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Uenb~ HaCTO~~erO COo6~eHH~ ~Bn~eTC~ HCcneAOBaHHe HeKOTOp~X 

OC06eHHOCTe~ BOnHOBblX ypaBHeHH~ nepsoro H BTOpOrO nOp~AKOB, HH
BapHaHTH~X OTHOCHTenbHO paCWHpeHHO~ rpynn~ ranHne~, onpeAeneH
HO~ KaK rpynna npe06pa30BaHH~ n~THMepHOrO npOC~paHCTBa-BpeMeHH 

C KooPAHHaTaMH i, t H e rAe i H t - 06~4H~e npOCTpaHCTBeHHO
BpeMeHH~e KooPAHHaT~, a e ~Bn~eTC~ naoaMeTpOM paCWHpeHH~ rpyn
n~ ranHne~. ~CTopH4eCKHI 1/ napaMeTp o 6~n BBeAeH B KBaHTOBO~' 
MexaHHKe An~ YCTpaHeHH~ $a30BOro $aKTOpa B 3aKOHe rpynnoBoro 
YMHomeHH~ npeACTaBneHH~ rpynnbl ranHne~. B KnaCCH4eCKo~ $H3HKe 
napaMeTp o onpeAen~eT eAHHCTBeHHOCTb CHHxpOHH3a~HH 4aCOB B ~e
pen~THBHCTCKOM BapHaHTe!2/paAHonOKa~HOHHoro MeTOAa 3~HWTe~Ha 

H OAHospeMeHHO HrpaeT ponb nepBO~ pen~THBHCTCKO~ nonpaSKH K a6
con~THOMY BpeMeHH t / 3 ! . 3TO npHBOAHT K Heo6xoAHMOCTH MOAenHpo
BaHH~ Hepen~THBHCTCKoro npOCTpaHCTBa-BpeMeHH B BHAe n~THMepH6
ro MHoroo6pa3H~, B KOTOpOM ranHneeB npHH~Hn OTHOCHTenbHOCTH 
3anHCb1BaeTC~ B sHAe cneAyro~ero 3aKOHa npeo6pa30BaHH~ KOOPAHHaT: 

X --> ; , R; + ~t + "i, 

t-->t'=t+b, /1/ 

-. --> 1--> 
o --. o ' = o + v· R x + "'2"" v ~ +.úJ , 

r ne â =(a x ' a y , a z ), b , co - napaaerpu Tp3Hcn~~HH, v
 
= (vx,v y ' v z) - CKOpOCTb OTHOCHTenbHoro ABHmeHH~, R - MaTpH

~a nOBopOTa oce~ KooPAHHaT ABYX CHCTeM OTC4eTa.
 

nHHe~H~~ AH$$epeH~HanbH~~ onepaTop BToporo nop~AKa, HHBa
pHaHTH~~ OTHOCHTenbHO npeo6pa30BaHH~ /1/, HMeeT 06~H~ BHA 

l2( c 2) = C-2( 2a t ao - ~) - a§ , /2/ 

rAe c2·0 npOH3BonbHa~ KOHCTaHTa pa3MepHOCTH KBaApaTa CKOpOCTH. 
BonHOBoe ypaBHeHHe CBo6oAHO~ CKan~pHO~ 4aCTH~~ c Macco~ fi 

H 3HeprHe~ nOKO~ n BHAa 

n fi 2 
L 2( m) t/J (t , e, x) = - (n) t/J (t , O, x) , /3/ 

OAHaKO, He 06ecne4HsaeT HH Hepen~THBHCTCKoro COOTHoweHH~ MemAY 
3HeprHe~ H HMnynbcoM 

Itnlltll1iHeUHNfi RHcnrryl 
W1<r.ltm13X m:cse JlOBlUBI 

"'*..J,~ ~. ,.. _,.__.... 
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-+ 

E=Q+~ 
2m ' /4/ 

H~ cy~eCTBoBaH~~ TOKa BepoRTHoCT~, T.e. coxpaH~~~eroc~ TOKa 
c nonom~TenbHO onpeAeneHHo~ BpeMeHHo~ KOMnoHeHTo~. nn~ nonY4e
H~R OOOTHoweH~R /4/ He06xoA~MO K ypaBHeH~~ /3/ A06aB~Tb BTopoe 
BonHOBoe ypaBHeH~e B~Aa 

-+ m 2 -+ 
L 2( 00) t/J (t , e , x) = + (n) t/J (t , e , x) , /5/ 

~3 KOToporo cneAyeT, 4TO 

-+ ime -+ ime -+ 
t/J (t , e, x) = e xp (t) <p+(t, x) + exp(-tl)<p_(t, x ) , /6/ 

rAe <p±(t, x) YAOBneTBop~~T 06~4HOMY ypaBHeH~~ WpeA~Hrepa c no
nom~TenbHO~ ~n~ OTp~4aTenbHO~ Macco~ H 3Hepr~e~ COOTBeTCTBeHHO. 
OTC~Aa cneAyeT, 4TO aHanor~4Ho penRT~B~CTCK~M BonHOBblM ypaBHe
H~RM ran~neeB~ BonHOB~e ypaBHeH~~ /3/ ~ /5/ B cOBoKynHocT~ on~

C~Ba~T ~ 4aCTH4~, ~ aHT~4aCT~4~. OAHaKo An~ 06~ero peweH~~ /6/ 
Henb3~ nonY4~Tb coxpaH~~~~~C~ TOK co 3HaKoonpeAeneHHo~ BpeMeH
HO~ KOMnOHeHTO~. n03TOMY, TaK me, KaK ~ B pen~T~B~CTCKOM cny
4ae, He06xoA~MO paCCMOTpeTb BonHOB~e ypaBHeH~~ nepBora nop~A
Ka. 

np~MeH~~ MetoA n~paKa/4/K onepaTOpy /2/, nonY4aeM ABa n~

He~HO He3aB~C~M~X A~$$epeH4~anbH~x onepaTopa nepBoro nop~AKa 

-1 -+ -+ -2 o
l1±(C)=C Y'V+C (y ±Y5)a t+Y5 ae• /7/ 

n03TOM~ ranHneeBa 4aCT~4a co cn~HOM 1/2 on~C~BaeTC~ He 0AHHM, 
a ABYM~ ypaBHeH~~M~ n~paKa: 

Q -+ im -+ 

L 1± (fi) t/J ± (t , e , x ) = 11 t/J ± (t , e , x ) • /8/ 

He06xOA~MOCTb OAHOBpeMeHHoro Y4eTa 06o~x ypaBHeH~~ /8/ cneAY
eT TaKme ~3 Toro, 4TO B oTAenbHOCT~ KamAoe ypaBHeH~e He ~B
n~eTCR ~HBap~aHTH~M OTHOC~TenbHo A~CKpeTH~x npe06pa30BaH~~ 

T~na P, C ~ T. COOTBeTCTBeHHO 3TOMY Bce ~~3~4eCK~e Ben~4~H~, 

nOCTpoeHH~e ~3 cn~HopH~X BonHoB~X ~YHK4~~, AonmH~ 6~Tb C~MMeT

p~4Hbl OTHOC~TenbHO 3aMeHbl t/J + Ha t/J _. B 4aCTHOCT~, $~3~4ecK~~ 

TOK c T04HOCTb~ AO HOpM~pOBK~ ~MeeT KOMnOHeHT~ 
·t - O - O 
J =t/J/y +Y5)t/J++ t/J_(Y -Y5)t/J-,
 

je =-C~;;'+Y5;;'+ + c2~_Y5t/J_, /9/
 

jk=c~+ykt/J+ + c~_ykt/J_
 

C ~BHO nOnO}/{~TenbHO~ BpeMeHHo~ KOMnOHeHTO~. 
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TaK me, KaK ~ B CKan~pHOM cnY4ae, An~ nonY4eH~~ ~3 napbl 
ypaBHeH~~ /8/ COOTHoweH~~ /4/ He06xoA~MO AononH~Tb ~x e~e OA
HIo:1M AH$$epeH4~anbHbIM ypaBHeHllleM runa /5/. Ilepexon OT /5/ K ypaa
HeH~~ nop~AK~ T~nanepBoro 

im 
L 1±( 00 ) t/J ±= ±1l t/J ± /10/ 

He4eneco06pa3eH, TaK KaK 3TO HapywaeT C~MMeTp~4Hoe on~caH~e 

4aCT~4 ~ aHT~4acT~4. 

MaKc~ManbHo~ rpynno~ c~MMeTp~~ ran~neeBo-~HBap~aHTH~x Bon
HOB~X ypaBHeH~~ /3/ ~ /8/ ~Bn~eTC~ rpynna 0(4,1) G T5, rAe 
0(4,1) - rpynna Ae C~TTepa ~ T5 - a6eneBa rpynna n~T~MepH~X 
TpaHcn~4~~. rpynna 0(4,1) G T5 B Ka4eCTBe nOArpynn, KpOMe pac
w~peHHo~ rpynn~ ran~ne~, cOAepm~T TaKme rpynny nyaHKape 
0(3,1) ~ T4 ~ 4eT~peXMepHY~ rRynny EBKn~Aa E(4). n03TOMY Bce 
rah~neeB~ BonHOB~e ypaBHeHH~, Ha COOTBeTCTBY~~~X Knaccax pewe
H~~ /4 ~ CBOA~TC~ ~n~ K nyatucape- ~n~ K eBKnHAOBO-~HBap~aHTHbIM 
BonHOB~M YP~BHeH~~M. B TepM~Hax A~$$epeH4~anbH~X onepaTopOB 
B~60p COOTBeTcTBy~~ero Knacca peweH~~, a TeM caM~M B~60p COOT
BeTcTBy~~e~ ~~3~4eCKO~ rpynnbl OTHOC~TenbHOCT~, MomHO ocy~ecT
B~Tb, BBOA~, KpOMe L 2 ~n~ L 1 ± t euie OA~H ~HBap~aHTHbl~ A~~$epeH

4~anbH~~ onepaTOp nepBoro nop~AKa, B~A KOToporo 3aB~c~T OT pac
CMaTp~BaeMO~ rpynn~ OTHOC~TenbHOCT~. nn~ ran~neeBO~ Teop~~ ~H

Bap~aHTH~M ~Bn~eTC~ onepaTOp ae, An~ nyaHKape-~HBap~aHTHO~ Teo
p~~ - oneparop at - c2ae ' rne c' - CKOpOCTb caer a , a An~ eaxnu
AOBO~ Teop~~ - onepaTop ato np~ 3TOM BO Bcex cnY4a~x, 3a ~CKn~
4eH~eM ran~neeBO~ Teop~~, paCCMaTp~Ba~TC~ TonbKO c06CTBeHH~e 

$YHK4~~ 3T~X onep~TopOB, np~HaAnema~~e HyneB~M c06CTBeHH~M 

3Ha4eH~RM. 

EA~Hoe on~caH~e Bcex cnY4aeB MomHO nonY4~Tb c nOMO~b~ one
paTopa 

L (a) = co S a ae - c -2 (a) 'si n a at ' /111 

B KOTOPOM yron a onpeAen~eT CTeneHb CMeW~BaH~~ Hepen~T~BIIICTC

1 
Koro BpeMeH~ t c nepBo~ pen~T~B~CTCKO~ nonpaBKo~ --e, np~4eM 

Q c 2 

ran~neeBY Teop~~ nonY4aeM An~ a = O ~ c(O)=---, TeOp~~ nyaH
m 

TT TT
Kape - An~ a =- ~ c(-) = C, a eBKn~AOBY Teop~~ - An~ a = 

TT 4 4 TT 

= 2 ~ npoaaaonsuoro .c ( ""2 ~ . 
06~y~ Teop~~ ran~neeB~X BonHOB~X ypaBHeH~~ MomeM7TaK~M 06

pa30M,3an~caTb B B~Ae C~CTeM~ A~~$epeH4~anbH~x ypaBHeH~~ 

L (a) t/J= g(t/J; <p; t , e, ;; a), 
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L n t} == gn (tli ; ep; t , e, x; a ), n = 1, 2 , /12/ 

rne L (a) It1MeeT BIt1,q /11/, L n ,qaHO Bblpa>KeHlt1eM /2/ It1nlt1 /7/, a npa
B~e CTOpOH~ 3TIt1X ypaBHeHIt1~ OnIt1C~Ba~T ,qe~CTBlt1e BHeWHIt1X none~ 

ep = (ep 1 , ••• , epN) Ha 1t13Y4aeMbll:1 BonHoBol:1 n.pOl..\ecc. Anfl c aoõonuux 
TeOp1t11:1 HHTepecH~ TonbKO ypaBHeHIt1f1 Tlt1na 

N2(a) a 2ep aep
sina (2 COSa - sina) ...0......-_+ i(2cos2a -'sin2a)N(a)r(a)-

c2 (a) a r 2 ar 

-óep= -[C2(a)coSa(coSa + 2sina)r 2(a) + f2 ( a ) ] ep , /19/ 
..... 

a B cnyuae Cnlt1HOpHol:1 4aCTIt11..\bl cnuuopu ep ±( r, x ) y,qOBneTBopfl~T
l(a)t/J=H(a)t/J, 

ypaBHeHIt1f1M
/13/ 

.......... N(a) O . aep±

L n t/J = in f n( a ) t/J , Y'V ep++--[y COSa ±Y5(CoSa -slna)]--- =
1 - C(a)	 ar 

/20/r,qe 

=ilf(a)c(a)[yOsina ±Y5(sina + cosa)! t-P 1( a ) lep±.m 11 11 
P(O)=±l1' r(4)=p(2)=O, 

YpaBHeHIt1f1 /19/ lt1 /20/ npHBo,qflT K cne,qy~~eMY COOTHoweHH~ Me>K,qy/14/ 3Heprlt1el:1	 lt1 It1MnynbCOM:
11 11 m 2r2( O) = r2( "4) = f2{ 2") = ( 11) 

N2( a) 2 
-El1(2cos2a - sina)N(a)P(a)+ E sina(sina - 2cosa) +lt1 

c2(~) 
/21/ 

f 1(a ) = ,/ r2 (a ) . ..... 

+ P 2 .-t- n2c 2( a) CO Sa ( CO Sa + 2 si na ) f 2( a) + t 2 f2 (a) = O , 
$1t131t14eCKOe co,qep>KaHlt1e TeOp1t11t1 nerKO BIt1,qeTb B HOB~X BpeMeHH~X ne
peMeHH~X 1t13 KOToporo BIt1,qHO, 4TO HepenflTIt1BIt1CTCKafl $opMyna /4/ nonY4aeTCfI 

He TonbKO ,qnfl nepBOHa4anbHoro 3Ha4eHIt1f1 yrna a = 0, HO lt1 ,qnfl 
r = N<a) ( t c O's a + C- 2( a) () s i na) , yrna ao'	 onpe,qeneHHoro ycnoBHeM 

/15/ tga = 2,	 /22/o 
T = N - Xa) (- t s i TI a + C- 2( a ) () c O S a ) nplt14eM HOpMIt1POB04H~1:1 MHO>KIt1Tenb N(a ) lt1 co6CTBeHHoe 3Ha4eHIt1e 

P(a ) y,qOBneTBopfl~T ycnoBIt1~ 
O

C HOPMlt1pOB04H~M MHO>KIt1TeneM N(a), TaKIt1M, 4TO 
o

N (aO ) f (aO ) = - p(O) • /23/
11 11

N(O)=N(-)=l, N(-)=\'2	 /16/
·24 3TOT HeO>KIt1,qaHHbll:1 pe3ynbTaT Tpe6yeT ,qanbHel:1wero It1CCne,qOBaHIt1f1. 

B 3TIt1X nepeMeHH~X nepBoe ypaBHeHlt1e /13/ It1MeeT BIt1,q 

at/J 2 . 
-= iNCa) r(a) c (a) t/J '	 /17/ m1TEPATYPAaT 
1t13 KOToporo cne,qyeT, 4TO	 1. Levy-Leblond J.M. In: Group Theory and Its Appl ication, 

11' 
ed. T.M.Loebl, Academic Press, N.Y., 1972, vol.2. 

t/J(r, T,;) == exp(iN(a) f(a)c2(a) T) ep(r, ~) • /18/ 
'\	 

2. Kapuscik E. - Acta Phys.Pol., 1986, B17, p.569. 
] 3. Kapuscik E. - Acta Phys.Pol., 1981, B12, p.81 ...... , i~B cnY4ae	 cKanflpHol:1 4aCTIt1I..\~ $YHKI..\It1f1 ep(r, x) y,qosneTBopfleT ypaB- 4. Ka pu5 Ci k E. - Acta Phy5 • Po 1., 1985, B16, p. 937 •ti 

HeHIt1~ PYKonlt1cb	 nocTynHna B H3,qaTenbCKIt1I:1 OT,qen 
15 ,qeKa6pfl 1987 ro,qa. 
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Karryc~HK 3., Xo*enH A. 
0 BOnHOBbiX ypaBHeHHHX, HHBapHaHTHbiX 
OTHOCHTenbHO pacumpeHHOH rpyrriTbl fanHneH 

P2-87-875 

PaccMaTpHBaiDTCH oo~e CBOHCTBa BonHOBbiX ypaBHeHHH rrep
Boro H BTOporo ITOpHp;KnB, HHBapHaHTHbiX OTHOCHTenbHO paCIIIH
peHHOH rpyrrllbi rammeH. Orrpep;enHeTCH HerrpepbiBHbiH rryTh rrepe
xoga OT 3THX ypaBHeHHH K penHTHBHCTCKHM BOnHOBWM ypaBHe
HHHM. 

PaooTa BhlrronHeHa B llaoopaTopHH TeopeTHqecKOH ~H3HKH 
OH5H1. 

Coo6wettHe 061tellHHeHHoro HHCTJITYT& RJXepHblX HccnellOB&HHii • .lly6Ha 1987 

llepesog O.C.BHHorpap;osotl 

Kapuscik E., Horzela A. P2-87-875 
About Wave Functions Invariant with 
Respect to the Extended Galillean Group 

We consider the general properties of the first and se
cond order wave equations invariant with respect to the 
extended Galillean group. The continuous transition bet
ween these equations and the relativistic ones is defined. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear Reaearch. Dubna 1987 >. 


