
20 Kon. 

Penaxrop B. B• Konecoaa , MaKeT P •a. <1>OMHHOtí'. 

Ilonnacaao B 1'leQaTh 14 • o7 • 87 • 
<I»opMaT 60x90/16. Oq,ceTHaR ne'l8Th. Y".-H3n.nHcToB 1,35. 

THpR)f( 490. 3aKa9 39355.
 
l'bnsTenbcKHH ornen 06'beAHHeHHoro HHCTHTYTa anepasrx accnenoaanaâ.
 

.Lly6aa MOCICOBCKOH oõnacra,
 

g7-4~ 

'f 

J1 

~ 

t(1). ~ 

llf 
1 

t Ih 

j-!l8/J/li 

'li' 
\i 
,I 

P2-87-453 

JI.C.,l~aBTlIH*, JI.r .Map.a;OBH* , r .Cvllorocaa", 
A.H.CMcaKlIH, B.M.Tep-AHTOHlIH* 

I: 

~\ 

C~EPO"~ARbHHA BA3HC 
QETNPEXMEPHoro H30TPonHoro OCUHJlJlHTOPA 

HanpaBJ1eHO B >KYPHan "TeOpeT1.i14eC KaR l.i1
 

MaTeMaTI-14eCKaR <l>1.i13H xa'
 

* ~ w
EpeBaHC~1-1 rocy~apCTBeHH~H YHI.i1BepCI.i1TeT 

1987
 

Dfi1l8AMH8HHbll 
MHCTMTYT 
RA8pHblX 

MCCleAOBaHMI 

AYfiHa 



BBe,n;eHHe 

KaK H3BecTHo/1/ KBaHTOBOMeXaR~qeCKaR 3auaqa 06 aTOMe Bo~opo~a 
I

rrpHBonHTcR K 3aua~e o qeTHpeXMepHOM H30TporrHoM ocnznnHTOpe , 7eCHH
1rrpoH3BecTH HeÓHeKTHBHoe KB~aTHqHOe ~t) - rrpe06pa30BaHHe 2 • B 

peaynbTaTe TaKOro rrpe06paaOBaRHR c~p~qecKRa, rrapa6oXBqeCKH~ B 
OnHH H3 ~yx c~poH~anbHHX 6aaHcoB aTOMa Bo~opo~a rrepexOnHT B HeKa
HOH)IlqeCKH~, ~OE:HO~ rrOJIíIPHhIit H C~POB~an:bH~ 6aSHCH qeTHPeXMepHOrO 
OCUMnnRTOpa. rro~6~ aRanH3 aToro Borrpoca 3/ rrOKaa~4 qTO Hcnonb
ayewe BO MHormc: rrpHnO]KeH~RX H OrrBCaRHHe B MOHOrpa[fJHH / KynoHoB
CRMe CwepoB~an:bHHe ~YH~H ~CKpeTHoro orrepaTopa COCTaBnRDT CrreUHaHb
H~ rro~nacc 60nee 06meft rr01IHoft CHCTeMH c~pOH~anbHHX ~YHKUHft qeTH
pexsepaoro aacrponaoro OCmm1IRTOpa. YqJJTllBaR BaEHOCTb 3THX ~YHKIUfft 

H TO, qTO OHM ~O CHX nop He HayqeHH rrpe~CTaB1IReTCH ueneC006pa3HHM 
rrpOBeCTB aHaXB3 pemeHHa ypaeHeHBR illpe~Hrepa ~1IR qeTHpeXMepHoro 
H30TporrHoro OCUZH1IRTÓpa B C~poH~an:bHHX Roop~HaTax. B rrepBOM rrapar
pa~ CTaTbH BBO~TCH qe~eXMepHHe c~pOHnaHbHHe Koop~HaTH H npH
BO~TCH RacaromzeCH HX OCHOBHHe ~TU. Bo BTOpOM rraparpaqe H3naraeT
CH MeTO~ pa3~eneHHH nepeMeHHHX, BHBOnHTCH BHpameHHe ~1IR ~OnOnHH

TelIbHOro HHTerpana ~KmeHHH H BH~e1IReTCH nonH~ Ha60p onepaTopoB, 
0~H03HaqaO ~HKCHPYDmHX c~po~anbHHft 6~3HC qeTapeXMepHoro Oc~nnH
Topa. TaM lIte BI:lBO,lU'ITCH qopMyna, caaauaamuaa c~pOB~a.lIbmnt BHTerpaJI 
~B~eHBH c HHTerpanaMH ~HEeHBH, BH~e1IffDWHMB HeRaHOHHqecKKa H ~oa
HOa rrOnHpHHit 6aSHCH. B TpeTbeM rraparpaée aanaxa O c<Ie.POH.U.8JII>HOM oa
aMce rrpHBO~HTCH R ~YM THnaM 3RBBBaneHTHHX TpeXqneHHHX peRyppeHTHHX 
COOTHomeHHI, KOTOpHM nO~qBHRDTCH K03~eHTH, orrpe~e~e pasno
zeHRR c~pOH~anDHoro 6a3Bca no HeKaHOHHqeCKOMY H ~OftHOMY nOnHpHO
MY. B qeTBepTOM naparpa4e HsnOEeH HTepauHOHHHI MeTO~ BH~ClIeHHH 

C~po~an:bHHX nonpaaOR K HeRaHOHHqeCROMY H ~OaHOMY n01IHPHOMY 6a3H
CaM. B OT1IH~e OT 06HqHoa TeopHH B03MymeHHI,3TOT MeTO~ c CeMoro Ha
qan:a da3HPyeTCH Ha BCXO~ TpeXqneHHHX peKyppeHTHHX COOTHomeHHHX. 
HeKOTopBH BH~PM~H MaTeMaTBqeCROro XapaKTepa n1IH rr01IHOTH B31I0XeHHH 
BKnDqeHa B DpHlIOliteHHe. 

''''-~_''-4", ••._-- _ 
D''hC~ni'j(Ul"l~~i KHCl1I'fYI t 
la~~iMl ~r~~~JOIIUII 
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§ I. Q8THp8XM8pHHe cWepoH8anbHH8 KooP8HHaTH 

Hcno~b3yeMHe HREe c~poH~anbHHe KOop~HHaTH orrpe~e~eHH c~e~yro

lUHM o6pa30M: 

11.,.:: ~ ~; .\;"'t .9yJn~-1 'U 30=f~~ C(1)~ ~nlfz, 
(I) 

'U~ =-1. ~S~I'I~~lf.f =- ~ ~~ w."1, ~~z "U4 

3~eCb d - cfllepoH~a.JThmlli napaserp (O~ cl <. c>O ), 11, - ~eKapTOBH 

Koop~HHaTH, a 'tl8TBepKa xoopnaaar S' L ' Lf.. H ~2. H3MeHSIlOTCH 
B rrpe~eJIax 

O!: S <:. 00) O ~ 1..f. ~ J O ~ 'f.., ~ c2'Tr) os LÇIe ~ 21r, 

Koop~HHaTH ç, '1. ' "f'-i li Y'e KaK WYHKUHH OT napaaerpa cf II 

xoopnaaar 1..( ~ HMelOT BlI~ 

clt 2 ~ = 4 u ~ -r j A6 (,.( .. -+ ~ ('tA! +.ui - tU~ - 1)~ ) ( 

de V q4 d2 + 

~ "'1 '" ..«.y' _/46<1 4 + se'IJl+l(,(l-tl~ -tli) t (2)
d 2 0(4 dZ. + 

u{ u!>t;j ~ = UL ) &~= Zf., . 

B xaxecrae e,IUJHCTBeHHoro napaaerpa, paazasasmero 6eCKOHe'{{HY1O COBO
KynHOCTb CWePOH~a.JThHHX zoopnaaar; BHcTynaeT napaserp d . 

H3 <Ix>PMYJI (2) JIerKO nozaaars , qTO npa MaJIHX d 

ch s 2(J M,~ ~t.( d- or 'OI - -<u I 

C<H.21 -- 'Ul+1.I,,2 _ 11/ + 'U/ ..J.-,'n.2 ---r 4('tI/+'IfIi)(tll+v l J 
u« 1.12. 1. criI 

OTCJJ,lla .CJIe;IlyeT, 'tITO B npenaze d ~ {) c!IlepoMa.JThHHe ~~,IUlHaTIi 
nepeXO,llnT B HeKaHOHH'tIeCKEe rmrrepc!IlepH'tIeCKBe KOop~aT~5 

u., = ·V1,'not., ,f"n<!J., U!> = 'li ClHot. ~""<Pz 
(3) 

"Ué/ = 'li CDJo(, CM~ .~ = ti -Ir'n cJ. C8I Ch 

2 

OTMeTBM, QTO 

-tm ifc/,fJ= u ) tm ~ -<'7 = CfH-<oc . (4) 
01+0d~o 

IIPH npOH3BOJThHHX 0/ BMeCTO (4) CB.H3b Me~ c~pOIi~aJIbHHMH (I) 
H HeKaHOHH'tIeCKEMB (3) Koop,uHHaTaMH HMeeT 60JIee CJIo~HHI BH~: 

-----,z 
4 112 c/, z§ = 4u -f '0 _ CM2o( )2+~nc?.(o(

de I (d2 :; 

(5 ) 

C<>j bl = ~~. -I(?r~' - C4f.?0"+ ~},Z;(oI ' 

~PMYJIH (2) n03BOJIHlOT HCCJIe~OBaTb CWepoH,uaJIDHl:le KOop~HHaTH B 
npeneae dOJIbmBX cI • JIerKo rroxasars , 'tlTO npa cI-- O'<) 

~ $ ---. :l VtI,t+ u} d ~ ~ 1+ '<'(!4e.,.u/) 
IcI d Z 

CD1 '7.~ :z r'~z+ul Â1" "1 - ;/+ 2.(ul+ttllj 

d2Jd 

OTCJJ,lla CJIe;n:yeT, 'tITO npz cf~ ex;) c(f>epoMaJThHHe Koop,IUlHaTH (I) 

rrepexonar B .uBoAInle nOJmpHlie: 

'lif = p~ Jh'n </J, u~ =fk ~'n <fJ:l, I 
(6) 

Ut.~~CfHcf., 
, J U1 =f?t C6i cf!/. I 

npHlIeM 

..f., = Vu-, Il f '11/ ) p~ = li lI!J~+tI/ . 

llPH ri::/: O , KaK 3TO CJIe";n:yeT H3 (I) J CBB:3b MeJK,lly c!IlepoJ.UtaJIbHHMl! 
H .uBO!HHME n011HPRlDIH KOop.u:BHaTaME BMeeT oozee CJIosmdt BM: 

ch.<~ '14(P/+P/) _ P!:Ji~ (e+ ~ 
d 2 ft"+~lj fil4-ftZ 

3 



~~'7 =- 4(Pl;P/J -'//4{p/1"fJ/) _ f/-P/?z-f~ (7) + 'Yl1? -m; Q ( )] XcArtl ~ - ~z S _. cÁ =: ocI Y[. d Z I1z~fJ/J fil+fl. 

IlpHBe)J.eM euie BH)J. JIanJIaCH~a B KOOp,IUmaTax: (I): 
o_,A 2 ~ (~~2~ J,Y ) ._L [- Ms ott ') }J/t02cJ:~ .f) 

,\,11'\ "1 011 l d'VI \ e ~ é'V} -+ 2 C&{?C"") 

\ 4~ l ~t. l (10)A = JJ ./-....L Q /JI, 2 t Q ) j td r: 'cJ)
drcJ,~ -(442,) I -#,2t ~ ~ 1)'; + ~"'z, ~, {.I,n2y';}'7 .+

'YV\ ~ ~ 

z - :~ -f-Q(d)]Y=O.(8) 
l \1'1'.: { -I _) o: .: -I tf ) dt. J 

+ (~z7 - cJz~f:;Brf;/ +( '/'''?7 -f- 1f,z~ <9~2. 3;r.ec}) Q (d) - C~POH;r.B..7ThHM KOHCTaHTa paaneaeaza, 
HCKJIlO'IaR 1'13 3THX ypaBHeHHa aaeprzn E ) SaKJIlO~aeM I ~TO BOJIHO

BaR WYHKI.Um 7f' ;r.01DKHa y;r.OBJIeTBOpRTb ypaBHeHHD§ 2. Pa38eJIeHHe nepeMeHHHX 

APaCCMOTpHM raMHJIbTOHHaH ~eTHPeXMepHoro HSOTpOITHOrO OCUHJIHHTO
Qy, = Qécl) tfpa B C~POR;r.aJIDHHX Koop)J.HHaTax:. Y~THBaR, ~T~ COrJIaCHO orrpe;r.eJIeHHID , 

A 

B KOTOpoM onepaTOp GV orrpe;r.eJI8H BHP8XeHHeM
J u? = -f c-h?~)

(I) ;:1.(C»f2? I 

HMeeM Q::: - / (cH-?12-('#''<fL) + cJ,~t 2.~';'.J,_21f
cI1.<t - ccf.l'7 #, -<f cP~ ê}~:; ...f,;,:/'7 f7 1:JTJ'" (9)di = - .i: L1 + Mw 2. cI~!oI,:Z~ ~d't:l'7) em2~ ~ ~ / 

+/~1~ -t C<H.ll )~ +/e-Idt _ CH!? lJ:j-l- #~U)~rf"c:J'<SC6127
(-/'~"7 #,lt7~" (~i'7 O/,l~';/~ ~4s .r;r.e HBHHI BR;r. JIanJIaCHaHa 38)J.aeTCR WoPMYJIOa (8). 

]erKo BH;r.eTb, qTO nepeMeHHHe B ypaBHeHRH illpe)J.HHrepa 

1\ KaK BRMO H3 rrpaaeneaasx <I>oPMYJI I BOJIHOBaR WYHKUHR ~ nozsaa 
df~ ~E+ aaBHCeT}) OT 'tIeTBepKH KBaHTOBIDC 'ilfceJI: roraaaoro KBaHTOBOro 't{lIlCJIa n , 

orrpe;r.eJIRDmero cneKTp 3HeprHH 
B C~POB)J.aJIbHHX KOop)J.BHaTax: pa3;r.eJIHIDTcR. IlocJIe OqeBH~oA ~TOpB

saIUm E Il = 1Iw(rz -I-Z) 

'Cf = X(S i ~) y (1; d) e: m,'l'd ''''.'l'z ~yx a3HMYTaJIDHHX KBaHTOB~ 'tIHCeJI "7~ R ~~ R cneUB<I>H~ecKoro 

2lf ,UJIH C~poH;r.aJIDHHX zoopnsnar KBaHTOBOrO 'tJHCJIa Cf ,HyM9p~9ro
 

,UHCKpeTHHe SHB'tIeHM c~poanaJIbHo:a KOHCTaHTbI pas;r.eJIeHHR Q . ~aKT
 

H pa3;r.eJIeHHH nepeM9HHHX BMeeM
 ,UHCKpeTHOCTM C06CTB9HHbIX SHa'tl9HHa KOHCTaHTbI pas;r.9JIeHHR ~ rrpH 
{flHKCIfPOBSHHOM cI He oxeaanea, HO MOJIteT 6b1Tb YCTaHOBJIeH CTaH)J.apT

-~- L (4?.sJ)() -f [MEJ~~2~ _ M~2~4~22r+ HHMM MeTo.nBMH, HCnOJI})7[~ C aTOa ueJIDD B TeopHH kYJIOHOBCKHX
.«t2~ <J 5 ~ ~ç/ _ .~ , s ClPePOH.D;a.JID/HHX (flYHlaud~ 't rrpa aaazase ypaBHeHmt, aaaaorasaax YPaB-

HeHHHM/I D • .... 
B OTJIlJlme OT raMBJIbTOHHSHa ~ ,B KOTOpoM SaBHCHMOCT}) OT 
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napaaerpa d <PHKTHBHa" T.e. HCtreSaeT npa nepexo,ne K ,neKapTOBhIM 
j:> IM..I+ 1m2'} Im,,! + It'JIal+ -<', .. , , ~ 

Koop,rumaTaM .onoparop Q peaJ!I>HO SaBHCHT OT d . B 3TOM.M02KHO 

N:l, =1Yl1z.\, 1W\z.I+.z, .. , , tt. -1h1..1 . (15) 
onepaTOp ~ B ,nexapToBu KOop,nHHaTU. OnycKa.H 3TH paCqeTu)npHBe,neM 

y6e.nHT:DCSI C",nOMOlIl:DIO ,nOBOJI!>HO TPy,noeMKHX BH~CJIemm, nepeBoMmIDC 

OKOHqaTeJ!I>HHH OTBeT: 
o" § 3. AJIreÓpa.:PI3agIDI CepepOMaJI!>HOro Óa3Hca
 
"


A ~ A 1
 I"~Q = J2.+ I1w dl!:p _ (J/lw)2c1 (12) 1. I IIOKillKeM, 'qTO BOrrpOC O pemeaaa ypaBHeHHSI
 
1; -4 ('-11 J 64 . .[,
 Â 

(16)I" 
I Q~=Q~ 
I 

MoxeT ÓUT:D CBe,neH K BOrrpOCY O pemeHHH KOHe'lHOH CHCTeMH arrreÓpan
'::;'2 A 

~eCKHX ypaBHeHHit, TO'qHee HeKOTOporo TpeX'lJIeHHOrO peKyppeHTHoroBxonautae B 3TY qopMYJIY ÓespaSMepHHe oneparopx :r H P as sa
COOTHOmeHH.H. BBe,neM ,nJIR y,nOÓCTBa BMeCTO onepaTopa ~ OnepaTOp

BHCSIT OT rrapanerpa cI li orrpe,neJIeHH CJIe,nyrolIlIDJI oopaaoa: 
A A A'

1\ = )2 + Mw dê. rjJ (17)
A .A 2 

ti 4J2= -:L (~.~ -~. ~.) --:2 (;ti.) (13)
,- ;)U'j êi t . . ',J 

t <.J t~J H OÓOSHa'tIMM COOTBeTCTBYIOlIUfe eMY COÓCTBeHHUe SHa'qeHHSI xepes ~ 'I • 
Hama sanaxa 3aKJIIO'laeTCSI B HCCJIe,nOBaHHH ypaBHeHl1SI

A 

8 2 /\t (i()Z ~2 dt?V NU)/. ?'!I. z \P .=. -- -- + ~ - .!L-- - - ~ --f 1f,(~1#11-V-f - 'Z./. (14)
.2tico ~ tlt t d ti/- ~'Z3 2 éyul 'I;

2 

;1 Y-r -= ~7 Y-'1. (18) 

.A 
Ey,neM ;n;eHCTBOBaT:D ~YMSI rrapaJIneJI:DHHMH nYT.HNni. PaSJIOXHM C~pOH

M3 (12), (13) H (14) CJIe.nyeT, qTO onepaTop éV ,neHcTBHTeJ!I>HO SaBH
,naJII>HHi daSHC ~1 no HeKaHOHH'qeCKOMY li no .nBO~HOMY nongpHoMY


CHT 0'1' napaMeTpa cf • 1\ '" A 
Óa3HCaM f7J.. H}G,IlPJIM8.f.{ nponepxa nozaaaaaer 'A qTO oneparops DI:. , J 2 H P ./ ""ol

"'7'~ t/A ..... 

KOMMYTHPYIDT C raMBJ!I>TOHHa.HOM o-r ,a orrsparopa ...:1 2 H :J> Me~ 
coooã ae KOMMTrHPYIOT. B paóoTe/6/ HaMH ÓUJIO nozaaaao , 'qTO HeKa.HOHH ~ = k~j~·qecRRa Xl ~OHHOa nOJI.HPHHa Óa3HCH qeTHPeXMepHoro OCUHJIJIJITOpa orrpe

J'1.... --1 -'" j 
(19),nempTCSI ~OJIHHM~ aaoopasa orreparopon t ~J J: ;t'''.zJ ;;t 34f} Xl 

(:J.I, P, ;[-te. J ;t~1 J . BaTOM se CMHCJIe noJIHHi\ aaoop onsparopoa 

/'')'; A ~ ~ ?. q;HKCHpyeT CIDePOH,na.JI:D~ ÓB.3HC , H3 ROTOPOro, >4 = Z VNZ XA/. 
l~1 Q' Jo<."2Jo(..~'J fi M r z· 
KaK aTO noncsassaaer <PoPMYJIa (12), OTMe'leHHHe BWIIe ~a ÓB.3X1Ca nOJIY- z
 

qaIOTCSI B npenezax MaJlHX H ÓOJThIlIRX 3Ha'lIelIltlt napaserpa 01 • CKa3aH 3~ec:D HH,neKCH, no KOTOpllM Be,neTCSI cyMMHpoBaHlIe,llPOÓeraroT SHa'leHHSI,
 

Hoe rrpKBO,nHT K CJIe.nyromeít KJIaCCH~ COCTOSIHHa no KBaRTOBHM 'q}IC ,nHKTyeMHe cIJoPMYJIaMR (15). a HeHSBeCTHHMH JIBJI.HIOTCSI KOaqxpl1I.J;HeHTU 

JIBM. OÓ03Ha'llHM qepeS;V1 II ~ rJIaBHHe KBaHTOBUe 1IHCJIa, COOT %/ H ZI(~ . íIBHIDt BM ÓaSHCOB ~. H fN npHBe,neH B
 

BeTCTByxxnHe .n:ayuepHHM OCnnJIJ.ISITOpaM t OTHeCeHHHM K KOopmmaT~/ npHJIOJKeHHH. IIo,ncTaBJISIJI (19) B (18) H HCnOJ!I>sySI (17), npliXO;n;HM
 

( U-t , U%. ) li ( 't!3 t 't4 ) t TaK 'lITO rt = /V..,+ ~ • COrJIaCHO 6, K anreÓpaH'lIecKHM ypaBHeHHHM:
 

'tilICJIa n li Iml/-+/m~/ OÓSISaHli :aMeT!> O,n:HH8.KOByD 'lIeTHocT:&, a ~~;


z 

i' 
cOócTBeHHHe SHa'lIemm oneparopoa P li J.2.. paBHH /12 -N... I Df - /Ífl-'<)]W/= ~«J ~~~ Wr/' fCJ}*P9J;FdV 
II j rj +2) t npH'lleM np:a;n;ammx ri: , Wl., II m 2 KBa.HTOBUe 

I (20) 

'qJ{c~ j II N<. rrpoóeraIOT SHaqelnm: 

, 

D 1- 'i'" 1.?(Jy.-A4ilvf' ~ ~ v/':IX; j"';(;dV. 
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Tenepb OCHOBHaR 3aAa~a CBO~HTCR K BU~CReHHID MaTpH~ 3~eMeHTOB, 

CT~ B rrpaBHX qaCTRX ypasHeHHi (20). Bocrronb3yeMcR H3BeCTHHM 
H3 6 pa3RozeHHeM HeKaHOHH~ecKoro óa3Hca no ~O~HOMY nOnRPHoMY 

(21)
~ E:zX~ = N 2 
NZ • 

,(/l. .
MaTpRUH l:. CYTb Ko~~eHTH KneÓma-rOp~aHa c ~OBOHDHO c~o~-

J . 
Hoil RBHo:M 3aBHCIDJIOCToIO OT KBaHTOBllX qHCeJI J ' #2' n.. , 111., H M z • 
flBnun B~ 3TOn MaTp~ rrpHBe~eH a rrpHn~eHHH. ITocne nO~CTaHOBKH 

(21) B (20) HHTerpanH ÓepYTCR sneMeHTapHO H oCTaeTCR BH~CnETo 

CYMMH, B KOTopue BXO~T rrpOH3Be~eHHe K03~eHTOB ~.AVzl:~z 
aa fPa,KTOpbl (Nz -M) H j (j+./) COOTBeTCreHHO. 3Ta BCIlOMora
Te1IbHaJI aanasa penaerca c rrOMOIllDIO Ff3BeCTHJ:lX!7 pexyppearmrx COOT
HomeH~ ~nR Kos~H~eHTOB KneÓilla-rOp~aHa: 

~-t) CaC~~J 4" =: J-(a- t)(a-l~-f"fl C e~-IJ d"
 
.I 8,1> c Cc - () ~o(./ ~~ +
 

~ 
~ (C-lif)(C-q) ( JJ-fC-tl)(((-~.-j'c)(a~~-c0(é? 'f-~rC+~) ? C CId"! c« (.2.c-.r)Czc +-1) y tl~'1d + . ~ 

-I- (Cfti-t-{Xé-t!--I)(c~~-a--I)(c+a-t-.r){a~-c+,z)(á~~-K) ç~ t:-.l,T 

(C_-I)2 r.<c-3) (ole --I) J Q1'~'O 
- I CJ"Ir-I-a +c){a-t+c+4) ç"'j t;5 

-------, c fi' 
=- ((d-oI+~)í~7J) Ca + 1$.Iol - ~j #-~},..8.-+1 + 

! 

f 
+ ~-fd.-f,f)(~-rj3) 

r C Ciâ"
a~~/o(+~; -t-~J,/J_-I~ 

!~l ~ I'~~J . 
W' 
\ 

H YC3IOBlUt 

Cd"
C

a.~J'.t~
L 
o<.fj!,,:d' 

HOPMlipOBKH 

C'rC 
aa/i·t,J> 

= 
l' 
CPc c ' 

f 
1 
i 

Itl-ltl

L CC'" 
G-I(I ««, ~j! 

Cd' 
CaO<'J '''p' -= ~o(' ~~'. 

I Ha 3TOM rrYTE 1IerKO ~OKa3aTo, ~TO 
'I' 

JCPj*' Í>epj I JV = .A j Ój~j+~ + jJ j -~ dJ'/) j-z + t j' cfj'. j 

J'X~ j 2 X/J; dV = CN, dN,',N,+,z + SI)AI,c:lNz',Nz -+ ~-z s~',~-.l, 
rne K03@)RI.UleHTbI J1 , b ,c H rfj orrpe.rr.emnoTcR BblPaJItermRMlI 

). - 
J 

I ' 
(j + I""'~' +1'4Az.I~l)Cj -(N~'_ 1"'21 +2Xj .+hM.~-h'''l.'+2.)(i-I''''''''+' ....!1+2)(~-j Xt\~j-t'l) 

4 (j+Z) 2 
(j+,f)(j+~) 

1>. = 
J 

rlWl"l-+ 1~~')(lnr,,'-I\t12.I)(l1+~) 

j(j+:t) 

C!'/a = - V(~-lmz.1 +:?)(M+ 1h7e.I+-<.)(n~N2-lm-lI)(n.-Nz-t!h1.,1) 

Z)Nz = 02 (A/z+.f)(n.-Na.+.f) + I?1f2 -I-m} -,z. 
. 
I " B03BpamaRCõ K nonyqeHHbIM Bblme ~Y:M anre6paH~ecKHM ypaBHeHRRM (20), 

~1' 
jj. 

rrpKXO~ K TPex~~eHHHM peKyppeHTHbIM COOTHOmeHHHM: 

[ 
.J1 j wr ~ fej + *:d.rj(j+..)-).~]jw~j+Aj-2W~-Z=O 

Z\W'lI\2.=.i 

(22) 

J 
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, t"".J •[e Nz.+~ [1/'\ Mwdl.(. ) 1\ ]Á1NZ ,,/JNz.-..l 

Alz U q + l../N + -41:; ..2~-1'Z -/\CJ IAIJ -fCAtz-.z fA't ·==0 ~J(d) = W J (R) 'lA Nz. ( cl) == 11 N1. ( R)z 
, Jo ) '1 A/20, 

Z. /1.1 A/z/ 2. = 1 . (23) 
N~ f /' r.ne 6espa3MepH1rlí napaserp R B1:lpaJItaeTCR xepea napauerp 0/ npoc

~. TO! ~PMYXO! 

K~oe H3 3THX peKyppeHTHHX cooTHorneHHH IDAeCTe c rrpH~o~eHHUM K HeMY Mw d2.
yc~oBHeM HOpMHpOBKH C~~HT OCHOBO! ~nR ~HCTO anre6paH~ecKo! cxeMH n R= 
To~oro,~60 npR6~eHHoro pemeHRH 3~a~ o C~POH~~bHOM 6a3Hce T4 

i I 
~ 

~eTupeXMepHoro OCUH~nRTOpa. 
I TaRoe 060SHaqeHHe y.n06HO .nHR paCqeTOB C~pOH,IJ;a.7.IbHOrO 6aSHca ~9KaR H B TeopHH KY~OHOBCKKX CWePOH~aHbHHX ~YH~/4{ B HameM 

II KOHCTaHTH ~ , B 06XaCTl'I 60nnmx H MMHX cI . B qaCTHOCTH,
c~yqae KBaHTOBOe ~C~O ~ ,HYMepyromee co6CTBeHHHe 3Ha~eHRR 

KOHCTaHTH paszezeaaa Â'i I paBHO 'tl1iC~Y Hy~e! yr~OBOi! ~YHKmm ~m v- (eI) ==. -drn {j', rI!) zz <p.Y("t) 01) BHYTPH HHTepB~a 0(. "1 ~ 1rl.z ,rrpHqeM ôTO llliC~O Hy~e! d~o I /<'7'"0 Jo ./o 

He MeHReTCR c BapbHpoBaHHeM rrapaMeTpa d . BHWe yme OTMeq~OCb, qTO 
npz 01 ~ o H d - 00 C~POH.na.7.Ibmrtl: 6a3l'IC BupOJK,UaeTCR B HeKaHO .s; ~ ICI):= -'In 7/ (e) x: XHHqecKHít H ,D;BO!HOi! no~mrtl:. B03HHKaeT sorrpoc: qeMY passa KBaHTO oI~ ~ f r N :A/2 0 

,12- C>C> 20BHe sacaa j o H N:J.o ,XapaKTepH3yromHe npe.ne~bHYlO KOHKpeTHyro 
HeKaHOHHqeCKYID H ,D;BO!HyIO nO~HyIO B03IHOByIO Wymm:mo, rro~yqaIOII1Y1OCR 

R3 C~POM~HOi! BOJIHOBOit ~YHKlJliIH c aanepen sa,na.HHHM 3HaqeHl'IeM 
ITpR R<'< d cnpaBe.n~BI1 paSXOJIteHHRKBaHTOBOro 'tl1ic~a Cf ? IIO.7.IbSYRCb He3aBl'IC:HMOCTbIO 'tJllIc~a Hy~e:f;i . q... OT 

napaserpa d H rrpHBe.neHHblMH B npH~OJIteHl'IH BHP~HHHMR naa WYHK.n:d "- ) 0-0 r<:» (5) S 

~j H '<"N" nerxo rroxaaart., qTO 3TH npenezsrrae 3Ha~eHHJ1 JI:l W(R.)=cF.+LW" f(
lo JJo 05=( JJo 

H paBHHN2 0 
,....,.,. " ~ "- (50) S 

jo = 29 -t I~~'I + \\V.z.l Âjo CR) =- jo (Jo+~) + Z-~ iQ R 
.5:=-.f •(24) 

l1I.?o = :2q + IW1z.\ ITO.nCT8B~ 3TH paS~OJlt8HRR B TPeXqHeHHOe peKyppeHTHoe COOTHomeHHe 

1 (22)Jnóc~e HeKOTOpHX rrpeo6paSOBaHKft npHXO,IJ;HM K ypaBHeHl'IID 
Ms peKyppeHTHHX cooTHomeHHa (22) H (23) TaKme cxe.nyeT, qTO , 

('-J' X· ' .......... C::o) It (s- q ............ (5-1)
)W ..r"'-J

J o J -f J: +~ .' + fi' W. . -+- fl W! JJ.. j j-t2,jc .I1j-2. i- 2 , jo -+ 
~'m ~ ~d"d) =)0 (.J'c +.<.) 

;
, I 

a-o I r-...... ( S--fE;,. W. ~..J\) _ ~ !(\(~-t) rv c+)
-Im ~ 9 (oI!/c/= MCA.I :l1V.<0 - n J JJ L- 1\ J W.. = o 

o t =0 e JJo01+_ 11 LI 
I 

(\.. 
)J,Mee, non3Y'JICó YCXOBRHMR 

§ 4. 06xacTó 60nnmx II Ma.JIHX d 
(s)

(o) .r ~ .vr - cf; 11 .I AIz ,'..CorxacHo (24), KOa~UHeHTll Wq R C/T 9 BMeCTO '1 MOxmO 
~, 

W., .= 0rJ J W:· - s o 
JJo o 1 d ' 

H~epoBaTó HH,neKCBMH )0 R ~o • BBe.neM 060SHaqeHHR I 
I 
I 

1110 

http:W(R.)=cF.+LW


I 
·1 
I 
I 
I 
I 

aHanOrBqHUMH TeM, ROTopHe BCTpe~aroTcH B TeopHB B03MymeHH~, nerRO 
I 
I 

nOJIyqaeM rrpH R» 1. <Ix:>pMY1IIl
"- (!!.) r- (~-I) W,...., (s-~) . I.llOKa3aTõ qx,PMYlIY, BllPéUtaIOlIlY1O Â, QepQ3 \'11. B " 

)0 J. I" J~. }..± Z l'
W I ):~o (d) _ J1IúJ 2114 - n e-:cl2 -""li 4'~c;.) _ r"J ('>-'0 W(~-~) (s-4) (	 cl 2 

jo - Ajo Wj c; ,j,,-t.1.. +	 Ajo- z jOI~-Z + bj .. j"jo 
I 

rv /;- J: 
~ :; ~ = Z'N'Zo .-1- J.-(t() ~ L~-< f'Nd> --l - ~ ÃN4 +:l ]H3 KOTOPO~ rrocze CTaH.llapTHHX Bl::llJHClIeHJ1~ ClIe.nyeT, ~TO npz 12 «« i. 

1\ _. (' +") + Mw d 2 (' 'W1~I-+/\tlz.1J(lh1z/-lm"')/" - Jo Jo '" -- - +	 jJ-S
Jo t\ ~ joCjo+-Z)	 IIOrrpaBKH õozee BI:lCOKOro nopsnsa no R S (R« -I) J1
 

(R »;» f) Bl::llJilCJIH1OTCH aHalIOrHllHHM oopaaoa.

( ,M w \~ [ (A ' ~ 2 Y~ (A, )2J+	 1\ -; 64 J~ -, Jc
 

Jo jo+:l 3aKJIIO~eHHe
 

Bo BBeneHBH YEe .roBOp:rInOCb o TOM, qTO C~pOBnaJIõHH! Cía3MC aTOMa 
Bonopona oCípa3yeT cneUMaJIõ~ nO~JIaCC CWsPOJ1naJIbHOrO Cía3Hca qeTa

':=: peXMepHoro H30TponHoro OC~lIlIHTopa. 3TO CBH3aHO c TeM, qTO ~~ ê} ,q:. ~ cp, + Mw i: [ (k\cp, - (k-)er. Z 
~ jo Jc 1\ ~ j o ) Jc-z lo-t-.2.. Jo+~J. npeoopaeoaaaae HeCíBeKTImHO. Ilpaaana oroopa, n63BOJIHIOfltHe Bl:l)leJIHTõ 

H3 ocnaanaropaoro caaaca óa3HC aTOMa aonopona.nonrxeaa B paóoTe{3/ 

lfCClIe.nyeM rerreps oozacrs CíOlIõlllHX R. • IIpH R>'7d, nOlIõ3YHCb IIOJI:ó3YHCb -3THMM' np8.B11J[W'JlM, aerxo nORa3aT:Ó, qTO BI:J~HClIeHHI:Je B paÓOTe/8/ 
pa3lI0l1t8HBRM:rI cwepOHnalI:óHI:Je nOnpaBKH K c~epJ1qeCKOMY J1 napaCíOJIJ1qeCKOMY Cía3HCaM aTO

Ma BO.llOpOna nOlIyqaroTCH H3 ~PMYJI nOCJIe.llHero nap~pawa KaK qaCTHUe 
r- N o-co ......... rS)


UNo e: (R) = Z UNz R S	 clIYQaJ1. 
l.o .5=0 z ... N MI:J ÓJIaronapHI:J M.B.]yneHKo, ].M.lloHOMapeBY H C.M.BHHJ1UKOMY 3a 

rrOJIe3Hl1e OÓC,YJKN.lHHH.
~	 ""= ~r'J 5"'N.o (R) = (.(f'\.1,o-n) -f Z Â"'2. R	 IIpBJIOJlteHHe

R 
S::."f nnH U8JIõHOCTH :rI nOJIHOTI:l H3JIOJlteHHH llpHBeneM MCnOJIõ30BaHHyro B 

TeK CTaT:óH HH~pMauMID o HeKaHOHHQeCKOM J1 nBOMHOM rrOnHpHOM Óa3H:rI peRyppeHTHHM COOTHomeHHeM (23), rrpHXO~ R ypaBHeH~ 7CTeC~ ~:
 
02(~ _~o)Urs) _ _ "-('i>--f) """{"S-'1) a) HeKaHOHHqeCKHn óaSBC
 

~At2o - L~ tI~+.z ~o - C/fI; _.? ~_~ ~ +
 
I ~ , ~o 

CP; := CPn~f z 
(u)ot) tP". ~);: R.nj (-u) >11n~""z (o(, t,P.,. ~)}h'l 

""'- íS--f)	 'Js-.f "'" <5-.(-1) c-«:
-9Nz~,~o 

-f- L.. Â N, tí'N,,~.,f-=:o	 "(IZ~' '17~ (r> )./ _.12 
2 1(% ~R, .(-u) ==- .2J2 . T	 +-1/. r oc ~ c? ,;ZFf{!:i./~.z)'..I2~t/2

'Y ! /h.-,j J) . (j +.f)/	 <. ,/ 
MS ROTOPOro c nOMOlIlbIO	 YCJIOBd ,j 
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(mA/,/trilo/ ih1.q>,,+i.mz'-fa
 
.(41n.rJ..)'tfI4 

/ (c»fot)lm;d p. (em .2~) e
 
J-Il1tAI-I....zJ 

<. 

r,ue -1 F-( - BHPOJK,1J.eHHaR rznepreOMeTpH'tIeCKasI iPYHKlUUI, Ptz.o<.I f> - noaa-
HOM íIK06H. 

ó) ,uBoAHOA nOJIHpHHa óaSHC 

N 1\/ ,,"4""2 r
 
/lNz. =-= ÁN....vz. (f-" <f.,j fz., 'fi?) =
 

z:	 .Mw' (~(J2.\ f C~oe.)e;mAl{lA+ ~\\'I~~l. 
rt i,v,,'Yl1.., 1\)0{) tNzmz 1;\ )G
 

tJ +\\011') \ J.I,/2 - 'X%l
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B)	 CBH3D HeKaHOHHqeCKoro 683Hca c ~oAHHM nOJIHpHHM 

~j == Z E~~'YNz. 
Nz
 

Ne.. K-i-4 Nr. _1""'&\ C,r
 

Ej = (-~) C a.~; B'f>
 

a;:: ,1\0\44' -+ IlMe.1
c·= 'JI.z. 
<. 

a == n -lm"I+lmzl DL -= ,IV.! 'J1.- /m"I-Ih1z. / 
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~ )	 .::{ 
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11. -I /w..,I-I-/Md
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c~ 
3,ueCD xepes Cao{ tfJ3 Oó03Ha'tJ:eHbT ,oaMJmweHTbT I{JIeÓma-rop,uaHa, 

~ 'lI onpe,ueJIeHHHe B cor~acHH c MoHorp~HeA 7/. BBH,Ily OTMe'tleHHOa B~e 
O,uHHaKOBOa treTHocTH QHCeJI 1Z H Im~/"f 1117.:1 ace napaMeTpl1 B 

C d~~ d,tJ JIBJUIlOTCR ueJIHMH. .rrHÓO nOJIyneJIHMH llliCJIaMH. Hazoaeu, OT-
MeTHM, QTO oóa rrpnBe,ueHHHX Bum8 ÓaSMoa OpTOHOpMHpOBaHl1 no BceM 

irl ICBaHTOBI1M QnCJIaM. 
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1. 3KcnepHMeHTanbHaR ~H3HKa BWCOKHX 3HeprHH 

2. TeopeTH4eCKaR ~H3HKa BWCOKHX 3HeprHH 

3. 3KcnepHMeHTanbHaR HeHTpOHHaR ~H3HKa 

4. TeopeTH4ecKaR ~H3HKa HH3KHX 3HeprHH 

5. HaTeMaTHKa 

6. RAepHaR cneKTpocKonHR H paAHOXHMHR 

]. ~H3HKa TR*enWX HOHOB 

8. KpHoreHHKa 

9. YcKOPHTenH 

10. AaToMaTH3a~HR o6pa6oTKH 3KcnepHMeHTanbHWX 
AaHHWX 

11. Bw4HCnHTenbHaR MaTeMaTHKa H TeXHHKa 

12. XHMHft 

13. TexHHKa ~H3H4ecKoro 3KcnepHMeHTa 

14. HccneAOBaHHR TBePAWX Ten H *HAKOCTeH 
RAePHWMH MeTOAaMH 

15. 3KcnepHMeHTanbHaft ~H3HKa RAePHWX peaK~HH 
npH HH3KHX 3HeprHRX 

16. ~03HMeTpHR H ~H3HKa 3a~HTW 

1], TeopHft KOHAeHCHpOBaHHOrO COCTOftHHft 

18. HcnonbsoaaHHe pesynbTaToa H MeTOAOB 
~YHAaMeHTanbHWX ~H3H4eCKHX HCCneAOBaHHH 
B CMe*HWX o6nacTRX HayKH H TeXHHKH 

19, 6H~H3HKa 

~asTsH n.c. H AP· P2-87-453 
CcpepoHAanhHhiH: 6asHc t~eTbipeXMepHoro 
H90TpOITHOrO OCQHnnHTOpa 

BBeAeHhl t~eThlPeXMepHhle ccpepOHAanhHhle KOOPAHHaThl. Hsy
t~eHa ITOJIHaH CHCTeMa ccpepOHAanhHbiX BOJIHOBbiX cpyHKJ.VIH tleTN
peXMepHoro HSOTponHoro OCJ.VIJIJIHTopa, o6o6~a~~as ccpepOHAaJih~ 

HhiH 6asHc aToMa BOAOPOAa. BbiBeAeH cnen;HcpHtleCKHH ATIH ccpe
POHAanhHoro aHanHSa HHTerpan AB~eHHH, Ha OCHOBe KOTOporo 
npoBeAeHa anre6paHsaJ.V~H pemaeMo:ii SaAat~H. IlpeAJ10)KeH HTepa-i 

I 
J.VIOHHhlH MeTOA Bhl'IHCJieHHH ccpepOHAanhHbiX nonpaBOK K HeKaHo-1 

HHt~eCKOMy H ABOHHOMY nonspHOMY 6asHcaM t~eTb~eXMepHoro 
H90TpOITHOrO OCIJ;HJIJIHTOpa. 

Pa6oTa BhliTOJIHeHa B na6opaTOpHH TeopeTHtleCKOH cpH9HKH 
OIDIH. 

llpenpHHT 06J.e,o;HHeHHOrO HHCTHTYT8 HJJ;epHbiX Hccne.u;OBaHHH. ):ly6Ha 1987 

IlepesoA O.C.BHHorpaAOBOH 

Davtyan L.S. et al. P2-87-453 

Spheroidal Basis of the Four-Dimensional 
Isotropic Oscillator 

Four-dimensional spheroidal coordinates are intro
duced. Complete set of spheroidal wave functions of a 
four-dimensional isotropic oscillator generalising a 
spheroidal basis of a hydrogen atom is studied, The cons~ 
tant of motion specific for the spheroidal analysis and 
making the basis of algebraization of the problem in 
question is introduced. The iteration method is proposed 
for calculating spheroidal corrections to the noncanonic 
and double-polar bases of the four-dimensional isotropic 
oscillator. 

The investigation has been performed at the Labora
tory of Theoretical Physics, JINR. 
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