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o© 06ieA~~HblH 'l?IÍCTHTYT lI.a;epllblX HCCJJ~OD8.HIdí ,Uy6H8, 198 1 

1. KBapKOBaR xronem, mpOHOB, a TaK)Ke BbltIHCJIeHHH B peWeTOtIHOM 
KBaHTOBOM XpOMO,lJ,HHaMHKe /11 YKa3bIBalOT aa 3cPcPeKTHBHoe yr-reasurenae 
paaxrepnocra npocrpaacrna, 3aHHMaeMOro anpoaaoü MaTepl1eH 01' rpexvre
pHH na MacwTa6e 0,1 cPM no onaor-repaa na MaClllTa6e 1 cPM, Coaperaemn.re 
nanexcrsr na nocrpoeane 061Je,lJ;I1HHIOllJ,eH TeOp1111 acex B3aI1Mo,neHCTBI1H 11 
HenpoTUBOpetIl1BOM KBaHToBoH TeOpl1H rpaanrauaa OCHOBaHbI na TeOpl1HX 
KaJIYUbI - KJIeMHa 11/I1JII1 peJIHTI1BI1CTCKOI1 CTPYHhl /2/. Ha ,n:aI-IHOM arane 
pa3Bl1THH reopna CTPYHhl HCCJIe,nYlOTCH aonpocsr pacxozraxrocreá 11 aHOMa
JIHH, napyurenaa CHMMeTpl111 11 KOMnaKTl1cPl1KaUI1H npOCTpaHCTBa 11 ,nPY
rae. TIp06JIeMa I<OMnaKTl1cPI1KaUI1I1 HBJIHeTCH np06JIeMOH CHJIbHOH CBH3H /3/ , 

n03TOMY He06xo,nI1MbI neneprypôaraansre MeTo,nbl BhltIl1CJIeHHH /4/. 

B ,lJ;CUIHOH paõore MhI 06CY)K,lJ;aeM np06JIeMY KOMnaKTHcPl1KaUHI1 npOCT
pancrna na OCHOBe Mo,neJIH rasa tIaCTI1U, B3aHMo,neHCTBYIOW;I1X xepea BHYT
penaae, CKaJIHpHble (diepr-raoaasre H 6030HHhle) H rcarraõpoao-nrsre crene
HH CBo60}J;hl. <1>OPMYJIHPyeM npHHIJ;Hn cTa6HJIbHOCTH, I<OTOphIH c noraoutsro 
ypaBHeHHR COCTOHHHH rasa npI1Bo,nHT K ycrroaaro , onpenenmoureray paar-tep
HOCTh npocrpaacrna, aaaar-taevroro CHCTeMoH. AHanH3HpyeM Mo,neJIH CJIytIaM
HblX nOBepXHOCTeH H ypaBHeHHH peaopr-irpyrmsr (Pl") , ortacsraarourae 
peJIHTHBHCTCKYIO CTPYHY BO BHeWHHX norrax. TIoKa3hIBaeM, tITO npeoõpaao
BaHHH Pf' npHBO)J.HT K 113MeHeHHIO c MaCWTa60M tIHCJIa BHYTpeHHHX crene- . 
HeH CB06o,nhI H pa3MepHOCTH npOCTpaHCTBa. PaCCMaTpHBaeM rppaxransnsre 
MHO)KeCTBa, annpOKCHMHpYIOllJ,He npOCTpaHCTBa c HeueJIOtIHCneHHOI1 pasxrep
HOCTblO. Onpenenaevr pa3MepHOCTh CHCTeM c <PnYKTYl1pYlOW;HM tIHCJIOM 
COCTaBnHIOW;HX. I1pHBO,n:HM acnoraorarensasiã MaTepHaJI 1'13 cPpaKTaJIhHOrO 
HCtIHCneHI1H. 

2. HCCJIe,noBaHHe npoõnesrsr KOMnaKTJ.HpIH<aUI1H HatrneM c 06cY)K,lJ,e
HHH cnenyromero aonpoca: "TI04eMY npocrpancrao HMeeT TpH H3Mepe
HHH?" /5/. }lBe HeB3aHMo,neHCTBYIOI..IJ;He tIaCTHUbl orrpenenmor onaor-tepnoe 
npOCTpaHCTBO, TpH CBo6o)J;Hhle tIaCTHI.~bl, B 06w;eM nOJIO)KeHHH, onpenena
101' ABYMepHoe npOCTpaHCTBO, uersrpe tIaCTI1UhI \- rpexr-iepaoe npocrpan
CTBO H r.n. Ho tIHCJIO tIacnu:( BO BCeJIeHHOH orporano. KaK YCTpoeHO B3aI1MO
,n:eHCTBHe H KaK nOJIYtIaeTCH, tITO BMeCTO oacanaer-roro B crryxae CBo60,nHhIX 
tIaCTHIJ; or-por-nror'o tlHCJIa H3MepeHHM npOCTpaHCTBa HMeeM acero JlHWb 
TpeXMepHO~ npOCTpaHCTBO? Caoôonm.re, nanpnr-rep 6030HHhle, CTPYHhI 
cyw;eCTBYIOT B ,nBa,IJ,uaTHweCTHMepHOM npOCTpaHCTBe MHHKOBcKoro /2/ . 

YtIeT B3aHMo,neilcTBHH ,[(on)KeH npaaoznrrs K 3cPcPeKTHBHOH: nersrpexxrep
HOM TeopHH nOJIH aa 60JIhWHX paccTOHHHHX. 

Mt.r nonoánexr K peuiemno np06JIeMhI KOMnaKTHcPHKaul1H (np06J1e
Ma KOHcPaHHMeHTa, nO-BH,nHMOMY, HBJIHeTCH qaCTHhIM CJIYtlaeM npO?Jle
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MhI KOMnaKTH4JHK~HH) c nOMOmhIO MeTO,D;a peaopr-rrpynnst (Pl") /6/, 

KOTOphIH n03BÓJlHeT nepexornrrs 01' MaJIhIX MaClllTa60B K 60JlbUHIM M, pac

CMaTpMBaH yrcpynaeaasre tIaCTMUhI (~Ba3MtIaCTMUhI, COCTaBHhle tIaCTMUhI), 

ztepacars MaJIhIM lJMCJIO (rcpyrmsrx) tIaCTMU. B aatuer-r paCCMOTpeHM:H pasr-rep

HOCTb npOCTpaHCTBa na 3a,n;aHHOM MaCW1'a6e onpe,D;eJIHeTCH TeM, CKOJIbKO 

MMeeTCH CJIa60CBH3aHHhIX tIaCTMU. CJIe,D;OBaTeJIbHO, pa3MepHOC1'b 

npOCTpaHCTBa onpe,D;eJIHeTCH ,D;MHaMMKoj{.. B KatIeCTBe Ma1'eMaTMtIe· 

CKOH MO,D;eJIM npOC1'paHCTBa-BpeMeHM 06hItIHO paCCMaTpHBaIOT (nceano) en

KJIM,D;OBO MJlM (nceano) pMMaHOBO MHoro06pa3Me. Flpencrannaer 
mrrepec paCCMOTpeHMe õorree 06mMX MaTeMaTMlJeCKHX 06beKTOB - ,n;HcP

.	 cPepeHUMaJIbHhIX npocrpaacra 17/, xoropsre 06be,n;HHHlOT MHOiI<eC1'Bq c paa

HOH TOnOJIOrMtIeCKOH pasxrepnocrt.ro *. <I>M3MtIeCKOe npocrpaxcrao onpene

JlMM KaK no,n;MHOJKeCTBO Ma1'eMaTMtIeCI<oro npocrpaacrsa, 3UHMMaeMoe 

4JM3MtIeCKOH cacreraoü, OTMeTHM, tITO OTCYTCTBMe MaTepMM B Hel<OTOpOH 

tIaCTM N MaTeMaTHtIeCKOrO npOCTpaHCTBB B par-ncax ypaBHeHHH lllpenanre
pa MOJKHO 06eCnetIM1'b, nOJIOneMB fl :::I fl (x) ... O, npa x Ç, N". 

Ilorte, coanaaaer-roe cTaTMlIeCK:HM TOttetlHblM 1-tCTOtIHH1<OM B d-vrepnoxr 
npocrpaacrae, ormcsraaerca ypaBHeHHeM 

(.~. d - fl 2) <p (x) = g ôd (x)	 (1) 

M HMeeT BH,n; 

<jJ(x) _ ge-flX Ix d-2 ,	 (2) 

B3aMMo,n;eHCTBHe (B peHopMMpyeMhIx I<BaHTOBbIX roopanx nOJIR) rrpnao

,n;MT K TOMY, tITO HCTOllHHI< "oneaaerca Wy60H", a CTOnotiHUl1 3aBMCMMOCTb 

B (2) CTaHOBMTCR HeueJlOtIMCJleHHOH H aaaacsuieã OT Mocw'fa6a, ttTO c n03M

UMH caoõonaoro ypaBHeHHR (1) cooraercrayer HeUCJIOllHCneHHOCTM pas

MepHocTH npocrpaacrna "uryfisr" B orcpecraocra MCTO'lHHI<a. Cne,D;OBaTeJIb

HO, MhI MOJKeM MeHHTb c paccroauaevt ,D;HHaMMI<y (B39JiMo.neticTBMe, KOH

CTaHTY CBR311), OCTaBJlHH reoMeTpMIO HeH3MeHHoH, JlH60 ae MeHRTb zuraa

MHKY (HanpHMep, cB060,nHaR reopaa) , HO MeHflTb (cPpaKTaJlbHYIO) reo

MeTpMIO. Pa3YMHo "nepeaoznm-" B CTPYKTYPY npocrpancraa "OCHOBHYlO" 

sacrs B3aHMo,n;efIc1'B11H, a no OC1'aJIbHOH tIaCTH npHMüHHTh TeopMIO B03MY

meHMH. Hanpaxiep, CMJlbHOe B3aHMo,n;eHcTBHe B, KXn Ma MacwTa6e 1 4JM 

y,n;06HO omrcsraars c nor-roursro )l.BYMepHoH TeOp:HH, a nepasiã nopnnox 

reopna B03MymeHMH - o,n;HOrJlIOOHHbIH 06MeH - oõocneuar JIHHeHHO pa

cryutaii c paccroanaere n01'eHUHaJl, tITO npaaonnr 1< I<OH<tJaHHMeHTY· 4Hcno. 

BaJIeHTHhIX KBapKoB B Me30He paBHO ,n;BYM, tI1'O COOTBeTcTByeT o,n;HOMepHO-

MY npOCTpaHCTBY· 
Tlpa nocrpoeuaa e,n;MHhIX reopaü KaJIYUhl - KJleHHa /2, HCXO,n;R1' 113 

rcrraccauecxoro ,ll,efiC1'BHH ,n;OCTaTOlJHO npocroro BH)l.ll (conepncainer-o (cynep) 

* 3ru 3aMeIJaHWI (i03IlUJ(I/U (3 xoàe oõcyscàcnuú c I7.MYllh1'OJlCW(CI<UM. 

2 

.r'
 
rpaBMT~MOHHoe nOJIe H HHor,n;a CKaJIRpHhIe, KaJIH:6pOBOlJHhIe H cnaaopasre 
nOJIH) B MHorOMepHOM npOCTpaHCTBe. YlJeT KBaHTOBhIX 34J4JeKToB (MJIH 

rrpenrronar-aerca, mm nOKa3bIBaeTCR/8 / ) npaaonar K nepecrpoürce HC

XO,D;HOrO npOCTpaHCTBa B npOCTpaHCTBO M4eK , rne M4_ tIeThIpexMepHoe 

npocTpCUiCTBO MMHKOBCKoro, K - KOMnaKTHcPHlI,HpOBaHHoe npocrpaa

CTBO ,D;OnOJlHHTeJlbHhIX H3MepeHHH. "BbICB060iK,UeHHhIe" KbMnoHeHThI 

MeTpMtIecKoro TeH30pa HHTepnpeTHpYIOTCH KaK KaJIH6pOBOtIHhle H MaTepH

ansasre nOJIH. TaKMM 06pa30M, na np06JleMY KOMnaKTHcPHKalI,HH MO)KHO 

CMOTpeTb, KaK na CJle,D;CTBHe OTJlHtIHH (CHMMeTpHH) OCHOBHhIX COCTOHHHH 

KJIaCCMtIeCKOH H COOTDeTCTBYlOmeH KBaHTOBOH CHCTeM . 

IlYCTb HMeeTCH KJlaCCHtIeCKaR CMCTeMa, onHChIBaeMaJI Ha60pOM KOOP,lJ;H

HaT q n H ,lJ;eiíCTBHeM S(q) , 06JlMaIDmH.M HHBapHaHTHOCTblO OTHOCHTeJIbHO 

npe06pa30BaHMH 

(3)dq n -. G nm (q) dq m ' 

BBe,lJ;eM MHBapHaHTHYIO KBaII.paTHtIHYIO <POPMY 

dI 2 = dq T nm dq 
n m ' 

rne npn rrpeoõpasoaaaaax (3) 

T ~ (OT)-l TO- l , 

Onpezrenasr HHBapHaHTHYIO Mepy 

1/2
dq =: (detT) I Il dq .• 

n n 

Torna KBaHTOBoe onacaane, 06JlaII.aIDmee HHBapHaHTHOCTbIO (3), ocymecrn

JlHeTCH c1'aTcYMMOll: 

z = (dq e-S(q) , 

rne KaK r-repa, TaK H ,D;ei1cTBHe MMelOT C11MMe1'pHIO (3). Ho ,lJ,JlH HHBapHaHT

noro KBaH1'OBOrO onacaaaa nocraro-mo COBMeCTHOH HHBapHaHTHOCTM r-repsr 
M ,D;ei1c1'BHH. Harrpar-rep, cTaTcYMMa 

z = ( n dq e -s eU (q) 
n n 

r,D;e 

S a!! = S(q) 
1 

- 2' Tr lnT • 

HMee1' cHMMeTpHIO (3). MhI 6Y,D;eM Tpe60BaTb HHBapHaHTHOCTH OTHOCHTeJIb

HO MacllITa6Hhlx npeo6pa30BaHHií, tITO, npnaener K COOTHOllIeHHIO, onpene

JlHlOmeMY paaraepnocrs npOC1'paHCTBa B 3aB11CI1:MOCTH 01' ,lJ;MHaMHKH. 

3 



3. PaCCMOrpI1M rtpoõner-iy I<OMnaI(THQJHI(Su,HH na rtpar-íepe rcaaaro
BOti CTBTHCTHtleCKOH MeXaHHl(H CI1CTeMbl, COCTORl:IJ,et% H3 N tIaCTI1Q, B3a11MO

,neticrBYIoIllI1X c noraoursro cxanapasrx BHYTpeHHHx creneaeá caoõozn.r 
cP ~ 1,5. a $.n . Ilycrs cacrer-ia HBXO,ll;l-ITCR B d-MepHoM npocrpaacrne npa 
rcoaeuaoã TeMneparype T. Ortacanne CHCTeMbI ocyurecrarraercs c nOMOI..I..J;blO 

CTaTCYMMhl /9/ (nocryrrar I'aõõca, ePopMyna <I>eHHMaHa -1(aua) : 

x i (O) = xl em 
ZN = tre -a/T r n d dx i J ndcP~'x 

1 

1 S i S N 1 < a < n 

{3 mi 2 
}

x exp - .r dt [ ~ __1 + L CU' 
I 

(cP ~ - <P ~ ) 2] , (4)

{ o 1 2 1 <j l J 1 J
 

rne t3 =l/'r; aarerpan õeperca no nepl1o.nl1t1eCKI1M rpaeKrOpl1HM Xi (O)=xi c13) ; 
rconcraarsr CBH311 - Beca cu ij onpe.nenHlOrCH 113 reowerpaa CI1MnneKCHOH 

peuierrca, nocrpoennoã na ro-ncax {X i } /10/ , 

V ij 
I x. - x . I,cu ij eij I 1 J
 

Eij
 

V lj - 06'heM .nYaJIbHoro K pe6py (ij) (d -1) -r-repaoro CI1MnJIeKca. Beca wi i 

oõnanaror caoácrnaxrn ozraopoznrocra: ~ 

cu lj (ex) = a d - 2 ú) 1j (x) . (5 ) 

,1J,JIH .naBJIeHI1H CI1CreMhl I1MeeM /9/ 

aF Na (6)P = T --lnZ -C--)av N av T 

rne FN =-TlnZ - cB060.nHaH aaeprna, V - 06'heM CI1CreMhI. Zlanee /11/
N 

aZN 1 {azNca,m)} (7) 
~- = - ---,.-- av dV aa a == 1 '
 

rne Z (a ,m) - crarcyvrraa nameii CI1CreMhl nOCJIe YBeJII1t1eHI1H JII1HeHHhlX 

paasrepoa B a paa. C yueror-r caoücrna (5) 113 onpe,D;eJIeRI1H (4) cneziyer, 

tiro 

d - 2 n 2dn - -2- n Z (1, ma ).Z N (a , m) =a N (8) 

4 

Ih cooraouienaü (6) - (8) norryxaer-r 

PV = j{T(1 - (1 _ !.) ~ _ 2K) (9)
d 2 .e ' 

rne 11 =N·N f3' N f3 - tll1CJIO Y3JIOB na orpeaxe (O ,(:3) npn .nHcKperI13aU;1111 

CYMMhl no rpaercropaar-r (4) . 

"2/1 T 1 mil 
K < F dt (- }:, --) > O. 

011 21 

ECJII1 npeaeõpevs no·CJIe,lJ.HI1M cnaraer-rsrr-r B (9) - craraxecxoe npI16JII1)Ke

nae, nOJIYtll1M ypanneaae cocroanaa azieanr.aoro r-asa. B paBHOBeCHI1 I1MeeT 

r-recro cooraomenae ,I 12/ 

a2F(j~) -(...,....-) < O (10) 
av T 8V2 T ' 

ro ecrs , eCJII1 I1MeerCH B03MO)KHOCrb H30Merpl1t1eCKorO pacmapeaaa, rtan
JIeHl1e yr-reasuraercsr. COCrOHHI1H c P <O B npapozre cyutecrayror , HO OHI1 

r-reracraõarrsnsr. YCJIOBl1e P = O MhI 6y.neM naasraars YCJIOBl1eM Cra6HJIb

HOCrl1. 113 cooraomeaaá (6), (10) cnenyer, tiro cB060.nHaH aaepraa era
6HJIbHOH CI1CreMhI ar-reer 'MI1HHMaJlbHOe snaxenae. 113 ypaBHeHI1H cocron
HI1H (9) 11 YCJIOBI1H cTa611JIbHOCrl1 B crarasecrcor-r npl16JII1)1(eHI1I1 norryuavr 

2n 1 1 1 
d I1JII1 -+- (11) 

n-2 d n 2 

Orr-ternr-r, tiro B nonxone KI1Herl1tIeCKOH 11 repMo.nI1HaMI1t1eCKOH I1H

repnperauaa anrerpapyer-rsrx HeJII1HeHHhlx CI1CreM /13/ Cra611JIbHhlM COJII1

~OHHhIM COCrOHHI1HM cooraercrayer YCJIOBl1e P = O. ECJII1 COJIl1rOHHaH KOH

ePl1rypau;I1H I1Meer MaJIYIO ar-mnaryny, ro P> O 11 co aper-reaera COJIl1rOH 

YBeJII1t1I1BaerCH no Cra611JIbHOrO COCrOHHI1H. ECJII1 ar-mmrryna ôorrsuraa, 
ro P < O 11 COJIHrOH yr-rensuiaerca. B 060HX CJIytIaH;X CI1CreMa npnxonar 
B COCrOHHl1e c p = O. 

. C rOtIKI1 3peHI1H KBaHrOBOH reopaa 113MepeHI1H I1JII1 BOJIHOBOH Onrl1KI1 

pa3MepHOCTb accneziyeraoro ofit.ercra 3aBI1CHr or paapenrarorneã cnocoõno
era npaõopa. JII060H npOrH)KeHHhIH, cocraaaoü oõsexr I1Meer HYJIbMepHYIO 

crpyxrypy B npenerre "60JIblllOrO" I1JII1 "MaJlOrO" paapeuieaaa. B npor-re
xcyrouaoà 06JIacrl1 paapeurenaa paar-repaocrs OrJII1t1Ha or HYJIH 11 MO)l<er 

npl1HI1Marb paansre 3HatleHI1H annors no paar-repaocru 06'heMJIIOIllerO npocr

pancraa. Hanpnr-rep, anpon npn paspeiueaaa 0,1 <pM npencrasnaer C060H 
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raa rouexasrx QaCTI1U - napTOHOB. 1141; npa paspeiueaaa nOpR.D;Ka 1 epM 
anpox - rrporrraceaasiã oõsercr c aeayneaoã paavrepaocrsro ("cTpYHa", 
"srenrotc"}, npn õonee cnaõor-r paspeureaaa BI1.D;HM onars TOlletIHYIO tIaCTI1
uy, TaI,HM o6pa30M, uenecooõpaaao anenenae pasr-repaocra, 3aBHCHll.(eH 
OT r-racurraôa, <! = <t(a) ,I 15, 1tV. Henenosacneaasre 3HatIeHI1R pa3MepHOCTI1 
npocrpaacraa MO)KHO nOHI1MaTh KaK rpopvam.noe aHanl1TI1QeCKOe npozion
jH:eHl1e 113 uerrouacneaasrx , aHaJIOrl1tIHO TOMY, KaI< 3TO nerraerca B par-ncax 
TeOp1111 B03MymeHI1H B r-rerone f -perynHpl13aUl1l1/171 11 B npl16nl1meHI1HX 
Bapl1aUl10HHOrO 11 cpennero nona B peuiero-nroâ TeOp1111 nona 118/. TIPOCT
pancraa c aenenouacneaaoü paar-repaocrsro MomHO peanasoaars KaK eppaK
ransnsre MHO)KeCTBa 1191 . 

113 COOTHOllleHI1H (11) BI1,nI1M, lJTO ecrra pacrer n , TO d yvrensuraer
CH - npOI1Cxo,nI1T KOMnaKTl1cPI1KaUI1H. 3Ta KapTI1Ha COOTBeTcTByeT I1HTYI1
TI1BHOMY npe,nCTaBJIeHl11O (KarrI1UhI-KnetíHoBcKOH KapTI1He KOMnaKTI1
ep1'Ucaul1l1) : tIeM 60JlhWe npOCTpaHCTBO xor-maxradnmapyerca, TeM õonsure 
BHYTpeHHI1X CTeneHI1H cnoõonsi. YM rHhWeHl1e d \, 2 ,nOCTl1raeTCH npa n Ix>, 
cnenoaarensao , CI1CTeMa (4) (B'CTaTl1tIeCKOM npl16nl1meHI1I1) 113 epa3hI 
d > 2 ne r-roxcer nepeirra B rpaay d < 2. TIpl1 d ,= 2 11 K = O P> O. 3HatIeHI1e 
d ;:: 1 cooraercrayer n = -2, TO ec'rs )J,BYM epepMI10HHhIM CTeneHHM CBo6o)J,hI. 
Booõiue, nrra npoaanonsaor-o tIl1cna 6030HHhIX 11 epepMI10HHhIX creneaeü 
caoêozn.r ypaaneaae COCTOHHI1H I1MeeT npemHI1H BI1.D; (9) C TOtIHOCThlO sar-te

Hbr n na n err = n b - 2nr ' rne nb - tIl1cno 6030HHhIX, 2nr - rpepr-raornn.rx 
creneaeü caoôorrsr, 3HatIeHl11O d == 1 COOTBeTcTByeT nb = 2(n r - 1) , n r 2: 1, 
ycnOBl11O d == O - paaeacrao epepMI10HHhIX 11 6030HHhIX creneaeü CBo6o.D;bI, 
n 2n r . TIpl1 3TOM zteücraae I1HBapl1aHTHO OTHOCI1TenbHO npeoõpaaoeaaaâ 
cynepcI1MMeTpl1l1,cMewI1BalOmeH: epepMI10HHhIe 11 6030HHbIe CTeneHI1 cnoõo
zn.r. Cnenoaarensao , KOHepaMHMeHTY, TO ecrt. CI1TyaUI1l1, rcorzia cyurecrayer 
MaCWTa6, aa KOTOpOM CI1CTeMa BbIrnH,nI1T KaK TOlJetIHaH, aynsr-repaaa, 
COOTBeTcTByeT ycnoane cynepcnr-rr-terpaa. 

B OTCYTCTBl1e 6030HHbIX creneneá cnoôonsr 

b = 

2n r .:; 2 • 1 < d (12) 
n + 1r 

Cornacao (11) 113 cyurecrnonauaa COCTOHHI1H c n = n c 11 d = d c cnenyer 
cyurecrnoaaaae COCTOHHI1H c n =d c 11 d =n c' 

B3aI1Mo,neHcTBJie c rror-roun.io KaJII16pOBOlJHhIX norreã BKnlOtII1M, zioõa
BMB B netícTBl1e cnaraevroro /10 I (o603HatIeHI1H crannaprm.re /40 I) 

1 - L co A Re tr ( 1 - v ~) ,
g2 ~ Ll 

rne aecazo ~ rpeyronsnstx nnaxerorc onpenenrnorca cornacao 

V'ik
úJ (x i' x j , X k) = _.1 __
 

Li ijk
 

V ijk - 06"beM nyansnoro K nnarcerrce (ijk ) (d -2) -r-repaoro CI1MnJIeKCa; 
~ ijk - nrroutans nJIaKeTKI1 (i j k ). TIpl1 wracurraõm.rx npeo6paJOBaHI1HX 
Beca y,llOBJIeTBOpJlIOT CBOMCTBY O,nHOpO,nHOCTI1: 

úJ ~ (a x) = a d-4 ál ~ (x) , 

tITO n03BonHeT, noaropna rtpensrnyuree paccr-rorpenae, nonyuars. ypanaemre 
COCTOHHI1M 

PV ==j{T(1- (I _ !.) ne !! 2K 4
(13)+(--l)A),

d 2 d d 

r,ne 

1 1/T 1 
A <2 r - 1 <llLi Re tr ( l - vL\) > o 

g o j{ ~ 

cpenaee ,lleMCTBl1e KaJII16pOBOlJHOrO norra , npuxonaureeca na O,llHY tIaCTI1UY. 
113 YCJIOBHH cTa6I1JIbHOCTl1 nOJIYtIaeM 

2n eU - 4K + 8A
 
d
 

n eU + 2A - 2
 

(14) 

2d (1 - A) - 4K + 8A
n er! --------- 

d - 2 

Heoõxonar-n-rr-r ycnonner-r ,nOCTl1mI1MOCTI1 3HalJeHHH d;:: 2 npa KOHelJHhIX 
3HatIeHHHX n flBJIHeTCH YCJIOBl1e k == 1 + A. YCJIOBHIO d == 1 cooraercrnyer 
n r + 2K == 1 + n b/2 + 3A.B OTCYTcTBHe MaTepHaJIbHbIX rrorreü B CTaTl1lJeCKOM 
npH6nH)KeHI1H npa d < 4, P > O 11 I1MeeT MecTO pacurapeaae. TIpH d > 4 H 
A > d/(d - 4), P < O I1MeeTCR KOMnaKHfepI1KaUHH) npa A :5 d/ (d-4) P ~O, 

}lJIH ,UeTaJIbHOrO KOJIHtIeCTBeHHoro aHaJII13a COOTHOWeHI1H (14) Heo6xO,UI1MO 
npOBeCTI1 tIl1CJIeHHhIe 3KcnepuMeHThI MeTo,UaMI1 BhIlJHCnHTeJIhHOH KBaHTO
BOtí reopan nOJIR 1201. B CJIYtIae KXn Heo6xo,UI1MO YTOtIHI1Th aaury MO
nern.. YlJeT cnnaa epepMHOHHhIX KBapKoB y,n06HO nponorurrs B reor-rerpase
CKOM rronxorre /21/, Ilpa npOBe,neHHI1 QUCJIeHHbIX 3KcnepHMeHToB cnenyer, 
MOHOTOHHO MeHHH d , BhItIl1CJIHTh KI1HeTJ1lJecKYIO aaepraro K H KaJII16pOBOtI
aoe ,netí:cTBl1e A lJaCTI1U (9), (13) 11 CpaBHJ1BaTh npaayro qaCTb paBeHCTBa 
( 14) co 3HatIeHI1eM d , TIpa YCTaHOBJIeHHH paaencrna norry-raera Kpl1Tl1lJeCKOe 
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3HatIeHI1e )J)IR pa3MepHOCTI1 npOCTpaHCTBa. CTa611JIbHhIM COCTORHl1flM CI1CTe

MhI COOTBeTCTBYlOT Te Kpl1Tl1tIeCKl1e 3HatIeHI1R ,lJ,JIR d , rcoropsre Y,lJ,OBJIeT

BOpRlOT YCJIOBl1lO (10), TO ecrr, aa KOTOphIX IJ;OCTl1raeTCR MI1HI1MYM CBO

60,lJ,HOH aaepraa. B CJIYtIae KXll zmrr MaClllTa60B nopaznca 0,1 $M ,lJ,OJI:>KHO 

nOJIYtrnTbCR d ~ 4. ,UJIR xracurraõoa nopaznca 1 $M O:>KI1,lJ,aeTCR 3HatIeHI1e 

d ~2. 

4. I1MeeTcR CBR3b Me:>K,lJ,Y KBaHTOBOH reopaeü nOJIR, CJIYtIaHHhIMI1 

Kpl1BhIMM 11 nOBepxHocTRMM. <l>YHKJJ;l1lO I'paaa MaTepl1aJIbHbIX nOJIeH MO:>KHO 

npezrcraaars c nor-roursto CYMM no CJIYtIaHHhIM rpaexropaara, aa xoropsre 
. npa HaJIl1tIl111 KaJII16pOBOtIHhIX nOJIeH HaTHrMBaIOTCH CJIYtIaHHhle nonepx

HOCTM /22/. CJIYtIaHHhle nOBepXHOCTI1 Onl1ChIBalOT TaK:>Ke ,lJ,I1HaMI1KY rpa

HI1QhI Me)K,lJ,Y paansrraa TepMO,lJ,HHaMl1tIeCKMMI1 cPa3aMI1 aeurecraa M pOCT 

(nOB_epXHOCTI1) KpI1CTaJIJIOB. TeOpl1R peJIRTMBMCTCKOH CTPYHhl /2/ , B03HMK

nraa aa OCHOBe ,lJ,YaJIbHhlX MO,lJ,eJIeH CMJIbHbIX B3aMMO,lJ,eHCTBI1H, TaK)Ke RBJIH

eTC.fI reopaeü CJIYtIaHHhlX nOBepXHOCTeH. 

KOBapl1aHTHaR, KaJIM6pOBOtIHO-I1HBapMaHTHaR, BTOpMtIHO-KBaHTOBaHHafl 

nOJIeBaR reopaa CTPYH c B3aMMO,lJ,eHCTBMeM ente CTpOI1TCfl /23/. B nozrxone 

nepna-nroro KBaHTOBaHMR S -MaTpl1I.J;a reopan CTPYHhl npe,lJ,CTaBJIReTCH 

tIepe3 xoaraayansnsrã MHTerpaJI no ncer-i nOBepxHOCTRM 11 TOnOJIOrMflM. 

Hanpar-rep, ,lJ,JIR 6030HHOH CTPYHhl /24/ 

s == ~ úl r dg (C) f dxjl (O x (15) 
rr mn 

no TononorHRM 'I' 

x exp { - _1_ r d 2c_l vi detg- g mn à x jl à x } x
 
41Ta'" 2 mn m n jl
 

x IJ r d 2 (i V i (( i ' P i n i)t ,
 
1 .:S i.:S k
 

rne x u (O , jl == 1,2, ... d - KOOp,lJ,I1HaTbI CTPYHhI; BHeWHl1e tIaCTI1QhI BBO

,lJ,RTCR c noxromsro BepIllMHHhIX $YHKJJ;I1H Vi ' JIOKaJII130BaHHhIX B pasasrx 
TOtIKaX MMpOBOH nOBepXHOCTM. ECJII1 B (15) OrpaHl1tIl1TbCR aepumaar-nr 

õear-racconsrx COCTORHMH, MO)KHO nOJIYtIMTb 3$$eKTI1BHOe ,lJ,eHcTBMe ,lJ,JIH 

3aMKHYToH CTPYHhI, JIeTRllJ,eH nan $OHOBhIMM nOJIRMI1 /25/ : 

_L r d 2t.:"JgR(2)'<1J (16)s ==.!. r d 2( à xjlKmoa XV + 
2 m jlV n 4 TT ' 

rne T = 1/2rra' - aaraaceuae CTPYHbI; K mn :=- j-g g moO +€moB . í: (x),
jlV V 1LV jll' r LlV 

BjlV(x) 11 'ctJ(x) - COOTBeTCTBemiQ rpaBI1TaJJ;110HHOC', TeH30pHoe aHTl1CJ.1MM(~T· 
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pMtIHOe 11 ,lJ,MJIaTOHHo'e $OHOBhIe nOJIH. ,ll.eHcTBMe (16) onpenenaer 0606

llJ,eHHYW a -MO,lJ,eJIb B ,lJ,BYMepHOM npOCTpaHCTBe. 

,ll.JIR cTa611JIbHOCTI1 CI1CTeMbI He06xo,lJ,MMa xracurraõaaa I1HBapMaHT

HOCTb CTaTCYMMhl * , tITO npHBO,lJ,I1T K 3aH1JIeHM1<Y CJIe,lJ,a TeH30pa 3Heprl111 

MMnYJIbCa 11 l/r-$YHKJJ;1111 peaopr-rrpyrmsr /25 : 

Tt/;<1J ~'<1l (17)32" (d - 26) +djl 

1 2 1 1 2 1 
+ -- { (V ,«)) - ~<1l - - R + - H t + 0(-)

417' 2 4 48 T ' 

t/;G ~~ 0jlV == RIJV- ~ HjlfX1H~ + 2'1jl'1V <1J + C( ~) ,jlV 

'P 1r/J B == JL~B (V - 2( V '<1J)JH + 0(-) ,pI1V djl ~LV p jlV T 

H PIJII vp B jlV -\- Vjl Bv P -I- Vv B Pjl • 

3aMeTI1M, tITO nOCTOHHHoe snaseaae pa3MepHOCTM d = GIJV GIJV ne npOTM

BOpetIMT ypaBHeHI1RM (17). B OTCYTCTBl1e BHeIllHI1X nOJIeH 113 nepaoro YPaB

,HeHI1R (17) CJIe,lJ,yeT d == 26. ,ll.JIR 3aMKHYTOH 6030HHOH CTPYHbI B rpaan
TauMOHHOM $OHOBOM norre B O,lJ,HOneTJleBOM npl16rrl1:>KeHHI1 

O 
t/; jlV = R jl1l • (18) 

YtIeT noaepxuocreü C TOnOJIOrMeH Topa npHBO,lJ,MT /27 I K $OHOBOMY npo

CTpaHCTBY,lJ,e-CI1Tepa: 

2g 2A 
R ---O (19)

1J1I d -2 uv , 

r-zre A - KOCMOJIOrMtIeCKaR KOHCTaHTa, g - CTpYHHaR KOHCTaHTa CBR3M. 

1'13 (18) 11 (19) nOJIYtIl1M 

K/<d-2') 
Guv (jl) = (IJ / u: o) G 1J1I (jl o) . (20) 

*MaCLUTa6Hafl U KOHrpop1l-fHafl CUMMe1fJUR, ueoõxoàuuan õn» HenpOTUGOpeIlU80i?O 

KlWHtocauus, esauuocessanu /26 ( 
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-;1 

li: ~~ 

CJle.nOBaTeJlhHO, npn K >< 0, d >< 2 no I<:OHCTaHTe CBH3H 0I1V HMeeM HH<ppa

I<:paCHYlD CB060.lJ,Y. ,IlJlH reTepOTHnHOH CTPYHbl /281 ypaBHeHHH (17)· rtonort
HHIOTCH ypaanenaer-r .lJ,JlH l<:aJIH6pOB04Horo naeuraero nOJlH 1251 : 

I1d a V a 1t/J a --A V F 1111 + O(T) . 
11 dl1 fl 

YCJlOBlm cTa6HJlhHOCTli, t/J = 0, B O.lJ,HOneTJleBOM npH6JlH)KeHHH npHBO.lJ,HT 

I<: JlHHeapH30BaHHbIM I<:JlaCCHlIeCI<:HM ypaBHeHHHM .lJ,BH)KeHHH .lJ,JlH BHeIIIHHX 

nórreü. Y4eT BhICIIIHX nonpaaotc .lJ,OJl)KeH npHBO.lJ,HTh I<: HeJlHHeHHhlM ypaaae

HHHM ,UJIH BHeWHHX norreà. CJle.lJ,OBaTeJlhHO, ypaBHeHHH .lJ,BH)KeHHH reopna 

CTPYHbl BO BHeWHHX nOJlHX npe.lJ,cTaBJlHIOT C060H aHaJIOr acnoraorarerrsaoã 

CHCTeMbl JlHHeHHhlx ypaBHeHHH reopan narerpapyerasrx HeJlHHeHHhlX CH

CTeM /29/* . 

,lJ.JlH pa3MepHOCTH, 3aHHMaeMOH CTPYHOH npOCTpaHCTBa, HMeeM 

R H 2 1
d = 26 - -~ ((V <1J) 2 - ~<1J -I/T +0(--)-4+n 48 T2 

,IlJIH nexoropsrx 1<:0Mnal<:THhlX MI-wro06pa3HH HMelOTCH T04Hhle <POPMYJlbl 

.lJ,JlH paar-repnocra /30/ . B crryuae 6030HHOH CTPYHbl 

d = 26 - do 1(1 + CAI 2K); d Q' C A .. K > O , 

H B CJlY4ae cynepcrpym.r 

dO 12
d = 10 

3 3"d Q
 
1 + CA / 2K
 

OTI<:Y.lJ,a BH.nHO, 41'0 d < 26 li d < 10 .lJ,JIH 6030HHOH H cynepcrpyasr COOTBeT

CTBeHHO. 

PaCCMOTpHM nacxperm.re MO.lJ,eJlH CJlY4aHHblX nOBepXHOCTeH. KpHBH3

ua TpHaHrYJlHpOBaHHOH nOBepXHOCTH CI<:OHUeHTpHpOBaHa B Y3JlaX '31 I 

( d 2 (y'gR<1J -. ~ é i <1> 1 '
 
1
 

rzre é i = 2" -~a~ -- cYMMa no yrnar-r, BXO.lJ,HI.I.J;HM B Y3eJl i . Ha l<:a)KUOM 

rpeyrorrsnaxe onpenerrar-r HH.lJ,YUHpoBaHHYJO Me'rpI1KY: ds 2 == d~ 0I1V dx" = 

= g afJd(ad( {3, g al3 = aa x l1a f3 XV GI1V ' a,,8 = 1,2. ,IlJlH rpeyrorn.aa xa (ijk ) 

*Butue Mbl OTMClJa.rw CHJl3b MeJKOY YCJZ06UeM Cm6UJlb1WCTU U COJlUTONNblMU 

peiuenusuu. 

BHYTpeHHHe 1<:00p.lJ,HHaTbI X asrpaxcarorcx COrJlaCHO x == , 1X i + ~ 2x j + '3x k ' 

( 1 + (2 + (3 = 1, 'i 2: O. Tax reate dx = (x i - x j ) d( 1+ (x j - x k) d(2, TO 

HH.lJ,YUHpOBaHHhlH: MeTpH4eCI<:HH TeH30p npHHHMaeT BH.lJ, 

2
 
f ik f ik f jk)
 

g f3 = 2 (21)(
a f ik f jk f jk ' 

rne f ij = x i - x i : f ik f jk = (x i - x k) 11 G 1111 (x j - x k)~ G flV = (G~v + G~v + 
1. +'~~/3 . ÍlPH (~(ijk) HMeeM 

..!.. (d 2 ( Jgg a13a xl1a~xvG == 
2 a ~ W
 

1 1 2 2 2 2

2~ijk ~(fjk f i k - (f i k f jk) -(f ik f jk ) + f i k f jk ) 

L.l ijk 

= Ó ijk = ./ fYk f fk - (f i k f jk ) 2 ,
 
rue norraraerca, 41'0
 

G flll «() = ( 1c ~V + (2 G Jv + ( 3G ~v ' 
11 HCnOJlh30BaJI11 3Ha4eHHe HHTerpaJIa 

i (d 2((1 
= (d(ld(2 d(3 8( 1 -(1 -(2-(3 )(1 

1 1- (1 1
 
f d ( 1 ( 1 ( d ( 2 = 6- .
 
o o
 

Mepy UI1Cl<:peTHOH MO.lJ,eJlH BbI6epeM COrJlaCHO '32/.
 

dM = fl'ddx i e -(3s , (22) 

rne S = ~ Só - CYMMa nnOI.I.J;a.lJ,eH TpeyrOJlbHHKOB, c nOMOI.I.J;hlO 1<:0TOpblX
 

rpaanrynapyerca nonepxaocrj.. 4T06bl HCKJllD411Tb UBH)KeHHe uenrpa rrr


)KeCTH no 1<:00p.lJ,HHa~aM O.lJ,HOro 113 Y3JlOB, He
 

aarerpapyevr. PaCCMOTpl1M nOBepXHOCTh c
 

TOnOJlOrHeH Topa H CJleUYJOmyJO rpaan


rYJlHUHIO (CM. PHCYHOI<:). 4HCJlO Y3JlOB
 

N = n 2, 4HCJlO pe6ep N 1 == 3n2 , 4HCJlO rpe


yr~JlbHHI<:OB N 2 == 2n 2. OpH r-racurraõm.rx
 
npe06pa30BaHHHX cTaTcYMMa, ortpenerrrrer-taa n.
l' MepoH (22), npeoõpasyerca 'raie:
 

2J Z(a, (3) ==ad(n -1) Z(l, a 2 f3 }.
!, 

,IlnH "YPaBHeHHH COCTOHHHH" raaa Y3JlOB
 

nOJlY4HM n,
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.j 

!
I 

PV = T (n 2 _ 1)(1 _ 2K)	 .(23)
d ' 

r.n;e 

2n 2

K = <{3S t1. > ,
 

n 2-:-1 

. \
<S t1. > - cpennee ,lJ,eHCTBl1e na O,lJ,HY nnaxerxy. TaK:I1M 06pa30M, I1MeeM
 

ypasaenae COCTOHHI1I1, aHaJIOrl1lJHOe ypaanenmo COCTOHHI1H raaa (13) B
 ,I
, 

OTCYTcTBlle BHYTpeHHI1X creneaeü CB060,lJ,hI. 113 YCJIOBI1H cTa6I1JIhHOCTI1, 

-P =0, nOnYlJl1M 

I 

d = 2K ~ 4 < f3 8 ~ >.	 (24) ~ 

TIpl1 õonsuiax 3HaQeHI1Hx n Mepa (22) CK:OHIJ;eHTpl1pOBéUIa aa noaepxaocrxx 
-------- --,2c nnomansro <8> ~ n , <8 t1.> = const , c nacnepcaeã v <8 2> - <S> 2:: y d/4 n , 

Onl1ChIBaeT MI1K:pOK:aHOHl1lJeCK:Oe pacnpenenenae noaepxaocreà c 3a,lJ,aHHoH 

nnoutansro. AHaJIOrl1lJHO CTpOHTCH K:aHOHl1lJeCK:l1e MephI c 3a,lJ,aHHhIM 06'h
v v 133/

eMOM, lJTO BIDKHO, nanpar-tep, ,lJ,JIH BhIlJI1CJIeHl111 B K:BaHTOBOI1 rpaBI1TaIJ;1111 . 

BBe,lJ,eM CK:aJIHpHhle nona na CJIYlJaHHhlX nOBepxHOCTHX, ,lJ,06aBJIHH cnarae-.
 
vroe B ,lJ,eHCTBl1e:
 

,~ rd2 
, Vi g af3i; a cP a i; {3 cP a , (25) 

rzre 1 ~ a :s n . ,llnH CKaJInpHOrO nOJIH npl1MeM 3HalJeHI1H 

cPa(O ='1 cPt+'2 cP ;+'sc/J: 
TIpl1 , 113 TpeyrOJIhHI1Ka (Ijk) c YlJeTOM nsrpaaceaaa (21) nOJIYlJl1M 

.!. f d2 ,Jgg 'a{3 a cP a a cP U = 
2 a, {3 

1 1 2 2 2 2

2' . Ó. 4[\2 (f. jk cP ik - 2 eik ejk cP ik q; jk + eik cP jk ),
 

1 ( a811 ;- f lj </>k + f jk </> ~ + ek í </> ~ ) 2
 
1
 

r.n;e 

cP 'ik = ep i - cP k • 

TIpl1 xracurraõasrx npe06pa30BaHI1HX 31'0 crraraer-roe ae MeHHeTCH 11 B ypan

HeHl111 COCTOHHI1H	 (23) naer BK:JIa,lJ, uepes K. 
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TIpl1 I1CCJIe,lJ,OBaHI1I1 CJIYlJaHHhIX noaepxaocreá npe,lJ,CTaBJIHeT mrrepec 

npocrpaacraeaaaa npOTH)l(eHHOCTb noaepxnocrn 

<X2>~ S2/d"	 (26) 

rne <x2> - cpennexaanparasraoe paCCTOnHl1e TOlJeK: nOBepXHOCTI1 01' IJ;eHTpa 

TH)j(eCTI1~ S - nnoruans nOBepXHOCTI1. ,IJ;JIH onacaansrx asnue r-toneneà cPpaK:

TaJIbHaH paaraepaocrs d" paCxO,lJ,I1TCH, K:pI1Tl1lJeCK:aH pasr-repnocn, (24) 
K:OHelJHa. 

5. TIpoaHaJII1311pyeM YCJIOBl1e cTa611JIbHOCTI1 B TeOp1111 nOJIH. KBaHToBaH 

TeOpl1H (K:aJII16pOBOlJHhIX) nOJIeH B eBK:JIH,lJ,OBOM npocrpaacrne 3a,lJ,aeTCH 

CTaTCYMMOH	 /34/:
 
1 2 F
 - (o -sÁ. - 

. Z = (dA d cP e	 gF v J.Lv 'f' = e T 

rne AIJ. - K:aJII16pOB.OlJHOe norte, cP - MaTepl1aJIbHhle nOJIH; F - cB060,lJ,HaH 

aaeprna CI1CTeMhI, F = E .-T8, 'T = g 2, E - 3K:CTpeMaJIbHOe 3HalJeHI1e neü
CTBI1H. YCJIOBl1e coXpaHeHI1H (3K:CTpeMaJIbHOCTI1) CB060,lJ,HOi-í 3Heprl111 npl1 

113M~HeHI1H 06.heMal1 nOCTOHHHOM lJl1cne BHYTpeHHI1X creneneã CB060)l;hI 

naer /35/ dF = - 8 dT - PdV = 0, dT/dV = - P/S . Ycnoaae cTa611nbHOCTI1 

P = °npI1BO,lJ,I1T K 

dT_ ... ~ g 2(a) = t/J (g) = O•
 
dV da
 

'CJIe,lJ,OBaTeJIbHO, cTa611JIbHOCTb I1MeeT MeCTO B nyne t/J-cPYHK:IJ;1111 peaopxr
rpynrn.r. Koaexasre TeOpHI1 nOJIH HBJIHlOTCH cTa611JIbHhIMI1 npa ncex T =g 2. 

B CJIYlJae t/J >0 (aanpaxrep, KX,IJ;) , P <O I1MeeTCH K:OMnaK:TmlmK:aIJ;I1H. B CJIY· 

sae t/J <O (nanpar-rep, K3,IJ;) , P >°I1MeeTCH pacumpenae. 

6. B natuer-r nO,lJ,XO,lJ,e K: nOHHTl1lO pa3MepHOCTI1 cP113HQeCK:Oro npocrpan
CTBa cPYH,lJ,aMeHTaJIbHOe 3HalJeHI1e I1MeeT nOHHTl1e cocranaoã lJaCTI1IJ;hI 

K:Ba3HlJaCTI1IJ;hI. KBa311lJaCTI1IJ;a - 31'0 TOlJelJHaH lJaCTI1IJ;a na O,lJ,HOM xracurra
6e a 11 COCTaBHaH lJaCTI1IJ;a na npyror-r, MeHbllleM, viacnrraõe. QI1CJIO !\.:Ba311

lJaCTI1IJ; na ,lJ,aHHOM vracurraõe N(a) orrpenenaer aaõrnonaeraoe 3HalJeHI1e paa
MepHOCTI1 npocrpancrsa. 3aBI1CHlll,YlO 01' MaClIlTa6a cPpaK:TaJIbHYIO paar-iep
HOCTb nO,lJ,MHO)l(eCTBa M eBK:JII1,lJ,OBa npocrpaacraa E n onpenermr-r c nOMO

lll,blO COOTHOllleHHH /16/ 

In N (a)
et(a) ----.-- ......_

In (lia)
 

rne N(a) - MHHHMaJIbHOe lJl1cno n -r-rcpni.rx cdiep (CI1MnJIeK:COB 111111 npyrnx 
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KOHelJHhIX 3JIeMeHTOB) - "KBa311lJaCnU~" c pa..n.HYCOM a, He06xo,lJ,I1Mh1X 

,lJ,JIH nOKphITHH MHO)J(eCTBa M. ECJII1 B npOMe)J(YTKe MaClllTa60B a o < a < a l' 
d' f; d(a) , TO N(a) _a-d 11 06õeM MHO)J(eCTBa M ... aI1'"N(a)==const, lJTO 

HBJIHeTCH eCTeCTBeHHhIM 0606meHHeM aHaJIOrHlJHOrO COOTHOilleHHH ,lJ,JIH 

MHO)J(eCTB c ueJIOlJI1Cnem-IOH: paaraepnocrsto. llJIH KBaHTOBhIX CHCTeM c 

cPJIYKTYI1PYIDr..u;HM lJl1CJIOM KBa311lJaCTI1U MO)J(HO BBeCTI1 pasnsre onpeneneana 
pa3MepHocTI1.HanpI1Mep, 

<t 1 (a) = < InN (a) > 
In (l/a) 

I1JII1 

ln.<N(a)>
(f2 (a) ~---'
 

In (l/a)
 

npn 3TOM TaK KaK 

In <N> ::: <In N > , 

TO 

lÍ"2(a) :: d" 1(a) • 

I1HTepeCl-JhIM npnr-repoxr MO,lJ,eJIl-I cPpaKTaJIbHOrO npOCTpaHCTBa HBJlHeTCH 

MHo)J(ecTBo, nOJIYlJaeMOe c nor-roinsro nOCne,lJ,OBaTeJIbHOrO pa3611eHI1H d
dMepJ;I?rO CI1MnJIeKCa na n O,lJ,I1HaKOBhIX CI1MnJIeKCOn 11 oT6paChIBaH11H 

lJaCTeH c npOTI1BOnOJIO)J(HOH: opaearauaeü OTHOçl1TeJIbHO I1cxo,lJ,HOrO CI1Mn

rtercca. Ha xaxcnovr tuare pa3611eHHH 113 nOJIYlIaeMhIX n d lJaCTeH: OCTaBJIHeM 

mnus 

n
 
Nd L N~d-l) N(O)=l,
 

n
 ii == 1 1 ' 

CI1MnJIeKCOB /36/ . Jler-xo BI1,lJ,eTb, lJTO 

d n (n + 1) ... (n + d - 1)
N
 n 

d!
 

<.1>paKTaJ1bHaH pa3MepHocTb I1MeeT BH,lJ, 

1nN d 
n

<f(d, n) 
ln n 

14 

Ilpa n =2 d = 1n(d + 1)/ln2. Ilpa n ~ 00 

d(d - U 
<1 d + 

2n 1nn 

CJIe,lJ,OBaTeJIbHO, YBeJIl1lJ11BaH n, I1MeeM CKOJIb yroznro .6JI113KOe K ueJIO

lJl1CJIeHHOMY 3HalJeHHe paar-repnoc'rn. UeJIOlJl1CJIeHHYID paar-tepaocrs HMeeM 

. i TaK)J(e, HanpHMep, npa n == 2, d = 2K.1, â == K . .uPyrl1e I1HTepeCHhIe npar-repsr 
• cPpaKTaJIOB nOJIYlJaJOTCH npa pa36HeH11H pe6ep d-r-iepnoro xyfia na L lJaCTeH: 

11 oT6pachIBaHHH H3 cepenaasr e lJaCTeH: . .uJIH cPpaKTaJIbHOH: paar-repaocrn 
I1MeeM 116/ 

~ 

In (L d _ ed ) In (1 - (f /L) d )
 
d(d, L, e ) ------ = d+ ---1nL----- .
 

In L 

Ilpa d == 1, L = 3, e == 1 nOJIYlJaeM KaHTOpOBO MHO)J(eCTBO c <t == 102/1n3 c: 

z: 0,63. ,UnH MO,lJ,eJIeH: .reopaa nOJIH 11 cTaTI1CTl1lJeCKOH: cPI1311K11, aanaansrx 
aa cPpaKTaJIbHhIX peurerrcax, MacillTa6hI L 11 e CBH3aHhl c KOppeJIHUI10HHOH: 

,lJ,JIHHOH: ç(a) H MorYT MeHHTbCH c MacwTa60M; lJTO npHBO,lJ,HT K H3Me

HeHI1ID l1(a). 

7. Ilcpeázter-r K aonpocar-r aHaJ1H3a cPpaKTanbHhlx MHO)J(eCTB. KaK MO)J(

HO onpenerrart, CI1MBOJI 

d 
n
 

-- f(x).
 
dx n
 

teor-na n npl1HHMaeT HeueJIOlJl1CJIeHHhle 3HalJeHHH? 3TOH np06JIeMOH: 3aHH

MaJI11Cb MHorHe nOCJIe OTK~hITI1H ,lJ,l1cPcPepeHUl1aJIbHOrO HClJHCJIeHHH. COBpe

MeHHoe COCTOHHHe reopnn 371 OCHOBaHO na onpenenenan * 

-(1 1 x a- 1 (27)o f(x) r (x-t) f(t)dt. 
c x r(a) c 

a
Oneparop ,lJ,l1cPcPepeHUl1pOBaHHH neuenoro nopaznca a ,O onpenenaerca I 

KaK 06paTHhlH: K (27) . Onpenerreaae 3HJIepa OCHOBaHO na cPopMYJIe 

dax n [(n+1) n-a 
___ = ------- x
 
dx a r (n - a + 1)
 

* (mpeõenenue (27) npuHaàAeJICUT XOAM2peHY (Holmgren, 1863) U Ha3bl6aeTCJI. 

ifJOPMYAOU Xo.IM2peHa - Puuaua - J1UY8UAAJI. 13S( 
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Onpeneneane JIHYBHJIJIR - na <pOpMYJIe 

d ae nx a nx
 
---=ne
 

dx a
 

Onpenenenne (27) CBO,nHTCR K cnpenerreaaawr 3HJIepa H JIHYBHJIJIR COOT
BeTCTBeHHO npa C = OH C=-oo . .n:eHCTBHTeJIbHO, JIerKO aaners, lJTO 

o+a ,r(n+ 1)o-a o =xO x x ---- 
T'(n + a + 1) 

H 

-a nx ox-a
O e = e n 

-00 x 

nOCJIe lJero .u;OCTaTOlJHO npoasaecra 3aMeHY a -+ - a. CJIe.u;oBaTeJIbHO, ecrnr 
<PYHKQHR npe.u;cTaBJIReTCR B nane crenenaoro liJIli 3KcnOHeHQliaJIbHOrO PR
na, MO)l(HO npliMeHHTb xacrm.re CJIYlJali 3HJIepa H JIliYBliJIJIR. .n:JIR npnxrepa 
nOJIYl.JMM mrrerpansaoe npencraaneaae ,nJIR ~ -<PYHKQlili PI!MaHa: 

t s-l 
~ (8) ~ 

1 1 
.f --dto (28) 

o> 1 n S ,r(s) o e t - 1 

nx 1
I1MeeM ~ e =----, x<O,
 

o> 1 e -x -1
 

L e nx .:. 1 x dto-S k e nx = - r(s)! (x _1)8-1 
-00 X 0~1 S e- t _ 1n 

_1__ fOCJ jt_X)S-l 
-dt.
 

T'(s) -x e t _ 1
 

nOJIO)l(liB x -+ - O, nOJIYtIHM OTBeT (28) . .n:JIR npaxrepa B03MO)l(HOrO npar-re
iIeHHR <ppaKTaJIbHOrO HClJliCJIeHliR paccr-rorpavr <PYHKQlilO /39,16/ 

l(k u+ô ) 
X (o) = l CJl. (kn)Re(e o n), (29) 

tI o 

rne f.J. = 1,2, eee, d, c ti (k o) .... l/k ~+ e , ~ ... n npn õorn.iuax 3HalJeHliRX 
n. 3Ta <PYHKQHH onncsraaer cPpaKTaJI c aneumeü paar-repaocrsro: 

<!ext =d-(d-l)f, 

16 

H BHYTpeHHeH pa3MepHOCTbIO: 

d'int = l/L 

TIo orrpeneneamo JIHYBHJIJIR, 

a i(k a + ô )
Da x ti (a) = L c/l (k n) Re [ (ik o ) e n n] . 

TIpoH3Bo,nHaH nopanxa a 01' <PYHKQHH '(29) cyuiecrnyer npn a « . <1>paK
TaJIbHhlH napavrerp npoasaonaoü (I = e - a . TIpH a l' e , (I \0 H BHYTpeH
HHH pa3MepHOCTb MO)l(eT CTaTb CKOJIb yroznro 60JIblllOH, a BHelllHHH - CKOJIb 
yroztao 6JIH3KOií K d . CJIe,nOBaTeJIbHO, <ppaKTaJIbHaR reOMeTpHH H HClJHCJIe
HHe ,naIOT armapar ,nJIR paCCMOTpeHHR nepevreanoü pa3MepHOCTH. 

B 3aKJIlOlJeHHe OTMeTHM, lJTO B ,n:aHHOH paõore npennaraerca HOBhlH 
nonxon K peuremno npoôner-n.r KOMnaKTl1<pHKaQHH npOCTpaHCTBa. TIpH 
KOHKpeTHhlX BhllJHCJIeHHRX He06xo,nHMO npHMeHHTb armapar BhllJHCJIHTeJIb
HOH KBaHTOBOH .reopaa nOJIR /40/ 

MHe XOlJeTCH nofinaroziapnrt, vnrornx , c KeM H 06CY)I(,Z:(aJI 3aTpOHYThle 
snecs aonpocsr, B TOM lJHCJIe IO.M.MaKeeHKo, B.r.MaxaHbKOBa, M.MIOJIJIepa
Ilpoücxepa, O.K.TIalllaeBa H C.IO.IIIMaKOBa. K OCHOBHOH nnee paôon.r c HH
TepeCOM OTHeCJIHCb TaK)I(e Jl.Ansaapen-I'or-re li A.M.TIepeJIOMOB. 
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MaxanAHaHH H.B. 
0 HOBOM nO)];XO)];e K npo6JieMe 
KOMnaKTH$HKRQHH npOCTpaHCTBa 

P2-87-306 

C<PopMyJIHpoaa.Ha npo6neMa KOMnaKTH$HKRQHH npocTpaHCTBa 
B TeopHH CHJibHhiX B3aHMOAeHCTBHH, a e]];HHbiX TeopHRx KanH~I -
Kneiiaa H penRTHBHCTCKOH CTpyHbi. Bao)];HTC.fl MOAeJib ra3a qacTHU 
C B3aHMO)];eHCTBHeM qepe3 BHyTpeHHHe CKaJI.RpHhie ( $epMHOHHbie H 
6030HHhie) H KaJIH6pOBOIIHhie CTeneHH CB060)];hl. C$opMyJIHpOBaH 
npHHUHn CTa6HJihHOCTH, KOTOpbiH C nOMOil.\blO ypaaHeHH.fl COCTORHHH 
npHBO)];HT K COOTHOWeHHIO, onpe]];eJI.fllOil.\eMy pa3MepHOCTb 3aHHMae
MOrO CHCTeMOH npocTpaHCTBa. AaaJIH3HpylOTC.fl aenpepbiBHbie H 
)];HCKpeTHhie MO)];eJIH CJiyllaHHhiX noaepXHOCTeH. llpHBO)];HTC.fl BCnO
MOraTeJibHbiH MaTepHaJI H3 $paKTaJ1bHOH reoMeTpHH H $paKTaJib· 
HOrO HCIIHCJieHH.fl. 

Pa6oTa BhinOJIHeaa a Jia6opaTopHH BbiiiHCJIHTeJibHOH TeXHHKH 
H aBTOMaTH3auHJI OHHH. 
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Makhaldiani N. V. 
A New Approach to the Problem 
of Space Compactification 

P2-87-306 

The space compactification problem in the quantum chromo
dynamics, Kaluza - Klein type and relativistic string theories is 
formulated. The model of the gas of the particles with interection 
by the scalar, fermion and boson, and the gauge internal de~ees 
of freedom is introduced. The principle of stability and the equa
tion of state give the equation for the dimension of a space occupied 
by the system. The string theory models are analyzed. The main 
structures of the fractal geometry and calculus are considered. 

The investigation has been performed at the Laboratory of 
Computing Techniques and Automation, JINR. 
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