t ( W) 
no11y4eHO 1111HeHHOe pa3HOCTHOe ypaeHeHI1e C npaBOH 4aCTb~, paBHO~ 

norapi1Q>My OTHOWeH~fl PRAOB no nepeMeHHbiM ~l, t 2 • np11 y(w) 
11 o(w)' paBHbiX HY~. peweHI1e 3Toro ypaBHeHI1fl coenaAaeT c pe
weHI1fiM11, nony4eHHbiMI1 paHee al?! . YcTaHoeneH11e f!BHOH MepoMopi)>
HOCTI1 ~CXOAHbiX l)>yHK411H Sj(W) 6yAeT npeAMeTOM OTAeilbHOro 11CCne
AOBaHI1fl. 

§ 2. C~CTEMA YPABHEH~~ /1/ C MATP~UE~ /3/ 
KAK nPEOEPA308AH~~ KPEMOHA 

6yAeM paCCMaTpHBaTb CI1CTeMy ypaBHeHHH /1/ C MaTp114e~ /3/ 
B YA06HO~ Ailfl HaC Q>opMe, npeA110meHHOI4 B ItO/: 

x = F,(x,y)/D(x,y) F,=K +3K2+ ~xy _ ~y2 
'* '* 

y F 
2 

( K , y )/D ( x, y ) ? 5 2 F 2 -y + 2x- + 2x y - - y 
2 4 

/4/ 

X 
' 13 1 1 5 :x(w+l) y :y(w+l) D:l+4x +-y +-K2 --;ty --y2 

' 4 2 2 4 

x(-w):-x(w) y(-w): y(w), /51 

t(w + 1)t(w) = (1- -iy + 2x )(1- -liy '- 2x'), 
4 4 !61 

t(~w) = t(w). 
171 

CBJj3b si (w) B /1/ c 4>YHK4111RMI1 x(w) ' y(w) 11 t( w) AaeTCfl l)>opMy
IlOH 

Si(w) =<ti + 7JiY(W)+J.LiX(w))/t(w), !8! 

rAe ~, 11 , IL - co6cTeeHHble eeKTOPbl MaTPI14bl A 113 /3/. 

A ( t, 1J ) = ( ~. 1J ) , A J.L = - J.L 

t=(l,l,l), 1J =( ~5 , --t, : ), IL = (-4,-2,2). 
/9/ 

a· 



B ~eHTpe Hawero BH~MaH~H s AanbHeHweM 6yAeT c~cTeMa Hen~HeH
Hblx pa3HOCTHbiX ypaBHeH~H /4/ AnH <I>YHK~~H x(w) ~ y(w), YAOB
neTBOPH~~~X /5/. K <I>YHK~~~ t(w) ~ ypaBHeH~~ /6/ Mbl sepHeMCH 
B KOH~e § 6. 

npeACTaB~M ce6e, 4TO Mbl ~MeeM CeMeHCTBO peweH~H C~CTeMbl /4/-, 
KOTOpoe Mbl MO>KeM ~3o6pa3~Tb Ha nnoCKOCT~ X , y B B~Ae ceMeHCTBa 
TpaeKTOp~H. 3TO MOryT 6b1Tb 4aCTHble peweH~R C~CTeMbl /4/, ne>Ka
~~e Ha ~HBap~aHTHOH Kp~BOH B nnoCKOCT~ x, y ~n~ >Ke CeMeHCTBO 
peweH~H, 3aB~CH~ee oT napaMeTpa, np~H~Ma~~ero HenpepbiBHble 3Ha-
4eH~R.TorAa ypaBHeH~R /4/ 3aAa~T CAB~r Ha TaK~X ~HBap~aHTHbiX 
KP~BbiX ~n~ npeo6pa3osaH~e BHYTP~ ceMeHcTBa peweH~H. HecoMHeHHO, 
4TO ~Hsap~aHTHble Kp~Bble AOn>KHbl ~rpaTb Ba>KHY~ ponb B HaXO>KAeH~~ 
o6~ero peweH~R C~CTeMbl /4/. no3TOMY 6yAeM paCCMaTp~BaTb ypas
HeH~H /4/ KaK reoMeTp~4ecKoe npeo6pa3oBaH~e nnocKocT~ x, y 
~ nocTaB~M 3aAa4y OTbiCKaH~R BCeX ~HBap~aHTHbiX KP~BbiX ~ ~HBa

p~aHTOB TaKoro npeo6pa3osaH~H. 3aMeT~M, 4To cornacHo o6~eH Teo
P~~ Hen~HeHHbiX pa3HOCTHbiX CHCTeM I eM. , HanpHMep /20/ I c~oo~cTeMa 

/4/ 3aBio1Cio1T OT ABYX npolo13BOnbHbiX neplo10Aio14eCKio1X <!>YHK~Io1H. 0AHa 
1-13 Hlo1X - ~(w) cornaCHO CBOHCTBY /2/ 3aAaeT Hen~oo~HeHHbiH CAB~r 

Ha peweH~oo~Hx /4/ ~. KaK cneACTB~oo~e /6/, APYraR - D(w )= ea(w-V.) 

I-13MeHReT MynbT~oo~nnHKaT~oo~BHo TOnbKO t(w). TaK~oo~M o6pa3oM, ~oo~Hea

p~oo~aHTOM npeo6pa30BaHio1R /4/ 6yAeT HeAOCTa~~aR nepHOAI-14eCKaR 
<I>YHK~Io1R, 4TO 6yAeT nony4eHO B § 6. 

06paTHoe npeo6pa3oBaH~oo~e /4/ OAH03Ha4Ho.~oo~ nerKo nony4aeTCH 
1-13 /4/ 3aMeHo.:1 w .. -w-1 "' r yuPTnM /5/ · 

X .. -
F

1 
(-x ', () 

D(-x,y') 
/10/ 

F (-x',y ') 
2 -

y .. , ') 
D(-x, y 

6onee YA06Ho nepeHTI-1 s /4/ K OAHOPOAHbiM KOOPAI-1HaTaM x·~ x(z, 
y ~ y/z. TorAa npeo6pa3oBaH~oo~e /4/ np~oo~MeT BI-1A T2: 

X ': y ': Z '= <111 (X' ,y , Z ) : <112 (X , y , Z ) : <113 ( K', y , Z ) , 

<II = x z + 3 x2 + -2. xy - ..i y 2 
1 4 4 . 

2 5 2 <112 = -y Z + 2 X + 2 X y - 4 y , 
/11/ 

.... 2 13 1 2 1 5 2 
~3 =Z +4xz +-

4
yz + -x --xy--y 

2 2 4 

06paTHOe npeo6pa30BaH~oo~e T;1 e COOTBeTCTBI-11-1 C /10/ lo1MeeT Blo1A 

..... '( , , ') ..... '( , , ') ..... , ( , , ') K :y:z .. ~1 x,y,z :~2 x,y,z :~
3 

x ,y ,z , 

4 

<t>l'(x,y,z)=-<1>1(-x ,y,z), <t>k'(x ,y,z) =<l>k(-x ,y,z), k= 2,3. /12/ 

npeo6pa30BaH~H /11/ ~ /12/ npeACTaBnH~T co6oH 4aCTHbiH cny4aH 
KBaApaTio14HbiX npeo6pa3osaHI-1H KpeMoHa T2 , T;- 1 E Cr - cM.f211 
C. 1 ,30. /3aMeTio1M, 4TO BnepBble CBH3b ypaBHeHio1H ~y - noy Blo1Aa 
/1/ c npeo6pa3oBaH~oo~RM~ KpeMoHa 6blna oTMe4eHa i91 ~ 

OcTaHoBI-1MCH Ha CBOHCTBax npeo6pa3osaH~oo~H KpeMoHa /11/, /12/, 
Ba>KHbiX AnR AanbHeHwero. npeo6pa30BaHio1H T2 lo1 T; 1 RBnH~TCH B3alo1M
HO OAH03Ha4Hb1M npeo6pa30BaH~eM nnOCKOCTI-1, np~oo~4eM B3alo1MHaR OA
H03Ha4HOCTb HapywaeTCH B Tpex <I>YHAaMeHTanbHbiX T04KaX 01' 0 2 , 
0 3 (0'1, 02, 03 ) 1-1 Ha Tpex COOTBeTCTBy~~I-1X 14M OCHOBHbiX npRMbiX 
jl, j2 ,j3 (j~, j~ 'j~) /eM. pl4c.1/. npl-1 npeo6pa30BaH~H T2(T21) 

<I>YHAaMeHTanbHbiM T04KaM 0i(0; )coOTBeTCTBY~T T04KH OCHOBHbiX npH
MbiX j t ( j i ) , a BCe T04KH npHMbiX j . ( j ' ) OT06pa>Ka~TCH B T04KH 
0 '( I I 

I. 0
1
. ). <I>YHAaMeHTanbHble T04K~ 0. (0.' ) onpeAenH~TCH 1-13 OAHOBpe-

1 I , 
MeHHOrO o6pa~eHHH B Hynb Tpex <I>YHK~HH <llk(<llk ): 

oi =(xi ,yi '1), o; =(-xi. yi '1) 
/13/ 

0 ( 2 4 (2 4 1=(2,4,1), 02= -5'25'1),03= 7'-7'1). 

:t /; 
\ \ 

~ 
\~ 

--/.--~; L~ I ~' 

3 j,•O 
/ 

/ 
.g / 

/ 
/ 

/ 

lC 
~s -4 -3 -2 2 3 4 5 

PHc.l. ~yHgaMeHTaiTbHble TOqKH H OCHOBHble llPHMble llPHMOro 
/11/ H o6paTHoro /12/ npeo6pa3oBaHHH KpeMoHa. 

5 



OcHoBHble npRMble j i(j; ) npoxoART 4epea T04KI-1 okoe (0 ~Oe'\ k '# 
f. e f. i , 1-1 OHI-1 eCTb 

. 4 15 0 . 2 3 0 . J1 = Z+ "'+Ty = , J2= z- x+-;rY= , J3 5 y- 0 z + 2x -4 - /14/ 

L' = l (-x,y, z). 
I I 

EcnH oT nepeMeHHbiX x, y , z nepeHTH K j , j , j , TO npeo6paao-
1 2 3 BaHI-Ie /111 npHMeT CTaHAapTHYIO ~OPMY 

j'1 : j ; : j 3' = j 2 j 3 : j 3 j 1 : j 1 j 2 . 

j .'-~YHKI..IHH OT X ',y ', Z '. 
I 

/151 

HenoABHlKHble T04KH npeo6paaoaaHI-!R /111 onpeAenRIOTCR H3 ycnoaHR 

K ': y: Z = ell 1 (X , y , Z ) : ell 
2 

(X , y , Z ) : ell
3 

(X , y , Z ) 

0HH nelKaT Ha Ky6HKaX 

1) yell3 -zell2 =0, 2) z¢ 1-x<ll
3

=0, 3) x¢
2

-y¢
1 

.. o. 

116/ 

1171 

nepable ABe Ky6HKH HMeiOT o6aqHMH T04KaMH 0 1: 0
2
,0

3 
H ABe T04KH 

... __ *"" n ,.., 1 
~ - ...- 3 - u • VI.. I dJibMblt;: 't I U"'KI'I RSJlRIOTCR HenOABHlKHbiMH H nelKaT 

Ha TpeTbe~ KyfiHKe. 
PeweHHe 3THx ypaaHeHH~ AaeT: 

d 0 = d3 = (0,0, 1), d 1• d 2 ,. c ± 2v5. 4. 1 > . /18/ 

8 KalKAOH T04Ke d(x 0 ,y 0 , 1) eCTb ABa HHBapHaHTHbiX HanpaaneHHR, 
BAOJlb KOTOpbiX HHBapHaHTHble KPHBble MOryT BXOAHTb B HenOABHlKHYIO 
T04Ky. AHanHa nHHeapHaoaaHHoro oTo6pa>KeH~oo~R 141 a oKpecTHocT~oo~ 

KalKAO~ HenOABHlKHO~ T04KH noKa3biBaeT, 4TO T04Ka d
0 

RBJ1ReTCR 
napa6onH4eCKO~ lco6CTBeHHOe 3Ha4eHHe = ±11 C HHBapHaHTHbiMH Ha
npaaneHHRMH 

1) X "' 0, 2) y = 0. 1191 
T04KH d 1 , d2 RBJ1RIOTCR rHnep60JlH4eCKio1MH H HMeiOT cneAYIO!qHe HHBa
pHaHTHble HanpaaneHHR: 

1)y-4=0, - 15 -
2) X+ 21/5 + 32\/5 (y - 4) = 0. 1201 

HHlKe Mbl paCCMOTPHM Bonpoc 0 npeo6paaoBaHHH KPHBbiX OTHOCHTenbHO 
npeo6paaoaaHHR KpeMoHa 1111. 

6 

§ 3. ~YHKU~OHAnbHOE YPABHEH~E HA AnrE6PA~4ECK~E 
~HBAP~AHTHbiE KP~BbJE 

nycTb Mbl HMeeM OO!qYIO HenpHBOAHMYIO aJ1re6paH4eCKYIO KpHBYIO f = 
f~(X, y, z) = 0, 3aAaHHYIO OAHQPOAHbiM nOJlHHOMOM CTeneHH ~· 

npH npeo6pa30BaHHH /11/ OHa nepeHAeT B KPHBYIO CTeneHH 2~ f2~ = 
= f~ (ell 1 , ell2 , ell3 ), KOTopaR TaKlKe, KaK nerKo noKaaan., 6YAeT He
npHBOAHMO~ B TOM H TOJlbKO B TOM cny4ae, ecnH KPHBOH f~(x,y, z) 
He npi-!HaAJlelKaT ~YHAaMeHTanbHble T04KH Oi' /13/. EcnH HenpHBOAH
MaR KPHBaR HMeeT B T04KaX 0 t /13/ KpaTHOCTI-1 IL i' TO 

f~ (x',y',z') = g -{x,y,z)/1/2 1.1La 
IL 1 2 3 /21/ 

rAe 

IL 2/L - IL 1 - ~ 2 - ILa . 

nnR Taro 4T06bl HenpHBOAHMaR KpH8aR f~(X, y, z) 6blna HHBapHaHT
Ha OTHOCHTenbHO npeo6paaoaaHHR KpeMoHa 1111, nopRAOK KPHBOH 
a /21/ JL AOnlKeH YAOBJleTaopRTb ycnoBHIO JL = 11 1 + ~ 2 + ~ 3 
H g~{x, y, z) = f f~(x, y, z), f = ± 1. TaKHM o6paaoM, HenpHao
AHMble anre6paH4eCKHe HHBapHaHTHble KpHBble AOJllKHbl RBJlRTbCR pewe
HHRMH $YHK1..1HOHa1lbHOrO ypaBHe~HR 

" '"' "' "' \ ~ '·· './L I -~? . ~:'! 
·~'~1.~2.~3' -''«'"·'·"JJt J2 Ja ILL/ 

rAe ¢.(X , y, z ) H j. (X , y , Z) 3aAaHbl 111/ H 111•1 COOTBeTCTBeH-
1 t u HO, ~ = l: ~i H f = ± , npH4eM ~ i eCTb KpaTHOCTH KPHBOH f~ 8 T04-

KaX Oi'. \JlyHKI..IHR fJL (X, y , Z) BBHAY lo1HBapHaHTHOCTIII OTHOCHTe.rlbHO 
aaMeHbl x .. - x , y .. y I CM.! 51 I A01l>KHa 6b1T b 4e THO~ no x • 

Anre6paH4eCKHe KPHBble, He npoXOAR!qHe 4epea HenoABHlKHYIO To4-
KY d0 (0, 0, 1), HMeiOT BHA 

f = z~+ az~·). + z~· 2 (bx 2 + cy 2 )+ ... - 0. JL 1231 

nnR KPHBbiX, npOXOAR!qHX 4epe3 T04Ky d0 , 6yAeT OTCyTCTBOBaTb,MH
HHMYM, nepBbiH 4neH paanolKeH~oo~R z~ e 1231. Ha~AeM ace anre6paH-
4eCK~oo~e HHBapHaHT~ble KPHB~. 

noACTaBJ1RR B 1221 C f = +1 pa3J10lKeHHR 1231 C y4eTOM /11/, 
1141 H cpaBHio1BaR K03~H1..1HeHTbl npH OAHHaKOBbiX 4J1eHaX z 2~~xk·mym 

AJ1R k = 0,1, ... H 0 ~ m ~ k, Mbl nony4aeM CI-!CTeMy J1HHe~HbiX ypae
HeHH~ Ha K03~H1..1HeHTbl B 1231 H ycnOBHe Ha ~i' KOTOpoe HMeeT 
BHA 

3~2 + ~3 "'0 . 1241 
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OcHoBHble npRMble ji(ji) npoxo,qRT 4epea T04KI-1 OkOe(O~Oe'~ k :/: 
:/: f :/: i , 1-1 OHI-1 eCTb 

. 4 15 0 J=Z+K,+-y=, 
1 4 j 2 =z-2x+~y=0, j3 5 y- 0 

z + 2x- 4 - 1141 

j ; = ji ( -X , y , Z ) • 

EcnH oT nepeMeHHbiX x, y , z nepeHTH K j 
1 

, j 
2 

, j 
3 

, To npeo6paao
eaHHe 1111 npHMeT CTaH,qapTHY~ $OPMY 

j'1 : j ; : j 3' = j 2 j 3 : j 3 j 1 : j 1 j 2 • 

1151 
j :-$YHK~HH OT X ',y ', Z '. 

I 

Heno,qeHmHble T04KH npeo6paaoeaHHR 1111 onpe,qenR~TCR H3 ycnoBHR 

K<y: z = cll 1 (x,y.z): cll
2
(x,y,z): cll

3 
(x,y .z) 

0HH nemaT Ha Ky6HKax 

1) ycll3 - zcll2 = 0. 2) z<fl 
1

- K <fl
3 

= 0, 3) x<fl 
2

- y<fl
1 

,. 0. 

1161 

1171 

nepBble ,qee KY6HKH HMe~T 061J4HMH T04KaMH 0 1', 0 2 , 0
3 

H ,[\Be T04KH 
.. ,.,.. n "'_ _ 1. 
~ "" -.- 3 - v. V'- 1 dJII>Mblt: '"t I U'iKI-1 JU:UIRIO I CR Ht:nO,QBHmHbiMH H nemaT 

Ha TpeTbe~ Ky6HKe. 
PeweHHe 3THx ypa8HeHHH ,qaeT: 

d
0

= d3 = (0, 0, 1). d 1• d 2 
2 < ± 2v5. 4. 1 ) . 1181 

8 Kam,qo~ T04Ke d(x 0 ,y 0 , 1) eCTb ,qaa HHBapHaHTHbiX HanpaeneHHR, 
8,(\0llb KOTOPbiX HHBapHaHTHble KpHBble MOryT 8XO,(\HTb B Heno,q8HmHy~ 
T04Ky. AHanH3 nHHeapH308aHHoro oTo6pameHHR 141 8 oKpecTHOCTH 
Kam,qOH Heno,qBHmHOH T04KH noKa3b18aeT, 4TO T04Ka d

0 
R811ReTCR 

napa60J1H4eCKOH lco6CTBeHHOe 3Ha4eHHe = ±11 C HHBapHaHTHbiMH Ha
npa8neHHRMH 

1) X "" 0, 2) y = 0. 1191 
T04KH d 1 , d2 RBJlR~TCR rHnep60J1H4eCKHMH H HMe~T cne,qy10114He HH8a
pHaHTHble Hanpa8neHHR: 

1) y -4=0. - 15 -2) X f: 2,15 f: 32\/5 (y - 4) = 0. 1201 

HH>Ke Mbl paCCMOTPHM 80npoc 0 npeo6pa30BaHHH KPHBbiX OTHOC~TeJlbHO 

npeo6paao8aHHR KpeMoHa 1111. 

6 

§ 3. $YHKUHOHAflbHOE YPABHEHHE HA AflrE6PAH4ECKHE 
HHBAPHAHTHbiE KP11BbiE 

nycTb Mbl ~MeeM o6~~ Henp~BO,Q~MY~ anre6pai-14eCKY~ KP»BY~ f = 
f~(X, y, z) = 0, 3a,qaHHY~ 0,(\HQPO,(\HbiM nonHHOMOM CTeneHH ~. 

flpH npeo6pa30BaHHH 1111 OHa nepe~,qeT B KP~By~ CTeneHH 2~ f 2~ = 
= f ~ ( cll 1 , cll2 , cll3 ) , KOTopaR TaK>Ke, KaK nerKo noKa3an., 6y,qeT He
npHeo,qHMO~ B TOM H TOllbKO B TOM Cl1y4ae, eCJlH KPHBO~ f~(x,y, z) 
He npHHa,qne>KaT $yH,qaMeHTanbHble T04KH 0{ 1131. Ecn~ HenpH8o,q~

MaR KPH8aR HMeeT B T04KaX 0 t 1131 KpaTHOCTH IL i' TO 

f ~ (X ' , y', Z ') g~,{x ,y, z) /t /2 Ya 
1 2 J3 1211 

r,qe 

~ 2~ - ~ 1 - Ji 2 - ~3 . 

JlnR Tore 4T06bl Henpi-180,(\HMaR KpH8aR f~ (X, y , z) 6blna HH8ap~aHT
Ha OTHOCHTenbHO npeo6paaoeaHHR KpeMoHa 1111, nopR.QOK KPH80H 
a 121 I JL ,qonmeH y,qo8neT80PRTb ycnoBHlO P. = 11 1 + p. 2 + ~ 3 
"' g11 (x, y , z) = ( fp.{x, y, z) , ( = ± 1. TaKHM o6paaoM, HenpHeo
AHMble anre6paH4eCKHe HH8apHaHTHble KpHBble ,(\Oll>KHbl RBJlRTbCR pewe
HHRMH $yHK~HOHal1bHOrO ypaBHeMHR 

f" I m m m \ ~ r •• __ _ ' , P. 1 , ~ 2 , ~ 3 
'J.L'"l··~··a'-''«'h'"''"''Jl J2 Ja i22i 

r,qe <fl
1
(x, y, z) ~ j.(X, y, z) 3a,qaHbl 111/ H }11•1 COOT8eTCT8eH

HO, p. = I, p.i 1-1 f : ± t , npH4eM P. i eCTb KpaTHOCTH KPH80H f~ 8 T04-
KaX Oi'. \JlyHKijHR fll (X, y , Z) 88H.QY HHSapHaHTHOCTI-1 OTHOCHTellbHO 
aaMeHbl x ... - x, y ... y I CM. 151 I ,qonmHa 6b1Tb 4eTHo~ no x • 

Anre6paH4eCKHe KPH8ble, He npoxo,qRIJ4He 4epea Heno,q8~mHylO To4-
KY d0 (0, 0, 1 ), HMe~T 8H,q 

f = z ~ + a z ~ ·1y + zP. - 2 ( b x 2 + c y 2 ) + . . . 2 0 . p. 1231 

~llR KPH8b1X, npOXO,(\RIJ4HX 4epe3 T04KY d 0
, 6y,qeT OTCyTCTSOBaTb,MH

HHMYM, nepBbiH 411eH paanomeHHR z~ 8 1231. HaH,qeM ace anre6paH-
4eCKHe HHBapHaHrHble KPHBWe. 

no,qcTaBJlRR B 1221 C f = +1 paanomeHHR 1231 C y4eTOM 1111, 
1141 H CpaBHHBaR K03¢$H~HeHTbl npH 0,(\HHaKOBbiX 4J1eHaX z 2#~Xk-mym 

,1:\llR k = 0,1 , ... H 0 ~ m ~ k, Mbl nony4aeM CHCTeMy J1HHeHHbiX ypa8-
HeHHH Ha K03¢$H~HeHTbl B 1231 H YCllOBHe Ha p.i' KOTOpoe HMeeT 
BHA 

3~2 + P.a .. o . 1241 
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nocKonbKY M~ paccMaTpHeaeM anre6paH4eCKHe KPHB~e, To see ~i 

,qon>KH~ 6~Tb HeOTPHI..IaTenbH~, n03TOMY H3 /24/ Cne,qyeT, 4TO P. 2 = 
= ~3 = o. 

B~4HcneHHe K03¢¢HL1HeHTOB e /23/ noKa3~saeT, 4To oTnH4H~MH 
OT Hynfl 6y,qyT TOnb KO K03¢$H1..1HeHTbl npH Z~ 1- k y k ( p. = ~ l ) , KOTOp~e 

( 1 ) k k 
paBH~ - 4 C ~ l ( 0 .~ k ~- ~ 1 ) . 

3TO 03Ha4aeT, 4TO HCKOMafl HHBapHaHTHafl ~OpMa eCTb 

r
111

(x,y,z) 
~1 

f 1 ,0. 0 ( y • z ) . /25/ 

r,qe 
1 

fl,O,O(y,z)"" Z- 4y, 11 1 = 1, ~ 2 = 11 3 = o, f = 1. 

TaKHM o6pa3oM, e,qHHCTBeHHafl HHaapHaHTHaR anre6paH4ecKafl KPHBafl, 
He npoxo,qf!~afl 4epe3 Hyneay~ Heno,qBH>KHy~ T04Ky, ecTb npf!Mafl y = 
= 4 ( Z ~ 1) /25/ /eM. pHc.2/, COOTBeTCTBY~~afl H3BeCTH~M pewe
HHfiMI'II . 

AHanH3 ypaeHeHH~ /22/ c f = ±1 H r
11 

a BH,qe /23/ 6e3 nepeoro 
4neHa z~ nOKa3~BaeT, 4TO ,Qnfl p. ~ 2 HMe~TCfl /eM. pHC.2/ nHWb 
cne,qy~He HHBapHaHTHble ~OpM~: 

8 

' 

/ 
/ 

' ' ' ' ' ' 

'\ \ 

' ' 
. d,,fii. ' ' 

I ' 
I ' 
I ', 
I '-
1 ' 

-7 ·6. -5. {l.. -3. -2. -1 
x=-2-3' 

/ 

/ 

yl 
Y=x2-/ 

-6 
/ 

/ 

/ 
/ 

/ -- - y2 ·I t.xL __ 

/ 
/ 

/ 
/ 

/ 
/ 

/ 

/ 
/ 

/ V: l. 

6 7 
X 

' ' ' ' 
PHC. 2. HHBapHaHTHble anreopaH'IeCKHe H Heanrel5paH'IeCKaH 

/mTpHXOBan JIHHHH I KpHBbie. 

fl,l,O (x,y,z)= yz 
2 

X ' 11t=p.2 1, p.
3

= o, f =-1, /26/ 

2 2 
f (x,y,z)=y -4x. ~ 1 =~ 3 = 1, p. 2 =0, f= 1. 

1 ,0 • 1 /27/ 

napa6ona /26/ COOTBeTCTByeT H3BeCTHOMY t,eweHH~ Ill, a KPHBafl · 
/27 I pacna,qaeTcfl Ha ,qee npf!M~e Y = ±2 x 101 , Ka>K,Qafl H3 KOTOPbiX 
no OT,qenbHOCTH He fiBnfleTCfl HHBapHaHTHO~ OTHOCHTenbHO /11/, 
a npeo6pa3yeTCfl o,qHa B ,qpyry~. 

AoKa>KeM, 4To KPOMe KPHB~x, 3a,qaHH~x HHBapHaHTH~MH ·~opMaMH 

/26/, /27/, HeT ,qpyrHX anre6paH4eCKHX KPHBbiX 6onee B~COKOrO 
nopf!,qKa, npoxo,qfi~Hx 4epe3 Heno,qBH>KHY~ T04 KY d 0 ( x = y = 0 ) • 
npe,qnonO>KHM, 4TO eCTb ,qpyraR HHBapHaHTHafl ~OpMa BH,Qa /23/ 
6e3 nepsoro 4neHa z~ B 3aBHCHMOCTH oT Taro, fiBnfleTCfl nH 3Ta 
~opMa peweHHeM /22/ c £ = 1 HnH f = -1 , ee HaH6onee o6~ee no
ee,qeHHe e Hyne 6y,qeT cooTBeTCTBeHHO ( E 

0 
~ k, k 2 1 , f = 1 ; k ~ 0, 

( = -1 ): 

k 
11 - 2k 2k . 2r 2e ~.~.- 2k . 1 

( = 1 . f 11 = z p: e 0 a k. E X y + z p 2k + 1 (X • y ) + .. ./2 8 I 

k 
11 - 2k - 1 2k. 2 e 21' + 1 ~ . 2k- 2 

f = -1, fp. = Z f :f ak,fX y + Z P2k+ 2(x,y)+ .. ./29/ 
0 

no,qcTaBnflfl pa3nO>KeHHfl /28/, /29/ B ypaBHeHHe /22/ H CpaBHKBafl 
K03¢¢HL1HeHT~ e pa3no>KeHHH nee~x H npae~x 4acTe~ /22/, npH 
z 2~ ·2k· 1 ( £ = 1 ) H z211· 2k- 2 ( £ = -1 ) nony4HM, 4TO npH HeKOTOP~X 
k H f 0 ,qon>KHO BblnonHfiTbCfl ycnoaHe 

( = 1 . 6 ~ 2 + 2 ~ 3 - 2 k - 10 eo = o , k ~ 1 • /30/ 

f = - 1 6 II + 211 - 2 k - 10f - 6 = 0, k > 0, • ,..2 ra 0 - /31/ 

B npOTHBHOM cny4ae BCe K03¢$H1..1HeHTbl a k ,f B /28/, /29/ 6y,qyT 
paeH~ Hyn~. YcnoBHfl /30/, /31/ MoryT 6~Tb a~nonHeH~ nHWb B TOM 
cny4ae, ecnH 11 2 H p. 3 He paeH~ Hyn~ o,qHoepeMeHHo. C ,qpyro~ cTo
po~, ecnH 11 2 (p. 3 r) He pasHa Hyn~, To To4Ka 0 (03 )6y,qeT npHHa,q
ne>KaTb O,QHO~ H3 KPHB~X, 3a,qaHH~X ~OpMaMH /2B/, /29/, KOTOp~e 
no npe,qnono>KeHH~ HHBapHaHTH~. no3TOMY HHBapHaHTHO~ KPHBO~,oT
nH4HO~ OT /26/, /27/, ,qon>KH~ npHHa,qne>KaTb T04KH T; 1 0 2(T; b3) ... 
(T2. 1)no 2 ,((T

2· 1 )n 0
3

) , KOTop~e o6pa3y~T 6ecKoHe4HY~ nocne,qoea
TenbHOCTb T04eK, npHHa,qne>Ka~HX HHBapHaHTH~M KPHB~M /26/, /27/. 

TaKHM o6pa30M, H3 Hawero npe,qnono>KeHHfl o cy~ecTeosaHHH oT
nH4HO~ OT /26/, /27/ HHBapHaHTHO~ anre6paH4eCKO~ KPHBO~ /28/ 
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V~nVI /29/ Cne,QyeT, 4TO OHa ,QOnmHa nepeceKaTbCR C O,QHO~ Vl3 KpV~

B~X /26/ V~nVI /27/ B 6eCKOHe4HOM KOnV~4eCTBe T04eK, 4TO HeB03MOm
HO npV~ KOHe4HOM ~. 

HTaK, pea~MV~PYR paccMOTpeHV~e 3Toro paa,Qena, MomHo YTBepm
AaTb, 4TO KPOMe Ha~,QeHH~X VIHBapV~aHTH~X anre6paV~4eCKVIX KPVIB~X 

1) y - 4 = 0, 2)y2-4x2=0, 3)y-x2=0 /32/ 

,QpyrHX VIHBapV~aHTHWX anre6paV~4eCKVIX KPVIB~X y npeo6pa3oBaHVIR /4/ 
He Cy~eCTByeT. 4epe3 T04KVI d 1, d 2 B OCTaBWVIXCR BaKaHTHWMVI V~H

eapV~aHTH~X HanpaBJleHVIRX /20/ MOmeT npOXO,QHTb TOnbKO VIHBapV~aHT

HaR Heanre6paV~4eCKaR KPV~BaR, CVIMMeTpV14HaR, BCile,QCTBVIe /5/, OT
HOCHTeilbHO 3aMeHW X'~-x /CM. pV~c.2/. 0,QHaKO Ha~TVI VI VICCile,Qo
BaTb ee CBO~CTBa, VICnOilb3YR ,QOBOilbHO rpOM03,QKVIe ypaBHeHVIR /4/, 
TPYAHO. no3TOMY HV~me, C nOMO~b~ Ha~,QeHHWX VIHBapV~aHTHWX KPVIBWX 
/32/, Mw nocTpOV~IlV~ KBa,QpaTV~4Hoe npeoopaaoeaHV~e KpeMoHa, aHa4V~

TeilbHO ynpo~a~ee ypaeHeHV~e /4/. 

§ 4. nPE06PA30BAHHE KPEMOHA H HOBAR ~OPMA 
YPABHEHH~ /4/ 

Hcnonb3YR TpaHc~opMa~I-10HH~e ceo~cTea /22/ ~OPM, onpe,QeilR~

~1-ix 1-1Hsapl-1aHTH~e KpV~s~e /32/, nerKo nony4V~Tb, 4To cne,Qy~~ee 
KBa,QpaTI-14Hoe npeo6paaosaHI-1e KpeMoHa 

X (y- 4) 4u 
X = -

V+4u2-v2 ' 
u( w) = 

y2- 4x2 ' 

/33/ 
y(y - 4) 4v v( w) = 

' y = 
2 2 ' 2 4 x2 v + 4u - v y - . 

OT ~YHK~I-1~ X ( W ) 1-1 y ( W ) K 
HI-1R /4/ K 6onee npocToMy 

U( W) 1-1 V(W) npi-1BO,QI-1T pa3HOCTH~e ypaBHe
BI-1AY 

, 6 u + 5v + u ( 2 u + v) 
u"" -------

4+2U+V 

, 4u+6v-v(2u+v) v = 
4+2U+V 

/34/ 

KaK Cile,QYeT Vl3 /5/ VI /3)/, CBO~CTBa 4eTHOCTI-1 coxpaHR~TCR: 
u(-w)= -u(w), v(-w) = v(w) • .flV~He~HaR 4aCTb no u VI v ypaeHeHV~~ 
/34/ He,QI-1aroHanbHa. nl-1aroHailV~3a~VIR /34/ ,QOCTV~raeTCR CileAY~~HM 
npeo6paaosaHHeM oT ~YHK~I1~ u(w) 11 v(w) K u 1(w) 11 u

2
(w): 

_ 1 (,\
2

- 1 V+U), 
U1-o(\,•) 2,\ u=<A+1)(u 1 -u 2). 

1 ( _A_2_-_1_ v - u ) , 
......,.--,' 2,\ 

/35/ 
u = 2 v = 2 ( ,\- 1 ) ( u 

1 
+ u

2 
) • 

10 

r ,Qe 4VICilO A 3 + \/5 
--

2
-~- eCTb KopeHb ypaBHeHVIR 

A2 -3A+1=0 
/36/ 

0KOH4aTeilbHO VICXO,QHWe ypaBHeHVIR /4/ npVIHVIMa~T npe,QeilbHO npo
CTO~ BVI,Q: 

Au 1 -u (Au - u2 ) 
u ( w + 1) = ___ L_:::.l ___ , u ( w + 1 ) 

1 1 + Au - u 2 
1 2 

A -
1
u2 - u 1(~~•/37/ 

--1--:;:-Au
1 

- u2 

KaK Cile,QyeT Vl3 CBO~CTB 4eTHOCTVI U( W) VI V( W) , 

u
2

(w) = u
1
(-w). /38/ 

0TMeTVIM, 4TO npeo6pa3oBaHVIA /33/, /35/ OT06pama~T VIHBapHaHTHY~ 
npAMY~ Y - 4 = 0 I a cne,QosaTeilbHO, H ABe Heno,QBI-1li<HWe rl-1nep6o
Ill-14ecKVJe T04KH d 1' d2 1-13 /18/ Ha He~/ B HenO,QBI-1mHy~ T04KY U 1 = 

u 2 = 0, KPVIBY~ y2- 4x2 = 0 - B 6eCKOHe4HO YAaileHHY~ T04KY, 
a napa6ony y = x 2 - a I-1HBapV!aHTHy~ npRMY~ 

1 
u 1 + u2 = 2 / .. A . /39/ 

ne~CTBV!TeilbHO, npAMaA /39/ no,Q41-1HReTCA npeo6pa30BaHI-1~ 

__ ,..... 1-Au
1
+u

2 1-2,'A(u'+u' l=ll-2,1A(u + u )l---------
1 2 1 2 1 +Au - u 

1 2 

/40/ 

3To CBO~CTBO I-1HBapl-1aHTHO~ npAMO~ /39/ OKameTCR 04eHb none3HWM 
B § 6. 3aMeTI-1M, 4TO ypaBHeHVIA /37/, KaK VICXO,QHWe ypaBHeHVIR 
/4/, MOli<HO VIHTepnpeTVIPOBaTb KaK KBa,QpaTI-14HOe npeo6pa30BaHI-1e 
KpeMoHa. 0Ho VJMeeT ~YHAaMeHTailbHwe T04KVI 

o = 1--1-. _!_I 
1 2 A 2 

0 =0 =lc.Acl 
2 3 C~"" 

1-1 COOTBeTCTBYrl~VIe VIM OCHOBH~e npAMWe 
I 

j 
1 

= 1- A u
1 

+ u 
2 

= 0, j 2 = j 3 = 1 + Au 1 - u2 = 0 . 

/41/ 

HV~ll<e 6YAYT nony4eHbl ,QBa peweHV~R ypasHeHV~~ /37/, aa,Qa~~I1X napa
MeTpVJ4ecKoe npe,QCTaBileHV!e ,QBYX BeTBe~ VIHBapVIaHTHO~ Heanre6pal1-
4eCKO~ KpHBO~. 
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§ 5. nAPAMETPH4ECKOE nPE~CTABnEHHE ~BYX BETBE~ 
HHBAPHAHTHO~ HEAnrE6PAH4ECKO~ KPHBO~ 

CHcTeMa yp./37/ npeAcTa8nReT co5o~ 4aCTH~~ cny4a~ cHcTeMbl 
HenHHe~H~X pa3HOCTH~X ypa8HeHH~, OTHOCHTenbHO KOTOpo~ 8 1221 
AOKa3aHa TeopeMa cy~eCT808aHHR peweHHR, ronoMop~Horo 8 oKpecT
HOCTH HenoA8HmHo~ rHnep5onH4eCKo~ T04KH. CornacHo pe3ynbTa
TaM ~2/ /eM. 3aMe4aHHe Ha c.74/, MOmHO YT8epmAaTb

0 
4TO CHCTe

Ma /37/ HMeeT A8a peweHHR 8HAa 
00 

ui (w)= pi (zl(w)) = I p~ kzlk' 
I I k = 1 I, 

I lf2! 

u1
.
1 (w) =P.II(z (w)) = I p 1.1 zk, 

I I 2 k= 1 l,k 2 /43/ 

rAe ~YHKL\HH P/'n (z) R8nRIOTCR ronoMop~HbiMH 8 o5nacTH 1 z 1 < R(>.), 
a Z /W) H Z 2 (W) R8nRIOTCR peweHHRMH ypa8HeHH~ 

z 1 ( w + 1 ) = >. z 1 ( w) , I 44 I 

z 2 (w + 1) = ~z 2(w) /45/ 

H HMeiOT 8HA 

L. !'"' tl xp ((in A ) w + p ~ w)), z 2 =eK.p(-(lnA)w -{3(w)), /46/ 

rAe ~(w) HMeeT C80~CT8a /2/. KoM5HHHPYR nep8oe ypa8HeHHe 8 /37/ 
CO 8TOPbiM, MOmHO nony4HTb nHHe~Hoe COOTHOWeHHe 

u 1(w+1)->.u2(w+l) = >.u 1(w)-u2 (w). /47/ 

noACTa8nRR /42/ 8 /47/ H nep80e ypa8HeHHe /37/ C y4eTOM /44/, 
nony4HM K03~HL\HeHT~ pi 

I, k 

k- 1 ak 
p~k =(-1) (I},\ )k+1-' 

A(>.k-1_1) I 
-------p Ak+1_ 1 l,k 

I 
p ~ 'k /48/ 

rAe ak ( k:;;:: 2) onpeAenRIOTCR peKyppeHTH~M COOTHOWeHHeM 

ak = 
(,\-1)(,\2-1)(,\k-l)k-1 amak-m,\m-1 
- ------ I -----
(>.k-1 _ 1 ) m= 1 (,\k-m+1_ 1 )(,\m+1_ 1 ) /49/ 

B~5HpaR a 1 = 1 , nony4HM, 4To a 2 = a3 
( k > 3) 5yAeM HMeTb 

1 , a AnR OCTanbH~X 

12 

ak>O, ak+ 1 <ak, ak-+0. /50/ 

~nR 8Toporo peweHHR /43/ nony4HM 
II_I II I 

p 1 'k - p 2 ,k p 2 ,k = p 1 ,k /51/ 

H3 /44/- /46/, /51 I cneAyeT, 4To 

u 1~ (w) = u~ (-w), ui! (w) = u~(-w). /52/ 

H3 /48/-/51/ 8biTeKaeT, 4TO paanomeHI-lR /42/, /43/ CXOARTCR a5-
con10THO 8 o5nacTI-1 I zi 1 < ,_f)l. KaK HeTPYAHO 3aMeTHTb H3 /~8/, 
/51/, pa3nomeHI-1R AnR ~YHKL\H~ P1 (z) 1-1 p~I(z) Ha4HHaiOTCR c z . 
3To o3Ha4aeT, 4TO /42/ 1-1 /43/ napaMeTpM4eCKH 3aAaiOT KPI-18~e, Ka
caiO~MecR oce~ u

2 
= 0 H U 1 = 0 COOT8eTCT8eHHO. EcnH paCCMaTpH

BaTb /37/ KaK npeo6pa308aHHR nnoCKOCTM u 1 , u2 , TO 3TM KPH8~e 
6YAYT HHBapMaHTHbl OTHOCHTenbHO nocneAHHX. 3TO HaXOAHTCR 8 non
HOM COOTBeTCTBMM C pe3ynbTaTOM P.Monte] /CM./23/ c.281/ 0 KpH
B~X, MH8apMaHTH~X OTHOCHTenbHO Knacca npeo6pa308aHH~, 4aCTH~M 
cny4aeM KOTOp~X RBnReTCR /37/. 

EcnM ypasHeHMe f( u 1 , u2 ) = 0 onpeAenReT I peweHHe /42/, 
TO 8 CMny CMMMeTpMVI /52/ yp. f (u 2 , u1 ) = 0 6yAeT onpeAenRTb Il 
peweHMe, np!-14eM f ( U 

1
, U 

2
) ronOMOp~Ha B HeKOTOPO~ OKpeCTHOCTM 

u 1 = u2 = 0. TaKMM o6paaoM, ypasHeHMe F( u 1 , u 2 ) = 
= f ( u 

1
, u

2 
) f ( u

2
, u 

1 
) = 0 5yAeT onpeAenRTb Heanre5paH4eCKYIO KPM

BYIO, VIHBapl-laHTHYIO KaK OTHOCMTenbHO npeo6pa30BaH~~ /37/, TaK 
M aaMeHbl w -+-w. T .e. u, -+ u". 

H3 paanomeHM~ /42/ ~ /43/ c y4eToM /49/ MomHo nony4V!Tb npeA
cTa8neHMe 0 no8eAeHHM 3TO~ KPHBO~ nHWb 8 HeKOTOPO~ OKpeCTHOCTH 
HenOABHlKHO~ T04KH u 1 = u2 = 0. HHlKe 6yAeT H3Y4eHa cTpyKTypa no
niOCOB I peweHHR H c~opMynHposaH anropHTM B~4HcneHHR PRAOB /42/ 
AnR 6onbwHx 3Ha4eHI-1~ z, 4TO no3BonHT nony4MTb 6onee nonHoe 
npeACTasneHHe 0 C80~CTBaX PRAOB /42/, TaK H rpa~H4eCKoe npeA
CTa8neHHe o6oHx peweHH~. 

~nR YA06CTBa cAenaeM aaMeHy 

v1 =Au 1-u 2 . v2 =Au2 -u 1 
/53/ 

TorAa ypa8HeHHR /37/ AnR peweHHR I /42/ npMMYT 8HA 

3 v 1 ( z) + v 2 ( z) - v 2( z ) v 1 ( z ) 
v (,\z) = --------------------- , 1 I . 

~ 1 + v
1
(z) 

v 
2 

( Az )=- v 
1 

( z ) . /54/ 

BHyTpH o6nacTH I zl < J>. v 1(z~aAaHa, KaK 3TO cneAyeT H3 /42/, 
/48/, /49/, PRAOM 

v ( z) 
1 

-k- 1 2 

I (-1 /- 1 ~~ (>. - 1) 
k = 1 (A k+i-=--!)___ a k z k /55/ 
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nocKOilbKY ace a k > 0 11, KaK noKa3biBaeT pac4eT Ha 3BM, a k + 
1 

< 

ak 
< ak 11 lim-- = q, rAe q "' 1, 028511, 3To osHa4aeT, 4To v (z) 

k-+"" a k + 1 1 

np11 OTPI1~aTeilbH~X Z 113 06IlaCTI1 CXOAI1MOCTI1 PHAa /55/ CTporo OT
pl1~aTeilbHa, MOHOTOHHO y6biBaH OT HYilH np11 Z = 0 AO -oo np11 Z = 

q 
=z 1A, rAe z1 =- r:=- "'-0,635655. 

,:A 

CornacHo /54/ 3To osHa4aeT, 4To z 1 HBilReTCH npocT~M KopHeM 
ypae HeH11R v 1 ( z ) + 1 = 0, z 1 A - npocT~M non10coM. AHai111311PYR 
/54/, MO>KHO ycTaHoBI1Tb, 4To np11 z = z 1 A 2 k- 1 , k=1 ,2, ... , v

1 
(z) 

6yAeT 11MeTb npOCTWe nOiliOCa. nocKOilbKy V (z) 8 11HTepeane 
(z 1A

2 
k+ 

1
, z 1A 2k- 1 ) MeHHeTCH OT -oo AO + oo,

1 
TO 3TO 03Ha4aeT, 4TO 

11MeeTCH 6eCKOHe4HaH cepi1H KOpHe~ Zi ypaBHeHI1H 

v 1 (zi)+l~o. i~1.2 ..... /56/ 

B COOTBeTCTBI111 C /54/ Ka>KAW~ KOpeHb Zi nopO>KAaeT 6eCKQHe4HYIO 
cep1110 non10coe <I>YHK~I111 v 1(z) np11 z = z. A2k · 1 , k = 1 ,2, ••• , 
= 1,2, ••• , 11 v2 (z)npl1 z=z

1
A2k. j,js

1
/54/ cneAyeT, 4TO 

z 
v 2 ( z) ~- v 

1
<-y) 

a v 1(z) YAOBileTeopHeT ypaeHeHI110 

~ ~ 

v 1 ( A"' z) + v 1 ( z ) + ( v 1 (A z ) - v 1 I z ) - 3 ) v 1 (A z ) ~ 0 

6yAeM 11CKaTb peweHI1e /58/ 8 B11Ae 

v
1 

( z) 

rAe 

<Ilk ,i 

I I v <ll .(z), 
j ~ 1 k ~ 1 1 , k ,I k, I 

1 

Z-Z.A2k-1 
I 

+ 
1 

Z. A2k
l 

/57/ 

!58! 

/59/ 

eCTb npocTe~wl1e AP0611. noACTaBilHH pasno>KeHI1e /59/ 8 /58/, no
IlY411M ypaBHeHI1H Ha K03<!><!>11~11eHTbl V 1 k . (i = 1 , 2, ••• , k= 1 , 2, •.. , ) : 

' ,I 

v1,k+1,i 
A2 _l(z.A2k)- 1 v _ _J__ ______ _ 

1 ,k ,i v 1 ( z i A 2 k ) + 1 
/60/ 

14 

~ 

~ 

2k 2k-2 
v 1(ziA )-v 1(ziA )-3 0, /61/ 

v(z)=-1 1 i . /62/ 

PewaH peKyppeHTHOe COOTHOWeH11e /61/ C y4eTOM /62/, nOilY411M 

2k) v1 ( zi A ~ 3k - 1 • k~0.1,2, .... i=1,2, 

noACTaBilHR /63/ 8 /60/, HaXOA11M K03<!><!>11~11eHTbl 

v 
1 ,k. i 

2 (k - 1) 
A 

2 r rk--) 
' 3 
--

v1,1,i rc...!. )['(k) 

3 

noACTaBilRR /64/ 8 /59/ 11 BBOAH o603Ha4eH11H 

2 v y 00 r c k-- ) 1 
b. = 

1 • 1 ,i 
y = I 3 , 

--;rr-:-T~-l-I AZ. k ~ 1 rc...!..w < k ) I 
3 

nony411M AilH v
1 

(z) 

bi 
rck-..::... 

I I 3 z 
v 1 ( z) = -----

i : 1 k= 1 y r< ~ )r(k) z-z.A2k-1 
I 

v 
1 • k. i 

"'0,63976, 

!63! 

/64/ 

/65/ 

B~pa>KaH Bbl4eTbl s non10cax v ( z) np11 z = z. A ( k = 1) , c OAHO~ cTo-
1 I 

z 
poH~, 4epes 3Ha4eH11H v1(-i-) 11 v;(z ) , a c APYro~- 4epes Ko-

3<l><l>11~11eHTbl b., 113 /65/ nony411M: 
I 

b. 
I 

z. 
3 + 2 v (--1. ) 

1 A 
v

1
'Cz.)z t 

I I 

!66! 

~11<!><!>epeH~11P¥H /54/, nony411M CBH3b npOI13BOAHO~ v;(Az) CO 3Ha4e

HI1HMI1 v 1(z) , v;(z), v
1 

( ~-) 11 v;<-}): 

15 



v 1 ( ~) r v; ( z ) - 1 l + .\ v; ( z )[ 3 + 2 v 1 ( ~ )1 
v ' ( .\z) = - 1- ________ :._____ • 

1 .\2 r 1 + v ( z )) 2 
1 

/67/ 

npH MailbiX 3Ha4eHHHX z 1.13 o6nacTH CXOAHMOCTH I z I < f ,; .\ q ( f < 1 ' 

Mbl nonaraeM f =!) v
1
(z) 1-1 v;(z) MO>KHO Bbi4HCilHTb C HY>KHO~ TQ4-

HOCTb~ C nOMO~b~ PHAa /55/, Y4HTblBaH COOTBeTCTBY~~ee KOilH4eCT

BO 4IleHoB /Mbl Bb16HpaeM N = 20/. npH 3TOM Mbl nony4HM 3Ha4eHHH 

v
1
(z), v{(z) ,v

2
(z) =- v

1
(:) c a6con~THo~ norpewHOCTb~ 

It. v 
1 
c z )I ~ < -t) 2 1

• 

.[\.nH 60ilbWHX 3Ha4eHH~ Z Mbl MO>KeM Bbi4HCilHTb V 1( Z) , V 2 ( Z) , HC

nOilb3YH HTepa~HH npeo6pa3oBaHHH /54/, KOTOpoe npeACTaBHM B CHM

BOilH4eCKOM BHAe: 

v(.\z)= Tv(z), 
/68/ 

v 
rAe v(z) - ABYMepHbl~ seKTop ( v 1 ) • ,Qm'l k-~ cTeneHH npeo6pa3osa. 2 

HHfl /68/ HMeeM 

v(.\k z·) = Tkv(z). /69/ 

TorAa Ailfl n~6oro z Mbl Mo>KeM yKa3aTb TaKoe k 1-1 zk = .\ ~ , 4TO 

lzki :s;cJ"Aq. Bbi41-1CilHB v 1(zk), v;Czk) ,v 2 (zk)c noMo~b~ yKa3aH

HoA BblWe npo48AYPbl H np!IIMeHflfl k pa3 npeo6pa3oBaHMe /68/, /67/, 
Mbl nOilY4MM C BbiCOKO~ T04HOCTb~ 3Ha4eHHfl V 1 (z) , V l (z) H V 2 ( Z ) 

Ailfl n~6oro z • 
Pac4eT Ha 38M AaeT Ailfl nepBbiX 4 3Ha4eHM~ KOpHe~ z. M b. cne-

1 1 

AY~~He npM6IlH>KeHHble 3Ha4eHHH: 

z 1 "'-0 ,635655' z
2

=-9,4125, z
3 

=- 21,326, z
4 

,.__53 ,622; 

b1= 0,98123, b2=0,34288, b3=0,0832, b4=0.0212. 

OcTailbHble KOPHM pacnono>KeHbl npH 6onbWHX oTpH~aTeilbHblX 3Ha4eHMHX 

Z Ill HMe~T T04KY cry~eHHfl Ha 6eCKOHe4HOCTH. 

OcTaHOBHMCH Ha cso~cTsax MHoro3Ha4HO~ $YHK~MH v 2(z) = 
f( v

1 
( z )) • Ha pMc. 3 npHBeAeHbl HeCKOilbKO seTae~ 3TO~ $YHK~HM, 

KOTOPble COOTBeTCTBy~T 3Ha4eHMflM napaMeTpa Z 1.13 06IlaCTM (z3 A < 
< z < +<><>). OcHoBHaH seTBb a a, npoXOAH~aH 4epe3 Ha4ano KOOPAH

HaT, COOTBeTCTByeT o6naCTH z 1.\ < Z < +oo , npM4eM npM Z > 0 
v

1 
(z) > 0. npH Z-+ zi.\2 k· 1 BeTBH KpHBO~ CTpeMHTCfl K ac;..,MnTO-

16 

[ 

v, I 

v,.v,o 1 
1.. b 

e~ 
3 

2 
I I 
I I 

JL __ } ___ ~-----------~-----------
1 I 

d 
--L...::--:3, ~~ 1 '2 .3 I. ,5 ,6 ,7 ,, v, 

d 

c 

-/.1 \ i 

. -- --- -- --~--·'f -- :L L 
PHc. 3. fpa«l>HK «l>YHKIJ,HH v2 = f( v 

1
) • 0TpaJKeHbl nepBbie BeTBH 

(z > z3 .\) • YcnoBHbie o6o3HatieHHH: a, b, c , d , e , f , g -BeTBH 
................ .,. ............... ... ~ ......... ,.. ..... _ ....... _...,... __ ~ ~ .......,_ ~Y~ 
... ~y.o..o..a....o ....... ..: ... ' 

k = 1,2, ... , 
.IJ ....... ..L.&.J ..... .CJ. .2 o...a..._..C..L.L'.O.J..L.f. V ..LLU 

") J... ' I 
.,J U, I -,.' '1 

,.,,_ 
J" 

1 . ' 

2k 
TaM v2 = -3k + 4 (k.,i=l, ... , oo), a npH Z-+ Zi .\ OHH CTpeMHTCfl 

K aCMMnToTaM 

k=1,2, ... ,oo 
v = 3k- 1 ( ) . 

1 ·i= 1,2, ... ,oo 

OcTaHOBHMCH Ha cso~cTsax 3TO~ KPHBO~ npM z > 0. PaccMoTpHM 

$YHK~H~ 

1 <ll(z) = v 1(z) + v
2
(z) --. /70/ 
I 2 . 

TorAa ~(z), v
1
(z) , KaK 3To cneAyeT H3 /54/, noA4HHH~TcH 

ypasHeHI-1HM 

1 - v 1( z) 
¢(.\z•) = tll(z)l +v/z) 

0TC~Aa CileAyeT (¢(0) 

v
1
(Az) = ¢(.\z) + v

1
(z) 

1 -2, TaK KaK v 1(0) 

1 
+-

2 

v 2(0) 0), 

/71/ 
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v 1 ( ~ )r v: ( z ) - 1 l + i\ v; ( z )[ 3 + 2 v 1 ( ~ )1 
v '(i\z) = - 1- ________ :_ ___ _ 

1 i\2 r1+v(z)) 2 
1 

!67! 

npH MailbiX 3Ha4eHH.RX z lo13 o6nacTH CXOAHMOCTH I z I < f ,; A q ( ( < 1 ' 

Mbl nonaraeM f = ! ) V 1(z) 1-1 V; (z} MOlKHO Bbi4HCillo1Tb C HYlKHO~ To4-

HOCTb~ C nOMO~b~ P.RAa /55/, Y4HTb1Ba.R COOTBeTCTBY~~ee KOillo14ecT
BO 4JleHoB /Mbl Bbi6HpaeM N = 20/. npH :HOM Mbl nony41-1M 3Ha4eHH.R 

v1(z}, v;(z) ,v2 (z) =- v1(:) c a6con~THO~ norpewHoCTb~ 

It! v 1 < z )I s. < -t) 2 1. 

,[\.n.R 60ilbWI-1X 3Ha4eHI-1~ Z Mbl MOlKeM Bb141o1Cillo1Tb V 1( Z ) , V 2 ( Z ) , HC
nOilb3Y.R 1-!Tepa~HI-1 npeo6pa30BaHI-1.R /54/, KOTOpoe npeACTaBI-IM B CHM
BOillo14eCKOM BHAe: 

v(i\z)= Tv(z), 
!68! 

v 
rAe v(z) - ABYMepHbl~ seKTop ( v1 ) . tlnH k-~ cTeneHH npeo6pa3osa, 2 

HHH /68/ HMeeM 

v(i\k z·) = Tkv(z). /69/ 

TorAa AilH n~6oro z Mbl MOlKeM yKa3aTb TaKoe k 1-1 zk = -f , 4TO 
i\ 

lzkj S.q(I"q. Bbi4HCil~<~B v 1(zk), v{(zk) ,v 2 (zk)c noMo~b~ yKa3aH
HoA Bblwe npo4eAYPbl ~<~ np~<~MeHHH k paa npeo6paaosaHMe !68!, /67/, 
Mbl nOilY41-1M C BbiCOKO~ T04HOCTb~ 3Ha4eHio1fl V 1 (z) , V l (z) M V 2 ( Z ) 
AilH 11~6oro z. 

Pac4eT Ha 3BM AaeT AilH nepBbiX 4 3Ha4eHM~ KOpHeA z. M b. cne-
I I 

AY~~Me np~<~6Il~<~lKeHHble 3Ha4eH~<~H: 

z 1 = -0,635655' z
2

=-9,4125, z
3 

=- 21,326, z
4 

,._53,622; 

b1 = 0,98123, b2 = 0,34288, b3 = 0,0832, b4 = 0.0212. 

OcTailbHble KOPHM pacnonolKeHbl np~<~ 6onbWMX oTpM~aTeilbHbiX 3Ha4eH~<~HX 

Z lo1 HMe~T T04KY cry~eHMH Ha 6eCKOHe4HOCTH. 
OcTaHOBHMCH Ha cso~cTsax MHoro3Ha4HO~ ~YHK4HH v2(z) = 
f(~(zn • Ha pHc.3 npHBeAeHbl HecKoilbKO seTae~ 3To~ ~YHK~MM, 

KOTOpble COOTBeTCTBy~T 3Ha4eHMHM napaMeTpa Z H3 06JlaCTH (z3 i\ < 
< Z < +~. 0CHOBHaH BeTBb a a, npOXOAH~afl 4epe3 Ha4ailO KOOPAM
HaT, COOTBeTCTByeT 06IlaCTH z 1A < Z < +oo, npH4eM npM Z > 0 
~ (z) > 0. npM Z ~ zii\2k-1 BeTBH KpMBO~ CTpeMHTCH K aCMMnTo-

16 

[ 

v, 

e~ 
b 

/, 

v,-v,o ~ 

3 

2L I 
I 
I 

Jl I I I 
---~---~-----------~------

d 
--l.;----.:3, ....:t::::::.:2~ 1 '2 3 /, ,5 ,6 ,7 ,, 

c 

-/, 

------------- ___ : __ ) ---~- : t ,~----

Vo 

d 

PHc. 3. fpa«lJm< «lJyHKIJ,HH v2 = f( v 
1

) • 0TpaJKeHw nepBbie BeTBH 

(z > z3 A) • YcrroBHbie o6o3HaqeHHH: a, b, c , d , e , f , g -BeTBH 
::;:::::;:::;::::::' 
k = 1,2, ••• , 

~~-..-~Y~ .,P 
~ .......... JJ ..... JCJ. .2 

.................. _ ..... _...., __ 
~ ...... I:.I..L'.I.J,L.f.V.LU.I. 

"lh· • I. 
..J U, I ""T' '1 

'>1-
Jn. 

1 . ' 

2k TaM v2 = -3k + 4 (k,i=l, ... , oo), a npH Z~ Zi i\ OHH CTpeMHTCH 
K aCMMnToTaM 

k=1,2, ... ,oo 
v = 3k- 1 ( . ) . 

1 l= 1,2, ... ,oo 

OcTaHOBHMC.R Ha csoAcTsax sToA KPHBoA npM z > 0. PaccMoTpHM 
~YHK~HIO 

1 <ll(z) = v1(z) + v2(z) --. /70/ 
( 2 . 

TorAa <ll(z), v1(z) , KaK 3To cneAyeT ~<~3 /54/, nOA4HHHIOTC.R 
ypasHeHHHM 

1 - v 1( z) 
<ll(i\ zo) = ~(z) 1 + v / z) 

0TC10Aa CileAyeT (<IJ(O) 

v1(Az) = <ll(i\z) + v1(z) 

1 -2, TaK KaK v1(0) 

1 
+-

2 

v 2(0) 0), 

/71/ 
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1 II 
<l>(z) = -2 k= 1 

1 .~ v <-,&--> ___ L __ _ 

1+ v (-L) 
1 Ak 

1721 

Pac4eT Ha 38M AaeT, 4TO np~ z = z~ 

~3 /71/, /72/ ~ MOHOTOHHOCT~ v 1(z) 

5 ,487 4 "' ---x-- v 1 (z~ )= 1. TorAa 

np~ z > 0 cneAyeT, 4To 

<fl(Amz*)=O, 
0 

v 1 (Amz~ l = 1 +-]m. m:?: 1. 1731 

np~ z = z~ A KP1-1Baf1 nepeceKaeT ~HBap~aHTHYIO npRMYIO v 1 + v2 = 

= ~/CM. /39/ ~/53// B T04Ke 0/V1 = 
3
2, v 2 = -1/- lPYHAaMeH

TailbHO~ T04Ke o6paTHoro K /54/ npeo6pa3oBaH~f1. H3 /72/ ~MeeM 

m·l v (z.\k)-1 
m m 1 

<l>(zA ) = (-1) II ----1{--- <fl( z). /74/ 
k=o v

1
(zA l+1 

TaK KaK v
1
(z) "1 np~ z > z*, To Ailf1 z E-(z*, z*A) 

0 0 0 

sgn <I>( z Am ) = (- 1) m sgn <fl ( z ) _ /75/ 

TaK KaK <fl(z) np~ 0 < z ·• z ~A oTP~l.laTenbHa, To cor nacHo /75/ np~ 
~ > ~:,_\_0"'~ 6-yg~T r:-ru,tAnntA~nr:..::on. AMnnviTyna ~T~t~X ncu~I1Ilf1UJ.1~ 6vneT 

X- 1 y 1 
r:TpeM~TbCR K HyniO. Ael1c TB~TeilbHO, TaK KaK --- -. --=-, ecn~t~ 

X+1 Y+1 

X > y (X , Y " 0 ) , TO 

k ( 'Ak+t 1 \(zA )-1 v z ) -
1 0 

< ----------
v

1
(zAk) + 1 v 1 (z~Ak+l)+1 

k+1 !=- (z* z*A). /76/ --- . z - ()' () 
k + s 

TorAa ~3 /74/ 1-1 /76/ cneAyeT 

m m- 1 

1
_<fl(z A l_ I S. 11 k + 1 

<fl(z) k=ok+!'i 

4 ! 
1771 

(m + 1 ) (m + 2 ) ( m + 3 ) (m + 4 ) 

TaK~M o6pa30M, aMnmHyAa OCI..I~IlilRI..II-11-1 np~ m ... "' 6biCTPO CTpeM~t~TCR 

K HYiliO. 
nyCTb Z~ (i = 1 ,2, •.. , ~) KOPH~ /oTP~l.laTe!lbH~e/ ypaBHeH~R 

v
1
(z) - 1 = 0. np~ Z '0 BB~AY MOHOTOHHOCTI-1 v 1(z) eCTb TOilbKO 

OA~H KopeHb z~.TorAa np~ z = zt Am(m = 1 ,2, ... ,"") cornacHo /71/ 

<fl( z ~ Am ) = 0 , 
I 

m 1 
v 1 (z~A ) = 1 + 2 m. 

18 

TaKHM o6pa3oM, AilR IPYHKI..IHH v2 = f(v 1 ) TO~KH nepece4eHHR 3TOH 

KP~BOH C npRMOH v 1 + v2 = ~ (ell = 0 ) , v 1 = 1 + 1m, v 2 = - ~

--km RBilRIOTCR T04KaMH CaMonepece4eHHR 3TOH MHOr03Ha4HOH KpH

BOH, npH4eM Ailll KalKAoro m = 1 , 2, ••• "" cyl!leCTeyeT 6ecKoHe4Hoe 
4Hcno caMonepece4eHHH ( i = 1 , 2 , ••• , "") I eM. pHc • 3/ • 

3aMeTHM, 4TO IT peweHHIO /43/ COOTBeTCTByeT KPHBaR, KOTOpaR 

nony4aeTcR 3aMeHoH v 2 -+ v .l: v 1 "' r (v
2

). w 

~HTepeCHO 06CYAHTb CBOHCTBa 3THX peweHHH B OilOCKOCTH X, y • 
CornaCHO /33/, /35/ H /53/ x(z) H y(z) MOlKHO B~pa3HTb 4epe3 

lPYHKI..IHIO V l ( Z): 

xr z) = £ 

y( z) = 

z 
2( v 1 < z > + v 1 <Tn 

-------------------
v 1(z)- v

1
( ~ )+ 8v

1
(z)v/--};·) 

4[ v ( z ) - v (~.)1 
1 1 ,\ ---------------------

v (z)- v (..!.) + 8v (z) v (..!.) 
1 1 ,\ 1 1 ,\ 

1781 

rAe ( = l AilR I peweHHR, £ = -1 AilR II peweHHR. 3To napaMeTpH-
4ecKoe 3aAaHHe KPHBOH a nnocKocTH x,y /cM.pHc.2/:.._nPH z >0 
KPHBaR B~XOAHT H3 HeOOABHlKH~X T04eK y =4, X = :!: 2 \I 5 H npH Z "" 

= zri ,\k (k= 1 ,2, ••• ,"") nepeceKaeT napa6ony Y = x2 a To~Kax 

+ X '"'- y=( 2 )2 
2 k + 3 ' 

/79/ 

OCI..IHililHPYR BOKpyr Hee 3aTyxai01!1HM o6pa30M, aCHMOTOTH~eCKH npH-
6JlHlKaRCb K T04Ke Y = X = 0. npH Z < 0 Kpi4BaR ycTpeMJlReTCR 
Ha 6eCKOHe4HOCTb npH Zl ~ -0,2023 /3HaMeHaTe!lb B /78/ o6pa
l!laeTCR 8 HYilb/ BAOilb aCHMnTOT Y "' :!: 0 ,9547x, 3aTeM BAOilb TeX lKe 
aCHMOTOT CTpeMHTCR K TO~KaM 

( ,2k+1)-+ 2 ( ,2k+ 1-
X Z.A - , y Z A J-

1 
- 2 4k - 7 i 2 4 k - 7 

4 
/80/ 

( i = ) , k = 0) Ha l'lPRM~X 

/i = 1' k = 1/ 
y = ±. 2 X, nepeceKaR OOTOM HX B TO~KaX 

2k - 2 
x(z. ,\ ) =+---

1 24k -9 
2k --

4---=-y ( zi ,\ ) = - 24k - 9 /81/ 

3aTeM KPHBaR BAOJlb aCHMOTOT Y ,. ::j: 1 ,84 X CTpeMHTCR K (y = - oo, 
X=:!:"") npH z2 = -8,3775 H OOTOM BAOilb 3THX aCHMnToT, B~XOAR 
H3 T04eK ( Y = +oo, X = ::j: oo) , nepeceKaeT napa6ony B TO~KaX X = ::j: 2, 
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Y= 4, np.AMble Y~ ±2x B T04KaX /80/ (i = 1, k.= 1) 11 T.A. np11 
AallbHe~weM a6con10THOM yeenH4eHHH z -+ -oo KPI1Ba.A 6yAeT 6ecKoHe4-
Hoe 411Cno pa3 (i = 1 ,2, .•. ,oo) nepeceKaTb napa6ony 11 np.AMble 
Y = ±2x e T04Kax /79/, /80/, /81/ AJ1.A KamAoro 3Ha4eHI1.A k = 1, 
2, .•. oo, aCI1MnTOTI14eCKI1 np1161111ma.RCb K Ha4aJ1y KOOPA11HaT. 

§ 6. osmEE PElliEHHE HCXOAH~X YPABHEHH~ 

BepHeMC.A K ypaeHeHI110 /37/. 3anl1weM era e C11MBOJ1114ecKoM B11Ae 

u '= 
/82/ 

rAe 

u ( w + 1 ) = Tu ( w ) , 

u (w) 
u(w) = ( 1( ) ), a onepaTop T 3aAaH /37/. YpaeHeHI1e /82/, u2 w 

paccMaTpl1eaeMoe KaK oTo6pameHI1~3aAaeT MYJ1bTI1nJ111KaTI1BHo pe3o
HaHCHbl~ Al1$$eOMOP$113M C HenOAB11mHO~ rl1nep60J1114eCKO~ T04KO~, 

npi1BeAeHI1e KOTOporo B HOpMaJ1bHYIO $OPMY pewaeT TeopeMa nyaHKa
pe - A10naKa I eM. 1241 c. 1 04-1 05/. B cny4ae Al1$$eoMop$113Ma nno
CKOCTI1 c HenoABI1mHo~ r11nep6on114ecKo~ T04Ko~, coxpaH.AIO~ero nno
~aAb,611pKro$oM e/17/ 6blna nony4eHa HopMaJ1113YIO~a.A 3aMeHa Koop
AHHaT, npHBOA.A~a.A A11$$eoMop$113M B HOpMaJlbHYIO $OPMY /eM. TaK-
me 1261 , § 21 I: 

~;= ~1 (w+1)=b(7J)~ 1 • ~~= ~2 (w+1) =-.t-~2 , 
b(7J) 

/83/ 

rAe 7J = ~ 1 ~2 eCTb 11HBapl1aHT, b(O) =A. /3aMeTI1M, 4TO B OTJ111411e 
OT/17/ Mbl np11AaJ111 OT06pameHI110 /83/ $YHK~I10HaJ1bHYIO 3aBI1CI1MOCTb 
OT W/, 

TaKI1M o6pa3oM, Mbl Morn11 6bl 11cnonb3oBaTb pe3yJ1bTaT 611pKrO$a 

au', au' 
11 np11eecT11 ypaeHeHI1e /37/ K BI1AY /83/, ecn11 6bl det I 1 2 I 

aul.au2 

1 B /82/, 
0AHaKo,Bbi411CJ1.A.A .AK0611aH T 113 /37/, nony411M 

au;. au; 
det I .:l a; 

vU 1 • 2 

1-.\u1+ u2 
--~---

1 +Au 1- u2 
f. 1 . /84/ 

AonycTI1M, 4TO All.A ypaeHeH11.A /82/ cy~ecTeyeT 11Heap11aHTHa.A Me
pa - $YHK~I1.A M(u , u2 ) TaKa.A, 4To M(u1, u2 ) > 0 e HeKoTopo~ Ko-

u 1 u 0 He4H011 OKpeCTHOCTI1 D HenOAB11mH011 T04KI1 u1 = u2 = , roJ10MOp$Ha 
a Hew 11 
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M(u;.u;) 

TorAa 

-1 1- Au1 + u2 ] 
M(u1,u2)[ 1 + Au1 -u2 

J M(u ,u )du du2 = f M(u i.u2 )du{ du; 
D 1 2 1 T(D) 

/85/ 

AHanori14HO A11$$epeH~I1aJ1bHbiM ypaeHeH11.AM c 11HBapl1aHTHO~ Mepow 
/eM., Hanpi1Mep, ~51 c.145/ e HaweM cny4ae ee Hanl1411e no3BOJ111T 
CBeCTI1 ypaBHeHI1e /82/ K 11HTerpl1pyeMOMY B11AY /83/. 

PaccMOTPI1M npeo6pa3oBaHI1e OT $YHK~I1w u(w)-+ a(w) : 

a(w)=¢(u(w))':a 1 =¢ 1(u 1 ,u2). a2 =¢2 (u1 ,u2). 

TorAa ypaeHeHI1e /82/ All.A a(w) npi1MeT BI1A 

a'= a(w+ 1) = Ta(w), 

rAe 
-1 T - ,~.. T,~.. 

'~'w+ 1 '+' w 

Ecn11 oTo6pameHI1e ¢/86/ 11MeeT .AK0611aH, paBHblw 

.:1. ~ ' 2~2 ·-1 

det I a "u 
u1 • 2 

M(u 1,u 2). 

rAe M (u 1, u2 ) YAOBJleTBOp.AeT /85/, TO .AK0611aH /87/ paBeH 

/86/ 

/87/ 

/88/ 

/89/ 
aa , 'aa , aa' ' iJa , au , 'au, aa ,a a 1 

det I 1 2 I = det I 1 2 I det I 1 2 I r det 1 1 2 I l- = 1 . 
aa1,aa2 au;,au; au1.au2 au1,au2 

$aKTI14eCKI1 B HaWeM pacnop~meHHH yme HMeeTC.A HHBapHaHTHa.A Mepa 
M(uJ' u2), B 4eM HeTPYAHO y6eA11TbC.A, B3rJ1.AHYB Ha ypaBHeHI1e 
/40!, KOTOPOMY YAOBJleTBOp.AeT HHBapl1aHTHa.A npRMa.A /39/: 

t 
M(u

1
,u2 )= 

1 - 2..) A (u 1 +u2) 
/90/ 

HawAeM oTo6pameHI1e /86/, YAOBneTeop.A~ee /88/, /90/. KoHe4Ho, 
YCJ10BH.A /88/ HeAOCTaT04HO, 6yAeM 11CXOAHTb 113 npi1H~Hna npOCTOTbl 
H HCKaTb OT06pameHHe /86/ B KJ1acce KBaApaTI14HbiX KpeMOHOBbiX 
npeo6pa3oeaHI1w co 3HaMeHaTeneM TaKI1M me, KaK e /90/. EcTecTBeH-
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Ho noTpe6~eaTb, qTo6~ n~He~Hoe np~6n~*eHHe K /86/ 6~no To*
AeeTeeHH~M npeofipa30BaHHeM H 4T06~ eeo~eTBO /38/ eoxpaHHDOeb 
Anfl a.(w) , T.e. 

1 

a 2 (w) = a 1 (-w), 

4To AaeT 

¢2(u 1'u2) = <h1 (u2 ,u1) · 

3TH TpefioeaHHfl OAH03Ha4HO $HKeHpy~T /86/ H OHO eeTb 

-- 2 
u1-,/A.(u1+ u2) 

u = 
1 ------------' 

1 - 2 ,;-;\"" { u 
1 

+ u
2 

) 

- 2 u
2

- ,1 >.. ( u 1 + u2 ) 
/91/ 

a ~ -----=-------
2 1-2,/A.(u 1 + u 2 ) 

06paTHoe K /91/ npeo6pa3oBaHHe OAH03HaqHo 11 ~MeeT BHA 

u1 = a 1 - JA"<ai - ai ). 
/92/ 

- 2 2 u 
2 

= a
2 

+ ,; A ( a 
1 

- a 
2 

) . 

TaKHM o6pa30M, Mbl MO*eM npHMeHHTb K oTo6pa*eHI1lO /87/ pe3ynbTa-
/ 1 '"11 , I :1- ' 

T~ 6HpKro$a. l-ornaeHo b~pKroq,y •· eyuteeTeyeT aaMeHa u = IJ''s 1; 

a = 0 (~ ~ ) 
1 1 1 ' 2 

k p 
~ 1 + k J ~ 0 ck .f f 1 f 2 ' 

k+ p ~ 2 

k f 
a2=02(~1'~2)=~2+ ~ dk/~1~2 

k .f ~ 0 

k+ p ~ 2 

.:Ja ' -1a 2 
1 . 

det I a~ 
1 

, a~ 
2 

/93/ 

= 1 . 

KOTOpaR npliiBOAHT eHeTeMy /87/ K BIIIAY /83/. $yHK~11~ 0 1, 0 2 
11 b(77) J.13 /83/, KaK AOKa3aHo e /18/ /eM. TaK*e '19/ I, RBnRtOTeR 
rOflOMOp$H~MH no eBOHM nepeMeHH~ B KOHe4HO~ OKpeeTHOCTH Ha4a
na KOOPAJ.1HaT. 

noeKOflbKY CBO~eTBO /38/ eoBMeeTHO e /37/ H 3aMeHa /92/ ero 
He HapywaeT, To Tpe6oeaHHe ~1 (-w) = ~2 (w) ... tb 2 (~ , ~ 2 ) = 
= f/11 (~2 , ~1 ) fiyAeT eOBMeeTHO e /83/. KoMfiHHHPYfl }92/ e /93/, 
nony4HM 

k 

u 1 = x< ~1 , ( ) = ~ + ~ o ~ 
2 1 k=2t=o 

k-f f 
ak,f(1 ~2' 
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u2 = X (~2' ~ 1 ), 

rAe 

X = ¢ -11/J. 

/94/ 

KaK eneAyeT H3 /92/, /93/, $YHK~HR x<~1 .~2 )Aon*Ha YAoeneTeo
PRTb ypaBHeHHlO 

ax<~t'~2 ),ax~~2'~1)1 = 1-2JA<x<~1'~2 )+x<~2'~t)). /95/ 
det I a~ 1 .a~2 

noAeTaBflflfl 3aMeHy /94/ B nepeoe 113 ypaeHeHH~ H B flHHe~HYlO KOM-
6HHa~~~~~ nepeoro 11 BToporo ypaeHeHHR /37/ /eM. ypaeHeHHe /47//, 
nony4HM e y4eTOM /83/ eneAY~utHe $YHK~HOHanbHble ypaeHeHHfl 
Ha $YHK~~~ ,X(~ 1 ,~ 2 ) H b(77) ( 17 = ~ 1~2): 

1 1 
x(b(77 )~t' b(;;}~ 2)- >..x<b( 77 )~2,b(77 )~t >= >..x<~t '~2 )-x(~2 .~ 1 V 961 

x(b(77)~1 'b(l )~2)->..x<~1 '~2 )=-£x(b(77)~1, _1_~2)+ x<~2 '~1 )]x 
17 b~) 

/97/ 
xf>..x((1 '~2)-x(~2 '~1 )l' 

rAe $YHK~Hfl b(77 ) HuteTCR e BHAe PRAa: 

"" 
b ( 17 ) = bo + ~ b (/: /: k 

k=1 k"'1"'2). b = >... 
0 

/98/ 

noAeTaBnRR pa3no*eHHR /94/, /98/ a ypaeHeHHR /95/-/97/, nony-
4~M peKyppeHTH~e eOOTHOWeHHR Ha K03$$J.1~HeHT~ a k,f ~ bk (a 1 ,0 = 

1 , a 1 , 1 = 0) : 

k-2f-1 
>..(>.. -l)ak,f= 
k ~ 2 .f= 0 ,1 •.•. ,k 
e f..!...:.l.. 

j. 

k- 1 
min (f,k -f, E(2 )) 

bm(k- 2f )ak-2m,f-.m -- !. 
m=1 

0 k-p-1 
min(f ,p) min(r- q, q+k -f -p, E (--

2
- )) k- 1 

- ~ 

p= 1 
!. [ ~ b 'p-2q)a (>..a -

q=mu(O,f-k+p) m=O nt- p,q k-2m-p,~-q-m 
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-a o )+a (.\a o -a o )] k·2m·p,k·m·L·p+q p,p·q k·p,vq k·p,k·p·L+q · /99/ 

min(n,f+1) 2f 
1 

a2f+1 r -2 2 
f~1 n=2 

2 (2m-n)a a 
m=max(O,n-f-1) n,n·m 2f+2·n,f+1·m 

0 2f L • 1 

- 2 be =- 2 bma2f+1·2m,f-m p= 1 
m = 1 

hi 

X ( 

2f-p 
min(f ·q,q+ f ·p+1 ,E(--)) 

2 

2 
m = 0 

min (f,p) 

2 
q=max(O,p-f-1) 

bm(P- 2 q ) x 

X 

x a (.\a o o - a o o )+ p,q 2L+1·2m·p,L·q·m 2L+1·2m-p,L+1·m·p+q 

+ ap,p-q(.\a2f+1·p,f-q- a2f+t-p,f+1-p+q)]. 

Ben~~~H~ bm(n) e /99/, /101/ onpeAenH~Tc~ pa3nomeH~eM 

n 
r b(77 )J ! bm(n )TJm' 

m=O 

bm = bm(1) 

/100/ 

/101/ 

14 MOryT 6~Tb 8~41'\CneHbl C nOMO!qb~ cneAY~II.\~X peKyppeHTHbiX COQT
HOWeH~~ 4epe3 bm: 

m 

n::d bm(n+1) = !. bm·p(n)bp, 
p= 0 

m 

n.::>:-1 b (n-1) = 2 b (n)b (-1). 
m p= 0 m -p p 

m • 1 
1 

b (-1) =-- 2 b b (-1), 
m bo p= 0 m ·p P 

1 
b (-1) = -, b = .\ 

0 b 0 
0 
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/102/ 

CooTHoweH~H /99/, /101/ nony4eH~ ~3 /97/, a cooTHoweH~e /100/ 
- ~3 /95/, npi'!BeAeHH~e COOTHOWeH~H n03BOflH~T B~pa3HTb BCe ak f 
H bf 4epe3 a l ,O = 1 , b O = .\, ,llnH ycTaHoeneH~H HeKOTOp~x CBO~CTB 
a k,f none3Ho cooTHoweH~e, cneAY~II.lee H3 /96/: 

k-2f-t k-2f+t 
.\(.\ - 1 )ak,f -(.\ - 1 )ak,k-f 

0 0 k- 1 
min(L,k·L,E(-)) /103/ 

2 

m= 1 bm(k- 2 f)(ak·2m,l:'-m - .\ak·2m,k-m-f ) · 

nonaraR B /103/ f = 0, nony4HM 
k· 1 

.\ (.\ - 1) 
ak,k 

.\k+ 1- 1 ak, o · /104/ 

noACTaBnHH /104/ B npaey~ 4aCTb /99/ npH f = 0 H nonaraH 

k-1 -k-1 
ak, 0 = (- 1 ) J .\ a k , /105/ 

nony4HM AflH ak peKyppeHTHOe COOTHOWeHHe, COBnaAa~ll.lee C COOTHQ
weHHeM /49/, nony4eHH~M B § 5 npH HaXOmAeHHH HHBapHaHTHO~ He
anre6paH4eCKOH KP~BO~. nonaraH B /103/ k = 2f, nony4HM 

a2f,f =0. 

nony4HM Tenepb 0611.\ee peweHHe pa3HOCTH~X ypaBHeHH~ /83/ AnH 
.;1 (w) ~ .; 2 ( w). Bo3MomH~ ABa eap~aHTa o61J.lero peweHHH: 

fin b(y 2 )lw 
.;1 (w) =y(w)e , y(-w) =y(w), 

I. 
. -[In b(y 2 )1w /106/ 
.;2 (w) = y(w)e . y(w+ 1) = y(w), 

2 r In b(-o ) lw 
,; 1-{w) = o (w)e " . o(-w) =-o(w) 

TI. 
-rinb(-o 2 )1w /107/ 

,; 
2 

(w) = -o (w)e . o(w+1) =-o(w) . 

B COOTBeTCTBH~ C HCXOAH~M npOH3B0flOM /2/ apryMeHT W B /106/ 
H /107/ MOmHO 3aMeHHTb Ha W+ ~(w). HTaK, PHA~ /94/, /98/, 
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K03$$HLV-teHTbl KOTOPbiX 3aAaHbl 1991-1102/, BMeCTe C 11061 H!lH 
11071 onpeAenR~T ABa THna o6~ero peweHHR ypaeHeHH~ 1371 AilR 
u 1 (w) H u2 (w) • 

06paTHMCR Tenepb K ypaBHeHH~ 161 AilR t(w). Bb1pa3HM H3 181 
t(w) 4epea 8 2 ( w): 

5 1-- y- 2x 
4 

t( w) = 11081 
82( w) 

noACTaB!lRR 11081 B 161, rAe 3aMeHHM W-+-W C y4eTOM 151 H /71, 
nony4HM 

s2 < w) s2o - w ) = 1 . 

PeweHHe 11091 ecTb 
g{w-...1..) 

2 
82 ( w) = e 

~(-w) =-~(w). 

11091 

11101 

noACTaB!lRR 11081 B 171 C y4eTOM 11101, nony4HM IlHHe~HOe pa3-
HOCTHOe ypaBHeHHe Ha g(w): 

5 
'J Y•-u-! 4 • 

1 1 ) = ln - -----5 ---~(w+-)+g(w-2 2x--y+l 
2 4 

I 111 I 

flOACTaBilRR e 11111 x(w), y(w), BblpameHHble 4epea u 1(w) H u2 (w) 
H3 1331, 1351, nOilY4HM OKOH4aTe!lbHO ypaBHeHHe Ha g(w): 

(Au -u )(l+Au2-ut) 
1 _!_~----------- ' 

g(w+ ~) + g(w--2) = ln- -(ut- Au2 )(1 +Aut- u2) /1121 

rAe Ut, u2 3aAaHbl PRAaMH 1941. noACTaB!lRR 11081 B 181 C y4eTOM 
1331, 1351, nOilY4HM AilR Si (w): 

8 A~1 
.;i fu1+u2 - /:X.iAu cu 2)(Au 2-u1)] + lJ i 4 (u 1+u2 ) +Iii 2 -A- (u 1 -~) 

8i(w)= \ 11131 
8 -g(w--1) 

--(Au -u )(l+Au -u )·e vA- t 2 2 1 
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PeweHHe ypaBHeHHR /112/ AnR g(w) MOIKHO nony4HTb aHanorH4HO To
MY, KaK 3TO CAenaHo B n; /eM. npH!lOIKeHHe nl /. YcTpeM!lRR ne
PHOAH4eCKHe $YHK4HH y{w) H!lH 8{w) K Hyn~, nony4~M A!lR g(w) 
H 8 i (w) ABa THna 4aCTHbiX peweHHH 1113'/7/ . 06CYIKAeHHe RBHOH Mepo
MOP$HOCTH liony4eHHbiX peweHHH A!lR 8. ( w) 6yAeT npoBeAeHo B OTAenb-

w 6 1 HOH pa OTe, 

AeTop 6naroAapeH aa none3Hble o6CYIKAeHHR A.n.Becenoey, 
M.~.rpaeey, E.n.IHAKOBY, B.A.~cKoecKHx, B.r.KaAblweecKoMy, 
A.A.KHpHnnoey, B.B.K9anoey, ~.M.Kp~~t4eeepy, B.A.Me~epRKoey, 

B.K.MenbHHKoey, A.M.CTenHHy, 6.H.XopoMcKoMy. 
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PyKoni-1Cb nocTyn1-1na e 1-13AaTenbCKI1~ OTAen 
19 I-I~Il.R 1988 roAa. 

PepHx ~.~. 
HHTerpMpyeMaR TpeXKaH&nbMaR CTaTH4eCKaR MO~enb OP04eCCOB 
pacceRHHA Asyx 4aCTH4 co cnHHOM 1 

P2-88-544 

Hccn~T~A ypaBHeHHA CTaTH4eCKOH MOAenH C MBTPH4eH KpOCCHHr-CHMMeTpHH' 
A( 1,1) a H3secTHOH ¢opMe a BHAe CHCTeMw HenHHeMHWX pasHOCTHwx ypasHeHKH. AaHa 
reoMeTpH4eCKaR MHTepnpeTa4MA 3THX ypaBHeHHH KaK Ksa~paTH4HWX npeo6pa30BaHMM 
KpeMOHa. Mcnonb3YA csoMCTBa nocne~HHx, nony4e~o ~YHK4MOHanbHOe ypaaHeHHe 
Ha MHSaPMaHTHWe anre6paM4eCKHe KpHBwe, HCCneAOBaHHe KOToporo nosBonReT HSMTM 
TpM MHBapMaHTHWe anre6paM4eCKHe KpHBWe M YTBeP*AaTb, 4TO KpOMe HMX, 803MOMHO, 
C~eCTByeT TonbKO HH&apHaHTHaR Heanre6paH4eCKaR KPHBaR. Hs HaKAeHHWX .MHBa
PMSHTHWX nonHHOMOB nocrpoeHO KBaApaTH4HOe npeo6pa30BaHHe KpeMOHa, KOTOpoe 
npeo6pasyeT HCXOAHWe ypaBHeHHR K BeCbMa npOCTOMY SHAY, 4TO 003BOOReT HaMTH 
HHBaPMaHTH~ Heanre6paH4eCKy~ KPHBY~ H HCCneAOBaTb ee CBOHCTBa. 3TH ypasHeHMR 
TpaKTyeMwe KaK OTo6pa*eHHe C HenOABH*HoH rHnep6onH4eCKoH T04KOH, HMe~T RK0-
6HaH, He pasHwM eAHHH4e. AnR HHX HBMAeHa MHsapHaHTHaR Mepa H npeo6pasosaHHe 
KpeMoHa, npeo6pasy~~ee HX a ~PMY oro6pa•eHHR, coxpaHR~ero nno~aAb. Hcnonb
'syR pesynbTaTW 6HpKro~a H Mo3epa AnR TaKoro OT06pa*eHHR, npHBOAHM HCXOAHWe 
pa3HOCTHWe ypaBHeHHR B nerKO HHTerpHpyeHy~ ~OpMy. nony4eHW ABa THna o6~ero 
peweHHR HCXOAHWX ypaBHeHHM, 

Pa6ora swnonHeHa a fla6oparopHH reopeTH4eCKoH ~H3HKH OH~H. 
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Equations of'the static model with the crossing symmetry matrix A~l,l) ln 
thelr famous formulation as a system of nonlinear difference equations are 
investigated. The geometric Interpretation of these equations as quadratic 
Cremona transformations Is given. Using the properttes of the letter we ob
tain the functional equation on the Invariant algebraic curves, the Investi
gation of which enables one to find three Invariant algebraic curves and to 
assert _that except for them only the Invariant nonalgebralc curve possibly 
exists. Uslng Invariant polynomials found we constructed the quadratic Cre
mona transformation, which transforms the Initial equations to a very simple 
form, which enables one to find an Invariant nonalgebralc curve and to lnves
tlgat~ lts properties. Jhese equat-Ions Interpreted a-s the mapping with a fi
xed hyperbol Jc point have the Jacobian not equal one. We fQund the Invariant 
measure and the tremona transformation casting these equations Into the form 
of area-preserving mapping. Using the results of Blrkhoff and Moser for th~ 
mapping we transform the Initial difference equations into an easily Integ
rable form. Two types of the general solution for the Initial equations are 
obtained. 

The Investigation has been perfornred at the Laboratory of Theoretical 
Physics, JINR. 
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