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SUMMARY 

A general formulation of certain sin
gular boundary value problems of quantum 
mechanics and field theory is given. The 
problem may be formulated as a system of 
integral equations or, equivalently, as a 
system of differential equations with cor
responding boundary conditions. A general 
method for solving such a problem, based on 
the continuous analog of Newton's method, 
is suggested. One simple boundary value 
problem, which arised in the theory of com
posite hadrons, is investigated in details. 
Using this problem as a typical example we 
formulate the method of analytic continua
tion of the numerical solution defined on 
the real axis into the whole complex plane. 

§I.BBegeam:e 

Macrae 38~~H RB8HTOB0~ M6X8HHRR H RB8HTOBOH TSOpMR llOnH 

CBO,ll.ll'l'CJ'l R pemerum CHCT6M ypaBH6Rd CJI6,JJ3KlJI6rO Bl'!~: 

(o} M.. 5x 
U,JxJ =-11,~. txJ+ ~ Aax,~) J'J Bt~.i('J,"A)E. (il,'f, u . .rYJ) + 

0 

,.v.. oo (I.I) 

+ 2, C.._Jx,}..) SJy 1).td~,il} t(~1 1j,U,~.('JJ). 
i=1. X 

~ (OJ 

3,J(ech ..<. = 1.,l, ... n; A,B,C!,.iiJu U,~.._ H3B6CTH'ble <l:YHRUKH nepeMea-

BOH X H aeRoTopoi coBoRynaocTH napaMeTpoB .ll , sa~aaoo 
8B81Ul'l'~6CRH R1Ul 'l.I'ICJ16HHO; ft~... - <f:yHRL\VI.I'I, 38B!1C.f!!JIH6 OT H6-

38BRCHMO:ftl: .nepeMeRHof.t X , HCROMHX !l;yHRIJ.Ki ll.~.tx} H napa

MeTpOB A . 3a~qa cocTORT B TOM, 'lT06u aaH'!'H cooTaomeaH.R 

M6JE,ey napaM6TpaMM 1 npH ROTOpWC CUCT6Ma (1.1) HM66T p6ill6HH6 0 

H onpe~1UlT:b COOTB6TCTBYJJ11Ui6 {fyHRnl'!I4 U.~o. (X) ("co6cTE6Hllbl6 

<f,yHRIJ.Kii" ).:) 

B TaRoi o6!J16H nocTaHOBRe Tpy,ll.llo c<f:opMyJlHpoBaTI> ycJloBH.R 

CY!J16CTB0B8HH.f! pemeHHR 3TOH 38~~H, H 3~6C:b M'bl H6 fiblT86MCJ'l 

3TOrO C~6Jl8Tb. lleJlb ~HROH pa60T'bl COCTOiiT B TOM, 'lT06'bl H8 

UpDCTOM llpHM6p6 1 B ROTOpOM CY!J16CTBOE8Hii6 p6W6HKR O'l6Bii,ll.ll0 1 

x) Boo6~e roBopa, sa~qa aa co6cTB6HHHe saa'leHKR B03HHR86T 
I (0/ 

o6'bl'l£l0 .IJ,1Ul O,ll.IIOpO,ll.IIOll CliCT6M'bl (I. I): l,l,;_ =: 0 • ,ll,onycRM 

1.6KOT0py!O BOJihHOCTb, MH 6y~eM ynoTpe6nHTb T6l:m.U!H'bl 

"co6cTB6HH'bl6 3B8'l6HH.R" H "co6cTB6HH'bl6 q:yHRUIDI" B 06[U6M 

cJiy~ae (I. I) • 
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c¢opMy~HpoB8Tl> H 060CROB8Tl> ~'1'8'1'0~80 06~~ M6TOn ~BC~6HHOro 

pemeatm Bec~>Ma o6mHps.oro R.nacca nono6awc 3a~~. PacCMaTpHBBe

Mmt HaMH Dpm&ep, Dp6nG'l'BBJUIIX!IHfi C8110CTO.f!T61Il>Ryll 146HHOCTl> ,ItJU! 

~H3HRH 1 BCTpeT~C.fi B RB8PROBOft M0~6nB M630HOB 1 Dpe~o•eRROI 

O,IUU!M H3 8BTOpoB (CM. (f.} ). B ROHU6 3TOro pa3n6JIB MH c¢opay

Aapy6M COOTB6TCTBY~Il 38~~. HO CHS~ana DPHB6~M H6CR01Ib:RO 

.npyrwc: npli!MepoB, npHBO,lUIIIIWC R ypaBHeH.WDI (I.I). YpaBHeMe lllpe

ntmrepa ~ D8pUH81IbHHX BO~ B li!MDYJil>CHOM npe~T8~6HHH ,ItJU! 

DOT6HlW8JIOB, ROTOpH6 B ROOp.JntH8THOM npencTBBJ16lUIH 1!1161lT BHn 

Vtr.) =}.. "l-Z/11 ( N = I, 2, 3, •.• ) • CBO,IU!TC.f! R ypaBH6HHil 

(I.!) (eM. [2] H o63op [3] ). IlPH aTOM n=tj f11-=N1=t1/j 

Ltt;': 0 H 

Lo.,x,u,oo) =A fowre;U1{J<Jfi<1 +X~-~ 

A l7'l f -e +2ttv-iJ 
1i (X) = .,t.J1i(x) == ,·IV (e) X (!.2) 

B C t X 
f+2i-( 

'1i(X)== 1i(X)= itvff} 

rne i-=1,2, ... ,N; foN(e}, f..tvft')- aeRo'l'opue paUHoaanase 

\fy"HRUH.H Op6>iTB1IbHOro MOM6HTB e (KOTOpHI MOaeT 6HT:& ROMW16RC-

Hb1M), (-1< 1
) - RB8,ll;p8T HMDYJ!l>CB 'IBCTHUH (B 06!ll8N CJIY~Be '1'8R-

llt6 ROMW16RCHHit DBp8M6Tp). 3a~-qa CBOnHTC.fi R onpe~6Jl6RRJ) COOT

aomeHtm M6llt.J13 ROMW16RCRI&U! napeMe'l'paMH A J e H Kl ('1'811 

HB3HB88M06 ypaBH6H.I!:6 ,ItJU! Tp86RTOPHH Pe)llle) Ill BOJIROBOii lfy HRilii!H 

Ut(x). ITpo,llP..p¢epeanMposas ypa.BRe~IMe (I.I)-(I.2),ero HerpY.JlHO 

CB8CTH R JIHH6ftBOMY ~\t6p6RUHBJ!l>ROMY yp8BH6HHil D::lpR~a 2)V nnR 

\tYHRilii!H lit {X) C N' rpe~RHMH ycJIOBH.f!MH np111 X = 0 111 

N rpe~RHMH ycllOBH.f!MH n:pH X - 00 • KoaMHUHeH'l'H npH 

npoH3BO,IJ;HhlX L/1.. ()() l'!BJI$1m'Cl'l pell;\1oaanRHMR itYHRUH.f!MH nepeuea-
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sol X , a AMI TBRiilX ypaBaem C1UI6CTByeT nocTaTo~o pa3pa-

60T8BH8Jl 'l'GOIB.f! [ Lf] (:a ~C'l'ROCTH, npx N = I, a 'l'Sl(llte npx 

N ~ 2 H f( = 0 Memo aaiTR 'l'01!Hoe pemeRHe 38~~ c DOMOUU>Il 

.i18!16C'l'RHX CD6IJ;H81IbRHX ~Bl(IJ;Hi [ 2, 3 ) ) , O,naaRO TBROI npoC'l'OI no

'1'6~8J1 pe~O :BC'l'pe~a6TC.f! B ~H3~6ClllilX 3a~~BX H MOll6'1' p8CCM9'1'

PR:Ba'l':&C.f! IIBR R6RO'l'Opo6 60J166 HJlH M6R66 y~~R06 DpH6nBll6RH6. R 

pea.n.ao BC'l'pe~BJJQJi!MC.fi DO'f6RI$!8Jl8M. EoJiee il8'1'6p6CRH D0'1'6RD,K8m 

\1 -2111-2. -2111 
B~ y{'l:.) ::. ft.t 'l - i\0 7.. 1 C DOMOUU>Il RO'l'Opwt MOllt-

RO yll6 R6MOXO Dpi!6JIR3H'l'l> D0'1'6RD,K8JIH 1 PQTpe~allltil6C.fi B 38~~BX 

BTOMROI .H IIOJieKyJl.f!pHOI (tH3HRH ( 3] (Dpri! N = 3 9TO - TBR H83Y

BaeMHI noTeHUH8Jl !eaap~-naoaca). ~ a-.roro noTeRIJ;Ha.na npa nm

CSOM N pemeue ypaBRSRH.f! lllpe~repa B li!MnyncaoM npocTpaHcT

:ee T8Rll6 CBO,tgl['l'C.f! R pemeR.Hil 3a~~H (I. I). 1{ 3TOI ll6 3a,It6~6 "DPH

BO,nlll'l' pemeR.He ypaBH6HBR illpe.JntHrepa C D0'1'6RUH8n0M BH.Il.B 
IV -1(/V-n} 

v('l} = L ftn 7. ' r,It6 N = I, 2, 3, •••• 

1{ n~c'l'ebelly ypaBR6RHil B.I!.Il.B (I.I) c rr"' =N.J. = 1. H 

fru)~ Ll C:BO,nlll'l'C.f! ypaBR6Hit6 Wpenaarepe B ROOP.lntHB'l'ROM npo

C'l'p8HC'l'B6 .1U1Il JlllCSoro no'l'eHIJ;JI8J18 V('l) • llon3ysc:& aTii!M 

OC:S0'l'Oil'1'8J!l>C'l'BOII 1 IIOllRO DOC'l'po.HT:& npa6J!Hll6RHH6 M6T0n9 pemeRH.f! 

Jp811B8RM mpe.JUUlrepe C OilSryJlllp.B.aui D0'1'6RUH8Jl8M.H ( 2, 3 J , 
0fti6'1'BII 3,It6Cl> 1 '1'1'0 p81116RR6 yp&BH8RH.f! BlpenHHrepa B HMDJJI:&C

BOII Dp6,J¥:'l'aBJI6RIUI p68J!l>HO B606xO,JJJIIIIO Alii MSOrlilX ~3~6CRiilX Dp&

~Oll6R.HI, B '18C'l'.B.OC'l'H, Alii pemGR.H$1 38.Il.B'IH 0 p80C6$18HB ~aC'l'HQH 

sa C:BIIS&BBOII coc'I.'OSH.IU! mx mru '!BOT~. Memo, Koae~ao, caa

•&~& BaiT.H 'IHCJ168R08 pemeR.He yp8BR6Hitll mpi~pa B ROOp.JUUlaT

BOII npoC'l'p8RC'l'B6 1 a Sa'l'eM JrimOJIBB'l'l> ~RCJI6RHO npeo6p830BSR.H6 

lyp:&e 8'l'Oro pemeRH.f!. Ha Dp8K'l'JIR6 1 onaaR0 1 '1'8ROI DOJJ.XOn OK83HBa-

8'1'Cil RHCROJII>BO .B.6 npo~qe, '1611 npe.IUIBraelld RBIIR 1 R 'l'OyY •e B6J!Jl-
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~RHH B ZMTIYADCHOM npe~T8B~6HRH H6ll0Cp6~TB6HHO CBfl38HH C H8-

6JIJ0~6MHMH • 

38M6THM T8RX6, ~TO H6KOTOpH6 ypaBH6HRR 60~66 06~ero BK~ 
oO 

[{"- (x) = J Jy J{J. (x, 'J) fr~. (ll, ljJ.-iq. ('f)) (1.3) 

0 

MOJKHD npK6~HHO CB6eTH R eKCT6M6 BK~ (1.1) • .lJ.eitCTBHT6AhHO, 

ec~ .a.n;pa Xr~. (X,':!) ,n;onyeRaiOT paBHOMep!Ule npH6~ueaM 

Xr~. (X,':J)::;: 2: A,(L (X) B.~., {(j) llPlf X > 'i 
l 

'J{.I. (X,'J)-.::. .L, C,(L. (X} ft {If) 
(1..4) 

DPK X< 'f. 
' i 

TO MH DPH KOR6~HDM ~Rene ~n6ROB B (1.4) no~y~aeM 38~~ (1.1). 

H8npm4ep, nycT:b x~ (X, 'f):::. {Xz+ 'iz) '/.<. ' r~ 9J. > 0 • 

Tor,naJ pa3Jiara.a 'J(tf.. {x, 'I} B p.a.IJ: no cTenea.aM f: npz 'f <X 
x~ 

K B PR.IJ: no cTeneH.IIM 'fz npH X-<= Y , no~y~8eM np.H6~xeHRR 
BH.IJ:8 (!.4). Aa8JIO~HO, ec~ x~ {X,lf)-:::. en {X r... + './'"'), 
TO ,IJ;OCT8TO~RO BOCITOAD3DB8TDCR R8RKM-JIK60 xopomo CXO,IJ;W~KMCR DPH 

0 ~ Z ~ f p83Jl0llt6HK6M ~ MHOrO~JI6HHHM UP!f6JIU6RK6M .IJ:J1.11 

en (1. + Z), ~T06H npH6JIU6HHO CB6CTR 38,IJ;a~ t~ CKCT6M6 (1.1). 

38~~K TKn8 (1.1) H60.IJ:HOKp8THO BCTpe~8~C:b B RBSHTOBOI 

TSOPHH noJIR rrpz pemeHKH ypaBaeRH~ EeTe-CoxnKTepa K illBKarepa

llaAcoa8 (eM. ,s.arrpHMep, [ 5] ) • Ms npKBG.IJ:ElM 3.IJ:6C:b .IJ:B8 npKMepa: 

ypaBH6RK6 .IJ:Jl.ll BOJIHOBOI qyHR~K 7( -M830H8 C Hy~eBO~ M8CCOR, 

COeT8B~6RHOrO K3 RBSpRa K 8H'rKKB8pK8, CB.II38RRHX CHJlaMH, B03RK

K8romKMH 38 C~6T 06M6H8 66CROH6~HO 6D~:bWHM ~KC~OM p630R8HCHHX 

COCTO.IIRHA (C 3RCnOH6HUK8JlbHO p8CTy~ cneKTpoM Mace) K ypaBR6-

RIDI .IJ:Jl.ll cPyHRUKH I'pRH8 RB8pt(8 Il TOft E6 MO,IJ;6Jm (eM. [ 1] ) • 
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K81l UOS888Jl0 B paCS~ax ( i ) , JP8BB8Bll8 .1tllJ p&JUJTKBBC'l'

CBOI BO.IBOBOI ~BJlD,liJI fl -1188088 MODO npe.-:TSBB'l'l> B ~: 
//( )S. 

lltxJ =-£: t{ x~MtxJ )J'~t~} .~. ~z tf('J)dlj + 
- 0 

- otl y~ } (1.5) 

+XVzJtlxJ JNtf~) 'J'•r~.llttj)tllj , 
X 

r.v.e £ = ± 1 ; M (x) • 1t (){) - tJmuom Helllaaa H Eecceu , 

CO~B6'rO'fB8JlBO (;ga R8 88BBCBSX p8DIIBJI8 ypaBR8RH.II lleCC8JUJ) • JlJitr 
~Jl8BIUIP12 ypaueDe (1.5), Jl8rao nw1yuu .1tll'l U('x) JIIIB81-

aoe .-lx»ep&HIXB8Jildl06 yp&Bil8BJI8 ll'l'OpDl'O UOpi.JOt8 C rp&HH'IHYUI yc

.aDUSIIJI np1 ~- 0 B _X_.. 00 • l'paJIJ11IHH8 ycJIOBU IIOUO 881-

'!'B, UOAC'f&BD$1 B (1.5) odlqee pelleBJie ~epeHI0!8JD>HOro ypaBBeJWJ 

H BBDO.IIBSJI U'r8~B8BJI8 DO 'i80'r.flll~ B ,lJJlBBOII eJJY1188 rp&HJ111HH8 

JC.IDBilit Jl81'1t0 UOJIJ'Ill'l'l> '1'8D8. U8p8XOJUI l't npe.v.e.IJ X- 0 • 

X_. 00 B Up&BOI 'i8C'1'B ypaBR8BJI8 (1.5). COO'fB8'1'C'fBJJIJI8S ~ 

~epeaJliBJI]..aas Jtp&eBSS 88,11,8'18 BYilllC8B8 B § 2. 

YpaueJWJ .us upoual'8'l'opa DBJM • 'fOil && npt6JUD18BJIB ( 1 J 
CBOJOI'fOII Jt aeJIJUl81BOI CBC'f8118 (1.1) ~ 1f111X ~ulld UJ.{X)1 

.(-::::~,2.. u 

M 
AI t•l t•l 1_ 

1 ;IVt =Mz =N,_; 1 i U~, (rcJ =0 i ll z (x} = i 

A (xJ=fl (x} = Mlk). C. (IC•=B (x}- ':L,(xl (1.6) .u •u x,J. 1 fl.t ~ oc.t - X"' •· 

S'f• ypaBR8JWJ MODO CB8C~B l't B80p.J10po.-ol CBC'1'6118 'JfJJYX R8.UB81-

BU .lUIM&pe&QUUBBJ' yp&BR8BJII ll'l'OpDl'O UOpB.Jgl8 0 COO'l'B8'1'C~ 

.... 1'll8HJ['IJlaUI JO.aDBUMII ( 1 J • 
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Ilepexo,n OT HHT6rp8JU,HWC ypeBH6Hd (I.I) R ~epeall]tlaJU,HOI 

Rp86BOH 38~~6 ~aCTO 6HB86T D0~636H 0 TaR BaR ,nnH ~epeall]tiSJU,

HHX ypaBH6HKn cymecTBYDT 3~6RTHBHH6 8HB~HTKq6CKH6 H BCHMDTOTB

~6CRH6 M6TO~, D03BOAR~6 6HCTpo B3Y~HTb 8RBAHT~6CKB6 CBOiCT

B8 pemerurli xaR qyHRIUtit ROMnJiexcawc napaMeTpoB X B }.. , ac~u.m

TOTH~ecRoe DOB6~HH6 pemead B ORpeCTHOCTH OC06HX T0~6R III 88BH

CHMOCTb pemeaKR OT D8paM6TpDB (npa 60JU,WHX H MB~WC 3H8~6HBHX 

.i\. ) • TaRa.R !II~op.aaUHJ! '<lp63BH'laiiao Bal!Ha B 4;H3H'<i6CRHX aa~'<lax:. 

D 'IBCTHOCTH, 4;11I3H~6CRaR 38~'18, CBH38HHaR C ypaBH6HH68 (I.o), 

Tpe6y6T B~HC~6HH.Il: C06CTB6HRWC <tyHRJ:Utit /i(Xj H6 TO~bRO npiii 

X > 0, ao a BO Bce:A KDMn~eRcaol n~OCROCTH X , a aaa~eHHR 

U (±lf) DJlRMO CBH38HH CO 3H8'<l6HH6M Bal!HO! 4;H3H'<l6CROI B6JmtU!RH 

- ROHCT8HTH CBR3H fl -M630HOB C KB~JlKaMH. B TO J!t6 Bp6WJ, no

CROJU,Ry q'yHRII]tiH A, B, ~ i) I! U1
"' 06WiHO 3a,n8DTC.fl .JI.mlll. 

npa6~!1llt6HHO (MI'l ,n8lJ[6 '<lliCJieaao), MHOI'ORpaTHOe .if.x ,IJ;1!4;((JepeaB;Hpo

BaHIIIe BHOC~ ,nODOARHT6Jll,HH6 H6ROHTpDJIBPY6MH6 OWB6RH, H B o6meM 

~Jiy'<lae, npH '<lHCR6RHOM pemeHHH 38,n8'<lB (1.1), lJ[6JIBT6JlbRO H30eX8Tb 

nepexo,na R ~qepeaii]tlaJU,HOH 38,n8~6. llOSTOMy ~ ~HCJI6HHOro pe

lD6HHR CI'!CT6MH (1.1) MH npe.nnaraeM BCD0Jlb30B8Tb ROHTBHYSJlbHHI 

aaanor M6TO,IJ,a lli.JOTOHa (b) , p8CCM8'l'PHB8.1l: CHCT6My (I.I) RSR 

ypaBR6RH6 B lfyHRUHOR8JlbHQM npoCTpaRCTB6 K pema.R ero HT6p8II]ti.RM.H. 

oTOT M6TO,n, -DO,Iij)06RO H3Y'IJ6R,Hltl\ I! C.HCT6M8TH'<l6CRH BCDOJI1,30B8BWB!

C.fl B pa6oTax: (t;,/8,/9L O,IJ;I!H8RO~O ~opomo "pa60T86T" RSR B CJiy'Iae 

KHT6rpBJlbHWC ypaBHead, TSR H B CJITi86 ,llH!f((JepeHUHaJI:bHWC Rpae

BWC 3a~'I CSMOI'O o6mero BK,na. Ero OCROBR06 npeHMylii6CTBO 38R~ 

'I86TC.Il: B TOM, '<iTO OR TI03BOAR6T HBA't'III C O,IJ;I!HSROBOI, ROHTpOJIB~-

6MOi B npouecce BH'IJKCJISHHi TO'IHOCTbD RSR C06cTB6HHH6 ~HRnHH 

u.~. oi~TBR B C06CTB6HHH6 s_aa'JeH.HR .i\ • CymecTB6R!WI H6.nDCT8TOR 

M6TO,na 38RJlD'<l86TC.Il: B TOM, '<iTO .nJI.Il: ero DpaM6H6HH.R H606XO,nKMO 
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BMSTb ,nocTaTo~ao xopomee ayneBoe npa6JIHll[eHHe. Ma cei'Iac noRa

ESM, 'ITO ,nnR CHCT6M TBn8 (1.1) TaRB6 DpM6JIHli[6HH.fl: DOCTpoHTb H6-

T~,li,HO. 

PaccMoTpHM .nnR npocTOTH ypaBHeaKe (1.5). 06oaaa'<lBM 
X 

1{ { y>t 
A(x,f,r)=-E.tf rllj tj2+j<z J:t.{'f)LIN) 

0 
00 y._ (1.7) 

B(x,i,jt} =-ff f fJ¥ lf;+Jf" Ai'ttLJJU{IJ} • 
X 

Tor,na pem6HH6 HM66T BH,n: 

L{{x) =A (x, f.J<) X YzM_ (") + B {x, f~) X Yz ~(X), (I. B) 

np.e'<leM 

Afx)~O, A(x}--~A i Bc-1(;~8, B(xJ~O • (1.9) 
X-1C X-+<'0 X~O )(~oO 

TiocTpOHM aeROTOPHe IPYHRUHH A (x) H 8 (x) , 3aBPIC.flmH6 OT aeo

npe.l(6J16RHWC napayeTpoB H y,noBJISTBOpa~e ycnoBHRM (I.9), r.ne 

A H 8 TSRlle ctJBTBSM aeonpe,neJieHHHMH napa.MeTpaMH. HanpHMep, 

B R8'16C~B6 npocTelmero npH6JIHX6H~ MOlJ[HO B3.1l:TL 

A(x)=A(t-e-"'K), BrxJ =13e-8
x. (1.IO) 

TIO,nCTSBHM (1.8), (1.10) B npeByD 'I8CTL ypaBH6HHR (1.5), ROTC

poe CHMBOJIH'<l6CRH 38nBmeM B BH,Il6 U :=. i{ {.j H DOTpe6yeM, 

'<lT06H napaMeTpa " a, C, ~ , /"' :a f 6HJIB ~aRm.tH, '<lT06H 

aeB.RaRa II U - 7{ U II 6Wia MBHHMBJILROi. Ba.n R6B.fi3RH, T. e. 

onpe,neneRHR aop.sa II U II B ~HRUHOHBJibROM npocT~HCTBe, MOllt-

ao 3S,naBan no-pa3HOMy, aanpBMep, KaR 
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oO 

\\UI\ = ~dlJL(NJfl'l) U-4U /I U/1 =max I Ll{ll) /, 
O-£'t.t:.OO (I. II) 

0 

r~e f('J) - H6ROTOpM B6COBM cnHRIJ,lif.ll. BalltHO UO,IJ;'!6p!<HyTD, 'ITO 

npo6HH6 ~YHRUI!K llM61lT npaBIDIDHOe 8CHMUTOT.H'I6CR06 UOB6,n6HH6 UPH 

X-> 0 H X~ oc • a aTo osaa11aeT, 'liTO npK 'IHCJieaam: pac'leTax 

MKRHMH38~ H6BH3RK MOZHO ~8RTK'I!6CKK npoBO~TL H8 H6KOTOpOM KO

H6'1ROM KHT6pB8JI6, H6 C0~6pllt8if16M rpaHK'IHHX '1'0'161< 0 H o0 

B CJ16,JzylllJU!X p83,146JI8X MH ,146T8Jll,~O HSY'IHM 38,1.113-qy (I. 5). B 

§ 2 paccMoTpeaa H pemeaa MeTo~oM J WI{B cooTBSTCTBYDIIM ~
~epea~aALaaa ItpaeBa~ 3a~11a H aa~eao acm.tnTOTK'IScRoe pa3JIOllte-

HK6 B6JIK'IKHH LLU~{Xo) npR 60JILWRX 3H8'16~X Xo • B § 3 
x,) 

~@epeHUH8JILH8B Rp86B8B 38~'18 pem86TCB 'IHCJ16HHO C UOMOIJil>ll 

ROHTKHYBALHOI'O 8H8JIOra M6TO~ HLilTOH8 • .1I..nli C06cTB6HHHX 3H8'16-

HJdt f (/') HCUOAL3Y6TC.fl }WI{ /3 - UPH6J1Hllt6HK6, a WJJl co6-

CTB6HHHX cNHRUHii - C8M8B rpy6a.a ~op.ta npK6J!Hllt6HM (I.B) C p83-

PHBH.K \l;yHRIJ,Rl'iMK A(x) K B(x). B § 4 cTpowrcB aaaJIHTJrlle

cRoe npo~OJ1~6HH6 'IIHCJ16HHOrO pem6HH.fl l{(Xj B KOMUA6RCHYD UJIOC

ROCTL. X • Ma noJiaraeM, 'ITO npe~ozeaaaii B 3TOM pa3~6JI6 MeTa~ 

8H8JliiTH'I6Cl<OI'O Up0,It0Jlllt6HH.a, OCHOB8HHbli! H8 Cp8BH6HKH pemerufil: B 

BK~e PR.ItOB c 'IIHCJISHHHMH pemeaH.aMB, o6na~eT .ItOCT8TO'IHOI o~

HOCTLD H MOllt6T npHMSHHTLC$1 ~ pemeHKR ~rax 38~'1 T8ROI'O TH-

na. 
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§ 2. PemeHHS OCHOBHO~ ltp86BO~ 38.I!@'Ciil 8CHMUTOTK'I6Cltm.tH 

M6TO.I!@MB 

Kai< yze OTMe'laJiocL, peJ!ftTKBHCTCRoe paccuoTpeaKe 38~'1Z o 

'][ -Y630H6 K8K CHJU,HO CBH38HHOM ~OCTO~HKK B CI'!CT6M6 RB8p!<-

8HTRIRB8p!< UPHBO~T K ypeBH6HHD (I.5), ROTOpo6 J16rRO CBO~CB 1< 

CJ16.D;,VD!t61 Kp86BOI 38,Df:l'l6 H8 KHT6pJ38Jl6 (01 oO); 

JU f €f .A2- ~ 1 -Jx: + 1. + xz+fll - xz U(x)- 0 (2.I> 

UroJ == 0 (2.2) 

U(x) ~ Xvz.N~(x) (2.3) 
x-"" 

r~e f. = ±I, }1. = I wm '!{ -Me3oaa H M (X) - \l;yHHIJ,lif.ll Heii-

Maaa (BTopoe pemeHHe ypaBHSHKR EecceJI.a). Co6cTBeaaae ~YHHUHH 

~OmtHH 6HTL HOp&HpoB8RH COrJIBCHO YCJIOBKIO [ 1 ] : 
00 z. 

.L ({ U(xJ } Jx = 1.. 
8 7i:1. J y...z +)'I 2. 

(2.4) 

0 

B H8CTDBUI6M naparpa\l;e MH BOCUOJIL3Y6MC~ ~ peW6RH.fl Rp86-

BO~ 38~'1H (2.I)-(2.4) K3B6CTHHMH 3CHMUTOTH'1!6CRm.tK M6TO~MR: . . 
I) Il:PHMeRHM MeTo~ JWI( B [1] ~ noCTpoeaH.a RB83H-

RJiaccH'I!ecRRX pemeHHii .rumeiiaoro .IU$i)epeHUlf8JU,HOro ypaBHSHKR (2.I) 

K UOJIY'I6~ RB83KKJ18CCH'I6CROI'O CU6RTp8 C06cTB6HHHX 3H8'116HHI 

f" lrJ, n = 0, I, 2, ••• 3a~11a (2.I)-(2.4). 

~ HcnaJ!b3yeM acm.tnTDTK'ISCRHe PR~ no o6paTHHM cTeneHBM 

X wm pemeari ypaBHSHKR (2.I) npa 6oALmRX X K aa aToll: 

OCHOB6 ROppeRTRO UOCT8BRM rpaRH'I!HOe YCJIOBK6 B ROH6'1HOft (,ItOCTa-

II 



TO'IHO y,UaJI6RHOH) TO'IR6 XIMC<-7< paCCM8TPHB86MOro lmT6JlB8JI8 

X,.,- C [ 0, 00 ) J 'IJTO HaM noaa,n:o6HTCSJ B )J.8Jl:&H6itm6M ~ pea

JIH38UHH 'IHCJI6HHOrD MeTO)J,8 (eM. § 3). 

He TepH.H oOuUIOCTH, MH Oy~eM paccMaTpHBau cJiytiai!: .i\ = I 
H £ = -I, llOCROJI:&Ry pacnpOCTp8H6HH6 BC6X aamHX p63YJI:&T8TOB 

na JliOOHe .A a E = +I ae npe,ncTaBJIReT saTpy~eHd. Ilpa aTOM 

Jl6rRO Bli~6T:&, 'ITO B TO'IR6 )"::; 0 MOlltHO cpasy BblllHC8T:& TO'IJ

H06 pemeaze ypaBaerum (2.I), y~orureTBOpsnanee rpaHK'IHOMy ycJio

BUIO (2.2): 

LlrxJ corM t X ~ Jv (X) , (2.5) 

r~e V ::: ( 1. + f) v, H 

8CIDI!TITOT~6CR06 TIOB6~eRH6 

'fv (x} - WRRUH.Il EecceJIR. CpaBHHBM 

M {X) z (2.5) npa x~ o<> a 

HCTIOJI:&3y.fl YCJIOBH6 HOpMHpoBRH (2.4), llOJIY'I86M C06cTB6HHI:l6 3H8-

'I6HIDI H HOpMiipDB8HHI:l6 C00CTB6HHI:l6 ¢YRRUHH Rp86BO~ 38,IJ:8'1JH 

(2.I)-(2.4) npH _/"-==0 : 

f,,_,ro; = N(IV+2) (2.6) 

U.,c-dX) = 'fff[2 (N+i){tV+l)]'rz. X >z J;vH (x). (2 • ?) 

3,ll6Cb n = 0, I, 2, •••• N'::: 1YI+i = I, 3, 5, ••• H BBe,neao 

onpe~6Jl6HH6: £..,(±)(fA) H l/.h(±J (X) - C06cTB6HHb16 

saa'IJeHKR z codcTBGHHble ifurRRI.niH RpaeBoii sa.rr,a'IJH (2.I)-(2.4) ,co

DTBeTCTBY~e £=±I. 3TO TO'IJH06 peweaze, HHT6p6CH06 081110 

no cede, MH HCTIOJlb3Y6M B )J.8JlbH6Hm6M ,n:JI.fl npoBepRH TO'IJHOCTH pas

Jl~HWC npH6JIHJ!t6HHWC 8H8JIHTH'IJ6CRHX (B 'q8CTHOCTH 1 j w /( 8 ) H 

'IJHCJ16HBHX peweH~ Kpa6BOtt 3~aqH (2.1)-(2.4). 
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PaccMOTPIDII sa.ua'IJy I), T.e. nocTpoHM JWK BperueHID! ypoB

aerum (2.I), KOTOpoe no ~Op.!6 COBTI8,U86T C H6p6JIRTHBHCTCKIDI! ypa

BH6HZ6M Illpe,rurnrepa c noTeaUHaJ!oM V(x) ~ f (X1+J'I,F
1

• 'l!Todbl 

npaBIDI:&HO ll6p€HTH R RB83J.!RJI8CCK'IJ6CROMY BH.DY [1] 1 H60dXO,IU1MO 

BOCTIOJ1:&30B8T:&C.fl 0000~6RHbiM npeo0pa30B8HZ6M Jlaarepa [ 8 J MJIH, 

'IJTO TO ~6 CaM06 B ~8HHOM CJiy'IJae, npOCTO C~6JI8T:& 38M6HY KpaMep-

ca [ 9] : A. 1 - ~ -7- .i\ z • IlOJIY'IJGRHHe nocJie TaRoi.l: saM6Rhl 

RB83J.!RJI8CC.Il'IJ6CRH6 p6Dl6HH.fl dy,eyT OdJI8)J,8T:& npaBMl>HbiM ll0B6,IJ:6HH6111 

B OCOOWC TO'IR8X ypaBH6HM.fl (2 .I) .li HM6T:& npaBHJI:&HYIO q~c,3Y npH 

x~ oo. 
YpaBH6HH6 (2.I) ~meeT Ha ,n:ei.l:cTBnTeJI:&aott 0011 peryJIRPHYIO 

ocodeaaocTI> npn X:: 0 , cy~ecTBeaayiO ocodeHHOCT:& npH X= oo 

11 o~y TO'IRY noBopoTa Xt • CBa3HBM odbl'IHbiM odpasoM perueHHR 

Cllp8B8 11 CJ16B8 OT TO'IRH llOBOpDT8 X1. [ 1] , TIOJIY'IJ86M: 

X 

l{(x) === ~~ exp{- {1 PrtJ/Jt j, o ~ x < X1. (2.8) 

Xt 

/( 

L{(•) ~~ co.l { \P!t)dt- ~ }, X, <X< 00 '(2.9) 

x, 

r,n:e 8 - HOpMHpOBO'IHM TIOCTORHH8.A' H 

X
1 

==[ { ~(j4l._f-i) 2 +)4z.yz_ t(r 1-£-1J])£ 

- f 1 ] ~ Ptx) =-[1 - yt+_.H'- - x'- • 

JWK 8 - cneRTpaJI:&Hoe ycJIOBH6 noJiy'I86TCB H3 rpaHH"!HOro yc-

JIOBH.fl (2.3). IlpH x~ oO JWKB- peweHZe (2.9) B6,IJ:6T 

ceOa cJie,eyiDmHM odpasoM: 
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Ll rxJ ,_, --t>t'n [x- Crt~>+~] 
)C~OO 

(2.10) 

3,I(6C:b Crt,/) onps~6J!Jl6TC1! R8R X 

Ctt~J == !tin [x- f Prt;Jt ]. 
l(-> oO x, 

CpaBBH:eas (2.10) c a3:eecTHYM acKMnTOTK~ecRZM pas~o~eaaeM 

,I(JIH M {xj npa X~ oO , noJiy~aeM j W K B- cneRTPBJibHOe 

YCJIOBH6 B CJI6~~6M BH~e: 

Cr1t/J = (n+1.J1l, n== o,t.,z, ... (2.II) 

IlpH /"::: 0 JWK 8- cneRTP coBna~eT c TO'IHI:lM, T.R. 

X 

J f{-t)Jt /'- X -{f+1.) J · 
x-o0 

J(, 

CJie~o:eaT6JlbHO, e (i,~=O) =: ( f + 1.) lJ. • OTRY.It8 noJiy~a-

f JWI<B 
6M .,<_1 (o)=N(N+J.), r~ ;11-:::1n+1. T.e. pe3yJIDTaT, 

co:ena~~ c (2.6). 

B o6tneM cJiy'Iae O~_)'f..:: oo WRRUHK> {!(f,_/'} ,B.Xo-

M!IIYIO B j w K 8 -Cll6RTp8JlbH06 yCJIOBY6 (2. II), MOlltHO BHpa-

3HTb 'I6p63 3~HUTY'!6CRH6 HHTSrpG~H, 'ITO BSC:bMa y,I(Od-

HO R8R ~ 'IHC~6HHHX p8C'!6TDB, TaR H ~ 8CHMUTOTY'!6CRHX OU6-

HDR: 

f{f,~)=-:~~ 1 v.F(f,<f) + {a-c/'·£ ('£,'!)+ 
(2.12) 

+ ~~ --- [r&-aJfl (If,~, 'l}+aFrlf:.r)}, 

r~e 

a "-t (o<l+ '0')Y.. -1.,(::: X1 j C ::-f-t.<.'+ '0')Yz- f"'; 
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C=--j4lj J..=)Cz.-f-1. i d=.(C-c)~. 1 ("Q -c 1 

I! f, £ I! fl - aJJJliiiilTK'leCRKe RHT6rp8JIH nep:eoro, BTOporo 

K Tp6Tbero po~,COOTB6TCTB6HHO (CM.[10,f1), r~e ~HH Ollps~~e
RKa K ll0~63HH6 COOTHOID6HKH). 

Ilpa /f ~ 0, oO K3 (2.12) MO~O DOJIY~KT:b 0~6~~6 

B6CDM8 ~6RTHBHH6 ~ ~K3K'l6CRKX npKJI0~6HK~ 8CZMllTOT~6CRR6 

OU6HRR C06CTB6HHHX 3H8~6HHA: 

)4-'>0 
jwKB ~ t ,1/(N+Z) f n(-) (f") = N(t¥+2} + 2 /v'(tV+2J+1 + ... (2.13) 

jwK6 ~z 

Jl_.,:y::, f.,(_, trJ ~ 1Nr- T + (2. 14) 

(,V:::-.1J1+1=I, 3, 5, ••• ). 

.JI.m:r npoBep!(R TO~aocTH JWI< B-MeTO~ KHTepscao paccMOT-

peTb c.ny'!aft f.. = I/2 • .JI.m:r sTore ~acTaoro saa'!eHM A ypaB-

aeHKe (2.1) MOllt6T 6HTb npHBe.neao R ypc~BH6HKIO ~ c~epom:,naJIDHHX 

·~YHRUHH, H3 T60pKH ROTOPRX K3B6CTHH pemeRKa CJI6~~6H Rp86BO! 

38,l]Jl~H ( 11] : 

d~lL +[}A~._ f ] U(t.) = 0 
JC.z. ; lz.+ 1 

u (2:) ,....__ "Z. U(-c} --~~-'n(J1~J · 
l-.0 ~_ .... ""' 

Co6cTB6HHHMH tUHRUHRMH STOlt xpaeBoil: sa~'!H 6ylJJT 

!i R (1.} 
U,.(r.J=A .. (2.1.+1) 1.'-'(r,~), 

(2.15) 

(2.16) 

11 = I, 2, 3, •• , , ,1/=-:Z.tl a Rtw~.l) - c(tepoa~JibRHe 

~YHRIJ,Im (eM. ( f 2.) , r~e ,It8HH Ollp6~6Jl6HKR K fi0Jl63HH6 CDOTH0-
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HOIII6Hrui). Co6CTB6HHb16 3H8tJ6HRR Rp86BO:Ci 38,11.8tJH (2.I5) f .. {jtJ 

HM6Kn' npH )'f -) 0 1 00 CJI6,IJYRlqH6 8CHMTITOTM'I6CKH6 p83JIO-

Jlt6f001 [ :H] 

)'1->0 f., (rJ == IV(N+1.} +Q,J" 2 + ... (2.I7) 

,~-oO f Nz 
., {j<l =. 1tV_r- z:--+ ... (2.18) 

$osq4HU11eHTbl a., p8BHbl: Cit= 4/7 1 C/.z. = 40/7? 1 

aJ = 28/55, •• ;) • C ~yro~ CTOpOHhl, 38,11.8tJ8 (3.I5) MOllteT 6blT:& 

pemeaa JWK B- MGTO~OM, KOTopbiH ~aeT cJJe,eyKll!lHe acHMnTOTHtre

CRHe p83J!OIK6HM )I)Ij'l C06CTBeHHHX 3H8tJ6Hl1H: 

jf-40 f
iwll/3 
11 (J4} = N(N+1) + J'1

2 tf/ftV-~-t) 
2. N( 11/4-1.) + ~ + ... (2.I9) 

f
JWkl} N.z 

;«--oo .., (,,.,= t.tVJi- T + ... (2.20) 

r~e AI= :Z..11 = 2, 4, 6, •••• KaR BH,Il,RO H3 npane~eHHblX pa3JJOJJte

Rl1:H , JWK B -Me To~ B TOtrHOCTH nocnpou3BO.n;HT rJiaBHhl€ trJieHbl • 

p83JIOJlt6HHH H 066CTI6'lHB86T XOpOIIIYIO TOtJHOCT:& ,IJ;JIH BTOpblX tJJI6HOB. 

3TO TI03BOJIH6T ,IJ;OB6PflT:& RB83HRJ18CCHR6 H B .l(pyriDC CJJytraRX, ROr,na 

TO'lRbl6 pemeHHR RS H3B6CTHH, CR8~6M, ,IJ;JIH ~ = I, T.e. Rp86BOft 

38,11.8tJ6 (2.1)-(2.4), COOTB6TCTDYIOm6ft ~H3HtreCKOH 38~'16 0 

n 1{ -M630He". 

CJiytraft E = +I MOJKST 6HT:& paccMoTpea conepmeaao aaaJiora

trao. J WK f3- cnsRTP no-npsJJtHeMy onpe~eJJ.i16TCR ~opv~yJiru.UI 
(2.II)-(2.I2), HO y~e c ,1\pyrHM H860poM napaMeTpon: 
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C£.::±(·e+lf.,u')~-f.(= x1 j ~ = -_,!4 2; 

y, { t-c;~ ( = -1: (.<_l· + ~ l p - f J. j /.. = ,)4 z + f - 1. ; 1 = C(-C j 

ACHMTITOTM'I6CK06 p83JIOJK6HH6 )I)Ij'l C06cTD6HHHX 3H8tr6Hl1H npH _r-.oo 
HM66T CJI6,IJY~ BH~: 

)'I-" cO 
jwt<8 /Vz 

f = 2N ..... +- + 111+1 / • .:Z. 
(2.2I) 

(/V=2H+1= I, 3, 5, ••• ). MoJJtHo nOR838T:&, trTO OTJJHtJHT6JI:&

HOH OC06eRHOCT:&ID CJiytraR £=+I RBJIReTC.fl TOT ~8RT, tJTO BCe 

RPHBble I .. c+J (rl npn )A_., o cxo,Il,RTCR n o,Il,Ry TOtrRY: 

f, 1~1 raJ-= i , n = o, I, 2, ••• , T.e. np11 RaJK,n;oM <1HRcl'lpo-

naHHoM J > 0 'lHCJIO C06cTB6!1HbJX 3H8'16HHH _/" 6y ,IJ;6T 66CRO-

H6'1HbiM B OTJJI1'll16 OT CJiytraH f. = -I, r,n;e 3TO '11'1CJJO Bcer,n;a ROH6-

tJHO. 

J WI< 6-cneRTpaJI:&aoe ycJJOB!~e (2. II)-(2. I2) 0'16!-ll> y ,n;o6ao 

,IJ;JIH BblllOJIH6HHR 'lHCJI6HHblX p8CtJ6TOB C06CTB6HHblX 3H8'16HI'JH 

f .. (±) (jf} R8 3BM BO BCeM HHTepB8Jl6 0 ~/"f <:. oo 

Pe3yJII>TBTbl pactreTDB npHBD,Il,RTCR aa pHc. I.11 B T86JJ. I- ,IJ;JIH oc

HOBHblX ypOBHeii fo(t) ()"} 1 i\ = IJH H8 PHC. 2 - ,IJ;JIH nepBblX 

TpeX ypoBHeJ,i. )13 3THX rpaq;HROB BH,Il,RO, tJTO i..,{i:) (t<) ,1\0BOJib-

HO 6bJCTpD BblXO,IJ;HT Ha BCHMllTOTHKH (2.I4), (2.21). Hanpl1M6p, 

npl'J f = -1 .It11R OCHOBHOrO ypoBHR npK )'I~ 5 8Cl'IMllTOTHtJ6-

CRM lfOpv!YJJB fo(-J fr) """':J..}'f - t C06JIIO,Il.86TC.fl C TOtJ-

HOCTl>IO He M6H66 3%. B CJiytrae ~ = +I RpHBbl6 i 1'1(+} {_!4) 

BblXO,Il,RT H8 8CHMTITOT!!RH 6U\6 6bJCTp66. 

113 BHID6H3JlOllteHHOrO BH,IJ,Hbl rJJ8BHb16 np61fMY!l16CTB8 JWKB_ 

M6TO,IJ;a: ero npOCTOT8 B npHM6H6RHH, ero YHHBepcaJI:&HOCT:& H XOpO

mBR TOtJHOCT:&, TID RpaAHeft Mepe, B llp6~R838HHH C06CTB6HHblX 3H8-
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'16trnii:, ROTOpy!O, O,nH8RO 1 0'!6Hl> H6Jl6I'RO OI.J;6HHT:b a priori [ i 3) • 

HeCROJll>RO Jcyllt6 OOOTOHT ;neno c COOOTB6RHHMH JWK8-¢yRRJJ,W!Mlti 0 

ROTOpH6 ffid6IDT CRHryJIRpHOCTl> B '1'0'!1\6 TIOB0pOT8, B TO Bp6MR R8R 

TO'!H06 p6W6HR6 HenpepHBHO B 3'1'0~ '1'0'!1\6. ilpeo;nOJ16Tl> DOCJ16~!0 

Tpy,nHOCTl>, 8 T8Kllt6 DOBUCHT:b TO'!HOCT:b npH6Jlltillt6IlHfl TI03BOJIR6T Jl8R

repOBCKIDI M6TO;n 3T8JlOHHOrO ypaBH61li'l.fl [ 1.lf] , COrJI8CHO KOTOpO

My aeo6xo;nHMo no~o6paT:& aa~6omee npocToe ypaBHeHRe, o6na~~ee 

T6MR llt6 OC06UMH TO'!K8MR R TO'!l\8MH DOBOpOT8, 'ITO H RCCJI6~6M06 

ypaBH6HHe. SaaR perueRKR aTsJIORHOro ypaBR6HRR, MOEHO nocTpOHT:& 

8CltiMDTOTH'i6CKH6 p!'l,ll,bl ~ perueHR~ MICXO,IT,HOrO ypaBH6HRfi JIR60 TIO 

cnoco6y Jlaarepa [ 1lf] R OJIBepa [ 15] , ROr~ aT8JIOHH06 peme

HHe yMao~eTcn aa acHMnTOTH'!ecK~ PR~. JIH6o no cnoco6y ~eppH 

[ 1 '] , KOr~ B BH;ne 8CHMDTOTH'I6CROrO p!'l~ Hllt6:1l apryM6RT 

aTaJioaaoro ypaBHSHRH. B CBR3H c nocJie~ MeTo;noM aeo6xo;nHMo 

ynoMRHYTl> pa60TY XeRT8 H Mekiepa [11], KO'l'OpUM Y~JIOC:b TIOCTpo-

HT:b HT6p8u;KOHHY!O CXSMY HaXOllt;nSHHR qneHOB BYm6YR83aHHHX 8CHMDTD

TH'16CKRX p!'l;nOB. B H8CTO.fl!q6J;i pa60T6 MH H6 6y ,I(SM 1 O;nHaKO, HCTIOJil>-

30BaT:& BHCWH6 '!Jl6HH aCHMDTOTH'16CRRX p83J10llt6H~ ~ C06CTB6HHHX 

¢yHI<I.UUl: H BHCWH6 nonp8BKH K C06CTB6HHHM 3Ra'!6HHRM ( '1] 1 T.B. 

aTo B ;nocTaTO'IHOi\ Mepe rpoM03.n;RO, a CT8H~PTHhli\ J WK B- Me

TO;n ~6T BDOJIR6 y;nOBJI6TBOPHT6Jll>HY!O TO'!HOCTl> ~ Kpa6BOH 3a,I(6'1H 

(2.1)-(2.4) (OM, § 3, r~e npOBO~CR Cp8BH6HR6 C 'IHCJ16HHHM pe

W6HH6M), 

PacCMOTpiD.! 38,I(6'1y IT) • ACHMTITOTH'!6CR06 TIOB6,I(6HH6 np11 ){->oO 

pemeHR.fl ypaBH6HHR (2.1), y~OM6TBOPRKJ116ro rpaHH'IHOMY ycJIOBRIO 

(2 .a), HM66T CJ16.Il.YJOOtH~ BH~ [ lf J : 

tlfx) ,._/cJtn f 2 ~~ .. +C0<1f L 
n=O ~~o 

II 

, .. 
xz.,H (2.22) 

Jutx) rv co-a J ~~ J:, -4tn f E 
Jx 11=:0 )( ..... ., 

~.: 
)(z•,... 1 , (2.23) 

't 3/L 
(l=.'i-1{ a 

{ 

.,(~ = J.. .. - t1n-1. > /3"-' ; P-t = o , 
~ .... =: ~ .. + 2.h J..., ) • . 

h= 0,1.,2, ... 
(2.24) 

}{oa@;HI.J;H6H'Jlip83JIOllt6HRfi J.., H ft, y;nOBJI6TBOpJ!OT CKCT6M6 

peRyppeHTHHX COOTROW6Hlfi: 

1(1J1+i) p., = -[1h(l11+ .L)- ~ ]o(., + £ ~ {-)";'J.,._,: (2.25) l 
Jo-:::1. 11 • 

2 (lh+ 2 ).J.tt+l= [(2ta+ 2.){lV1+1)- ! J ~,., - f 2: {-.rzJ'fln-i 
i=o 

H MOryT 6H'f:& Jierno pacc'IHTaHH aa 3BM np11 JIID6HX )"' R f . 
ACRMDTOTH'16CKH6 p83Jl0llt61li'l.fl (2.22), (2.23) MOlltHO HCD0Jll>30B8Tl> 

,lJ,1lll KOppeKTROil: DOCTaROBRII rpaHH'!HOro yCJIOBRfl B H6ROTOpOH ROH6-

'IROil: ~OCT8TO'IHO y,I(6JI6HHOi\ TO'!l\6 X= )(,..~ ' T.K. OHH D03BO

JIR!OT npe;nCT8BHTl> JIOrapH~K'I6CKYID npOR3BO,IT,HYID B BH~e: 

no ,;..' no I 

U{xJ _ ctfJfm-~ ~ - .& ~ 
ll{><)/x.:x= ~~ + da ~ ~ L L... xz,. J f#N4JY L v'"•' 

11:0 Hf""-'1( l'm'lX "'=0 

(2.26) 

= f ( f, ~ 1/' I )(,.. ... )• 
BH6op /10 onpe;neJIReTcn acHMDTOTH'IecKoi\ npHpo~o~ PR~OB, 

BXO,Wi~HX B (2.26) 0 Ilp.ll: Q;RKCHPOB8HHOM X=. X ,.,.A4C 'IJI6HH STHX 

pH~B C pOCTOM HOM6p8 na~DT ~ H6KOTOpOrO HOM6p8 (38BHCEmero 

OT x,...v,c H, 6HT:b MOlit6T, p83HOrD ~ BC6X '16THP5X pE~OB, 

BXO,Wili\HX B {2.26)), 8 DOTOM H8'1HH8DT p8CT.I'I. 0603H8'1RM HOM6pa, 

19 



npa I<DTOpwc HM6JOT M6CTO Mlllim.IYMH,'I6p63 ni ( i = I, 2, 3, 4.

.n;..'!R Rallt.n;oro H3 'ISTHPSX Pfl.D;OB ). MaRcRMaJThaa.R TO'IHOCTJJ Oy.n;eT :rr.o

CT.arayTa, €C)ll! MH B031JM6M HM€HHO 3TH nL· B R8"i6CTB6 B6pJCHHX 

npe,n;6)l0B B CYW48X (2.26). ~ y,n;D6CTB8 MO~O B3.f!TJJ YHHB6pc8JTh

H06 no =Jnt'n{ lli} I l·= I, 2, 3, 4. BaJEHo OTM6THTJJ, 'iTO 

TO'IHOCTJJ, C IWTOpO!i MH MD,>K6M ll0CT8BHTJJ rp8HH'IH06 YCJ.IOBii€ (2.26) 

npu q:.aKcapoBaHHO:li TO'!Ke X'"~ , .f!BJI..fi€TC.fl orpamt"ieHHo~. ao 

ee MO)J(HO Rai< yro.TI,HO nonHcaTJJ, npocTo yBeJ.IM"iHB X '"1>4l. 

OcaonaHe p63YJ.IJJT8Thl 3Toro naparpaq:a ( J W K B - cneRTp, 

acm'AnToTr1K.rt co6cTBeaaux 3H8"i6HMH TIPH fi ~ 0 1 oO , rpam'!"iHOe 

YCJ.IOBI16 B KOH6'1HOM TO"iKe),MHT6p6CHhl6 CaMH no C€66, Oy~T JICDOJTh· 

30B8Hhl B CJ.I6)zy!Qf16M naparpa~e B K8'16CTB6 OCHOBhl ,lJ)I.fi llpliM6H6HI1fl 

'111CJ16HHHX M6TO,ll;OB (B '18CTHOCT;r, H6llp6pUBHOro 8HEJ.!Ora M6TO,n;a 

HJJIOTOHa), KOTOphle ll03BOJI..fi!OT llOBHCl!TlJ TO"iHOCTlJ P6W61lU.fl Kp86BO:It 

38,ll;8'11l (2.1)-(2.4). 

§ 3. 'lli!CJI6HHN:It M6TO,IJ; ]J61ll6HU.fl OCHOBHOM Rpa6BOR 3aJl?'IH 

ilpll tfHI<CllPOE8HHllX 3H8'16HH.f!X .ItBYX napaM6TpOE, Hanp.HMep, A 
II ~ , 3a,n;a"iy (2.1)-(2.3) MOiiUIO p8CCMaTpl:l:BaTJJ RaR 3a,n;a"iy Ha 

C06CTB6HHbi6 3H8"i6HH.fl OTHOC!fT6J.IbHO Tpenero nap::.M€Tpa f::::: f (Jc.jf) 
M3M6H.fl.fl ,ll;JICRp6THHM 06pa30M ll8P8M6TpH ~ H ~ B H€06XO.D;l!MHX 

npe,n;eJ.IaX II p6ill8.fl AnR R8~~0H napH 38~~"iy Ha C06CTB6HHH6 3H8"i6-

HH.fl OTHOCl:l:T€J.IbHO f, MO:ltHO yCTaHOB>!TlJ HHT€ pecyiO:eyiO Hac qlyHR-

UI10H8JIJJHyiO saBrrcHMOCTJJ f = f ( i\ I)" ) • B H3JIO:lteaaon no-

cTaHOBI<e MCCJ.16~€M8.fl 38~"i8 aaanorl!'IHJ 38.D;a'l€ 0 KBa3HCTaqHOHap

HWC COCTO.f!HH.RX, p8CCMOTp6HHOii B [ f 81. P83J.IIl'lll6 3~;RJ110'q86TC.fl 

B TOM, 'iTO nepzo,n; 8CJ!MTITOTJI'q6CRIDC ROJie0aHI!:It BO)IHOBOH lfYHRUlill 

B paCCMaTpHBaeMOH 38,ll;a"i€ (2.1)-(2.3) H€ 38BMCHT OT C06CTB€HHO-
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ro 3H8"i6HH.fl. IlpH ROpp6RTHOM CB6,ll;6HHJI rpaHH"iHllX YC)l0BMH (2.2)

(2.3) aa H6ROT0p~ I<OH6"iHIDi: IlliT6pB8Jl 0 ~ X~ x'"~ "iJIC)l6H

H06 p6W6HI16 38,ll;a"iH R8 C000TB6HHH6 3Ha"i6HH.fl MOl!t6T 6HTb peaJIJI30-

B8RO O.n;RJ.fM H3 CT8H,n;apTHllX M6TO,ll;OB. 

B ,n;aaaoii paOoTe "iMCJieaaoe pemeaae H3JlD'lt6HHoi1 npoOJieMH ocy

IJt6CTBJieao c noMO!JlbiO aenpepHBHoro aaaJJora MeTo.n;a HJJJOToaa [ C] 
0 HCTIOJTh30B8RH6M CTaH.n;aPTHOM npoue~pbl [ 19] ,lJ)I.fi 3BM. Ilpe.11My

ut6CTB8 Ha3B8HHOrO M6TO,ll;a nepe,n; OCTaJlJJHHMfl 3aKJ.ID'IaDTC.fl E TOM, 

'iTO OH ll03BOJI..fi6T 3~6RTHBHO HCllOJTh30BaTJJ TIOCTp06HHH6 Ha'!aJJbHH€ 

(B ,n;aHHOM CJJY"iae )WK B ) npH6JIJI:Jt6HH.fl I< perneHaJO paccMaTpHBE;e

MO:It np06Jl6MH, a TaKJit€ .n;aeT B03MO~OCTb O.n;ROBp6M6HHO ll::l)lY"i8TlJ 

C O,n;HH8KOBOR TO'IHOCTJJIO I<aK C06cTB6HHH6 3H8'16HH.fl, TaK H C06cT

B6RHbl6 ¢yHRU11H. BH"iHCJIMT6J.IJJH8~ cxeMa ycTOH'!dBa, 'iTO He06XO.n;HMO 

TipH p6W6HHH sa,n;a"i, IDA6IOmHX MH0Jit6CTBO p6W6HHHo 

OcTaHOBHMC.fl Ha H6KOTOPllX OC006HHOCT.f!X 'IHC)l6HHOrO perneHH.fl 

sa,n;a"iH (2.1)-(2.4). 

A) Annpoi<cm.taUU.R rpcHH'!HllX ycJIOBHit. 

ilpa "iHC)l6HHOM pememm 3a,ll;a"il1 Ha C06CTB6HHH6 3Ha'I6HHR 

(2.1)-(2.3) noJ.Iy6ecRoHe"iHH:It HHTepBaJJ 0 ~ X <: oO saMeHH

eTc.R I<DR6"iHHM 0Tp63I<DM 0 ~ X < X IHW!c ' r.n;e x,.."-'11 -,n;OcTa

TO"iRO B6J.IHRO. '!JT06H HCRJ.IIO"il!TlJ Il3 p8CCM0Tp6HU.fl H6H3B6CTHYIO acl!M-

TITOTI!"i€CRYIO ROHCT8HTY B (2.3), rpaHH4H06 yCAOBI!€ npH 

X-= X ... t.tt lfop.~yMpyeTC.fl B BH.n;G ycnoBH.fl Ha J.!Orapw1MH"i6CKYIO npo

Il3BD.n;RYIO (2.26), ROTOPYXl Mbl o603H8'11!JIJI '16pG3 Ftt, ~~"' x ... -). 
ti(x) .1l.ruJ OCUI1JlJl11PY101116H i[yHRUI1M J.!OrapH!fMH~6CR8.fl llpoll3-

BO.n;Ha.R RM66T DC06H6 TO'IRH, COBTia,n;aiO~€ C HYn.RMH t/ (x). Iloa-

TOMy TO'qRa x""'"-'K 
YCJlOBH€ (2.3) AnR ~yHRUHH 

,n;oJIMHa 6HTJJ HeocoOofi. AcllMTITOTI!"iecRoe 

lf (X) C ,ll;OCTaTO"iHOM TO'IHOCTbRl 
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BHTIOJIHR6TCR Jll1llli> np11 6o~!llHX X . IIoaToMy .IT.1lR annpoRcHMauan 

rp3HH~HOI'O yc~OB!dR (2.3) H8 ROH6~HOM 0Tj)63K6 0 ~X< x,.,*-K 
H606XO~O YTOqa6HH6 8Cl1MTITOTHRH, BHTIOJ1H6HH06 B npe~~6M na

parpalfe, ,Il,aHHaR TI~OU6,DJpa TIJ3BOM!6T annpoRCI'lMl1poB8T:b rpaH~06 

YC~OBI16 (2.3) C 

0-5 X< XmA1( 
~6M!6TCR BH60poM 

TIOMOm:biO rp8HMHOI'O yc~OB!dR H8 ROH6~HOM 0Tpe3K6 

(2.26), npMeM TO~HOCT:b annpoRCHM8UHH onpe

x m~ H MO!K6T 6iiT:b C~6~8H8 CRO~:b-

yro~o BHCOKOR (eM. o6cy~HH6 B RORU6 § 2). 

B) Yc~OBHe HOpMHpOBRH BO~onoil: qyHRQaH. 

3a~~a Ha C06cTB6RHH6 3Ha~6HKR H8 ROHS~HOM RHT6PB8~6 (2.1), 

(2.2) R (2,26) ~oonpe~6nH6TCR yc~OBHSM ROpMHpOBRH H8 BORHOBYID 

cl:YHRWUO (2.4), ROTOpoe C~6,DJ6T Id3 <fH3H'i6CROro CO,JJ.6PJ!t8H!dR RCXO~

HOH aa~~a (ypaBHSH!dR EeTe-Co~naTepa). Yc~oBae HOpMnpOBRH BO~

HOBow CYHRURH BechMa cymecTBSHHO npa pea~aaunn aenpepunaoro 

8f!anora M6TO~ H:bJOTOHa. B acno~z,ayeMoil: B~Hc~aTe~aoil: npoue,DJ

pe YC~0Bi16 HOpMlipOBRH H3M6H6HO H aa~aeTCR B Bld~6: 
x ... &.l)( 

-f J [ U(K} )d. _ 1 
KIll )(l+/Cl. X - • 

0 

(3.1) 

Doone ~OCTHJit6HID! Tpe6y6MOH TO~HDCTii B~HC~6HIDI: BO~HOB8B ([;yHRUI'!.H 

ll6peJIOpM1IpyeTCR T8RHM o6p830M, ~T06H BHTIOJIHR~OC:b COOTHOW6HH6: 

x:- oO 

L{ f[ t/('K) ]JK + :iJz{l- ~~(?-1J.1= J (3.2) 
!Ill. ~z+j'Cz. X +)'t J' ' 

o x~-

r~e ljq (K) - aCHMllTOTM6CR06 BHP81K6HH6 ~ BO~OBOH fh'HR

WIH (2 .22), a ROHCT8!lT8 :lJ onpe~6M!STCR H3 YCJIOBiiB: 

{J (x,.,~) = f) Lice (><14<r.-tc} • (3.3) 
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BHpallt6Hid6 (3.2) RBJIR6TCR, T8ID!M o6pa30M, annpOKCHM!dpy!OO(HM .IT.1lR 

yc~OB!dR HOpMHpoBRH (2.4). 

C) OueaRa TO~HocTa peay~TaToB. 

A~ropnTM peweH!dR aa~~n aa co6cTB6HHHX aaa~eHHRX .IT.1lR ~n

aeHfioro ~ci:<Iepeauaa~aoro onepaTopa BTOporo noJlH,D;lla c noMombiO 

HenpepHBHOro aaa~ora MeTo~ H:bJOTOHa, ~eTa~:bHO onHcaHHHH B pa6o

Tax [6,/9], HCTI0~3Y6T TP6XT0~6~HYIO ROH6~HOpa3HOCTHYIO annpoR

CHMaURIO HCXO~OI'O OTI6p8TOp8 BTOporo TI0Jlfl,D;ll8 TO~ROCTH R8 p8BHO

M6pHOii C6TR6 Y3~0B. Cor~aCHO [ 2 0] ,MOliU!.O OJitH~T:b, ~TO TO~ROCT:b 
peay~:bTaTa 6y}J,8T TOJ1t6 BTOporo TIOIJR,n;Ra OTH0Cl1T6~HO mara pa3HO

CTHOH C6TK!d. ECT6CTB6HHO, ~TO TipH 3TOM H606XOJU~O TaRJit6 y~HTH

B8T:b B~Hid6 norpeWHOCTl1 annpol{Cl1l>laURU rpaH~HHX ycnOBl1H. 0 

TO~HOCTH B~HC~6HKR C06CTB6HHOro 3R8~6HHR H BORHOBOH qyHRUHH 

MOliU!.O ROCB6HHO cy ~T:b no B6~~HH6 M5RCillvlyMa H6Bfi3RH s , no~y
~a!OO(SRCR npn TIO~cTaHOBR6 HX npn6~HJit6HHHX 3H8~6HHH B ROH6~HOpa3-

HOCTH~ 0TI6p8TOp. 

Onpe~eneHRe OTITHMB~:bHWC napaMeTpOB XmQJ)C n mara paaaocT

HOil: C6TKII h , a TaRJit6 RO~M6CTBa ~~6HOB B p83~0at6H!1H (2.26), 

066CTI6~!1BaiOmHX H606Xo~yiO TO~OCT:b B~HCR6HUH, BHI10~6HO 3RC

TI6pHM6HTa~:bHO aa ~acTHOM cny~ae aa~~n (2.1)-(2.4) npn A= 1 
H _,M = 0, ROr~ Rp86B8R 3a~~a HM66T TO~R06 p6W6HH6 (2.6) n 

(2.7), KOHTpO~:bHH6 B~HCR6HKR TipDBO~~UC:b C p83RMHHM.II 3Ha~e-

HHRMH napaM6TPOB Xm&VtC n h :r paa~HllM ~ncJIOM ~JISHOB 
paanolltSH!dR B rpaau~HHX yc~OBRRX (2.26). Han6o~ee xapaRTepaue 

peay~:bT8Tbl npHBeiJ;'3HH B T86Jl. 2. , dnyllaii .1ft l COOTB6TCTBY6T 

y~eTy TO~:bKO nepBoro ~eaa paa~o~H!dR (2.22), a c~y~aa ~ 2-

Y~6TY nepBWC ~6THpeX ~6HOB (~0 x-.3 BR.11JO'JHT6~HO). Vl3 3TOH 

T86JlHUH BH~O, ~TO TO~HOCT:b B~HCJ16HHH 0~860 3aBHCHT OT lB6JlH-
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'J6lill.fl x,.....,. • TaR, npH X,_,.= 31 ¥I x ... c.y= 40,TD'JHOCT:& 

pe3yJihT8T8 npH h = 0.025 DRa3Jllla6TCfl D;II.HDI'O llOPf!,llR8. MDJKHD 

3 '.RJIIO'JII!Tb T8Rlf.6, 'lTD llp!16Jll'I:Jt6HHD6 rp8H.l1'JH06 yc.'l0Bl16 B TD'JR6 

)(,......., ,ILDCTDTD'lHD xoporno annpoRcm.~npyeT rparur<moe ycJIDBHe (2.3) •• 

KpOM6 TDrO, H86JID,W36TCR REa~aTH'JHaR 38BHCillt.OCTh DlliH6Kl1 BH'JKC

Jl6HP.JI DT mara h p83HOCTHDW C6TRH. 3TD llD3BDM6T C,!L6JiaT:b BH

BD,n, 'lTD pasHOCTHan ceTKa c napaMeTpaMK X'" .... = 20, h =0.0125 

OCi6Cll6'lo!Ba6T DTHDCMT6Jll>HYIO TO'JHDCT:& p63YJil>TaTa 0.005. B npouec-

06 'lHC.il6HHDrD p6lll6HHR 3a,I(a"<Jl1 (2.1)-(2.4) RDHTpOJib sa TD'JHDCTbiO 

pe3yJ!LTaTDB ocymeCTBAnJICfl ,li)IJl H6KOTDpHX 3H8'J6HHH J\ Ill ~ 

nyTeM r~sMeHeHV!.fl napaMeTpOB pasHDCTHDil ceTKI1. HeKDTDph!e pesyJil>

TaTu npHB€,!(6HU E Ta6JI.31 ~. 0HH TI03BOMIOT 38KJIIO'JHTb, 'JTD DTHD

Cl1T6JibH8Jl DWH6K8 RaK ,li)IJl CD6CTB6HHDrD 3Ha"<J6HHR f , TaR H 

,nM EOJIHDBCH QYHKUHH U{x} H6 Tip6BOCXO,lLHT 0.005. ~CJ16H-

Hb!6 pesyJihT8TH ;I)!Jl DCHDBHDI'O YPDBHS! f 0(±) {;-1) npn pas-

Jllll'iHh!X j\ Ill E Hai16DJI66 HHT6p6CHDH ,li)IJl qll3H'J6CRl!X npHJIOJK6HHH 

06JI8CT!l TID )f npHB6,ll,6Hh! B TaCiJI. f_ . Hop.u:pOBaHHhl6 C06CT-

B6Hilhl6 ~YHRUHH Uot±J {X) npHBe.ueHh! Ha p>1c. 3 
'0) BH6op Ha'laJihHDrD npH6Jiflllt6Hlm. 

ilpDU6CC CXD,!LHMDCTH TIDCJ16,I(DB8T6JlbHDCTH HT6p8UHfi npH 'lKC

J16HHD:ll: peami38UHH Henpep!lllHoro aHa;rDra MSTD.l¥3 HI>moHa 38BlWHT 

OT BU6Dpa Ha'laJlhHh!X npH6JII!Jit6H~i1 R C::J6cTB6HHDMY 3H8'l6HKIO Ill 

CTB6HHOi1 cf'yHRUHH. Ha DCHDB6 JWK B-MeTD;IJ,a 6wrn llOJIY'l6Hll 

CTaTD'lHD XDPDllif16 llpK6JIK.It6HHR K C::J6CTB6HHOMy 3H8'l6HH!O f 

co6-

.uo-

BD 

BC6M ,lLI!laDa3DH8 A 11 _}A • ITpaR'r:lma Bl::[qi1C.rreHnfi noRasaJia, 

'lTD HcnDJ1h30BaHR6 acaMnTDTrf'leCR!U JW K 8 -pa3JIOJKe mi! ,li)IJl co6-

CTBBHHHX 3H8'l6HH~i llpH _;'{-> 0 1 00 (eM., H8llpKMep, (2.13) 

(2.14) ll (2.21)) B Raq6CTB8 H8'l3JlhHHX llpH6AKlK6Hl1n ,li)IJl peaAH3a-
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t 
l 

I 

' 

IWK H6llp6pHBRDrD aH8JIDra M6TD,W3 H:&IOTDHa DK838JIOC:& B6C:&Ma sq:if6R

T.Ill3HW4. 11CXD,JJ,HD6 npH6JIHllt6I!H6 ,li)IJl BDJIHDBDW qyHRt~m CTpDHJIDCh 

cJie~~HM D6pasDM: 

( 

. JlX 
k X ./Jtn X"' , 0 ~ X~ Xar 

LtHt~n{x}= (3.4) 

4 tn [X - f (~ + t)] 
1 

Xac < X ~ X ......... 

( /:{ a Xoc - napaMeTpb!, Bh!6HpaeMHe H3 ycJIDBIW MHHHMyMa 

Ha"<JaJII>HD:ll: H6Bfl3RH So ) . CJie.uyeT DTM6THTl>, "<JTD Ha"<JaJil>Hhle HeBns

KK HM6Jll1 llDpR~R 10
3

, a B p63YJ1l>T?T6 YTD'JH6HHR B npDU6CC6 C'J€

Ta RDH€'lHH6 3H8'l6HHR H6BS!3RIIl KM6JIH TIOpii,ll,DR 10-
6 • ,lLJrn ,!LDCTI'Dit6-

HHR 3TDrD llOPf!,ILKa 6WIO H606XD,ILHMD BblllDJIHI1Tb OROJID 100 HT6 p8i.L0M. 

BpeMR BH'IHCJI6HHR D;IJ.HDrD BapnaHTa CDCT8EMJID npKMepHD 70 C6R. 

Ha 3BM C,UC-6200. 

I13 T80JI. 1.. BI1;IJ.HD, 'lTD p63YJil>T8Thl 'll'iCJ16HHh!X p8C'l6TOB OC-

HOBHDrD ypOEHS! f O(±) ()A) Dpl!l pa3Hh!X A , llOJ!y'lCHHbl6 

Ha 3Bl.1 !AS JWKB- cneRTpa (2.II) vi (2.12) n yTD"<JH6HHh!e .l¥3H-

Hhl6, TIOJIY'i6HHH6 C llDMOl!1hiO Henpepb!BHDrO 8H8JIOra !~6TD)\a 1ihKlTOH8, 

COBll8,]\allT C 1%-HOH T04HDCTb!Oo (TaROS paCXOlK)l;8Hll8 npfl.KTK48CKll HBDT

JIH'JID.IO B M8CWT86ax, B ROTOph!X llOCTp06HL! rpog~lffiK PliC. 1 11 

PKC. 2_ ) . 

§ 4. AHaJIHTH'JecRoe npoJJ.O.liO':eHze 'lHcJieHHhlX perneHvri1. 

Bl::[qJ1C)!6HH6 ROHCTOHThl CB.A3!1 Jl' -M630Ha 

B npe,!Lbl.uymi!X naparpa¢ax MH nDcTpDI1AK acHMnTDTH"'IBCRiie 

( JWKB ) 11 'll'lCJ16HHhl6 p6U16HU.fl Rp86BOH 38)1;8'1!1 (2.1)-(2.4) Ha 

RHTepBaJie 0 '!E X..:::: oO . EcTeCTB6HHhl!.l o6pasoM BD3HHK88T 
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38~~8 8H8nHTH~6CROro npo~ORESHRH DDAy~SHHHX pemeHHfi H8 BCD 

IWMDA6RCHYID DJlOCROCTl> H638BHCHMOrD D6p8M6HHOro. B CBR3H C 3TOH 

B8~0H 38~~efi, KM6~6H CiOnt.illOH T60peTK~6CRKH .If Dp8RTH~6CRHH 

HHTSpeC, paCCMOTpHM CA6,Izyl()JUI6 BOnpocu: 

l) IlpHM6H6HH6 M6TO~ ~oCieHayca (2. 1] R ypaBHSHHKl (2.1), 

T.e. DOCTp06HH6 nMH6HHO H630BKCKMHX pemeH~ B BK~€ CT6D6HHUX 

Pf!~OB a oRpecTHOcTa ToqRz X= 0 , KMeiDmmc ROHe~Hilli pamc 

CXO,IU1MOCTU I )( I ~ . CBJJ38B CT6D6HH06 p83ADJ!t6HH6 c qi!CASRHUM 

p6lli6Hil6M (T.e. B~HCAMB HOpMHpOBO~HYID DOCTORHHyiD) H8 KHT6pB8A6 

O ~ X ~.)'1 , Mbl T6M CaMHM aHaAI'IT~ecRa npo~onlltKM ~acJleH

Hoe pemeHHe ao BCID o6Jlacn / X f <-/"f . 
IT) BwmcneHHe 3Ha~eHafi coCicTBeBHbiX qyHRuait Rpaeaoii sa~'tiH 

(2.1)-(2.4) B ocoCiux TOqRax ypaBH6HM (2.1) X= ± tjt 
C DOMOIJU>Kl 8CHMDTOTI!'ti6CROrO MSTO~ p6ill6HM COOTB6TCTBYID!l16rO pa3-

HOCTHOro ypaBH6Hrul .IVlR ROaqifHUK6HTOB CT6D6HHHX p83Jl0!!t6HPIH. 

lll) AHaJIPJT~ecRoe npo.IJ.OJlllteHae peweHHH, 38~HHHX cTeneHHUMH 

j)f!.IJ.aMW, 38 l1p6.IJ.6JlU Rpyra CXO,IU1MOCTH 3THX PJI.IJ.OB. IJonytiSHH6 8CKMD

TOTJf',I6CKI!X p83JlO!!t€HHit )l)lJl coCicTBSHHHX lfYHRUHH np.a Cio.nt.mHX I X I, 
T. 6 • B 06Jl8CTPI ROMDA€RCHOit TI.I!OCROCT H I )( I > _,;4A • 

Ilpellt.IJ.€ qsM npHCTYDHTl> R paCCMOTp6HHKl STHX BODpOCOB, C.IJ.6Jl8-

€M B OCHOBHOM ypaBHSHMH (2.1) Y.li.OCiHyiD 38M6Hy D6p8M€HHbiX (jA =/ 0, 
a npH _/-{= 0 Mbl KM€6M TOqaoe p6lli€Hl!6 (2.6)-(2. 7)): 

L/(x}= x-Yz1J-(X)j 
xz 

c=-.)'lz (4.1) 

IlocJie :noro .n;Jin IPYHKIUIH ?r (Z) nonyqaeM cne.ny~ee ypaBH6HH6: 

Jl ff(r)- _i_ (}Az + E f Jljlz)= Q (4.2) 
Jzz 'll:. U t- z l' • 
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Oco6He TOqRH ypaaaeHHR (2.1) X~~ ±iJf 1 ex> 

KlTCJi B OCOCibl6 TO~H ypaBH6HM (4.2) Z. = 0 1 1.
1 

o0 

npeo6pa3y

H Hawa aa-

~'tiS CBO~TCR, T8RMM OCip830M, R 8H8JlHT~6CROMy Dpo.IJ.OAJ!t6RHID ~HC-

Jl6HHHX pemeHII:H B o6nacTH I Z: I ....::: 1. , I Z I > f a B~Hc-
neHHID lr ( 1.). 

PeweHHe ypaBH6HHR (4.2) B BH.IJ.S cTeneaHoro pg.u.a, aCiconKJT

HO a paBHOMepno CXO.ll.flll!Sroc.a [ Z 1 J B I< pyre / c / < 1.., Y.li.OBJ16T

BOPJI~ee rpaH~HOMY yCJIOBHKl (2.2), HM66T cne.uy~ufi B>f.IJ.: 

()D 

1r {c) = Nr f ,)4) L c (11) z 11

• 
(4.3} 

11=1. 

3.n;ec:& /1/{fJ/') - HOIJ.IHpDBOqHBJi DOCTORHH8R, ROTOpaR ODP€.U6.1IJ'l6TCR 

H3 Cp8BH6HM C qHCJ16HHUM p6lli6HH6M, DOJIYq6HRUM B '§ 3, 8 RDaqq:rr

UI16HTH (! {11) Y.li.OBJ16TBOPfliDT CA6;IlylOlllKM peRyppe!!THHM COOTROW€-

HMM: 

(n+1){11+t)C(n+l)- [fn+t)n + {a 1
- B)] C (n+t) + 

+ ct.zC{h} = 0 

cr~)-=-1j C(O)=Oi h= 0111 z, ... 

(4 .4) 

(4. 5) 

(a=: f _/Az H & = ~ (j'Cz._ f)) • T8RKM OCip830M,Ha-

W6H 38~'tl6H REAR6TCR B~HCJ16HH6 HOpMHpOBO~HOH DOCTDRHHOitJ\f(fyu} 
DPM p83HHX 3H8q6HHRX ~ • ~TOCiH C.li.6A8Tl> 3'1'0 K8R MOJitHO TO~Hee, 

HCDOJll>3YR qHCA6HHbl6 p6lli6HHR, MH p8306!>6M 0Tp630R [-!, 0] }( 
TOqRaMH Z i 1 0 """ l ~ K .If B R8Jit.IJ.OH TOqRe H8ll.li.6M OTHOW€-

HHe 

/V(r,zi) 
u- I(IUfCi) 

(4.6) 
00 L t:{rl) z; 

H=O 
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/'"}_ '{Ulll 

\!JyHI<rmJ! U (Z.) CBJ!38H8 C 'lHCJ16HHblM p6ill6HH6M u (X), 

H8H~6HHblM B § 3 nocpe~CTBDM COOTHOill6HHH (4.1) 1 H B R8~~0H TO'lR6 

~l onpe~6Jl6H8 C H6ROTOpoH OIDH6ROH, 38BHCHmefl OT TO'lHOCTH 

HCTI0Jlb30B8HHOTO 'lHCJ16HHOTO M6TO~ (B H8lli6M CJly'l86 - H6TipepuBRD

ro 8H8Jlora M6TO~ Hb!OTOH8). CyMMa CXO)J,fi:U6TOCH CT6TI6HHOTO Pfl~, 

CTO.fll!l6TO B 3H8M6H8T6Jl6 (4.6), MO:!t6T 6I:lTb 663 Tpy~a H8H~6H8 C 

Jli06o:n lK6Jl86MOf: TO'lHOCTbiO. BI:l'!HCMR Nr;U, Zi J ~ paaai:lX 

£
1 

MOlKHO H8HTH cpe~ee 3H8'l6HH6 HOpMHpOBO'lHOH TIOCTORHHOH H 

;1/(_ll,l:) OD;6Hl1Tb Cp6,ll,fi6I<B8,llJl8TH'lH06 OTRJ10H6HH6 B6Jlll:'ll1HH 

OT cpe~ero saa'!eHHH: 
I< 

- 1 ~ 
!VtjtJ== i< L !111/',~.:) 

i-=.1 (4.7) 

-,.., - z.'Z K ]~ 
~trJ == l ~ ~ {AI(~, Z.:)-N0J} . 

B R8'l6CTBC npiDII6pa TIIMB6~6M pe3yJlbT8Tll, DOJ1Y'l6HHH6 ~ 

c::JClCTE6HHO~ q:yaRIJ,i!H Rp86BOll 38~8'lH (2.I)-(2.4) llo(-J (X} 
1 

cooTB6TCTBYIOOICtl ocaoBHOMY YPDJ?HIO f oc-1 fJ-') npH A = I H 

.J« = 3. Pasi!IKBaH oTpesoR [-I, o] TO'lRaM>~: Zt.· o= fi; ~-·o:1,z, .. 5. 

l1 BI:l'll'!CMH CT6ll6HHOH pH~ B R8lK~Ofi ~3THX TO'l6R C OTHOCVIT6Jll>HOH 

oum6Rofl < I0-4%, Mll noJly'la6M NC3)=288.89 11 6(3)=0.00~. 
llJ1fl EC6X 3H8'l6HHH ~ 1 ~ ROTOpUX TipOBO~Jll1Cb BI:l'!HCJ16HH.fl 1 MI:l 

TIOJ1Y'l8Jll'! cJ < U.OI%, ~TO HBJ1R6TCR BllOJlH6 ynOBJ16TBOpVIT6JlbHIDA. 

TaRlfM odpasoM,MOJKHO a ;.>ostcriori OD;6HHT:b TO'lHDCTb 

'lHCJ16HHOrO M6TO~, npl1M6H6HHOrO B § 3, H llOJlY'lliTb 38BHCl1MOCTb 

Jtl~), '!TO CYUl6CTB6HHO ~ ~l13H'l6CRRX llpMJ10lK6HHfi. llpH l13E6CT-

HOH HOpMl'!pOBO'lHOll llOCTORHHOJil: ,A/()'4) CT6ll6HH06 p83JIOlK6-

HH6 (4.3) OCYUl6CTBJI.fi6T 8H8JIHTH'l6CR06 npono~6HH6 'lHCJI6HHOTO pe-
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m6HIDJ RpaeEoi! sa~a'!H (2.I)-(2.4), aa~aaoro aa oTpe3Re f.I, oJ, 
BO ECJO 06JI8CTb I z I < 1 . 

06paTl1MCR R sana'le zy, T.e. pBCCMOTpHM llOE6~Hl16 

aa rpaaHo;e Rpyra cxo,IU1MDCTH IZI = I. ~IcnoJin3YR peRyppeaTHI:le 

COOTH0ill6HH.fl (4.4)tMOlKHO Jl6rRO llOR838Tl>, 'lTD Pf!n (4.3) CXOnVITC.fl 

adcoJIIOTao npn Ill= I, ocymecTEJI.fiR T6M caMhlM aaaJiaTH'lecRoe 

nponamtea.VIe 'lHCJieaaoro pemeHl1.fl B o6JiacT:& / c I = I. ~HRIJ,im 

1J-(Z:.) npH l = I (B oco6ofi TO'!Re nmt¢epeHD;V!8JibHOro ypaB

HeHHH (4.2)) ROH6'lH8 f! )I)l.fl 66 BI:l'!Y!CJI6HH.fl MQJKHO HCllOJ11>30B8Tb 

CT6ll6HHO:l-i pA~: 

oL' 

1;-(t) = Nftt) L c {11), 

"'=' 
(4.8) 

-l. 
RoTopHil, o;u1aRo, MenJieaao cxo.JU1Tcn: C (n I ;:;:;oe n . A.nhTep-

aaTHBaan E03MOillliOCTb EI:l'll1CJI6HH.fl (J(I), H8 ROTOpOl1 Mhl OCT8HOEHM

C.fl Hl'!lK6, - np.V!M6H6HH6 8CV!MllTOTH'l6CROTO M6TOna, 6HCTpO E6.JlYC116rO 

R o;eJIH. 

.llim6itfl06 p83HOCTH06 ypaEB6Hl16 ETOporo llOPflnR8 (4 .4) .VIM66T 

.n;Ba ae38EHCVIMUX pemeaH.A ~ (n) H Cz ( 11), ROTOpHe np.11 

h -f 00 E6.JlYT C66H CJI6.JlYJOI.I{l1M o6p830M: 

C. {l1) ~ n11 [1. + n~' ~ n.c:~ + ... J; ~ (n l '""'-- "';,,.,HH-<4 •9 > 
11 .... o0 11-•oO 

061166 pem6HHC p83HOCTHOrO ypaEH6HPJH (4 .4) MOJKHO 38llUC8Tl> R8R 

Jl.VIH6liHyJO ROM6HH8D;VI!O nEYX H638EUCl1MUX pemeal1lil:(~2]: 

r! r11; =A {f,j1, G rnJ + Bti1)1J ~ r11 J. (4.IO) 

r.ne Roaq:!f VII.UWHTI:l A 
(4.5). 

H B onpeneMIOTCH .113 rpaall:'lnux ycJIOEHii 
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,ll)m a{f.g:ei<TRBHOrO Bbl'lHCJI6RRH CYMMN,BXOJI,Rllt6H B (4.8), ne-

penruneM peRyppe11TRN6 CODTHDill6RRH (4.4) B 6DJ166 y,JJ,D6ROM ,ll,.1U1 

3TD:ii U6.IDI H 663YCJIDBHD 3KBHB8J16HTHDM BH,ll,6: 

1'1 

{n+l)(n+t.)C(n+l)- (a~._,)C{h} + ~ .2: C (I<J. (4.II) 

I<.= I 

llo,JJ,CT8BARR B (4.11) D6ut66 pemeaHe (4.10) BM6CTD nepBNX ,JJ,ByX 

'IJ16HOB H ne p6XDJ!,R R npe,ll,6JIY n- o0 . M!i cpasy TIOJIY'i86M: 

i (!(K} =- A (l,ji) 
~~0 & 

(4.12) 

T • 6. p6ill6HH6 Cz ( J7) H6 BHOCllT BKJ18~ 13 cyMMy 1 DTip6,ll,6-

Jl.HIOOzy!O lf ( 1.), H Bli'iHCJ16RH6 1.r { 1.) CBD,ll,llTC.fl, T8KHM o6pa-

3DM, R OTip6,ll,6ll6HHlO 8CliMTITDTH'l:6CKD:ii RDP.IMPDBD'lHO:ii TIDCTDSIHHOi\ 

A(f,/" J 
B ,JJ,aJI:&ae:ifmax B!i'il1CJI6HRHX Bu6epeu J1 RDH6'lHHM 1 HD 

,ll,DCTclTD'lHD 60JI:blll!.1M (CR811t6M 1 11 = 8) H BDCTI0Jl:b3Y6MCH T6M 1 'ITO 

8Cl!IMTITDTH'l:6CRH6 p83JlO:K6HRH npR n--" 00 ,lJ,.1U1 r! (h j 1'I ~ (11} 

3RBHB8Jl6HTH!i (eM. (4.9) VI (4.10)) [ 4] . TaRHM o6pasoM, 

8CRMTITOTH'l6CR8fi HDpMI'IpOBO'lH8.fl TIOCTO.HHH8fl DTip6ll6JlHTCR H3 CDOTHD-

melll!.H: 

A u,JiJ == 
rf TD'II-I 
L.. {hj 

C
;fC{.(M 

[n) 
(4.13) 

rf TD'III 
r,JJ,e l, {h) MOKHO H8HTH TO'lHO H ,ll,OBOJI:bHD OpOCTD H3 peRyp-

peHTH!iX COOTHOill6HU:ii (4.4), HCTIOJI:b3Y.fl B R8'l6CTB6 H8'l8Jl:bH!iX yCJID
rfiHHM 

Blf:ii (4. 5) 1 8 L. (h) OTip6)..\6Jl.fi6TCSI 8CllMOTOTH'l6CRI'IM pSJ,ll,OM: 

C (n} ~ L ~:+Z- j J.o = 1 
1<=0 

(4.14) 
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TaRI'IM o6pasoM, aama sa,ll,8t~a ClleJiac:& R Bli'iRCJI6HHIO il:YHRI.Um {![h} 
npH 6DJI:bJ.nlUC f1 C OOMOlJt:blO 8CllMTITOTH'l:6CROro pSJ,ll,8 ( 4.14) H 

DU6RK6 TO'lHOCTI'I T8ROro po,ll,8 BH'IHCJI6RH:ii. ~T06H 3~6RTHBHO pea

JIH30B8T:b STY nporpaMMy, HaM R606XD,ll,HMO HCOOJI:b3DB8Tn peRyppeHT

HH6 COOTHOlll6HRR (4.4) (npe,JJ,B8pRT6Jl:bHO ,ll,.1U1 y,JJ,06CTB8 C,ll,6Jl8B B 

HHX 38M6HY h ____, n -1 ) ,ll,Jl.fl H8XOllt,ll,6RRH peRyppeHTH!iX COOTHOill6-

Rffi!1 RDTDPIIM y,JJ,DMSTBDPfliOT caMJ.I Ros<M:r11U!6HT!i cAi . Caa'laJia 

H8H,ll,6M p83JI011t6RRR e {/1-± f) H6TI0Cp6,ll,CTB6HRO ITO CT6TI6HSIM 

n--t: 
00 

=L 
fl~:t, 
nK•z. 

' 

00 

Crn±n---L t?(t< (4.15) 
/(-,.0 k=O 

{rJ I 
T.e. BHp83HM ROSq¢IDUi6HTN J31< 'l6p63 tAi • 3TO MOKHO C,ll,6-

Jl8T:b ,JJ,OBOJI:&HO npocTo, I'ICTIOJin3YSI Te opeMy EIOpMaaa [ Z 3]. IIocJie 

TpHBH8Jl:bHO~ 8Jire6pu p63YJinT8T rrpHHHM86T BH,JJ,: 

1(+:1. 

R'±'== '(-I>t<-i+:tci "·-}'k. L + . 1<•1.. i t 
(4.16) 

i=O 

r{i m! 
r,JJ,e L.,., =: ..,.i..c..l_,.(-m--"""i:-:J-:! - 6HHOMR8Jl:&Rhl6 ROsq:~HUH6HTli. IlD,JJ,CT8B-

Jl.flfl (4.14), (4.15) H (4.16) B peRypp6HTH!i6 CDOTH0ill6HI'ISI (4.4) 

H llHTIOJIHSI.fl H6CJ!OlltH!i6 1 HO rpoM03,ll,RH6 BHRJI8,JJ,RR, TIOJIY'l86M peRyp

peHTH!i6 COOTH0ill6HRR ,ll,.1U1 R03~~HUH6HT01l cl.i : 
1<-f . 

(f(+t)rl..x+t- [ 8 + {K+1(K+lq,iK ~ J.i A:::: 0. (4.17) 

t=o 

3.~~;eci:. A~ npocTo 13Np8l~BIOTCSI "<Ie pes 61'IHOMH8JI:&HI:!e RosqifanaeaTs: 

. . . 

A ( == (-A)~<-trt' +az.Ct+1. 
I< 1. LK+l K+1. • 

(4.I8) 
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Hcn~Rb3YR peRyppeHTHH6 COOTHOill6HHR (4.17), MH M0~6M no

CR6~0B8T6RbHO H8XO~Tb AD606 HYEH06 R0~6CTBO KOSq~anH6HTOB 

ol...i • C llOMOIIU>IO (4.I7) R6I'RO llOR838Tb 1 'lTD e/..i --::- i .f , ..... oa 

Jl~STO!.IY B6Jl~liHll _,{I< /nl<+l npH 38,JJ,8HROM n y611B8JOT 

.no H6KOTOporo HOM6pa Ko (n) • RO'l'Op!1H 38BHCHT 0'1' n • a 

no'l'OM HB'l>'!H8JOT pacTH. MaRcHMaRDHa.R TO'lHOC'l'b 6y.n:eT .uocTHrayTa 

[ 2 41 , 6CRH DpH BH'l>ICR6HHH CYMMH 8CHMllTO'l'H'l6CKOrO P.f!,JJ,a 

(4.I4) MH K= K,(11): OrpaH>I'!HMCR 'lR6HOM C 

Koln) 
rfACU/'1 _ ~ 

L.. (11J - L 
K=O 

rJ..I< 
nK+z (4.I9) 

A6coRJOTHa.R oume5Ra, KOTOPM np11 :noM ,n:eRaeTc.R, 6y~e'l' nponop!.U'iO

HaRDHa 'lRCHY cyMMH c K = Ko {h) : L\ (! (n) """"' J..k~ Ko+Z. 0THO-

C>'!T6RDH8.R ~Illli!6R8 <f {h)= L\ c_f(lt} 6HCTpo y6HB86T C pOCTOM 
('!_(I?.) n li np!i K8llt~OM lfl1KCHpDB8HHOM n MO.'I\6'1' 6HTD R6rKO OU6H6H8. 

]Lrui npm.:epE llpl'!B6,U6M OTH0Cl'!T6RDHYIO OillH6Ky <f'(n) Bll'll'!CR6HHR 

cyMMll (4.I4), (4.1S) H cooTBsTCTBYIO!IlHs Ko{n) M.R J\ = I, 

E =-I, )1 =3.0 H f =6.073 (ocHOBHOit ypoBsHb fot-J KpaeBol\ sa

,n;aqa (2.1)-(2.4)) npH pa3Hh1X n : Ko(4)=6, 'f(4)=8.I8%; 

/{,(5)=9, 'f(5)=I.9I%; /(0 (6)=I4, '((6)=0,27%. 

~CR6HHH6 p8C'l6TH lf(1) npOBO~HCb nocpe~TBOM cyMM!ipOB8-

HI1R M6~6HHO CXO,ll,fl.ljHXCR CT6ll6HHHX P.fi,IJ;OB (4.8) 1 (4.4), (4.5) H8 

3Bl\i C,ll.C-6200 (!04 'lR6HOB p.R,n:a (4.8)) H no onucaHHOMy BHills acHMn

TOT!1'l6CKOMY MeTo,n;y (He 6oRee IO 'lRSHOB p.R.I\8 (4.19)) Bpyqnyro Ha 

IME-86-~. PesyJ1bT8TH xopomo corRacyJOTcR B npe,Ii;eRax omH6oK 

8CHMnTOTH'l6CKHX Bll'lliCRSHRH, ROT0p!16 llpl1B6,U6HH B T86Jl. 5 . B 

<lH3U'l6CKDH llp06R6M6, KOTOpa.II CB6JiaCD K Kpaeaoa 3~aqe (2. 1)-(2. 4), 

Henocpe.n;cTBeaaHtl: q.>~s.a'lecimtt cMucn HMseT <fYHRUHR Ffx) = 

rtxJ = x-~ LLrxJ (4 .20) 
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ROTOpa.R llpe,IJ;CT8BRR6T C06DH B6pmHHHyJO <tyHK!.U'ilO ~ -M630H8 K8K 

CBR38HHOro COCTO.RHHR B CHCT6M6 RB8pK-8H'l'liiKB8pK. ITpH STOM B8llt

HOH <flii3H'l6CKOH B6Rlll'lHHOH .RBRR6TC.R 

r/xJ 1 f1r(1)1z 
~if)= '11l I xl=-rl =- '11l L f' 1 J (4.21) 

liiM610!1l8.R CMHCJl ROHC'l'8HTH CBR3H 1[ -M630H8 C llF>pDH KB8JlK-

8HTHRB8JlK. II OSTOMy 1 HM6.fl B BH,IJ;y ,JJ,8JlbH6HillH6 <[H3K'l6CK!16 llp!1Jl0c~6-

HH.R, MH c<to~~yJIHpDB8Jlfl B T86R. 6i HBWH p63YJibT8TH, K8C8JOmR6-

C.R Bll'lliCJ16HH.R 1t( I) H OillHClOK 8CHMTITOTH'l6CROrO M6TO,JJ,a, B T6p.IH

H8X KOHC'l'8H'l' CBR3H CJ(rJ M.R CJIY'l8.R 1l = I, E = -I, 

jLt = 2.5; 3.0; 3.5; 4.0; 

B 38RJ110'l6HH6 C,IJ;eJiaeM HeCKOJlbKO 38M6'l8HHtl: no noBo,n;y npo6Jie

MH Ill. AH8JIHTH'l6CK06 llpO,I1;0Jll!t6HH6 pem6HRH, 38,Il;8HHHX CT6ll6HHHMl'l 

p.R,I1;8MH, MO:KST ClHTb OCYII~6CTBJ16HO 38 npe,n;eJIH Rpyra CXO~OCTH 

STill{ p.R,UOB, BO-nepBHX, C noMOiJ1!>10 6flJI!iH6MOrO npeo6pa30B8HI1R 

[21,25]aesaBHCliiMOH nepeMSHHOI\ 

t = ~ (4.22) 
Z+p 

r,I\6 KOHCT8HT8 jJ BH6Hpa6TC.R T8KHM q¢pa30M 1 'lT06H OnT~H3Hpo

B8Tb CXO~OCTb pesyJlbTHPYJOmRX CT6ll6HHHX Pfl,Il;OB no ll6p6M6HHOI\ •. 

I1paKTl'l'l6CROMY TipHM6H6HHIO STOro M6TO,JJ,8 nOCB.Rll\6H8 pa60T8 [25], 
r,IJ;e no.n;pOClHO p8CCMOTp6HH BC6 ,U6T8RH M6TO,Il;8 H npHB6,IJ;6HH p63YJlb

T8TH 'lHCJISHHHX pac'lsTOB. Bo-BTopux, sTy llt6 sa~aqy MOKHO nocJ1e

.n:onaTeJibHO p6!DHTb C TIOMOilU>IO M6TO,U8 1 npe~o ~6HHOro <l>op,n;OM ['I], 
ROTOpHtl:, !iCIJOJ!b3ySJ T60peMH JillH,USRI:!q:a li Eap!i08 [2(;] H np!IMClL'!Sl 

MeTO.D: JlaTIJI808 [2 2] ,ll;JUl nOJIY'l6HM p6!D6HHH p83HOCTHHX ypaBH6HHit 

THTI8 (4.4), (4.5) (c nDRHHOM!i8JlbHHMH ROS~~H~6HT8MH), noJiy'lHJl 
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acRMnTOT~ecRne pasno~eHKR nnE perneRR~ ncxo~oro ~~~epen~anb

aoro ypaBHSHIDl npn 6on:brnRX I Z J • B nocne~6~ rnaBe CB06f.i KRR

ra [ 4] ~op,n TIO.np06HO p8CCM8TpRB86T npHM6H6HIDl 3TOrO M6TO,n8 R 

,na@;ep6HUH8AbHHM ypaBH6HIDlM BTOporo TI0Pfl,I!J{8 C TIOAHHOM~:!8A:bHHMR 

K03~~RI.J;H6HT8Mll, ~8CTHHM CAY~86M ROTOpHX ERnR6TCR ypaBH6HR6 

(4.2),n nony~aeT ~opMyAH n6pexo.na nnE ~yx H638BRCRMHX perneaa~, 

npe,D;cTaBflMHX cxowruumacH cTen6HHHMR Pfl.IJ.aMM R1 (Z} a Rz (r;) 
B oRpecTnocT>I TO~RH z == o H PH.naMn R3 rz) a Rl( (z) B oR

p6cTHOcTu TO~RH Z = 00 (3TH Pfl.IUl CXO,JJ;RJilK6CE, SCM Z :::- 00 

- perynEpHBE OC068E TO~R8 HCXO,JJ;HOrO ypaBH6HHE H 8CRMTITOTR~6CRH6, 

SCM C = 00 - CYlll6CTB6HH8R OC066HHOC'l':b) : 

P.1 (z) ~ AH R3(Z) +A11( R.,(z) 
Rl_ (2)--- Az3 R3lZ)+Az., R.,rz). (4.23) 

3Hanne Roaq:£Im.men'!'OB A i j , ROTDPH6 saBHCE'l' OT napaM6'l'PDB, 

BXO.IT.fllilRX B HCX0~06 .n;a®epeRI.J;H8lll>H06 ypaBH61ill6, OC066HHO B8lltHO 

H TIOJI63HO nnE p6ill6HHE Kp86BWC 38,n8~. MeTO,JJ; cfup,na TIIJMM6RRM R JIH

R6HHHM ,ll;H@6peHI.J;H8A:bHbiM ypaBH6RHRM C TIOAllHOMW:lnl>HbiMH R031j:~HUH-

6HT8MH, y KOTOpHX AU60 BC6 OC06H6 TO~KH peryMpHH, M60 o,naa 

OC068E TO~Ra CYlll6CTB6HH8E, a OCT8n!>HH6 peryAHpHHe. 3TOT M6TO,JJ; 

6un o6o6mea n cymeCT BSHHO .n.ononaeH B pa6oTax [ Z 11 

§ 5. 3 8 R A ID ~ 6 H H 6 

BHW6 MH no.npo6ao nsy~nnH M6TO.IJ.H ~ncn6HROro perneRM sa.na~n 

(1.5) • lilH RarnnH ~HCA6HR06 pernemt6 3TOit 38.IJ.8~H C TIOMO!JU>ID ROHTH

Ry8n!>ROro aaa;rora M6TO.IJ.8 H:bJOTOHa, TIIJMMeaeasoro R ~@epeaH,Hanb

noit Rp86BOH sa.n.a~e, SKBHB8J16RTHOH yp8BH6HHID (!.5). IT6peXO.IJ. R 

.JJ;l1~6p6HI.J;H8nl>HOH 38.IJ.8~6 HCTIOJI:b30B8JICE, BO-TI6PBHX, TIOTOMy, ~TO 
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)J)lH 66 p6ill6HHE RM6Jl8C:b XOpoWO npoB6p6HH8E H OTJlulESHHBE nporpaM

M8 H, BD-BTOPb!JC, TIOTOMY, liTO nnE ,nacf;ti:e p6HI.J;H8JI:bHHX y p8BH6HHil: 

J16rKO R8XO~T:b p6ill6HIDl B BH.IJ.6 CT6TI6HHHX Pfl,JJ;OB H MO~HO H8HTH 

,JJ;OCT8TO~HO TO~H06 npa6JIKE6HH06 peill6HH6 Kp86BOH 38,n81iH M6TO,JJ;OM 

v~'Vtt)(t3 • j·~~~-p6Dl6HH6 RCTIOJI:b30B8JIOC:b B K8~6CTB6 H8~8JI:b
HOrD TIP36ME6HIDl nnE p68JIH38I.J;HH ROHTHHy8Jl:bROTO 8Hanora M6TO.IJ.8 

H:biDTOH8o . 

CpaBH6HHe ~HCJISRHoro n JWK B- peruesnit noKasHBa6T, ~To 
JWK B- M6TO,JJ; ,n86T H6MOX06 TIP36JII'Jllt6HH6 nnE C06cTB6HRHX 3H8'16-

HHH ,n8llt6 B TOH D6JI8CTR, r,n6 yCJIOBHE ero npHM6HHMOCTH H6 BHTIOJ!

HEIDTCE • .IJ;m TIOJIY'i6HHE xopomHX }WK 8- npa6Jialltena:it nnE BOnHo

BDit ~YHRni!:H HYJJtHO 6HJIO 6H npHM6HET:b 60JI66 pa~HHHpOB8HHH6 BB

P38HTHJWKB- MeTo.na (eM. pa6oTu[1lf] H o6sopH [1] ). 
CpaBH6HHe ~Hcn6nHoro pern6RHR c pemeaneM, npe~TaBn6HRHM 

B BH,JJ;6 CT6TI6HHOrD Pf!,nH, TI03BOJ!HJIO H8M H8~TR 8H8JIHT~6CK06 npo

,JJ;OJ!llt6HH6 l/(K) na RDMWISRCHHe saa~eHKR X , KOTopoe MOlltHD Bll

nonlillT:b C TOit llt6 CT6D6H:b1D TO~HOCTR, C K8RO~ p6ID6HH6 H3B6CTHO 

npii! B6Dt6CTB6HHHX X . 3TOT pesyJI:bTaT o~6H:b Ba~ea nnE t[Hs~e
CRII!X npHJIOllt6HHH. 

B TIOCJ16,JJ;yDlllHX pa60T8X MH npe,nnoJiaraeM p8CCMOTp6T:b TIOJ!HyiD 

peaJiaaai.J;HID aaMe~eHHoit B § I nporpaMMH p6menHR ypaBH611HH (I.I) 

H8 npoCTHX TipHMepax, ,JJ;OTiyCR8DlllHX TO~HOS 8H8JIHT~6CR06 p6ffi6HH6, 

H 38T6M ~HCA6RHO pemHT:b H6J!HH6HHYID CHCT6My (I.I), (!.6). 

3'!'8 pa60T8 6una H81i8T8 BO Bp6MR BH3HT8 ~yx 8BTOpOB 

(M.B.IT. n A.T.~.) B HRcTHTYT Py.JJ;Eepa EornRoBn~a (3arpe6, hlro

CJI8BHE) B RORU6 19?3 ro~, r,ne H 6HJIH BHDOJIH6RH TI6pBH6 ~HC

Jl6HHH6 p8C'i6TH. ABTOpR BliP8llt81DT 6Jiaro,napHOCT:b COTpy~aM 
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STOro HHCTHTYT8 38 rOCT60pHHMCTBO H OOA63HH6 ~CRYCCHR, ABTOpH 

T8R:;(6 rnyCiORO Cinr.ro.n8pHH H, TpyCROBOH 38 OOMOUU> npR BLIIIOJIHBHRR 

HeRo·ropHX tJHcneHHHX p8ctJeTo:s a8 aBM ( jwK B - cneRTP 1'1 cyMMz

po:s8aHe CT606HHHX Pfl~OB) H 38 U6HHH6 06Cy~~6HRH, O~H H3 8BTO

pOB (n.D.M,) C"lMT86T CBORM npKRTHHM ~OJlrOM TI06JI8rCJ,IJ.8pRTD npo<f, 

C,l0.CA8B>!HOB8 38 HHT6p6CHH6 ~CRYCCHH, R808KIIU'l6CH jWK8 -
M6TO~< , npoc[, 1>,0AB6p8 38 TIJIO~OTBOpHyiO TI6p60HCRY VI npoiJ:eccopOB 

M.Y ,EeJioro, A.3.lKMy~cRoro, B.l1.CTPHilt8Ra VI B.R.TaPTaRDBCRoro Vl3 

RHBBCROro rocyHliB6pG!tl:T6T8 38 HHT6p6C R paCiOT6 H OOM6PlltRY, 
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Ta6JIHU8 I. CCJCicT:seaaue 3HatJeHRH fo(±) fp)' OCJJIY'l6HHH6 

~ 
3.0 

3.5 

4.0 

4.5 

5.0 

5.5 

6.0 

6.5 

7.0 

C llOM0$10 H6llp6pHBHOrO 8H8JIOr8 M6TO,IJ.8 H:bJOTOH8 H 

JW K B- M6TO~OM. 

foHfrJ foc-J lf'J foc-I (f'J foc-1lrJ foc+lfrJ 
ewr<6 iWI'8 

OI-l {f) fot+l (f) 

A =0.5 )l =l.O A=I.5 A=2.0 ~=I.O A=LO i\=I.O 

5.59 6.07 6.67 7.36 6.65 6.03 6.69 

6.53 6,93 7.46 8, 08 7.63 6.92 7.66 

7.50 7.83 8.29 8.85 8.62 7.84 8,65 

8,48 8.77 9.17 9.67 9.61 8.79 9.64 

9,48 9.72 10.07 10.52 10.60 9.75 I0.63 

10.48 10.69 II.OO II.40 II.59 10.72 II.62 

II.49 II.66 II.94 12.30 12.59 II.70 12.61 

12.48 12.65 12.89 13.22 13.58 12.67 13.60 

14.48 13.63 13.85 14.14 14.57 13.66 14.60 
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Ta6RM~ 2. BnKRaae H3MeaeHRH napaM6TPOB ceTRH )(ntAr 

C06CTB6HH06 3H8't!6RH6 f Ol-l ( 0) 

IlapaM6TPH x ..... lr =2o x ... ""=3I 

C6TRR h =0.0125 h =0.025 

foH{o);b; foc-I (0) t fot-J {0) s 
. 

H h H rpaRH't!awc ycnoBHa aa 

H 3H8't!8HH6 H6Bfl3RR ~. 

X,.._=4o X-.=Bo 
h =0.025 h =0.050 

fot-J {0) t fot-J{O} t 

CJiy'lat:t .til I 3.00035 r.?·ro-? 3.00164 2.2·10-? 3.00248 2.2-ro-? 3.02164 z.o·ro-? 

CJiy't!aa .til 2 3.00031 r.s·ro-? 3.00158 2.5·1o-? 3.0024~ 3.4·1o-? 3.02133 2.r·ro-? 

t-3 t-3 
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Ta6mrua 4. Cxo,IU1Mocn ,JJ)IR co6cTB6HHOH tfYHI(UIHI Uot-) (X} 
npn H3M6H6HHR ll8paM6TpoB p83HOCTHOH C6TRR • 

~ 
Uot--1 (X} Lfot-J(X) 

X111.1(= 32 x'"""' = 20 
h = 0.0200 h = 0.0125 

2 12.75 12.76 

4 87.48 87.56 

6 75.72 75.76 

8 -78.19 -78.27 

10 -35.97 -35.97 

12 95.65 95.72 

14 -28.25 -28.29 

18 82.63 82.70 

~ 2.5·1or6 3.6·1o-6 
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