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1. BBE.llEHl-1E 
1-' 

B $M3HKe 3neMeHTapH~X 4aCTH~ B nocneAHee BpeMR nOnY4~n WHPO­
Koe npHMeHeHMe KBa3HnoTeH~HanbH~H nOAxoA, npeAno*eHH~H A.A.no­
rYHOB~M H A.H.TaBXenHA3e / 1-S/ . Ha OCHOBe 3TOrO nOAXOAa paCC4H­
TblBa~TCR TaKHe AHHaMH4eCKHe XapaKTepHCTHKH aAPOHOS, KaK CneKT­
p~ MaCC, $OpM$aKTOp~ ynpyroro paCCeRHHR, $OpM$aKTOp~ paCnaAoe 
4aCTHU, CTPYKTypH~e $y~KqHH rny6oKoHeynpyroro nenTOH-aAPOHHO­
ro paCCeRHHR H T.A!~~/. Bce YKa3aHH~e eenH4HH~ B~pa~a~TCR 
4epe3 BOnHOBble $YHK~HH ÓTHOCHTenbHOrO ABH>KeHHR KBapKOB B aAPo­
He. B CeR3H C 3T~M HCCneAOBaHHe MeTOAOB T04HOrO H npH6nH*eHHO­

• ro pe~eHHR KBa3HnOTeH~HanbH~X ypaeHeHHH AnR BOnHOBOH $YHK~HH 

RBnReTCR eec s-ia aKTyanbHoH 3aAa4eH. B paõor ax 17.81 6~no noxaae­
HO, 4TO 3TH TpeXMepH~e HHTerpanbH~e ypaBHeHHR MOrYT 6~Tb cee­
AeH~ K AH$$epeHUManbH~M HenOCpeACTBeHHO B HMnynbcHoM npOCTpaH~ 

CTBe e cnyvae onpeaeneuaoro xnacc a "KBa3HnOTeH~HanOB, R BnRI()lqHX- . 
CR $YPbe-06pa3aMH OT 4eTH~X paUHOHanbH~X $YHKUHH nepeMeHHOH 
,lI. AHanorH4H~H nepeXOA K ~H$$epeH~HanbHOH $opMe ypaBHeHHR 
M0~HO ocyutecr aar s 191 npa Bbl60pe KBa'3HnOTeHUHana B BHAe oõpaaa 
4eTHoH paUHOHanbHOH $YHKUHH, 3aAaeaeMOH e penRTHB~cTCKOM KOH­
$HrypaUHoHHoM npeAcTaBneHHH,. KOTopoe BBOAHTCR nYTeM pa3nO>Ke­
HHR no "penRTHBHCTCKHM nnOCKHM eonHaM" - MaTpH4H~M 3neMeHTaM 
YHHTapHblX HenpMBOAMMblX npeACTaeneHHH rpynna Jlopeuua 18/. Kno­
4eBblM MOMeHTOM TaKoro nOAxoAa RBnReTCR Hcnonb30BaHHe penRTM­
BHCTCKOH KHHeMaTMKM, TO eCTb, no cy~ecTey, Toro $aKTa, 4TO MM­
nynbcHoe npOCTpaHCTBO RgnReTCR npOCTpaHCTBOM n06a4eBCKoro / 6 / • 

B HaCTOR~eH pa60Te M~ paCCMaTpHBaeM KBa3HnOTeHUHanbl, RBnR~­
~HeCR nOKanbH~MH B HMnynbcHoM npoCTpaHCTBe n06a4eBCKoro, o6pa­
3ba KOTOp~X B penRTMBHCTCKOM KOH$HrypaUHoHHOM npeACTaBneHHM RB­
nR~TCR 4eTH~MH pa~HOHanbHblMH $YHKUMRMH penRTHBHCTCKOH OTHOCH­
TenbHOH KOOPAHHaT~ r t H CBOAHM HHTerpanbH~e ypaBHeHHR K 3aAa­
4aM WTYPMa-nHYBHnnR AnR BonHOBOH $YHKUHH B HMnynbcHoM npOCT­
paHCTBe. nacneAHRR B HeKOTOp~X 4aCTH~X cnY4aRX MO>KeT 6~Tb pe­~ 
weHa TOll,HO, B o6U4eM cnyuae Mbl HaxoAHM ee peure-ure , "J.1c.nonb3YR I H3BeCTHblH MeTOA BK6 110/. 

© 06'be,IUIHeHHwH HHCTHTyT R.o.epHb[X HccneAoBlUU.rn ):ly6iiát 19~7 
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2.	 ~HTErPAnbHOE YPABHEH~E ~ 3AAA4A
 
WTYPMA-n~YB~nnR AnR BOnHOBO~ ~YHKU~~
 

B ~MnYnbCHOM nPEACTABnEH~~
 

PaCCMOTpHM Ksa3HnOTeH~HanbH~e ypasHeHHH, 3anHcaHH~e S sHAe 
-+ 

-1 -+ 1 -+ -+ -+ mdk a i (E, E ) 'I'(p) = -'- rV(p, k , E) 'P(k) - . /2.1/ 
P (277) S E k 

Oõpar uue caoõonuue ~YHK~HH rpHHa 0i1 HMelOT SHA /s cny-tae pas­
HblX Macc 4aCTH~ m1== m2 = m/ 

-1( E) 2 2 2 2 -+ 2	 /2 2/a 1 E, = E - E, = E - m - p ,	 •p p 

G;l(E., Ep ) = E p (E - E p) ,	 /2.3/ 

G-31 (E, E ) = 2m(E - E ).	 /2.4/p p 

npH 3TOM 0-1 or ae-rae r ypaBHeHHIO Jlorynoea-Taaxenanae /1/, 0;1 ­
ypaBHeHHIO i!aAblweSCKoro /3/. OTMeTHM, 4TO S ypasHeHHH /2. 11 HM­
nynbc~ 4aCTH~ npHHaAnemaT MaCCC80~ nosepXHOCTH: 

p~	 _p2 =E~ _p2=m 2; k~ -k 20 m2. /2.5/ 

-+ -t u 

a Ksa3HnoTeH~Han V(p,k,E) onpeAeneH BHe 3HepreTH4ecKoH nOBepx-
HOCTH E p = E k = E • 

M~ 6YAeM nonaraTb, 4TO KBa3HnoTeH~Han HBnHeTCH nOKanbH~M 

B TpexMepHoM npocTpaHcTBe n06a4eBcKoro, peanH30saHHoM Ha Bepx­
HeM none MaCCOBoro rHnep6onoHAa /2.5/, TO eCTb 3aSHCHT OT BeK­

... -+ -+ -+ 
Topa HeeBKnHAOSO~ ~a3HOCTH ~P,k cr p(-) k ASYX HMnynbcos p H k 
B 3TOM npOCTpaHCTBe: 

-+ -+ -+ -+ -+ 

V(p,k; E) = V,(p(-)k; E) = V(~ p.k ; E), 

rne 
-+ -+-+
 

-+ -1 -+ k ( pk) .

I!!. =A P=P--Po- ,

p,k k m ~o +m 

I!!. o == (A -,i p) o = V m2 + K2 . 
p,k k	 p,k 

-13AeCb A~ - MaTRH~a 4HCToro npeo6pa30saHHR nOpeH~a, TaKaH,4To 
-1 ~ ~ 

A (k o, k) = (m, O) • 
kB cny~ae nOKanbH~X B npOCTpaHCTBe n06a4eBCKoro Ksa3HnOTeH­

~HanOB nepeXOA à penHTHSHCTCKoe KOH~Hrypa~HoHHoe npeAcTasneHHe
'6 I

ocy~ecTBnHeTcR no ~opMynaM' , 

2 

-+ 1 -+ 
'P(r) (2" )3 H (p, r) 'i' (p) mdpE ' p 

-+	 
/2.6/ 

-+ 1 -+ -+ -+ md I!!. 
Ver; E) = --"3 f ç(~,r) V(I!!.; E) - , 

(2fT) , Ô o 
-+ -. 

rue IlpenHTHsHcTcKlIle nnocxae aoru-u" ç (p, r) HMelOT BHA 
....-+
 

-+ -+ E p - p n -1 -imr -+ -+
 

ç(p, r) == ( ): r = r n ,
 
m 

-+ 
AnH c~epH4eCKH-CHMMeTpH4HbIX nOTeH~HanOB Ver; E) = Ver) 
H3 /2.6/ HMeeM ' 

-+ -+ 00	 

./2.7/
\L\p,k I V(I~ p,k \) = 477 l sin(mrx ~)rV(r) dr, 

npH4eM õucrpora )( A, OTse4alOlllaH xaanpary nepenaaaoro 4 - HMnyru.­
2 2 Ll
ca	 q = (p - k) , onpenermer ca H3 COOTHoweHHH 

q 2 = 2m2 _ 2m~ o = 2m2 - 2m2ch )( A.'
 
p,k Ll
 

3aMe~HM Tenepb, 4TO Ksa3HnoTeH~Hany, KOTOPbl~ B penHTHBHclC­
KOM KOH~Hrypa~HoHHoM npeAcTasneHHH 3aAaeTCH B BHAe 

V	 (r) = _g 2/r 2, 
o 

B HMnynbcHoM npocTpaHcTse OTse4aeT cornaCHO /2.6/, /2.7/ Bblpa­
meHHe 

-+ 2772g 2 /2.8/
Vo(l~p,k\) -+ 

lI!!. p, k I 
AHanorH4HO AnH KBa3HnOTeH~HanOB 

/2.9/v± (r) =­

S HMnynbcHoM npOCTpaHCTBe nonY4aeM 

m a.m /2.10/V+(I~P.k \l=- 2,,2g2 --+--)
-+ 

~o k + I~ klI~p,k \ p, p, 
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~ 2
 
2tT g 2 cos (am)( /). ).
V_(l~p.k \) /2.11/
li k 1P. 

PaCCMOTp~M Tenepb cnY4a~ c$ep~4ecK~-c~MMeTp~4H~X BonHOB~X 

<PYHK4~i1 'P(p) = 'P(p) , r,qe p~= lI> I, l-1 ortpenenaa 6bICTPOTbl, COOT­
BeTCTBYIOl4~e ~MnynbcaM P ~ k, COOTHoweH~ffM~ 

, ~2 2
 
E p = V P + m = m ch X p; E k = mch X k •
 

ndACTaBnflfl nor euuaanu Vs (~ p, k ) (s = O, + , -) , aanaaaeaue <t>OPMY­
naM~ /2.8/, /2.10/, /2.11/, B ypaBHe~~e /2. 1/, ~HTerpl-1pYfI 
B HeM no yrnoB~M nepeMeHH~M BeKTopa k ~ BBO,qfl <PYHK4~~ 

. -1s: ()( p) = G i (E, E p) p'P (p) = 

/2. 12/ 
= ai-1 

(E, mch~p).msh)(p'P(mshxp)' 

nonY4~M ,qnfl Hee ypaBHeH~e 

s: (X p) = r Vs ( X p , X k ) Gi (E. mch X k) 1 ()( k) md X k' /2. 13/ 
o 

np~ 3TOM nap4~anbH~e /op6~TanbH~i1 MOMeHT paaeH Hyn~/ hOTeH4~a­

nbl Vs(Xp,Xk)' BO scex rpex cnyvaax npenc r aenaorca B B~Ae 

Vs(Xp,Xk) =asus(X»vs(X<), /2.14/ 

r,qe 

X > = max (X p , X k ); X < = min (X p , X k)' 

<t>yHK4~~ us(X), v s(X) l-1 KOHCTaHTbl as TaKOBbl: 

a = _ g 2m ; Uo(X)=l; vo(X)=X. /2.15/o 

a+ = - g 2/ m; u + (X) :c e -a,mX ; v+ (Xt) = sh(am)() , 12. 16/ 

a_ = _.g2/a ; u_(X) =cos(amX); v_(x) = stn fam y}. /2.17/ 

OTMeT~M cneAYlOllllo1e Ba>KHble CBO~CTBa <PYHK4~i1 u s(X) ~ vs (X): 

u;(X) =,Bsus(X); v~(X) = f3 vs(X), /2.18/s 

us(x)v'(X) -v (X)u'(X)='Y , /2.19/s s s s 
/ 

4 

npl-14eM ~s 101 Y f1Bnfl~TCfI KOHcTaHTaMl-1:s 

,B O = O; .yO = 1 ; y ± =am; 13 ± = (am)
2 

/2~20/ 

Hcnonb3Yfl CBo~cTBa /2.18/ .l-1 /2.19/, HeTpYAHO nOKa3aTb Te­
nepb, 4TO nap4101anbHoe Io1HTerpanbHoe ypaBHeH~e /2.13/ 3KBIo1BaneHT­
HO 3aAa4e WTYPMa-n~YBl-1nnfl, COCTOfl~e~ 1013 AIo1$$~peH4Io1anbHoro ypaB­
HeHl-1f1 

. .


-s:" (X) + 138 .:f (X) = mas Ys a i (E, mchx)~ (X) /2.21/
 

101 KpaeB~X ycnoBIo1~ B Hyne 101 Ha 6ecKoHe4HocTIo1: 

11m {v s (x),S:' (x) - v; (X) :f (xl 1= O , /2.22/ 
x'" o 

. . 

11m {us(X) .S:'(X) - u~ (x):f (x)l = O . /2.23/ 
X'" ao 

HccneAOBaHIo1~ 3TO~ 3aAa4101 Anfl pa3nlo14H~X KBa3101n0TeH41o1anOB /2.8/, 
/2.10/ l-1 /2.11/, a TaK>Ke Anfl pa3nl-14HblX cB060AHblX <t>YHK4101i1 fplo1Ha 
/2.2/-/2.4/ nOCBfI~eH~ cneAY~lo1e pa3Aen~.· 

3. PEWEHHR YPABHEHH~ C KBA3HnOTEHUHAnOM Vo 
OTMeTIo1M Tenepb, 4~O ypaBHeHlo1e /2.21/ no <t>opMe COBnaAaeT 

c :ypaBHeHI-1.eM WpeAl-1Hrepa, B KOTOpOM <t>YHK4~f1 g 2m2,0 1(E, mchx) Io1r-. 
paeT.ponb " 3<t><t>eKTIo1BHor.0 ncr.euuaana'! , nplo14eM nonaaa 3Hepr~f1 pe­
i.lflTIr1B.Io1CTCKO~ CBfl3at;iHO~ CIo1CTeMbI 2E =2mcosx aanaer ca napaaerpox 
aroro "noreauaana'", C APyro~ CTOpOHbI, Benlo14101Ha -/1s Io1rpaeT pons 
Hepenfl~Io1Blo1cTCKO~ 3Heprlo1~. 

Cnenye r , oaaaxo , cpaay >Ke nOA4epKHYTb, 4TO xpaeaue ycnoaua 
/2.22/, /2.23/ cy~ecTBeHHO OTnIo14a~TCfI OT COOTBeTcTBy.IOIllIo1X Hepe­
nflTIo1Bl-1CTCKIo1X ycnOBl-1~, HaKnaAblBaeM~X Ha BonHOBY~ <t>YHK4l-1~. 

PaCCMO~pl-1M Tenepb ypaBHeHlo1e /2.21/ Anfl cnY4afl KBa3l-1nOTeH­
4101ana /2.8/ (8 = O): 

-'J~' (X) + g2 m2 0 i (E , mcn v) ~o(X) cO. /3.1/ 

OTMeTl-1M, 4TO B Kl-1panbHOM npeAene, KorAa Macca CBR3aHHoro co­
CTOflHIo1f1 2E~0, 3TO ypaBHeHlo1e MO>KeT 6~Tb peweHO T04HO Anfl <t>YHK­
4101~ rplo1Ha /2.2/, /2.3//9/ . PeweHlo1e /3.1/ npl-1 E =0, YA~BneTBo­
pfllOlllee rpaHIo14HOMY ycnoB~~ Ha 6eCKOHe4HOCTIo1 /3.23/, Io1MeeT B~A 

S:o(X) =APy(th)(); g2 =v(y + 1); 1 =1,2. /3.2/ 

5 



----
B YKa3aHHoA o6nac1~ ~3 /3.3/ nonY4aeM AnR ypaBHeH~R norYHoBa­

MY cM~cny eCTb CKOpOCTb I~I/Po. Ecn~ Y4eCTb 3aTeM /2.22/, 
3AeCb Pv-~YHK4~~ nemaHApa, a nepeMeHHaR thX no CBoeMY $~3~4eCKO­

TaBxen~A3e 

TO B03H~KaeT cneAy~ee ycnoB~e Ha KOHCTaHTY CBR3~: .5= O(x) = C V mg- 1 ohX sin {gI 1(E) - g arootgsh)( J , /3.7/ 
g 2 = (zn + 1) (2n + 2); n = O ,1 ,2 .... rne
 

SCR 06naCTb ~3MeHeH~R nepeMeHHo~ X B /3.1/ RBnReTCR " Kna c ­
 00 

d)(C~4eCK~ AocTynHo~lI, TaK 4T~ npaBaR T04Ka nOBop~Ta OTOAB~raeTCR .~, 11 (E) J 
Ha 6eCKOHe4HOCTb. HeTPYAHo y6eA~TbcR, 4TO BK6-peweH~e ypaB­ o V ch2 X - E2jni2 
HeH~R /3. 1/, YAOBneTBopR~~ee rpaH~~HoMY ycnoB~~ B Hyne /2.22/, 

C APyroA CTOpOHbl, Bocnonb30BaBW~Cb aC~MnToT~4ecKoA $opMynoA~MeeT B~A 
~ AnR ·$YHK4~A nemaHApa /11/, HaxoA~M B 06naCT~ /3.6/ 

)( 

S:o ~X) 
c 
_~ sin 1 f (' /3.3/ s: (x) = AP (th x) =V Ko()(l O KO)( ld)(' I , /3.8/ 

r(v + 1) 2 . 1 " 1 
= -A v/-ohx' sm{-(v+-)arcctg shx --t. 

r(v + 3.12) " 2' 4 
K O(X) = gmV - G (E, mch X); i = 1, 2, 3. 

H3 cpaBHeH~R $opMyn /3.7/, /3.8/ c Y4eTOM TOrO'$aKTa, 4TO 
06naCTb np~MeH~MOCT~ BblpameH~R /3.3/ onpeAeDReTCR HepaseHcTBoM 

rAe 

np~ 60nbW~X g 

g 2 = 11(11 + 1) ;, (v + 1:12) 2 ,
2mg [ - a i (E, mch )( )] 

S/2 
» I ~ai (E, mchv): /3.4/ 

dX 
BblTeKaeT CBR3b Me>KAY KOHCTaHTaM~ A ~ C, a r aiose COOTHOUJeH~e 

4aCTHOCT~ cKa3a~HoMY~3 KOToporo, B cornaCHO B~weJ cneAyeT, 
= ,,(n - 1:/4); n= 1,2,3 ... ,gI 1(E) 

BaTb ycnoB~e /2.23/ HenocpeACTBeHHO Ha ~YHK4~~ /3.3/. 
AnR nonY4eH~R ycnoB~R KBaHTOBaH~R, CBR3~Ba~~ero 8en~4~H~ g 

4TO npn X -+ De /3. 3/ Henp~MeH~MO. 3Ha4~T, Mbl He MOH<eM HaKnaAbl­

npeACTaBnR~ee c060A ycnoB~e KBaHTOBaH~R. 

AeAcTBYR aHanor~4H~M' 05pa30M B cnY4ae ypaBHeH~A c $YHK4~R­~ E, nocTyn~M n03TOMY cneAY~~~M 06pa30M. B 06nacT~ 60nbw~x x 
M~ rp~Ha /2.3/, /2.4/ ~ KBa3~nOTeH4~ana /2.8/, HaXOA~M, 4TO 

pameH~eM TaK, 4T06~ np~ 3TOM /3.1/ pewanOCb T04HO. PaccMoTp~M 

3aMeH~M B ypaBHeH~~ /3.1 / ~YHKL.(~~ ai (E, mch v) np~6n~}KeHHbIM Bbl­
, ycnoaue KBaHToBaH~R BO ecex rpex cnY4aRX (i = 1 - 3) aarurcu­

8Ha4ane ypaBHeH~e norYH08a-TaBxen~A3e. np~ BblnonHeH~~ ycn08~R BaeTCR B oA~HaKoBoA $OpMe: 
mch)( »E ~MeeM (lIQ 

gI1(E) = g f V-af(E. mcn v) mdx =,,(n-1:/4). /3.9/
g2 oG 1 (E, mch x) ; G 1(0, mch x) = - -- , /3.5/ 

ch2X 
BonHOB~e $YHK4~~, nonY4aeM~e ~3 /3.3/ ~ /2. 12/ ~ ycnoB~R 

KBaHTOBaH~R AnR KBa3~nOTeH4~anbH~X ypaBHeH~A c $YHK4~RM~ rp~­~,cneAOBaTenbHO, peweH~e np~ 60nbw~x )( ypaBHeH~R /3.1/, YAOB­
Ha /2.2/, /2.4/ ~ nOTeH4~anOM /2.8/, MorYT 6~Tb B~pa*eH~ 4epe3 

CpaBH~M Tenepb B~pameH~R /3.2/ ~ /3.3/ B COBMeCTHoA 06naCT~ 

neT80pR~ee rpaH~4HOMY ycn08~~ /2.23/, ~MeeT B~A /3.2/. 
~3BeCTH~e $YHK4~~ - 3nnHnT~4eCK~e ~HTerpan~ nepBoro pOAa: 

np~MeH~MOCT~, onpeAenReMoA cornaCHO /3.4/, /3.5/ ~3 HepaBeHCTB S/4 (1) (f) . 
P 'I' 1 (p) = C[ - G i (E, mch )( )] s in 1g F (~o ,k o ) J; 1 = 1,3 ; 

/3.6/sh)( «g; ch X »E/m = cos x . /3 .. 10/ 

gF(;, k~» = ,,(n -1/4); n = 1,2,3.... 
TaKaR 06nacTb, 04eB~AHO, cy~ecTByeT, ecn~ KOHCTaHTa CBR3~ Ben~­

Ka (g» 1) n~60 ecna Macca CBR3aHHoro COCTORH~R Mana (E «m). 

6 7 



napaMeTpbl 3IlIl~nn14eCK~X ~HTe rpanoa 
IlR~TCR CIleAY~~~M 06pa30M: 

1>- (1) ,'k (i)
O O 

np~ 3TOM onpena­ 4. BK6-PEWEH~R YPABHEH~~ c KBA3~nOTEHU~AnAM~ V± 

PaCCMOTp~M r eneps KpaeBYIO 3aAa4Y AIlR ~YHK4~~ 5+(x), COOT­
BeTCTBY~YIO KBa3~nOTeH4~aIlY V+ /2.9/, /2.10/. OHa ~MeeT B~A 

sín 2<t> (1) 
O 

ai(E, mch x) 

o i (m,mcn x) , 
i = 1,3 ; -j:;(x) + a2 m2,3:+ (x) + g2m2Q 1 (E, mch x) 5+ (x) == O, /4.1/ 

. . 

/3.11/(1) (S) ,
 
k q =E/m = cos x; ko =..J (E + m) /2m == Coa (x/2) •
 
~ -

~3 ~OPMYIl /3.11/ cIleAyeT, 4TO AIlR cIla6ocBR3aHHo~ C~CTeMbl 
(m -E «m) k (~ ~ 1. BocnoIlb30BaBw~cb B 3TOM npenerie aC~Mn-
TOT~4eCKO~ $OPMYIlO~ AIlR nOIlHoro 3IlIl~nT~4eCKoro ~HTerpaIla: 

. 4 
O••• , 

M~ Mo~eM ynpocT~Tb YCIlOB~R KBaHTOBaH~R /3.10/ ~ np~BeCTW ero 
K B~AY 

(1) i 211 1 1E ==mll-4·2 exp[--(n--)]; 1el,3.	 /3.12/
n .	 g 4 

Pa3YMeeTCR, 3Ta ~opMYIla np~MeH~Ma TOIlbKO ripa r e x n, npa KOTO­
p~x BTopoe CIlaraeMoe B He~ MHO~O MeHbwe nepBoro. ~opMYIla /3.12/ 
03Ha 4aeT, 4TO cneKTp KBa3~noTeH4waIlbH~x ypaBHeH~~ cOAep~~T 

õeckoueuuoe 4~CIlO YPoBHe~, np~4eM T04Ka E ==m RBIlReTCR T04'KO~ 
~x cry~eH~R. 

B APyroM npenensuox CIlY4ae E .... O 3aB~C~MOCTb 3Hepnf~ OT 
KOHCTaHT~ CBR3~ g Mo~eT 6~Tb IlerKO onpeAeIleHa ~3 /3.9/. ~R 

ypaBHeH~~ c $YHK4HRM~ rp~Ha /2.2/-/2.4/ ~MeeM COOTBeTCTBeHHO 

E(l) _ 2 .1 2n + 3:12 E (2) _ m(2n + 3.12n - mv -I' n -fT -1)'g ,	 g , 

E (3) mn ( 2n +~12	 " 3/2 
n = - a -1)' . a

4a 2 g . , 
te: 

r 1/2(1:/4) 

np~ BCRKOM $~Kc~pQBaHHOM n 3T~ ~OPMYIl~ np~MeH~M~ TOIlbKO AIlR 

lim [sh(amx)5~ ()() - amchtam v l 5+(x)] == O,	 /4.2/

:~
 x .... o
 
. . 

~. lim {[ s:~(x) + am5+()()] exp(-amxH == o.	 /4.3/x.... 00 

np~ BblnOIlHeH~~ YCIlOB~R 11 2 < - g 20 i (E, m) ypaBHeH~e /4. 1/ ~MeeT 
T04KY nOBopOTa x*, KOTopaR onpeAeIlReTCR ~3 YCIlOB~R K (X*) ==0. 
~YHK4~~ rc±()() e cr s + 

K ± (x) == m[ - g2 o I (E, mch X) 1= a 2 ] -1/2.	 /4.4/ 

AIlR X < X*, BAaIl~ OT T04K~ no aopor a , 8K6-pew~H~e ypaBHeH~R 

/4. 1/, YAOBIleTBopR~ee rpaH~4HOMY YCIlOB~1O /4.2/, ~MeeT, KaK He­
TPYAHO y6eAHTbcR, cIleAY~~H B~A: 

. 1 X 
5+ (x) == C+ __ sín I r K+(x')dx' I; x < X*. /4.5/ 

V rc+ (x) o 

AHaIlor~4HO peuieuae /4.1 / npa x > X*, YAOBIleTBopR~ee rpaH~4HO-. 
MY YCIlOB~~ /4.3/, TaKOBO: 

X 
5:	 (x)==D 1 expl flx+(x')ldx'l; x>x*· /4.6/ 

+ + 
>-

* . ..J !x+(x) X 

~YHK4~~ /4.5/, /4.6/ AOIl~H~ YAOBIleTBopRTb BK6-YCIlOB~1O cw~­
BaHHR, ~3 KOToporo cIleAyeT COOTHoweH~e 

x* 
r K+(X)dX="(n-l~/4); n==l, 2,3, ... ,	 /4.7/

o	 \ 
n 

onpeAeIlR~ee cneKTp, W ~BR3b 0+ c(-l) C+/2. 06IlacTb np~MeH~­
~ÓCT~ ~OPMYIl /4.5/, /4.6/ HaXOA~TCR ~3 HepaBeHcTBa 

2	 2 3/2 g 2 d 

1
Ig CaCE, mch v) + a I » - I -OI(E, mchx) I.
 

2m dX
 

PeweH~R /4.5/, /4. 7/ ripa i = 1P MorYT 6~T b B~pa~eHbl -repea 
3IlIlwnT~4eCK~e ~HTerpaIl~ nepBoro W TpeTbero pOAa:TaK~X 3Ha4eH~H KOHCTaHTbl CBR3~ g, AIlR KOTOp~X E (1) «m. 

n 

s
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c+
~ (x) ./--==81ntg[F(~(i) k(I»)
'+ v K+(X) +, + + 

/4.8/ 

(À(1) _l)ll(,J..(i) À(i) k(i»)]} X<v* 
+ + 'f'+ ' + ' + ' 1'1..' 

i 

c+.S:+ (x) = _...;....---exp tg À(i) F(;; (I) ';-(i») 
t1 

(-1) n + ~ +' + - (
.) 2 V!K +(X) ~ 

/4.9/ 
- (1) -(i) ..... (i)

-gll(cP+ ,À+ ,k+ )}; X>)(*· 

napaMeTpbl 3nnHnTH4ecKHx HHTerpanOB B /4.8/-/4.9/ onpeAenR~TCR 
cneAY~HMH COOTHoweHHRMH: 

ai (E, mch X)
sin 24J (i) = -! - . 

+ À(i) 01 (m, m ch x)
+ 

(i) a2 - 1 k (i) = k (i) . / À (i) .
 
À + = 1 + -o i (E, m) ; + o v + •
g2 

..... 1 2 -1
sin 2 cP ~i) = ~__ G i (m, mch x) [ ..L + a i (E, mch x)] ;
 

À (i) a2
 

+
 

À(i) = k (i) + L; k(i) = ~ vÀ(1) IG -1 (E, m) I .
 
+ o a2 m2 oi:" g + i
 

YCJlOBHe KBaHTosaHHR AJlR r ex >Ke ypaBHeHH~ (i = 1,3) 3anHCbI­
BaeTCR 4epe3 nonHble 3nnHnTH4eCKHe HHTerpanbl: 

gF (..!... k (i») + (À (1) _ 1) II ( .!.. À(i) k (i») = ,,(n - 1/4) • 
2' + + 2' +' + 

Korna m -' E « m n03TOMY, Hcnonb3YR aCHMnTOTH4eCKHek (2 ... 1, 
~opMynbl AJlR 3JlJlHnTH4eCKHX HHTerpanoB, HaxoAHM npH 1 = 1,3 

(1) 4 . 2 i g 2 2" 1 /4.10/E = m t1 - exp[ - -(n - -H lo 
n g2+ a2m2 g 4 11

'p 

~nR n~6b1x 3Ha4eHH~ KOHCTaHTbI CBR3H g ~opMyna /4.10/, 04eBHAHO, 
cnpaseAnHBa npH 60nbWHX 3Ha4eHHRX KBaHTOBoro 4Hcna n. 

B cnY4ae E = o /npH l' = 1 ,2/ ~YHK4HH /4.5/, /4.6/ H ycnoBHe 
KBaHTOBaHHR /4.7/ ynpo~a~TcR H npHHHMa~T, COOTseTCTseHHO, BHA 

:t+ (x) = c + ( ch 2X ) 114 sin Ig arcsin -=g::t=h=x===­
g2 _a2m2ch2x V g2+ a2 m2
 

/4. 11/ 

am sh v I; X<X*,- am arctg ---:========== 
.Jg2 -a2m2ch2x 

(-1) n ch 2)( 1/4 Va2m2ch2x - g2
 
:t+ (x) ~+I' \ exp l g Arth
 

2 g2 _ a 2 m2 ch2 X g sh X
 

/~. 1Z/ 

2m 2c h2 
_ aro Arth! a x _g2 X > X*,~m sh xl; 

/~. 13í 
g = aro + 2n + 3./2 • 

B o6nacTH npHMeHHMOCTH BK6-peweHH~ 

"( ." 
I g2~~ _a 2m 2 : 3/2 » m2g 2 th x
 
ch )( :
 

HeTPYAHO YCTaHOBHTb npH6nH>KeHHOe cosnaAeHHe $YHK4H~ /4.11/, 
/4.12/ H ycnoBHR /4.13/ c cooTseTcTBY~~HMH T04HblMH peweHHR­
MH /9/ . 

PaCCMOTpHM Tenepb KpaeBY~ 3aAa4Y, COOTBeTCTBY~~y~ nOTeH4Ha­
ny /2.11/. YpaBHeHHe /2.21/ B 3TOM cnY4ae OTnH4aeTCR OT /4.1/ 
r onsxo 3HaKOM nepen BTOpblM cnaraeMblM H ltlMeeT BHA ypaBHeHHR 
WpeAHHrepa c nOnO>KHTenbHO~ 3~eprHe~. Ha nepBbI~ B3rnRA,cneKTp 
TorAa AOn>KeH 6blTb HenpepblBHblM. 3TO, OAHaKO, He TaK, nOCKonbKY 
rpaHH4Hoe ycnoBHe Ha 6eCKOHe4HOCTH AnR cnY4aR KBa3HnOTeH4Hana 

V_ 

- . 
lim (cos(amx) .5' (x) + am sin(amx)j (x)l = O /4. 14/ 
X-too - ­

OTnH4aeTCR OT rpaHH4Horo ycnoBHR AnR ypaBHeHHR WpeAHHrepa., 

11 



- -

B paCCMaTp~BaeMO~ 3aAa4e BCR 06nacTb ~3MeHeH~R X RBnReTCR 
KnaCC~4eCK~ AocTynHO~. BK6-peweH~eM, YAOBneTBOpR~~M rpaH~4­

HOMY ycnoB~~ B Hyne, 6YAeT $YHK4~R 

x11_ (x) = C_	 ---eín I r K _ (x') d)(' \ , /4. 15/
VK _ ()( ) o 

rAe K_()() onpeAeneHO B /4.4/. np~ B~nOnHeH~~ ycnoB~R a 2m 2» g 2 
$YHK4~R /4. 15/ np~MeH~Ma np~ Bcex 3Ha4eH~RX )(.·nOAcTaHoBKa 
/4.15/ B /4.14/ np~BOA~T K COOTHoweH~~ 

lim 

~ 

tcos (am x) cos 1 K _ ()(') dx' + 
x-+ oo o 

)( 
+ ein(am x) sín r K_ ()(') d)(' J = o , 

YcnoB~e KBaHToBaHHR B COOTBeTCTBH~ c /4.16/, /4.17/ MomeT 6~Tb 
npeACTaBneHO B B~Ae 

11m {gA[ F(cP (i) , k (1») + (11 (1) -1) II (ef/~ ,À (~ , k(i) )] - am)( } = 

X~OO 

= 1I'(n - 1:12) • 

MomHO nOKaaaTb, 4TO B K~panb~OM npeAene (EcO) KpaeBa~ aaAa-. 
4a /2.21/-/2.23/ AnR i = 1,2 ~ nOTeH4~ana V_ HMeeT cneAy~~ee 
T04Hoe peweH~e: 

1I éz: iam	 -iam )
~ J (X) =r(l-iam)P (thX) +r(l+iam)P (thX, /4.18/. v v 

Re t F'(I + iam) r(-v + iam) sín [ ; (v -iam)]} = O. /4.19/ 

o COOTBeTcTBy~~ee BK6-peweH~e np~ E o 3an~weTCR cornaCHO 
~3 KOToporo B~TeKaeT ycnoB~e KBaHTOBaH~R /4.15/-/4.16/ B B~Ae 

00 \	 /4. 16/ ch 2)( ) 1/4r Iva2 _g20 (E~I), m eh v) - a\md)( "1I'(n-1:/2).·
1 ~ (X) - C- ( 2 2 ch 2 + g 2o	 - a m X 

BonHOBaR $YHK4~R /4. 15/ np~ i = 1,3 B~pamaeTCR 4epe3 3nn~n­ I	 \ /4.20/ 
T~4eCK~e ~HTerpan~: 

I 
.I	 gshx. {	 am sh)( .sm amArth	 + g arcsin 

2+a2 2c	 va2m2ch2x+g2 vg m
• - sín {gA(F(cP(l) ,k (1) ) +s. (x)	 !.y K J)() - ­

/4.17/ 

+ (,,(I) -1)	 n(4)~) , À(~. k(I»)]l. 

3AeCb 

2 
1 G1(E, mch X ) 1 1 _a_ 0 - 1 (E , m) ,


sín 2 cP (1) = ---~.-:11 = - 2 i
 
~y) G (m, mchx) g

1 

OCTanbH~e napaMeTp~ np~H~Ma~T cneAY~He 3Ha4eH~R: 

a/ np~ Ik~)I·<g/am 

k~) = (k~) V TJ (i) ) -1; À~) '= 11 1 ; A = 1 ; 

1	 /4.21/g arcsín g + amIn ---g = fT(n --).
2m 2 2V g2+ a 2m 2 V g2+ a

EcnH B~nonHReTCR ycnoBHe npHMeH~MocT~, BK6-B~pameHHR /4.20/, 
/4.21/ np~6n~meHHo cOBnaAa~T c T04H~MH B~pameH~RM~ /4.18/, 
/4.19/. 

5. 3AknI04EH~E 

B HaCTOR~e~ pa60Te HaM~ paCCMOTpeH Knacc KBa3HnOTeH4HanOB, 
AnR KOTOp~X ~HTerpanbH~e ypaBHeH~R B ~MnynbcHoM npOCTpaHCTBe 
CBOARTCR K AH~~epeH4~anbHo~ aaAa4e WTYPMa-nHYB~nnR. Kpa~B~e 

ycnoB~R 3TO~ aaAa4H OKaa~Ba~TCR 3aBHCR~HMH OT B~6opa KBaa~­

nOTe H4 Hana. nonY4eHHaR aaAa4a WTYPMa-nHYB~nnR peweHa MeTOAOM 
6/ np~ Ik~) I > g/am	 BK6. B KHpanbHOM npeAene Ha~AeHH~e peweH~R cpaBH~Ba~TCR c T04­

H~MH, H3BeCTH~MH paHee.'I
 
k(1) k(l) y TJ (1); À(I) = (k (1) )-1 A = k~) (" (1»)-1/2 •	 ." CneAyeT nOA4epKHYTb, 4TO ~ccneAOBaHHe KBa3~nOTeH4~ana Vo 
0- ­

~MeeT,no cy~ecT~y,oTHoWeH~e K penRT~B~CTCKO~ KynoHoBcKO~ npo6~ 
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neMe, nOCKOnbKY nOBeAeH~e KynoHoBcKOrO KBa3~noTeHq~ana ~ Vo 
B pen~T~B~CTCKOM KOH$~rypa4~oHHOM npeACTaBneH~~ np~ Man~x r 
cOBnaAa~T. 

B 3aKn~4eH~e aBTOp~ B~pama~T 6narOAapHOCTb 3a o6cymAeH~~ 
A.A.A~OH~HY, E.A.Ae~, c.n.KynewOBY, H.B.MaKc~MeHKo, B.~.CaBp~­

HY, r.ro.T~MeHKOBY, ro.A.4epH~4eHKo. 
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KanmaH B.H. H gp. 
BKB-pemeuHH KBa3HnoTeHWfaJ1:&HbiX ypaBHeHHii 
B HMnyn:&CHOM npegCTaBneHHH 

P2-87-301 

HccnegyroTCH KBa3HnOTeH~HaJl:&Hble ypaBHeHHH c noKan:&HbiMH 
B HMnyn:&cHoM npocTpaHCTBe flo6aqeBcKoro noTeH~HanaMH. HHTe­
rpan:&HbJe ypaBHeHHH gRH BOnHOBbiX cPYHK~HH CBegeHbi K 3agaqe 
lliTypMa-flHyBHnnH HenocpegCTBeHHO B HMnyn:&CHOM llPOCTpaHCTBe. 
HaiigeHbi BKB-pemeHHH 3TOH 3agaqH, B KHpan:&HOM npegene, Kor­
ga MaCCa CBH3aHHOrO COCTOHHHH paBHa Hynro, yCTaHoBneHO CO­
OTBeTCTBHe MeJK,D;y HMeiOIIU1MHCH ToqHbiMH H BKB-pemeHHHMH. 

Pa6oTa BwnonHeHa B fla6opaTopHH TeopeTHqecKoii cPH3HKH 
OHHH. 

Coo6UleHHe 06'he.IlHHeHHoro HHCTH'fYTa ~~.nepHhiX ucCJJe.llOBaHHii • .lly6Ha 1987 

llepeBog O.C.BHHorpagoBoii 

Kapshay V.N. et al. 
JWKB-Solutions of Quasipotential Equations 
in the Momentum Representation 

P2-87-301 

Quasipotential equations with the kernels that are lo­
cal in the Lobachevsky momentum space are studied. The in­
tegral equations for the wave functions are reduced to the 
Sturm-Liouville problem directly in the momentum space. 
The JWKB solution of this problem is found. In a chiral 
limit when the bound state mass tends to zero the corres­
pondence between the JWKB and exact solutions is obtained. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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