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BBe,n:eHE'e 

[
l B nporpaMMe óY~~ HCCRe.n:OBaHH~ Ha LEP Ba&HOe MeCTO OTBO,n:HT

CR ~~KOBO~ WH3HKe Ha ManHX paCCTORHHRX~ B qaCTHOCTH ~H3HKe TOnO
HHR I . MnTepecHo B STO~ CB83H BHHCHHTb,HaCKORõKO qyBCTBHTenbHH ~H
3HqeCREe aaóHD,n:aeMRe B KBaHToBon MexaHHRe K H3MeHeHHID nOTeHnHana 
Bónn3H Haqana KOOp.D:E'HaT. 

B HacToHme~ CTaTbe STO~ BOrrpoC E'CCne~OBaH B rrpocTo~ Mo,n:enE 
CHHrYnHPHOro JmHe~Horo OC~nnflTOpa 

2 XZU(x) = ~~ ;- 52 d'Oe) 

MHmMH cnOBW8H, K raMHnbTOHHaHY nHHe2Horo OCUHnnRTOpa ,n:06aBnfleTCH 

,n:enbTa-oÓpa3HIDi 'qJIeH V(x) == I~ cf rx), H BHRCH.fI8TCR, K KaKHM H3MeHe
HHRM B SHepreTHqeCKOM CrreKTpe OC~nnRTOpa rrpZBO,n:HT TaKaR ,n:06aBKa. 

I. BomroBIle <PYHKUHH 

YpaBHeHZe illpe,n:HHrepa ,n:nR cHarYnRPHOro nHHe~Horo OCnzRnRTOpa 
MOllteT 6hITb npeoõpaaoaaao K BH,n:y 

~cp(~) + {~+ t .. ~z - ~ cf(1) Jcp (~) = O . (I)
d22 

S,n:eCb rrpHHRTH OÓ03HaQeHHR 

:l = ( 2\W)~/:z X 

:>-=L_-L
t\w Z 

~/z. 

~ =- J2 (~\ 
1\ -\:.w) 

JIE'Heihio-He38.BHCEMJDAH pemeHRHMH ypaBHeHHR (I) IIp.H I~l =1= O HBJISIIOTCH 

lPYHRnBH napaõozavecxoro mmmmpa 1)).(~) H 0>.(-.l') , TaK lITO 

I 
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I 
1cP-\ = ArJJ). (~) + f) 1). (-s) s » O , 

(2) 

<r~ = C O').. (~) + E flJ}. (-~)) ~ <. o . 

i 
7PemeHHH (2) .nODEm y,noBJIeTBOpHT:b CTaH,I(apTHHM YCJIOBIUIM: ;~ 

s: ep.(~)=O, (3)
lo 

1~I~oo 

C 

t'M <P" (~) ':= t'm cre (~) =- ~ (O), 
(4) 

ii! ~ 0+ ;;("TO

( d<l>"! \ _(~CP2)=Õ<P(O). (5)~ z )~.O+ J.;e: ~ -0,

2/Ms aCHMllTOTMqeCKHX WOPMYJI/

~2./ 

rr. ( ) - /
4 r "r'C>"O '" 

'IJ).. ~ ,~e Z 

e i1iÃ o (~) ~--- VZ1r .l.~ -}.-~ 
" {""'C-À) e ~ 

CJIe.nyeT, qTO YCJIOB:He (3) coõzonaerca JIIDII]) ITpH & = C = o 
TB.KIDJI OÓpasOM , 

<p-1(~)==A(/J).(~), ~/O 
(6) 

<P1. (z) 0= E 1J')-(-~) ) Z «: o 

~YHKUHH QJ).(~) BupaxaeTcH qepes BHPo~eHHHe rEnepreoYe'l'p~qeCKHe 
iIlYHKJ~}u/2/: 

~h. -~~ f r(41z..) f(- ~ J-. ;;(2.) ° 

ClJ" (~) = z e Lret) 2' 2- '::lo + 

3. ,r(-'V;z) F(~ z.. j!,z)J
+ '{J:. r(-~) 2.. I 2 ' 2.. (7) 

IIpMI IJ;eJ@!; HeoTpHuaTeJIl>HHX À= Ar . (j]). (:f:) CB.aSaHa c nOmlHOMaMfl 

3pMHTa/2/ : 

- ~ - .i!~4 ( ~ )
(jJN (z-) = -Z e H V2. . (8)w 

Tenep:O,YqETRBaff (7) :H (4),HMeeM 

A-E o=- o (9) 

r(Az>') 
BOSMOXHH ,nBa cJIyqaa: 

a) À = 2"" -+ 4 ) n = O, A,2 I ' 

6) A= t . 
B cnyqae a), KaR aTO cnenye'l' DS (8) II (6), 

-Io\-.!. - t:% ()
C{)" = A2, e e "-I ~\2"~~ ~ ,~> o , 

_~_~__ ~z~l\ (~_) 

CPe_ = - E Z z: e ilZ'I.-H V?:/ 1 s co . 

IIo,ncTaBJm.H 3TH WYHKIJ,lUi B (5) H rrOMH.H, ~TO B CJIyqae a) cp (o) = O , 
noJÍyqaeM, lITO A=-- E . I1T8.K, B cnysae a) COCTO.R:HRfI CHHrYJISiPHOro 

OC~JIn.a:Topa COBn~aDT c Heqe!HHMH COCTOHHBRMM o6~oro XHHe!Horo 

OCI4HJIJIHTOpa: 

".;' _ ~w x z 

m<-> ( ~) 4 ~ e 2~ \1 Co ~) (10)
'\ (x) =. '2.\t+\ V~ X 

}.. 1r\\ ~.2.2~+~(2Vtt~)! i • 

B ClIJ1Iae 6) BOJIHOBM iIlyHKIJ.RR: (6) lIeTRa no ~,H MO!tHO sanacars 
e,mmol (popMynoi!: 

cp}(t) (x) = A([)).. (I ~I) . (lI) 

3.2 
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2. 3HepreTH~ecKM~ crreKTp r , ITOSTOMY MO~HO C~eJIaTb CJIe~e oomEe BHBO~: 

d a) nepBOHa~aJThHO Boso~eHHHe ~eTHHe ypOBHH À{O) = 2,4,6••• 
"'IB rrpe~ymeM rrynRTe MH BaHCHEHM, ~TO He~eTHHe COCTORHHH HH

H T.~. npn BRHID~eHHH ~eJIbTa-rrOTeHI.:(HaHa npeoõpeeanr ~OOaBRH, HMeIO
He~Horo OCnERnHTOpa He pearHpyroT Ha BKHID~eHMe ~e~Ta-oopasHoro l~ nae SHaK napase rpa 'O ;
nOTe~aHa. HHaH RapTHHa Ha6HID~aeTCH ~nH ~eTHHX COCTORHH~. B CaMOM ;1 

Cí) C pOCTOM I~ I STH BOSOYJlt,ll;eHHHe ypOBIrn	 llpHOJI.IDJta1OTCR .I< 
~ane, MS (11), (7) H YCXOBHH (5) xerKO BHBO~HTCR TpaHCne~eHTHoe t: 

He~eTHHM ypoBH.HM ~ = 3,5,7 PI T.~. H Â = 1,3,5 H T.~. ~nH 
ypaBHeHHe 

Õ'> Q H ~ <. O COOTBeTCTBeHHO;,lt, r.r(~)	 B) HOpM8XbHIDt ypOBeHb OCIJ;3JIJIHTOpa ').,(0) = O c BOSpaCTamIeM O-o :=	 (12) I' ncsanaerca E rrplIOJIIDRaeTCR K nepBOMY He~eTHOMY ypOBHID Â (o) = 1; . 
~ Ir(- ~) 
I', r) rrpn lI'3MeHeHHH Q B CTOPOHY OTpmJ;aTeJIbHI:lX	 '3Ha"tlemm 

orrpe~eXHIDmee '3aBHCnMOCTb sHepreTH~acRoro crraRTpa,OITHCHBaaMOro BanHO

BHMH WYHKI.U1.HMM (11), OT napaaerpa C ' a cxe~OBaTeJIbHO, 111. JL 
11;3 (12) CJIe~yeT, ~TO npa O-=- O HH,IteRC À npoceraer HeOTpE'D;a-

TeJIbHHe ~eTHae '3Ha~eHER. SaBECRMOCTb rrepBIlX ~eTHHX ypoBHeJ 

À(o):= O II À(O)= Z OT napaaerpa (( COrJIaCHO (12) asocpase

aa Ha pECYHKe. llpn HSMeHeHEH napaMeTpa Õ OCT8XLHHe BO'3~ 

oYJK,I(emme ypOBHE' c rrOJIOjItRTenHOH ~eTHOCTbID, ~nH KOTOpIlX ~(o)= 41~)"" J 

Be~YT caca B Ra~eCTBeHHOM OTHomeHHH TaR 2Ka, RaR E ypOBeHb '>..(0)::::. 2 

HOpMaJIDHIlH ypoBeHb nOCTerreHHO rrOHPI2KaeTcR":H npn }= r", =-0 16 BXO

,IWT B ~eJIbTa-odpa'3Hyro HMY E ~aJIeeyxo,n;HT""BHE'S (Eo"" - oc) 
~) npz 101= e-o rrpOE'CXO~ET CJrnRHHe ~eTHI:lX Bos6YJK,I(eHHHX 

ypOBHeJ c He~eTHHMH, T.e. OOpaSYIDTCH ~YXKpaTHO BNPO~eHHHe aHOM~

HHe ,I1;Jm o~HoMepHoH RBaHTOBoft MeXaHE'KH ypoBHE SHeprHH. .AHOMMbHI>d! 

ypOBeHb BO'3HEKaeT Ta.roIte B npe,neJIe" o= o<) rrOCJIe C1U'IJ1HHH HOpMaJIb

soro ypOBIDI OCIUJJIJI.R:TOpa c ero rrepBRM He~eTHIDA ypOBHeM 'À= 1- • 
HapR,I(Y c (IO) aHOMaJIbHOMY ypOBHID COOTBeTcTByeT"tleTHaH BOJIHO

BM WynKD;HR 

( ~ ~ -~xz. 

<p'\+) (x) = (J;~~ J e''''
lo 

Hz..« Ut'{ IX1) (13)11	 
/\ I' VI.) 22..~4(2.,+~)! 

1!
 
À II
 

I- 3. ITa,n;eHEe Ha n;eHTp 

r IIpE' o- - - ~ HOpMaJIbHIlli ypOBeHb t: o -- - 00 , T. e. tUlCTIID;a 

nanaeT Ha n;eHTp. llOI~eM, ~TO B03MOjItHO rrOJIyqHTD HB~ BH~ WYHRIJ;HE 

I'P/ 2 
B STOM' npenezrsnos CJI~ae. IIO~~HIDA BOJllIOBYIO <i>ymo:uno (11) 

YCROBHID HOpMEpOBRE 

c>'""

1 ~ \ (l) (+) 2. 
) T ~ (x) I dx=:1. 

o	 -00 

r
 3,neCD MO~HO BOCrrOJID30BaTbCH <I>oPMYHO~/3/
 
-:	 00 

I,	 ~ \q\ (,,) \2 01 X': ==- ff *(~)"-,*(-1) , 
i{' r (->.)
! 'I:.	 o 

IIO,IUUfCb R pHCYHKY: 3a.BHCJlIMOCTlJ lIH,IJ;eKCa /- OT napaaerpoa O' 
('00 = -0,6) ijl	 B KOTOpO~ ~ - STO JIOrapE~E"tleCKaR npOH'3BO~aH raMMa~~H, 

H onpe.n.eJillTb HOpMHpOBo~Hit MHOjItHTeJIb A: 
1.t 

1~ 

4	 'I 

I; 5 
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(+) Y.Lf{. )112qJ (x) =- (~ l-tw~ r (-:>-) () (11:1) (14) 
T" 'l~) t(-l:z?)-'t(-t). '). 

IIepe~ei B (14) K npeztezy t -? -. 00 , r ,e , K \-,.--<>0. TaK Ka.K cor
JIaCHO 3 

Q) (:l) t:'; .s.. e-'N2.(_À)'>YZ.e-MI~\ 
). '{Z 

TO	 1'13 aCHMrrTOTM~eCKoro BHPa&eHKH ,nJIfl raMMa-WYH~E/2/ 

r'(-,.) .~-=;.:~ Y;; ê i- ( _ »).- À'- ~ 

H qx,pMymi4/ 

tr(~) :t~c; ~(j  t 
a TaK&e rrpe,ncTaBJIeHHR .neJIDTa~~M B BM,ne npe.neJIa rrOCJIe,nOBaTeJIp
HOCTM 

P -2M/i!/ 
-t1m Õ e = J(~) 

!).. -,ao- - 000 

nerKO nOKa3aTb, ~TO 

(+) 12 
~h'\ ~ cp}. ()() = d (x) 

À -?" - 00 

3TO cooraoneaae roBOpHT o TOM, ~TO npa 0-- - 0"0 ~aCTltU;a JIOKaJIH
3yeTCH B naxaae Koop.IUYHaT. 

3aKJIlO~eHMe 

HaMH ,nOKa3aHO, ~TO ,n06aBJIeHHe ,neJIDTa-06paSHoro B3aBMo,neftcTBHR 
JZ. cf'C>t) IIOmIOCTbJJ M€HReT cneKTpOCKOTIIDO ~eTHllX COCTOmId mmeiilIO

ro	 OC~JIJIHTOpa H B HeKOTOpHX rrpe,neJIDHHX CJI~aHX, O KOTOpUX no~6
aee roBOPJl[JIOCb BHJIle, rrpHBO,nBT K B03HBKHOBeHHJD ,1LBYXKpaTHO BHPO~eH
HHX aHOMaJIhHHX ,nnH O.nHOMepHO~ KBaHTOBO~ MeXaHEKH ypOBHe~ 3HeprBJI[ 
H K na,neHHID ~aCTH~ aa ~eHTp. ~R3H~eCKaR npH~Ha TaKKX H3MeHe~ 

Iq)OeTC.a:	 B SIBJIeHJlf.ffX orpaseaaa H aaxsara B CHHrYJIHPHOii TO'tIRe x ~ o 
(CM. rpaHE~Oe YCJIOBHe (5)). llOJIyqeHHHe pe3YJIDTaTH Ka~eCTBeHHO 

coarrananr c TeME, KOTOpHe B3BeCT'HH B aaaaorasaoã sanaxe O BJIIDIHEB 

Id .neJIhTa-06pa.s,oíO nOTeH~aJIa J2.. ó'(x) aa ypomm 6eCKOHe'tlHOn nOTeHli 

:I 
nRaJl1lHOn SIMR 5 , 11 3TO COBIIa,neHl'Ie cBH,neTeJIbCTByeT 06 06UUiOCTM 
c,neJIaHHHX HaME BHBO.nOB. OTMeTHM eme O,nHO EHTepecaoe HBJIeHHe, B03
HHKaIDmee IIpH nO.nRnro~eHHH K HCXO.nE~7 raMHJIbTOHHaHY CHCTeMH KOpOTKO

I i,	 ,neRcTByIOmero IIpHTIDKeHHa: B paoore 6 ,nOKa3aHO, ~TO B Mo.neJIH 0,nH0
MepHoro 60se-ra3a .no6a.BJIeID'le TaKOro Bsa.mno.nencTBlIIR Bcer,na npHBO,I(HT 
K 06pa30BaHHID 603e-3MHmTeiHoBCKOfi Ko~eHc~n. HalII60JIee HpKHe

11 
~epTH 9HHrYJIHpHoro OCnEJIJIaTOpa - HaJIJ1(llEe ~yxKpaTHo BHpo~eHHHX! 

I 
ypOBHeii R naneaae aa nearp -' rrpKCYIItH nOTeHIUiaJIY U =- - ol/t'X I, O~/

!I' BalDmeMY TaR Ha3HBaeMIDi "o.naOMepHllH aTOM Bo,nopo,na,,/7/. B pa60Te 7 
6HJIO ,noKaSaHO, ~TO YTBep~eHEe ?,eBHpO~eHHoCTH ~HcRPeTHoro cneKTpaI 
B O,nHOMepHOii KBaHTOBOn MeXaHHKe 8 He aBJIaeTCa cTporKM E HapymaeT
ca, ecza nomoc nOTeHInIaJIa aBmIeTCH onaospeaeaao HYJIeM BOJIH~r 

WYH~I, KaK 3TO HMeeT MeCTO B "o,nHOMepHOM aTOMe Bo,nopo.na" 7 H 
B CJI~ae cmrrYJI.aPHOrO OCIWJIJIRTOpa (CM. (10) H (13). C CIDrTMeTpHWol 
TOllKH 3peHHjI IIpH-qm{a ~yxKpaTHOro BHpolE,1J;eHM cnesrpa B nOJIe ti= - ol..líXI 
aarcnosaerca B HaJIH1{lIfH rpymrn: ,1U'IHa.Ml'I~eCKOR cRMMeTpHH O(Z) , IIlnwymel 
"o.naoMepHoMY aToMY Bo,nopo~a" B 06JIaCTH ,n:Pfc&peTHoro cneKTpa/9/ . 

MH caaronapns C.H.BmIlIIWtOMY, JI.l1.lloHoMapeBY, Jl.r•Map,nomIY H 
BJI.B.llano.HHY sa mnepeCHlle 06CptJleHHa. 
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H3ABTenbCKHH oTnen 06beAHHeHHOro HHCTHTYTB HAepHYX HCcnenoaaHHA 

ABaKHH M.P. H AP· 
CneKTpocKonHH CHHrynHpHoro nHHeHHoro 
ocu;HnnHTopa 

P2-87-324 

IloKa3aHo, '-ITO BKDJO'leHHe AenhToo6pagHoro qneHa ~X)=flO(x) 
rno6anhHO H3MeHHeT cneKTpOCKOllHJO nHHeHHOrO OCIJ;llllDHTOpa 
H B HeKOTOpb!X npeAenhHb!X cny•IaHX npHBOAHT K o6pa30BaHHJO 
aHOMaiTbHb!X AJIH OAHOMepHOH KBaHTOBOH MeXaHHKH. ABYXKpaTHO 
Bb!pOJKAeHHb!X 3HepreTH'leCKHX ypoBHeH H K na.p;eHHJO 'laCTHIJ;bl 
Ha u;eHTp. 

Pa6oTa BbmonHeHa B J1a6opaToPHH TeopeTH'leCKOH ll!H3HKH 
Ol-UUf. 

IlpenpiDiT 06'be,llHHeHHOro HHCTHTyTa R:,llepHbiX HCCJie,llOBlUUUi:. L(y6Ha 1987 

IlepeBOA f.f.CaHAYKOBCKOH 

Avakian M.R. et al. P2-87-324 
Spectroscopy of a Singular Linear Oscillator 

It is shown that the delta-shaped term V(x) = Qo(x) 
changes radically the linear oscillator spectroscopy and 
in some limiting cases leads to the production of anoma
lous double degenerate energy levels for the one-dimensi
onal quantum mechanics and to the falling of a particle 
onto the centre. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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