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O.D:HOMepmDI aTOMOII soaopona (IH) rrpHHHTO Ha3HBa.Th ClIICTeuy. 

raMH.1IJ:lTOHHaH ROTOpol B aTOMHHX 9JUIH1!m8Y ( ~ z: lt1 =e·=, 'l ) aaIDICIl 

BaeTCJI B Bltlte 

" .I 0/2 -I (1):fi = - r.n- - /x/ 

CHCTeIIR C TaRJiII( r8lll:JIhTOHBaHOK JlCn0.6sy9'l'CJl IIp1I lICCJ18,1l0B8B:D nose

,nemm aTOII8 BO,JlOpo.Il8 B CJLn:bHHX lI8.I'JDI'1"lIH noJIJlX. Ecae B81'.IJiDDlol 98

JtalleA, npno,IijDlO1 R IH,JiB.Wl9TCJl KBaB'l'oB1ll aaaaor 88,1t8.1DI O .ztBaeBD 

38.PflJWHHol T.JB.CTJI:llW B IIpKCy-TCTBD 6eCIWH9"D1oA npoBO~1 ILllOCKOCTII, 

Ror.Ila COrJI8.CHO Jl8BeCTHOMY B 3Jl9ltTpoe'1'8TD8 II8'1'O,Q' DOÓpur,eJld MIl 

DeeM ,IlaJIO C .ItBYMJl IIpOToonOJIOmDDlJ[ aa~. JIlCnOJlOU1DWMll C__ 

M9TplABO OTBOCft8.nHO yR8.38HBol DJIOCIWC'l'JI. 

H8B9CTHO »a IlO.ltXO,u. K IH. nepmd 118 ~I/ KCJI0JIJt818T PQY
.miplIsoBallBd nOTeRIOI8JI,ti (.r, a) =-(IJc/+af~ r,ne a. - nOJ[QD'fen

HI:l1t naP.8J4eTp, }tO'l'Opdt B lWH9l1BQJI C1I9Te YC'1'peIl1Dl9Tca }t' BY.D. Btopol 
nOJI:l.0Jl72/ lIMee'!' ,n9.lO Henocpe,IlCTBeBBO c nOT9JUlJf8JTOII 21 ~ - /)( I --/. 
B paIIlapC nePBQro no~o.ua aos BosÓYXJlemme ypoBml 3BeprJIJI On:aCIlBam

CJI ~JI(YJIOI E"= - ('211 2)-/. OCHOBBoro COCTOSlBILfi lIe oyDleCTByeT 

(nanaD9 HB. neH'l'p), B036pUJ;9HHH9 ypoBHB JIB~T'HO BlipOUeBH JI a 
COOTBeTCTByD'l' 1I9TBH9 1f (+J B HelI8TBHe tf (- COCTOI!BD, npnell 

7jc-J:: lih X , rlC-I-J li 1f(ioJ{D):: ~(to) == O .:ao BTOpoM no.JtXOJle pea
JI143YeTCH COBeJll1eHHO HH.a.R: CneX'fPOCROIIlm: IIpB E -co lIaPJJXY C HeBH

poJmeHHllM .IUICRpeTHllM cnexrpoa E" = - (211 2) -I, OIDICliBaeMIDI ynOl4lmY
TIDtm mnne ~ 1? (-) , B03Hl1It8.9T CIIJIOlllHoI cnezrp, COCTo.R:!IPd H8 

nOJIOC, pacnOJIOm3HHla)(~ /7 - J4 .111 (n~-f) - :M YPOBBJDIH, JWrJJ;QMY lia 
KOTOPUX COOTBeTcTByeT CBOH,OT~ OT OTKe1l9HBHX BUm9,lIeTH8H BO~ 

HOBaJI <WHRIJ;WI. KaK BB;UHO 118 cxasaaaoro , oca no,JtJ:O,Il8. IIpBBOJtRT R 

secsza 1K30TlfqeCKHM Jl)UI oJUlOMOpnoA 1tB8HTOBOA V8:mmm.B BapuaH'J.'8.11 

cnexrpocsorraa. B nepsoa no.z:ao,no ,lUi!onpo'l'HhlB oneIt'l'p nupoaneu. DO 

BTOpoM - MlllilD68.1I1>HOyY J1BOnpoTllOllY ypomm OOO'l'DOTOT11YOT UOqMIUlSl 

BOJIBOBM ~. KAn TO. 'l'an I APrX'0a DIaOJU!'; 00. 'PtumI oô.eupmm
TllX YTBepuemrll onnoMOpuoB lU1AJrroDoD uolAlUUtl'31 11 nODToaq TpoC5ye'1' 

r- '\
 

It p
1t

f 1r ;. ' 

. .,
 

... 

oT,neJIDHOrO ocsacaesaa. B OTJllN.Ke 0'1' sroporo ncnxona, nepBIlli nonxon
 

no~ pa3BHTHe B pa60Tax/4- 6/ , r,ne c pa3HHX n03~.6HJIO ,naBO
 

o6~CHeHHe WaKTY ,nByxKpaTHOM Bapoz,neHHOCTH .nnCRpeTHoro cneRTpa IH.
 

B pa6oTe/4/ nOKa3aHO, "ITO aanaxa o IM lÍlH3WIeCRH 3KBKBaJIeHTHa sana

"Ie o ,nBHZeHHH qaCTHUH B nOJIe ,nByx oC~jPono,n06HHXEM, pa3,neJIeH


HHX HenpommaeMlm õapsepoa, KaK H3BecTHo/? , ,nJIR TaKIDC cacrex'ypoa

Im 3HeprIDI ,nByXKpaTHO BHpoJK,I(eHH. ATOpoli BapHB.HT oosacaeaaa cnesrpo

CKonIDI IH 6HJI npe~o~eH B pa60Te 51 B paMRaX no~o,na, pa3pa60TBHHO


ro ~epaacoM eme Ha 3ape KBB.HTOBO~ MexB.H~8 • Eo~ee r~60Koe
 
TeopeTHKO-jPYTIllOBoe 06'hfICHeHHe c~aKHoro BHpoJK,I(eHRff B IH 6HJIO ,naBO
 

B pa60Te/ 6 , aBTOpaM KOTjPOH y,naJIOC~ no~ocThID pacnpocTpaHHTh H3BeCT


HYID rrporpaMMy B.A.~Ka/9 Ha c~aa rrpOCTpaHCTBa c o,n»HM H3MepeHHeM.
 

B 3TOM OTHOmeHID'I ,IT)If.[ aasepmenàa aHaJIorIDI c aTOMOM BO,nOPO.na ~eJIaTeJIb


HO 6WIO 6H nOJJ.Y1mT~ ,n.mI IH ,no6aBo"Imm EHTerpaJI ,nBIDltemm, lIT'palDnurtt
 

poJIb H3BeCTHoro onepaTopa PYHre-neHUa/I O/.
 

~ ,nOCT~HRff aTo~ neJIR MIl HCnOJIb3yeM cBoeo6pa3H~ MeTO,n 

pa3,neJIeHBH nepeMeHHHX. Ha~eM c Toro, qTO ~ 3a,n;aHHH nOJIO~eHHH 

"IaCTHIl;U B O.IUIOMep~e ,nOCTaTO'tJHO aanars MO.nyJIb Koop.z:omaTIl, T. e. )x I 
H ee 3HaR, r ,«, j3n X • TaRoft no.n;xo, aHaJIOrHqeH HCnOJIb30Ba.HIDO, nanpa
Mep, noaapaax xoopnaaar B .nByxMep~e 11/. B 3TOM ae CMblCJIe aBaJIOrOM 

napa6oJIH"IecRHX KoOp,ltmiaT .íIBJlHDTCH zoopnzaars f'< H 1/ ,0rrpe,ne~eH

HHe CJIe.nyJD1ItHM 06pa30M: 

p.. = (9(x) / x I J J} = (9 (- x) 1)( I . (2 ) 

3.nech f)(X") - cryneasaraa <wmaum, pasaaa enznane npa nOJIODTeJIDHllX 

X , HYJIIO - npa OTpIrUaTeJIbHllX X H i.i npz X= O • M3 (2) . 
CJIe.nyeT, "ITO 

fi+ ;I = [x ! p.-J.J= X. (3) 

Ha"IeprHM .Il)ISl HarJ1fl,ItHOCTH rpa4Jmw 3aBHCmvrOCTH "napa60JIR'tJeCKmC KOOp

mmaT" jA- li J) 0'1' peà..1lliHoit KOop,IUlHaTI:.l X 
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f 

o x o x 

IbDC1Hi~Nití}Ja UHC1B'fyVI 
I~~~n~~ UC.CJp.HOBaUII 

.. ~.~?Jf.·.~)TEHA 



KaK BR,IJ;HO, KOOp,mmaTbI j.,( li V HI'paIOT pozs KOOp~aTbI X npa 
X > O 11 X <: O COOTBeTCTBeHHO. IIpll X =f RMeeM 

oF'~ (J2f • 'd2.y,
:JZ = @(x) -;:;-z + BC-x) C}y2. • (4) 

U\.X • dfA 

3HaK ~acTHo~ npólisBo~OH no ~OH liS napaóOXKqeCKHX Koop,mmaT 

nO.npB.sYMeBa8T, ~TO BTOpa;:! xoopnaaara WHKcHpoBaHa III p8BHa HYJI1O. 
3To 8BTOMa.'~'~ecKH yqHTbl.BaeTeH 11 ~ f}{x) li &(- x) • 

Hs (2) 11 (3) c~e~eT, ~TO 

v 
(}(x):: L &(- x) .=. p+J/

fC+i/ 

li nOaTOM;y Wop.1YJIy (4) MOmiO rreperracars B TepMllHax xoopnzaar f<
11 1.J 

of2rf P (1'l.YC Y 'J2l/ 
---t--~;;;z = (5)() J/-Z •/": tJ ()»" tA + V 

IIocJIe sroro c nOMOIIll>IO (5) III (3) )J)1fI ra.MH.JThTOHHaHa (I) EMe8M 

1\ 

P 82. V (}2 ,;(:f( ------------. 
- cf!(;ú+v) afiz e2 (fI+v) al/ 2 jA-+- V (6) 

3aIDICaB reneps ypaBHeHlie UIPe,rurnrepa 

:JÍv=tf (7) 

11 np8,nCTa.BHB ~ Y B Bane npoIlSB8.Il8IDIJi ~ 0)~ 0), nOCJI8 

paS.n8JI8HHH n8peM8HHHX 11 BBe.n8HHH KOHCTaHTbI pas.n8JIeHHH J1 , rrpHXO

.ImM K .ItBYM ypaBHeHHHM: • 

IA tf;' -f se): 7/" + 0:: -11 ~ , 

)I 1f;' + t2 'E lJ lf-2. + 7/.[ = .II~.t. 

OTc1D,It8. CJIe.ny8T, ~TO BOJIHOBaJI ~ 7f npa x'" () Y,IJ;OBJI8TBOpa8T 

ypaBH8mno 

p-v'\ 

~ 
A 

f ?+V }l /I zf . (s)oS = 

I'
i: 

,f 
I 

I~ 

3T~ B CBOIO O~8pe.IU> OSHa~a8T, ~TO ,D;Jm npoliSBOJIbHHX 

~ MOX8T 6b1Tl> npe,nCTaBJIeH B BH,D;8 

'" 

X oneparop 

...
 

:1 /I 

Q. " rne oneparop i = 

'C ~TOÓbl COÓJIIQD;aJIaCl> 

AerRO npOBepIlTl>, 

fi 
~ 

=

= /Jh X t
~ 

i, 

O npz X f- o li BblÓpaH TaKHM oõpaaox, ..., 

ROMMYTa.I.U1fI on8paTopa..fi c raMWlliTOHHaHOM :/I. 
~TO yKaS8HHHM YC~OB:JIIffM Y.IlOBJIeTBOpHeT onepaTOp 

!fj17 X - f E {x}dx
d 

(9) 

r,IJ;e E(x)= 4(l{~)&(-x) • B CaMOM .Ile~e E{x) =0 npa X f O 
I
,I B nOCROJIbKY 
1

[i) E(xij= o) ~r)();;:}~ -,j Iftx) 

H BMecTe c 3THM 

cI ,/ ] !thX e» ,IE(X) -) - = - E(x) 2 = -clE{x) -::; - fi o (Y)[ 'dx /)1/ X x ' 
... "']

TO [~.fi =o. '"
 
C ra.MHJI:bTOHHaHOM (I) KOMM;yTHPYJ7l' ,nB8. oneparopa. oneparop Jl '"
 

A ~ ~ 

H oneparop 'tI8THOCTB ~ • JI8rKo npoaepars , ~TO oneparops Jl 11 1 
aHTHKOMMYTHpyDT H nOTOM;Y H8 BM8DT OÓIIUDC CO~CTB8HHbIX ~). ôTo 

OSHa~8T, ~TO oneparop fi JIBJIR:8TCJI ,no6aBO'llHblM HHT8rpaJIOM ,1tBII

2It8HHH 11 B OTJJ::Ktme OT i' OTpaJlB.eT ~e r80MeTp~8CRYJ), a ,nHHaMH1IecKylO 

CHMM8TpHK>, YCTaHOBJI8HHy1l B paôore/ si, T • e. B CaMOM ,IJ;eJIe J - aTO 

aaaaor BSBeCTHoro B8KTOpa PYHre-JIelma. .nanee, ne COCTaBJIJIeT Tpy,na 

y68,IJ;HTbCR, 'tITO COÓCTB8HHbl8 SHa'tl8mm ..A == ± '" , a C06CTB8HHl:l8 

~, ROTOpll8 MIl OÓOSHa1DlM xepea 'fll 11 l} L. , EMem BR,D; 

~R = eCx)tpc)() , t L == e(-x) Y (x)'.
 

h
 
I CorJIacHc/I/, KaJr,lJ;OMy Bos6yJr,IJ;8HHOMY ypOBmo, KaK yx.8 OTMe'tIaJIOCl>,, 
I COOTB8TCTByDT ,D;Be BOJIHOBble ~: 'tI8THaJI '\f (~ 11 H8't18THasi l} (-) . 

3TO 06IIUI8 COÓCTBeHHHe iPYmanm rB.MR.1nlTOHK8Ha 'i1 11 oneparopa 
..'~\ 'tI8THOCTII l' . OHH aHaJIorlNHH <$3PiN8CIWM BOJIHOBllM ~ aTOMS. 
\ 

( *) KOMM,yTaTOp [TI Â1= c!~ Â= -etÂ H8 npnO.Il:HT K HOBOMy HHT8rpa.ny 
I .ItBD8HHH• 
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" nonopona, npH1leM pOJIb MOMeHTa mvmyJThCa arpaer oneparop ':S' ,a
 
poxs cepepH1lecIGIX yrJIOB 6- H lf - SHaR. xoopnaaara .x . B 3TOM l
 

xe CMHcJIe aH8W10rOM rrapaÓOJIHqeCRRX BOJlHOBHX WYHKUHH aTOMa Bo,n;opo.n;a 
'11
 

B c.nyqae IH RBJIffIOTCíI BBe,n;eHHHe BH:IIle <lJYlIKI1,HH 'tf R H L\- L • Hs-

BeCTHH JlliHeiílllie npecopasonaaza, csaeasanaae MeJKJlY coocã rrapaóo,


~a:..,'tlecRHií H nOJlflPIIIDi óaSHCH (T.e. BOJlHOBUe epYHKIUIH) aTOMa Bo,n;opo,n;a. l o/ • l
 

B c.nyqae IH 3TH CJIOJKHbIe rrpeoopaaoaaaaa SaMeHJIIOTCíI 'rPHBHaJIbHHMH .:
 

tCOOTHOmeHIDIMH 'tf ~ -;: [tt (+) + ú; E-J J/J2 H Lf L = [tf (+) - CJ: (-) J!Ii· 
Mbt óJIaro.n;apHH C.H.Bmim:u<oM,Y, JI.C.,UaBTmIy H JI.H.IloHOMapeBY
 

aa IDITepeCHHe 06CYJlUteHRfI.
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ny~eHKo H.B. H ,IJ;p.	 P2":87-910 
K	 cneKTpocKonHH O,IJ;HOMepHoro aTOMU 
BO,IJ;OPO,IJ;a 

BBe,IJ;eHO nOHHTHe 06 o,IJ;HOMepHblx ~apa60JlHqeCKHX Koop,IJ;HHa
Tax c rrOMOmbID npHeMa, HanoMHHaromero MeTO,IJ; pa3,IJ;eJleHHH ne
peMeHHblX B ypanueuaax c t.IaCTHbIMH IlPOH3BO,IJ;HbIMH, H YCTaHOB- • 

õrren HBHbH1 BUA no aaouaor-o mrr-er-pana ,IJ;BH)KeHHH, aHaJlOrlIt.IHO
r-o BeKTOpy Pyur-e-Tleaua 11 06'bHCHHJ:)U~ero ,IJ;BYXKpaTHoe BblpOJKp,e
HHe B036y)KAeHHbIX YPOBHeI1: ane praa B O,Ll,HOMepHOM aTOMe BO,Ll,O
pO,IJ;a. 

Pa60Ta BwrronHeHa B na60paTopHH TeOpeTHt.IeCKO~ ~H3HKH 

OHHH. 

Ilpenpmrr 06õenHHeHHOrO HHCTHTYTa anepasrx liCCJlenOBaHHH. ,lly6Ha 1987 

ITepeBO,IJ; aBTopoB 

Lutsenko I.V. et aI. P2-87-910 
On Spectroscopy of a One-Dimensional 
Hydrogen Atom 

One-dimensional parabolic coordinates are introduced 
by a method similar to that of separation of variables in 
partial differential equations and an explicit form is 
established for an extra constant of motion analogous with 
the Runge-Lenz vector and responsible for the double gene
ration of excited energy leveIs in a one-dimensional hyd
rogen atom. 

The investigation has been performed at the Laboratory 
of Theoretical ~hysics, JINR. 
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