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T. BB8,lI,eIme 

Mo.n.eJIb peJIJITMB11CTCI\Ot1 CTpYHU C Maccarvrn na 1\OHIJ,aX 11HTeHémmo 

HCCJIe.rr;yeTCj l<a/ na roraccavecxoa, TaR 11 na !illaII'rOBOM ypOBl-UIX (CM., 

aanpaaep, 1-7 li l1M8KlJtYlOCJI TaM 611ÓJUiOrpaqMlO). lI,lUIaMlma TaKoít C11C

TeMbl OIIpe)~eJIJIeTCH ypauHemUIMJl ,ll.UHJKeHIDI li HeJHmeliHHMlI KpaeBWvlli YCJlO

Bl'15lJvIl1. YCTa1:l0BJI8HH JUl1llli HeKOTOpl:I8 jl,BYUiceHIUi PeJIJITliBllCTCIWl1: CTPYfiH c 

MaCcaMl1 na !\OHI.1'lX, xopomo M3B8CTHliM rrpnaepoa 3.QCCb ill3JIReTCR rrapa

MeTpllQeCKOe npe.acrannonae lI)LH I\Oop,li,llHaT CTpYHH. B epopM8 reJIllKOl!,II,i4-7!. 

B xacroaureã paoore pa3BYIDaeTCft ,lutrppepomU·l:8JIbHO-reOMeTplltIeClill:ti 

nonxon )])IR HaxOJK,I.I;eF..IDI peU18HM,R xpaeaoü 3a.ual Ui TI Teopllll peJUIT11BllCTCH:OM 

CTPYHU c Maccarvrn na KOHIJJlX TI npOCTpaHCTBe E~ • MMHRMaJIbHBJI no-

Bep.xHOCTb MacCHBHOM CTPYHH. orpannsena ,li,HYMH: r.:rnpOBI:lMll JilUIIDrMll TOtIetI-

HIiX Macc. ITo TeopeMe cyurecruonanna 113 ,II,l$i)epeHI.U1:a.JIhHoR reOM8T

pIDIU-II/S'l'l'l :KpZBH8 onpe,Il.eJlJIIOTCíl c TO'IHOCTblO ,II,O ,II,BIDK8HM EL ,ec-

JIli 113BeCTHU 11:X KpHBl-l.3Ha f, l-l. !<pytIem18 êe • MHpoBbIe Tp8e1<TO

plm M8ccnBHbIX !COHUOB CTPYJUl JIBJImoTCíl aCMI\1I1TOTI!'I8CIG'IMll JIIDUtfIMH noc

TOJIHHOti reo..ue3J1lIeC!<OM I{PI1B1l3HU, B TO npeMFI. KaH ax KPYl.J8IDUl S8B11CHT1
I: OT Haqa.n:bHIiX 'yCJIOBHt1. J1pl1 qaCTHOM auoope 3THX YCJIOBHít, xorna 1<Pyqe
11 HHH I<pllBliX nocroaium , rrOBepXHOCTb, 3aMe'l'aeMél,H PeJIRTHBHCTCl\Ott CTPY


I
 Hoil c MaCCaMl-l. na	 1\oHIJ,aX,OKa3lffia8TCH I'eJIl11\OM,II,OM. 3TOT P8SYJIbT8T nof 
,lU 

\i
 rrYCRBeT npoCTYIO reOM8Tplll.Jec1\Y1O HH'reprrpeTBUl1IO, eCJIR OrpaHHtIHTbCH
 

• > npe06pa30BaHIUIMI1 KpllnOJIl-l.HettlilDC [\Oop.ll,YtHa'l', nepencnaniax D ceca 1<a1< nep

ny», TaK 11 BTOPYIO lma,II,paTllliHU8 (POpMhI MllpODO~ 1l0DOpXJIOCTH MaCCHBHoi1 

CTPYHll. l1MeHHo raxaa rrOBepXHOCTb JIOI<aJIbHO 31illl1DaneHTH8 reJIH1\011,I1;Y.

\1 
2.	 reOM8TpHtIeClrni1: nOlQ{on K mmaMJH<e pe.!LHTl1Dl1C'l'Ol$oij CTPYHU 

c MaccaMl1 Ha I<?Hu.ax 
\ 

TI pane paoor /12-14/ .mmaMYII<a CDO()OJU-IO" peJIHT11DHCT01\ott CTpYHU 

ouaa M3YQ8Ha c TOl.Jlrn 3peHIDi BHYTpeHHeti reoM8TpHH MIUillMBJIbHbIX nosepxl 

I 

I HOCTCt\. B npocrpancrae MllHl\OBCKOro. ECJut na I\OUl1aX CTPYUbI pacnonoze

t HhI TOlI6l.JHl:le MaCCli, raxaa rroaepxnocrs CY,UC'I' orpairasexa HX MMpoBHMll 

JIUHM.fIMH. SCTecTB8HHO rroaToMY paCCMBTpl1BaTb c nOMOm:b1O reOMeTpRl.JeC

IffiX MeTo.n;OB HC TOJIb1\O car..fY noaepxnocrs , HO 11: orpaJUtttHBaIOO(lle ee KPR

Due. 
TIycTb ,x JI.l , fi = 0,r,2 - !WOp.uHH8Tbl npocrpaacraa MHH-I

l soncuoro E~ ,a ( U 1 :: 1: , U 2. =Ô ) - KpHBOJIHHe1tHHe zoopnaaa

'I 
j 

IblJtJllitie!1lih4t\ KHcniryT , 

I	 l!e~B&tE BCC~p.~Onau~n , 
r;lAhltfr!t1TE~.-! " 



TU rrCeB,UOpHMaHOB8 MHOI'006paaaa ~11
1 

C E.z
I 

,HM81OlIlHO O(\,]roCT1> 

orrpeneaeaaa D: 0= Ô1 ~õ ~ 62 =]L , T 1 ~ t ~ l' J. , rno r 
paCCMaTplf.B8.8TCR B RaqeCTB8 8BOJIIOIlHOHHoro rtapaaorpa, Iloncpxnoo'r s 

X f ( T I Ô ) ,saM8TaeM8íl peJI.HTHB11CTCI{oM CTP.YHoLt c MaOourvrn fYl, 
11 rn, H8 I\oHIJ;ax, JU.JJmeTCR 8IW'rpeMaJIblO q;YHI<lJ,l10IUlJII1: ,.. 

.2 t2 
l:"':.l)S = .-5SSdtZu q -2 mL ) dTVi 2 

( t , ÔL f. 
L.=1 ~ 

TI	 L I 

3,Uec:o ROHCT8HT8 { MMeerr paaaepaocrs KBa,n;pa'I'8 MOeO!:,
 

~:::det 11 ~ i.J 11 , 9lJ = ~~t- g~r MeTp11Ka, llli,nytmpolllUlIlIUl 110 Mil
 -

06':b8MJIlDIIteti nceB,UoeBltJB1,n;OBOM MeTpHRO~. B ,UaJIbHellillOM (JYJT.YT lfClllOJt1J:JO

BaT:bCfl OCíOSHaQ8HIDI if('t,â')': axllA/Ol ,:x'? (T,Õ).J Dxf'J/Dü 
JIO.KaJIbHO na 1I0BepXHOCTH Mil MOJKHO acerna BBOOTH liDO'l'OPMH'lOC-

RHe liJIH ROHepopMHhIe ROOP,Ul1H8'l'hI, B KOTOpWC MaTpHl.I.a 1\ ~ LJ 11 

CTaHOBHTCfl ,UMarOHaJIhHoll: 

Q ==i2=-x2=a =À(u 1 Ul 
)

(J 11	 (J 22 " (2.2) 

~ 12. = (i i) =o. 

B ROOp,n;HH8Tax (2.2) ypaBH8HIDI 3ttnepa ,IJ,JIJI WYHl\I1,W[oHaJIa (2. I) ODOMT

Cíl R ypaBHeHHID naJIaM6epa: 

:i. Jl ( l Õ)-XJU(T. 6)=0 
1 " 

(2.3) 

8 OrpaHH'illBaroume rrOBepXHOCTb Mf, MlipoBhle rpaesropaa X jU (r , o) 
H X ~ (t , li ) MaCCHBHhlX KOHU;OB CTPYHU ,n;aIOTCR YCJIOBIDI1v'IH 

(J (t'):A(iF(Q1'L))=L ;Jú(O t ) 
)1 ar vi2(o,t)' m, ,I 

(2.4) 
2. (t ): --º-- ( i ~ (t In,) = - -L xJU (t, Ti) . IP d r v'x2:(t,K) mz 

IlOMHMO MeTplUW (2.2) na MHpoBoM' nosepxaocra peJIB:THBllCTCI\OH CTPY

HH 3~8Ha DTOpaa ItB~paTIPffiarr tlJopM9. C .KO acI$iUHeHTaMI1 

ti.j::~f - ~: , L ) d = f I 2 • 

(2.5) 

2 

BeRTOp ~ f .Fil3JIR8TCR O,P..,IDUiliHOYL npocrpancrnenaononoonoã HopM:anbIO 

1< 1I0BepxHOCT11 
• J I D 

n (u 1 U 2 I:: -~-Jj)~f :x~. 
'[ JA	 .ÀI 

(2.~6) 
~ 2 = 1, 

r,U~ e JU v.p - nOJIHOCThlO aH'I'MC11MMerrpntIHllti rensop, TeM CaMllM 

B R8)K)1.0M ro-rxe Mli eCTe0'l'BeHHO B03mm~e'~ nO,U~l1JKHHH ~errept 
oõpasosaaauã J];BYMíi KaCaT8JI.bIU:iMJ1 B8KTOpaMl1 .x,~y VI 11 X fUI V"A' 
M HOpMaJlbID (2.6). 

B CroIY ypaBHolIl1M (2.3) H3 (2.5) C'JIeJLY8T YCJIODHO MHHHMa7IhHOC

'fM MJ1poBOt1 nOBepXHocTH PCJffiTHBHC'l'CI<oi1 CTpYHU, T.C. pasencrno HYJtIO 
eé Cpe,UI18H I<p11mJ3HU 

. . - 1 

2H=~Lj~Ld=A (~11-~Z2)=O. 
(2.7) 

- 1
T8RHM 06paSOM, TI TpeXMepHOM ncen,rr.OODItJIH,UOBOM npoC'I'paHCTB8 t 2

rrOBepXHOCTh M'\ onpeneaae-rca ( c TOtIHOCThIO .IJ.O 1IB11ilteHIDI E~ ) 
TpeMfI RoaCWlliI..U1:eHTaMl1 nepnoã H nropoã RB8.n;paTMtIlU:lX q)OpM 11 ,g 11 

11 Ó12. • 8TH K08q$nmeHTI1, paccaarpanaeaae xax q)YHl<llHH JIOJ\8JI:b-

HUX I<PHBOJIllilefuIux ROop,lJ.HHaT ui.., i. = },2, YlIOn.n8TBOpmoT 

ypaBHüHIDIM raycca H llerepcona - I{o,UallI.ill In . B HallJeM cnyxae ypan
HelIRíl llarepcoaa - !{o.n;8urm CBO,WITCíl 1< ,UBYM COO'I'HOllJem1RM 

a~ + (~11 ± t 12 ) ::: O, 
(2.8) 

rzte naenenu aaorponaue xoopnanaru lia M~: U + ~ cf.. = 'T 1" Õ, 
U - 'E .p x: L - Õ. 3'1'0 rr03BOJIR8T BHpaSMTh ~ 11 M Ú 12. trepes 

.une	 lIpOH3BOJILHHe cfJYHRIUUi O,UHOtf rrepeMeHHOH A.: (u:t) CJIe,ItyIOlltHM 

06pa30M: 

b11 = At ( U -I- ) - A - (u -) G12:: A... ( u t ) -+ A - ( U - ) 
g (2.9) 

C ytIeTOM (2.9) coomomercre I'aycca naer HeJl11Ho1-tIIOC ypanHoHHe .JlHy
BIDIJIR 

(32 en À _ A t (u +) A- (u- ) 
(2.10)ôLt àu":' - 2. A 

YIsBecTHoe oomee peueuae ypaBHeHIDI (2. Ia) TI T8.P.Ml1l)aX ,UBYX rrpoH3BOJIl:>

nsx epYHKUHt1 f (u ~) 11 q (u - ) HMDCT nnn lIa 
l( + - _ A+(u+fA-(U-) [f(u+J.:!JJ~_J]2. (2.II) 

fI U .u ) - 4 f' tu .. ) 9' (u-) 

:{ 



3,neCn ,1J)Ll1 BbITIOJIHeH.rl'fl. YCJIOIDm ;\ = .i z » o H80ÓXO,IUiiVIO rtorpo-

ÓOBaTb, 'ITOÓI:l ê(f')=é.(~'), é(A1"l=ECA-J , rne t (.:x:) -3IlH

ROBM WHíGUUl. qx,pMa poiueuarr (2. II) ne MeH.I1eTCR npa COBr.l00TllOM 

,nPOóHO-JillHefuIoM npeoõpaaonauna epYHí\lJ;YIM. f i-t ~: 

!(u+)=T-f(u+)1 ~(U-)=T.~(u-)t 

T. J: = ~:( -t ~ • ( 2 • 12 ) 
e .r t d 

B RaCaT8JIbHOfi rUrOGl{OCTll K lVm:ponot! rrouepxnccra ctpyuu MO"U10 
, u I ~ 

scerna rrepeM'rli or aeicrcpon i.! 11:r..1 1< R~IO'l'pornll.lM 1I0ltTO[X1M 

\fJ ~ jU (U 1:) • ,I1JI..fI ::ITOrO t-ICI1DJlh3yeM oouree penieaae 'ypar.uoIIRM JtBWKüHIDI 

(2.3) 
. y; JU(uT)"t ~jJ(u-) 

X JU ( u i 1 U ~ ) -=: ---'-1'----:.--2 (2.13) 

ilo,nCTaB1lH.fI (2. 13) É (::;.2'), nOJfY lmM 

If I~ 2. (u:t 1 = (] . 
(2.14) 

Ha pellIeHIDIX (2.9) 11 (2.II) aexropa ('f't-, ~~ ,q) ,Y,lI,anllo IIPU,nC'r8

BHTh B nane pa3JIOJKeHRH no nOGTOHIlHOMY oaancy ( a f ' f) fI , eJU 
OJIe,I(JIOlltRM oopaaox /13. [{lI; 

A+ ( U t- J _ fG( U' ) 

~ ~ fi (u + ) =--r('u "'" ) l Q JU \" r(U+) gjU t- ._.- l' . ll;U I ) 
A _ (u') :LZ( U .. ) 

ljl~J" (u-) =Yru=T [ajU ~ ~ (u-) gf" .l- . !.'}' I 

n (u' u'k~.QJ"1J(u')~~lHJ' ~ fCu' )U~l~J'!~' [o) 
ljU I f(u~)- g(LrJ 

rne B8KTOpH (a lU 6(H e. lU ) onpenenmorr»: Pf.lDOUC'l'BlU,'1l1 cr' .U C l~ , 

r.: J' r {J 
o c =-1, 6l = - i, oo=U::.C.Ó. 

PaccMoTpHM Tenep:n t.llipoBue TpaeI<Topm1 (2.4), Or pOIJ 111 lrnBLUOlIlHll
 

110BepXHOCTI:> CTPYHj' COI'JIaCHO reopene CYlJ\OCTBOIlt.uIWt H:l ,1U'fl{:xtxJ POHlIl1'


8JI:bHOíi reoMeTpRli 8-10/ ItaJK,UaR [(P~Blli{ \?L (t \ I L .:; 1,2 ! c:. MfI
 

B TpeXM8paOM nceB,I(OeBKTiI1,JJ;OBOM npocrpaacrue E /2, OJt,H001l!l'{J{O ( C 

TO'tiJiOCTI:>ID ,1(0 ,I(BIDIteIDfR E. f z ) onpenezaerca caoeü 1<Plll11U3HOa ~ i. ( t ) 
li 'KpYtIeHMeM_ oe i. ( rC), i.:::: 1,2 x). 3TR BOJIW-illHl:l B(:V~UlOT nepeMe-' 

x)Boo6me roBO~, KpRBH3HEl li' R.PY'tOfrn8 RpIUHlX na nouepxnocra ue upn
Ha,wIeJKaT K BH.YTpeHHnt1t1 I'80M8Tpl'lR 8TOtl: uonepxnocru, TUK I<Blt Me
HJI10TCSI IIpli eê H30MeTpUl'!X. HUJlt8 t O,TJ;HBItQ, CSy,r{r.'r noxaaaso , QTO 13 CJIY~· 

~ 
uieaae B,IJ;OJfb Kp:~mw: rrO)\Bm:C!.OI'O pe,rrepa noaepxaocra M { rrp11. ?;~CJfPO-

BaHHIL'C 3Ha~eHIDI.X Õ = Õ l , L = 1,2, rrplltIeM BeKTOpb[ ::r.. (l! 6"LJ. , 
. L t1 i P (l, Õi J_ 11' 1 fi I fi. (t, ã d 

(-1 ) VX(l~ , (-1 ) ~ (r ,Ôi ) npencraanaor cOóOR 

[mCaTeJIbH1l8, HOpMaJIH H ó:vmopMarIlI I{ TgaeKTOpID!l\ol (2.4) COOTBeTCTBeHHO. 

OlUi 'Y.D;OBJI8TBOpruoT ypaBI-leHJ1RM ~peHe / -10/: 

. li __d .x J (T I Õi. ) _ i. t \ I P ~ v ,
 

d r ( ~~)-(-1) Kt (1' ) X (l,Ô l ,
) 

I 

.«. i." (~) = (_1)l"1 p'. (1') i 11.1 C'L Ô·)ar v'A(T,õij' l\L I l 

(2.16) 
- a' L ( L) v»Ct , O'i.)' 'l~~ (r) (ji ) , 

Cl ?~ 11 f (T I ô l ) ::: ~ l ( 'L) x'JI (r Ô l ) ~I 

L = 1,2. 
CpaBHllBaIT rpana-nnze YCJIOBIDI (2.4) c rrepBllM coornouenaea (2.16) npn 

l = 1,2, Ji)IfI. RpID3Jf3Hbl RpHBI:lX 1f i( r ), L = I, 2 ~ rrOJIY1ffiM 

Ó
Ki(IJ='rn l ' :: 1/2 . (2.17) 

TaRHM oópa30M, ~YCI:l RpHB113HI:l TpaeKTopRR (2.4) rrOCTORHHbl 11 paBHI:l 

.D:l.i.-, L = 1,2. BI:lpaJK8HIDI ,IJ)I.H RPY'Iel-lliR 3TRX KpliIBI:lX MOJKHO HaR

Tl',J npoeI<T11PYH nOCJIeJU-Iee COOTHOllIeHlle (2.16) npa L = 1,2 na BeK-

TOp ~(Jl (L, (Ji. ) : . 

. d ) 
")O (~) =_(x I dT '1 = (~= B(2. (L ,Cf';. ) 
(Ã,l L ±2 i Z i\ (T,OL) 

(2.18 )L :: 1,2 . 

ilpOeK1J,WI 8TOro JKe ypaBHeHIDI na B8KTOp i f ( L I 6"L) naer 

- ( i ft- 1 ) = (x I} ) == g11 (r s, )~ O,I 

L = {,2. (2 • rs) 
CJIe,nOllUTe.n:hHO, TpaeKTOpID! ~ p\. (t ), i. ':: 1,2 J HBJI.fIIOTCJI acaanrc-
TJftIeClGiMH JllilUifíMR na W1PC)BOR nonepXHOCTH p'eJIHTIffili:CTCKO:t1 CTPYH1:l. 

COrJI8c:I-IO .IiH~peHIJ;IHlJIhHOH reOMeTpIDi /8-r07, TaIme KplrnI:le HMeIOT ffYJI8

BYro HOpMaJIhHYro RpHBli:3HY B Kalt,Uoi-l: TOQK8. Yl.filTlffiaH,I{poMe TOro, QTO me 
óúnIOp~1BJlli xanpaanens B,nOJI:& nexropon ~ 1" (t ,Õ ~ ) li: - rt jU (t ()2) COOTB8TI 

sae Kp:nBro:: (2.4) 3TO He TUI\:. 5,i , i 



CTBeHHO, rrO~~M 

P. ld f. L+-1 é
1\~l('C')::o(-11 f\L(T):::(-1J m l (2.20) 

l :: 1,2. 
3,necI> K~ L ('t) - reo.rr.e3114.eCJGW Kpl1BJ13Hll, OnpeJlCJUIOMIHl 11 Mr.TJJIIIICC 

(2.2) BHp~eHHflMH

*8t (1: ) =25A, ;6" (e n 11 ) , 
(2.21) 

()=Õ' L=12.l , ) . 

llTaK, aCl1MIITOTWleCKH8 JIllHl1l11 (2.4) SlBJUDOTCR onuonpownuro JIlU[v'lRMl1 
1I0CTOHHHoit reo.n;e311'tIeClwit ICPJf.B113Hll. WpM'yJIh!. (2.21) I1n:11lC"lJIllIOT nupa
alIT:b aTO B Teprlll1Hax MeTpl1KJ1 l\ ( r, Õ l) c.rron:,YIOIURM ofípn:10M : 

Ô . I 2 r 1-- (en À ) == ( - 1 ) L+ -(1-:- l\ ~ 
8~ m L , 

ô' -= ô i., 'L:: 1,2 . (2.22) 
B cJtJrY YCJlOBl111 aCl1MTITOTl1:'tIHOCTI1 (2.I9) IcpYtIOmUI ~l ("C), L:: 1.2 
MoJKHO CBR.3aTl> c raycconoã 1<PllfIlli3HOtl rvrnpoDO~ noBOpXHOO'l'l1' POJUlT:tffillC'l'-

CKOf1: crpyna, IIo.n;CTaBJUill (2.9) B (2. I9), T10~rIOOM IlMf1 0'1'0 J\llYx epyHR

rm:ít A ± ( U ±) o.znry rrep110)J,}itIeCKYIO 1JYHKl1}UO x 

A .(r ) :: A (T) =A (t )- + , 

(2.232A (t-Jl) = A ('I+ Ti.). 

C Y'tIeTOM (2.23) COOTHOllIelU1J! (2.18) npm-ll1M8JOT mm 

, A(L + Ô L ) , l = i. 2. 
a:'i.('t)= ;\ (t ,u l ) (2.24) 

PaCCMOTpHM rerreps raYCCOBY KPHBR3HY MHpoBOn nonOpXlIOOTJI POJIRTlmlJCT

CROn CTpyHl:l c MeTpHKOit (2.2), onpeneJlflOMOU ypllDlIeHHoM (I!. lU): 

2. 2 8" enÀ _ A+(ú~) A_(Lr)
K(u(. u ) "" - 'Y ou + au- - - A?-- . 

(2.2b) 

Iíonoraaoasa (2.23) B (2.25) Aa8T ,II,lIII aCRMl1TOTRlIeolmX JIHJmt\ (2.4) 
H3BeCTHY~ ~PMY~ 8HHenepa ro/: 

X)MOJKJIO noaaaars /7/, 'tITO {laCCMaTpnBaeMLle anecs rpaHRtrnu8 ~3HaqeHlUI 
nepeMeJUioii ôi. =- cons t quiKCRpylOTC'.J! YCJIOBID'IMH (2.23). 

6 

K (t,()i.)= -(f!-~ (t), L=-12 •I (2.26) 
OTcID~a c.rre,nyeT, 'tITO Rpy~eHH~ (2.24) He MeHITIDTCH rrpH RsoMeTpllHX rro

sepxnocra M~ B. E~ 
TaKHM oópasoM, Ml1poB~e TpaeKTOpRl1 MaCCHBH~ KOHUOB CTpYH~ orrpe,ne

Jl.r'llaTCJl YCJ10BJ1RM11 (2.4) I<aK aCIDVITITOTl1:'tIeClGie JIHHl1l1, l1MeIOl!U!e nocroaanyn 

reo,ne3H~ecKY~ Rpl1BM3HY. B sananaa 8TI1X I<pHBIDC OCTaeTCR @rHKrm:OHaJI:bH!:dí 

npOHSBOJI , CBH:3 aIlllhl.H c Bu60poM KPYtIemrH Ge L(r ) , i. = I ,2. 

3. I{paeBaJI 3a,n;al Ia 

PaCCMOTpHM reneps sanaxy 06 onpenoxenxa MHHHMaJI:bHoit rrOBepXHOCTR 

M\1 c E~ c MeTpHRotí (2.2), orpanaxeanoã ,nBYMH aCl1MlITOTRQeCKHMl1: 

JIHHRRMH rrocTORlUIOn reOne3HQeCKOM Rpl1BH3HU. B TaROM rro~o,ne HeJIHHeít

noe ypasxenae .furyBHJIJIR (2. IO) .lIDJIReTC.fI ,I4l1HaMl1'tI8CKl1M ypaBHeHl1eM, a 
COOTHOllIeHl1R (2.22) - RpaeBl:lMl1 yc.nOBl1RMH sa,na'tIl1:. Crre.nyR reOMeTpR'tIeCROn 

TO'tIKe 3peHIDi, KPY'tIeIDIR ~ i. (L), i, = 1,2 B <PoPMYJIax (2.24) 
6y,neM cqn:TaTb llpo113BO~bHUMH, HO 3a.naIfHin~ WYHKunmMl1. IIo,ncTaBnffff 06

mee peurenae (2. II) B (2.22) H (2.24), ITOJfY1ffiM Cl1CTeMY ,nBYX ypasae
Hl1H lia WYHRmm f(t ) 11 ~ (t ) : 

-º-- in $'(1') -t 2 ~(t)-t~.J.!l::: -K IA t)llf(tl-~(t)l, (3.1)
d r r (1:) !(L)-3(t) (Vf'('t)3'(ti 

'I _ A (t) a:1 ( t ) 
(3.2)

U(t)-~('t)j - fl(t)~/(L) 

,lJ)lfl rpaexropaa P1 (r 1 npa ô:: O, li cnCTeMY ypaBHeIwit co C,nBl1

HYTblMl1 apryMeHTaMl1 na <pyHKIJJm f(+ ) .'" f (t + ]L ) 11 ~ (- ) :: ~ (f - Jl) x). 

~€n~ +21k~~::-~ IA(+)\~&-t1J, (3.3)
d t. f (+ I t (~) - ~ (-) 2. Vf/(+) r(-) 

x)IIeplIfO,IJ;l1tieCI<afI <PYH1CI.IIDI A (t' I, c g')l13HtieCHOfi TO'tIKI.( apeaaa.asnaerca 
t{HCTO HaJI116poBO't{H0t! neJIJitrnHofi. Y,nePJKHBafl eê B BTHX COOTHorneHIDIX, 
Mll B ~aJI:bHefulleM noKruKeM, tITO rpalIl1llJme YCJIOBM rrpJffiO,wIT K ,norrOJIHH
TeJIl>Hl:lM Tpe60B8IUlRM na nsõop I\8JIH6pOBlGf. 

7 

http:quiKCRpylOTC'.J


4 _ A(+) <J?2,('r) 
- p I I1rl~ ) - ~ ( - )]2. l (+) g (-) (3.4) 

,JJ,JIH TpaeRTOpID! pz (t') rrpJII () = ]L • TIpl1 HesaBliCRMOM pac
cMOTpelllrn ooornomenaã (3.1)-(3.2) li (3.3)-(3.4) peuieaaa {(1) 11 ~(r) 
ypaBHeHHfi (3.1)-(3.2) npe~CTaBnRIDTCR B rrapaMeTpli~8cKOM Bli~e c rro

MOlllbIO <P,yH.KIJ;H:t1 a?1 ( L 1 11 A(1:" ) ,a peuienaa ., ( + 1 11 9(-) Cl1C

TeMl:I (3.3)-(3.4) BHPaJKafOTGH xepes (f2. (T) 11 A (+ ) . QTo6I:l rrOI\B3aT:b 

3TO, rtpeoõpasyea nannae ypaBHeHIDI CJIe,I(yIOllUiM 06paSOM. I1o,noTal3JI.fIk (3.2) 

B (3.1), noxY'{l1M 

d ~I(t) 
d 1: en f(t) + Ei 

- t. IA ('t') -, 
- 2 1\ ~\ ~~"t) ? 

.~_.--,( 
V A ('1:" 1(f -\ (t ) 

f(t) 
q I (1') 
o 

t 
SJ'(T) 
f J (t ) 
t 

) 
= 

(3.5) 

rne SHaKOBaR @tHRlllUI é i:: é ( f 1(1') ) é ( f(t ) - ~ (t }) • BDe.ueM Tel1epb 

HonyIO H8SaBMCWv1Y1O n8peM8HHYlO 
r

5Ct} = ~ d r 1 YA(Ld é1: d I: j )' , 

(3.6) 

Ta1\YIO, ~TO 

t('[):f(t(5)) :oF(S),
 

~ (t) =~ t : (S)) = GC;) , (3.7)
 

éfi('C)= ()21( t (5})'::~1 (5)'
 

110CJIe S8MeHH (3.6)-(3.7) ypanHeHRfl (3.2) H (3.5) npMIDIMaIOT BU,n: 

4 F I. GI 
---- - ,/ (3.8)(F-G),z - I, 

d GI (jT' 16") 2 K 
d 5 ~n fi + ~ V"G +VT' .: I~i11 • (3.9) 

JIorapl1qF.mpyJI 11 .JniqxpepeI-I1WPYsr rr0"5 COOTHOIlleIDIe (3.8), TIOJIytiliM 

d ('r ') (j?W)di" in F"\J - fi \ Cf -V F'" = O. (3.rO) 

H 

CJrOJKeRlle H BbltUtTmrne (3.9) H (3. Ia) na e '!' clicTeMy ypaBH8HM:t1 nepno
ro nopnmca lia \11YHItJJIDl \(-!:., li ,rk.:
 

v F' "G'
 

2 .a. ( ~) 1" -.,-~ = t1 \~., (3.11)
d~ VF' VG' lêeil "F" 

d ( 1 J fi K1 ~ 
- 2 dT \Ir; 1" VF" := I ~11 .VG" . (3.12) 

YcnOBMR COBMeCTHOCTH 8TO~ CHCT8MH B~p~aroTCJI ypaBH8l1RflMH 

1 ( ~ Z) P. d ( 1 )D(F)~2 1-~ -K1~ 1~11 ' (3.13)
1 _ 

1 ( P-li) A-(~ ) . TI ( G)=-:2 ·1 ~~ T K1 d ç Iceil (3.14) 

3)J,8Cb D(~ ) - l1pOli3BO.rtH8JI lllaapna <PYHKmm ~ (X) rro apryMeHTY x 
2 

I d ( 1)1l(~)=-2qdx 2 VI{' 
(3.15) 

B .n:alIbHefilneM HaM rroTJ?e~eTCR: BbrpaiK81:ille npCHt3BO,IO!o:t1 (3.15) OT cnox
Hoít 'ÍlYHItlllffi l ( ~ (x) ) 5( 

D(l(~(XI))x = Dn)l~!f + D(~)x. (3.16) 

PaCCMOTpliM reneps ypaBH8HIDI (3.3)-(3.4) .wm TpaeKTopIDf. P2 t 
( T} 

npa õ:= J[ . 11pliMeHwI K lrnM l1:3JIOJKemrylO BHIlle l1POIJ,e.ItYPY, lIMeeM 

2-fL( 1 )+ .ss.: ~ _1 (3.17)d ~ {CfYT;j' VtYT=T - I ze21 V-'=;:;qJ;;;:=;i=(+==j), , 

2 sL ( 1 J_ cz - *z (3.18)d ~ V~ YéfJ(:)  ~~' 
rae é 2. = é (CP '(+ )) E(~ l + I - G(-) ) ,a ep(~+JL), Q(~-J[) 
11: i 2. ( ~) ITOJrYliaIOTCR: lI3 WYHRlmn t(t + TL) , ~ (t - Ji ) li éfd, ( r ) 
rro,nCTaHoBKoit 

T 

~(tl::ÇdL1 VA(t{t1i)(fê.(t~f (3.19) 
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YcnOBRff COBM8CTHOCT11 C11CTe~m (3. 17)-(3.18) BUp~TCR ~epe3 rrpoM3Bo~- 1a?e?IWZ = I~d W1 . (3.24) 
nse lIlBapua \ÍlYHR1U'tM cp (+) 11 Q (-) TaR: 

i ( k~ ) . 
.rne Wi. = li 1- ~ , L = 1,2 • Y1.IHTHBaH, tITO B rrpa-

BHX ~CTRX ypaBHeHMH (3.13)-(3.14) n (3.20) - (3.21) MCtIeSaeT) 1 ( ~)+fç -ª- (_1 )](ep(+)::2 1-re~ 2dil 1~21 7 (3.20) 
rro CJIe.mrn:H 'iJI8H, llOJIY'lllM
 

TI (G (S ))~ - D(F (5 ) )~ = O,
 
.: ) d ( 1 )	 lrD(Q(-J)= 4(1- it -í z Cfrl 1â!2! . (3.21) TI (Q (-)h - D( cp (+) ) ~ =O.	 (3.25)f
 

~crranbaYH (3.6),(3.19) 11 (3.16), rrep8~eM 13 ypaBHeHKHX (3.13)-(3014)	 lIo8TOMY WYHI<mrn: G (~) 11 Q (-) CB.flSaHU c qJyH~ F (S) 
R cp (t) ,l(püOHo-mmefuulM11 rrO,l(CTaHOBRaMR / IS, 11 (3.20)-(3.21) R HesaB11C11M011: rre peaeanoã T • Terrepb JIerlW llii~eT:Ó, 

~TO BUpaJlteHIDI ,lJ,JI.f{ npoaasonnux IlIBapua qJyHRrmn r r r ) , ~ (r) 11 f(+- ) t 
G(~)=T1'F(~)7~ (-) H8 HBJI.ffiOTC.fl H8SaBl1C11M1:>I1\1H. SaM8IDUI aprYMeHT r 13 ypaBHemm 

(3.13) na t + ]i: ,a 13 ypaBHemm (3.14) na r - 1l t H npapan-
Q (-) ::: T2 . cp ( ~ +]L ) -'	 (3.26)

HHBaH rrOJIY~eHHHe COOTHOmeHR.fl BHpax8HHRM (3.20) R (3.21) COOTB8TCT

BeHHO t HaxO,IU1:M zrsa YC.lIOBRR: na <I>YHItIUm (f!, 1 ( 1:') 11 ?R. 2 (t) , rrpl1~eM 
rrapaM6Tpll'ieCKOe npencraaneaae .IVIH 3TIDC WYHKrmi1 cn8,IJ:,ieT M3 peuienaa

apryMeHTH y STIDC tIJyHRI.1l!it C,l(BmrYTH : 
ypaBHeHHH (3.~3)-(3.14) H (3.20)-(3.21). 

Ilpa ~1::: c o n s t pemenze CHCTeMbl (3.13)-(3.14) rrOCJIe rr8pe

l --, \ 1 ( -K 1 ) xona R H8saB11cMMoít rr8peM8HHOM t RM8eT Bl1,IJ;
1) (S VA(+) 3:1(+) )+ IA(+ l~d-r)1 T 1- ie~{+l 

-k 1 JL ( 1 ) I= TI ( SL VA(-t ) ~ ') + (3.22)	 f(-t)=c ter) ct2(VW7 ç(t)+ 6)
.1. . .• dt !?fi(-t)! 2	 1 

-
(3.27)

/~ (a~ + a ~ ) 
í 1 ( li) *2 .A.- (_1)} +	 IA(+lê€zl lZ 1- <f~ + VA(-t)?f!z' d r 1~21 ~(t)= C1-E(tJ tt~ (VUJ; ç(t') + b. - ri
 

JliSi(a~ta~J
 (3.28) 
t' , (1 ( k~)

1)(~VA(+)zed-l) + IA (+)~d-)112 1 - ~~ (-) + ctg rf = I;;' 2. J'~-; ,
 

ki A ( 1 ) 1= D( 51:' . ) (3.23)

+ J. _ ••., d r Ia:d-ll J VA(+)?R 2 + . 

rne a l , i. = 1,2 - rrpoR3BOJIbHHe 110CTOmmU8, ct9 b. z: G2./ a L 

f 1 ( fç ~ ) f<~ d ( 1 )1 BlipaJK8HIDI (3.27) - (3.28) cnpaaanaaaa npz LU 1 » O t CJfytIaH W 1 = O 
+IA (-r) ?foZ I fz 1- -/f ~ - VA (+) a' Z Clt l3221. . 

R W i < o paCCMaTpJffiaIOTCH éUlaJIOrUtIHO. tITOOH Y,l(OBJIeTBopHT:ó ypan-
OTCIO,l(a uenocpencrneaao CJIe.u;yeT, tITO HaPlOOJIee oõnee peuenae paCCMaT HeIrnIO (3.2) B (3.27) H (3.28) naõpana onaa R Ta Me I<onCTaHT8 C i • 

pID3aeMOit KpaeBOit aanaxa CO,l(8PJIW'l' OJJ]1Y rrpoHa130JI:óHO sa,n;aHHYIO aa IDI- tlepeaeaaaa ç (L) onpcneaaerca qoPMYJlott (3.6), rrpHtI8M B cwry (2.23) 
TepBane [0,2 1L ] tIJyH1m;mo, 13 RB.tIeCTBe I(OTOpoR MOJKHO BI:lOpaTb Kpy- H a?i:: Co n 5t RMe8T M8CTO YCJIOBHe rrepl1o,UHtD-IOCTH 

tIeJme (f ~ (t' ) KaROR-JmOO o,nHOn TpaeKTOplrn .p i. (t). (

OrpaIWlOOACH CJIYtIaeM nocromunzx Kpy'le~ (f l' i. = 1,2, ~/(t'+2J[)=~/(L). 

KOr.IJ;a ooe Wipo13je T~eKToPHH MaOCHBHl:lX KOHIJ;OB CTPYHH .ítBJ!ffiOTCH 13l1H (3.29)J MCrrOJI:ósYR rrapaM8TpHtIeCR08 npencranneane (3.27)-(3.28), H8TPY.IUI0TOBHMH ~HHRffMll 8-1 • B 3TOM any'lae cooTHoruel~ (3.22)-(3.23) CBO > 
I 

.IJ;flTca R paneHCT13Y:	 rrOJIYlfiITL COOTHoru8Ime (3.26) MJI qJyHRIndi l (t ) li ~ (t) • 
rrpe~e ~eM paCCMaTpHBaT:Ó ypaBHeHRR (3.20) -(3.21), OTM8THM, ~TO 
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paBeHCTBO (3.24) naer é (w.!- ) = é ( W 1 ) • rrO~'llOMY npx w 1 >- O 
neocxomeso rrOJIOJlrnTl:> [)J~ ;> O • ·Tor.n;a oouiee peueaae (3.20)-(3.2I) 
.rr,JI.ff ?e 2 =COI1$ t aamrcbffi8eTCH ras : 

f (L + fL) =c C~ - E( f + )) ~~ (fUJi. Q(t ) r O) I ( 

(3.30).~ Z .2 ' 
YW2(~1+ g2) 

]Hy~ (2.10) H Kp88BhtX YCJIOBHK (3.1)-(3.2), (3.3)-(3.4) OTHOCH

T8~bHO COBMecTHoro npoõao-onmeãnoro rrpeoopaaoaaaaa (2.12) cPYHKI:m:~

f (u+ ) 11 g(U -) • PaB8HCTBa (3.33) IT03BOJImOT aaMeHHTl:> 

~ 

I (u+) +C,p( +)-- Z 2.) 
,. U -VW;(OI +a z

,")'>,
l I' (3.34) 
I l - --2: (u-) 
, r ~ (U )=VW; (07 to a~) 1- C. 

~ (t -]L) :: c, = t ( r( i-)) ~ (~ 1 (t) + 6' + r4
 

VW2.' ( &~ + ~ ~ )
 Cor~aCHO (3.34) MS (3.37)-(3.28) HaxO)J.HM
(3.3I) 

~.z ~ f (L ) = - é ( r ci~ (v-w; S('t ) + L\) 1í )ct9 r~ = 1~.21 2J W2 (3.35) 

~(tl=-é(rjct~(~ 5(t)+~-ri),rne ~ i. , L =1,2 - npoaanoasuae KOHCT8HTht 11 ct98 = ~2./ ~ 1 . 
~a cpaBHeHHH ~pMY~ (3.6) H (3.19) cne~eT, QTO 

rne é ( ?I) 'iMKcHpyeTCJI TpeôoBalill8M MOHOTOHHOCTH <ilYHKIUm ~ (t ) . 
I .f?? I f727, CoOTHomeIllHl (3.26) TerrOp:b rrpMHHMaIOT BU,I.( 

~ (r ) =V ~ 5" (t ~ ]i. ) =v ~ 5 (T -]i ), 

~(r)= E(I')d~ f'.- 7(r)-1 , 
OTKY.na, BBO,WI nOCTOHHHhte 1 L ' L = 1,2, )J)I.fI n8peM6!-lHOH ~(rr) ter) +t(r)ct~ r, 
H~O~M . (3.36) 

~ (1:) =j :2. ç (L + .fL) + 11 1 =f!i ~ (L -]L ) + n2. • i (r -]1) = -llT)sl.F~ f (3 + J[) + 1
 
i (3.32) - ~ (t+Ji:l + t.! (')d:8 r~
 

rr8paMeTp~eCKoe rrpe,ncT8nneRMe (3.30)-(3.31), KaK li B rrpe.uu.n;ymeM 
B CMY (3.36) sua lIernUI WYHKI.J;VIH ~ (L:") na KOHIJtlX HHT8 PBSJI8 [ 1"') r toZ ]L ]

CJIYqae, y,n;OB1IeTBopa8T coornourenan (3.26). C IIOMOlIlblO (3.32) H (3.24) 
CBHa8Hbl ~POCíHo-~HHeftHblM rrpeo6paaOBaHHOM 

nony~, QTO rrOCToRHHbl8 HHTerpnpOBaHRff B Bbl~eHHflX (3.27)-(3.28) 
R (3.30)-(3.31) CBR:38Hbl MeJKJJ;y cocoã M8,ItyIOmIDJI ocpaaoa : r(L ~ 2.Tl) = ~.lJ.L +!z )TCC-) - E. ( f' ) 

(3.37)é(f') fCt)+ct3(ri+fz)vi WG' ( ~ ~ + 6~ ) =VW; (a ~ + a ~ ) , 
(3.33)C =C = C BMeCT8 c rpeõosaaaea MOHOTOHHocrr'l1 YCJlOBRe (3.37) rrpHBO,IJ;MT K cY1l.lecr::,.z f , 

B8HH1:lM ocoCíeHHocTIDVI B rronenenaa r (L) • ,UeílCTmtT8JI:bHO, HCilMl:>SYR 

VUJ; h1 = IJ - 5 (mod li.) ? (3. 37), ITOJIytmMI) 
,IW;h z =VIJJz.'h1-(r1+rz.) (mod1í.). ~ r-- E(f')[7 Z(T - JC ) + 1 ] 

~(',- J[)- f ('r JiJ- - . 
~ ,. - f ( r'){(T - J[ J + C t ( í i rz )t - ~ -to ("3"38) 

'lIpe,n;cT8BJIeHIDI (3.27) - ( 3.28) M (3.30) - (3 o 3I) MOiKHO npaneCTR 1< 
"" "" CíOJIee rrpocroey BH,IJ;y, eCJIH BocrrOJIb30B8Tl:>CR RHB8pH8HTHOCT.b1O YP8BHelUUI 

)J,7m MOHOTOHHO noapacrsmeã <P,vHltUIDl f (t' ) : +(r):> O, 
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\ I 

\ ! 
l. 
I' 

Ii
 
r(t + 1 I - r(T - 1i ) > o OTCIO.n;a CJI8,I(j1er o rp8JU'I'l8H118 CBepxy ; 

,.., 

ECJm JK8

f(t + 11 -

'" 
f (L)r(t 

f (t ) « - Ctg ( r i to r2) . 

,RJ3JIReTC.fI MOHOTOHHO ydImalO11t8i1 epyHKI..Uieíi: 

- JL ) .(. o ,TO coornoneune (3.38) naer 

'" ( 3. 39 ) 

JI (r )< O, 
,IJ.Jlfl neê orpa

lilltIelille cnasy : 

J(t ) ~ cl:~ ( r{+ r2 ). (3.40) 

TeM CaMbIM B paCCMaTpHBaeMoM CJIyqae .ItJUl 3Ha'leErnÍ'i tPYHI<UID'I f (r ) 
RMeeTCH aanpeuieaaaa soaa nrnpRHOM 2. c t9 (r 1 ~ rz). OTMeTHM, 
tITO HepaBeHCTBa (3.39)-(3.40) nOCJIe rro.uCTaHOBI~ B HHX (3.35) CBO

,IffITCíl 1< YCJIOBHIO xa sacop I<aJIHdpono'ffioi1 WYHIWllli A (t): 

r

Sd ti VA (T i) < r) + r2 - l:!. (m od TI. ) . (3.4I)
 

. (,()i õZ i 

IIpH ()J 1 > O 3Ta q,YHK1.lRfI nupazaerca xepes r(t ) H ri (1' ) 
(,,JIe.n:ylOlIn'IM OdP?-30M: 

17' (t) I.fA(tl = .tJll (3.42)(?~(L)+1)V4 ~ 

lJ,1Ifl OOTaJIbHhIX 3Ha'lelillH LU 1 BMeCTO WoPMY~u (3.42) rrO~T.IMM 

VMtT=_1_.'I'(l;'l', W1=O (3.43)
-rs; {Z (t I 

1 I 7' (1:' I I 
fA(tl = \7IW~ . (1- {Z ("t I)' wi < O. (3.44) 

S.n;eCb A ( t' ) MOJlteT HM8Tb 0,UHy H.JIH nne ococeaaocra npa Bell(eCTBeHHHX 

aaaxeaaax WYHKImB r(t ) 

Terrepb HeTpy,ItHo no.rrYlll'ITb napaM8TpW-IOCK08 ypaBHeH118 ,lJ,lI.fI Pa.n;HYC

sezropa (2.13) MIDlliMaJIbHofi nOBepxH.OCTR M~ c E ~ t OrpaHHqmUiOM 

,Il;BYM.fI aCHMIITOTntIeCK.HMH BRHTOBHMH ~mmJ{MH. ,1Llm aroro 3aMeTRM, tITO 

COBMeCTHOe .n;PodHO-J.Orn8HHoe rrpeocpaaonaaae (2.12) q,yHIU.l}ti1 f (t 1 H 

~(tl He ·H3MelillT npe.uoTanneHnH (2.15), eCJIn ,Il;OrrOJrIUiTh era COOT

BeTcTDYIW(HM BpaII.lelilleM l'I30TpomiOI'O oaaaca (o, ~ 7 C ) B E. 1,2 • 

B tIaCTHOOTH. npa noncraaoaxe (3.34) neooxomnso nOJI01KRTb • 

; I 

I! 
1 

;I 
.\ 

i 
1 

/1 
J 
I 

~11611p8fl 
i:> (1 

, 

Te Oim J!CH'KO.HJiTerpnpYIOTCR,H MIl HaxO,1J,l'IM )J)U1 paniryc-netcropa (2.13) 
napaaerpnsocxoe ypasnenxe re~HI<OR.n.a: 

.rfi {t ())::: --Ufl \ G(J. ) +Jil) , 
. 4w\ 1ã'11 2 

- s[n[6l(cL)~e{f1) - r'1JCOS[~(J.)-:f~·L tr~J, (3.46) 

t ( r) coslG(.1-1~ (9 ( J~) - rj] cos [e(J.J ~ 6 LBJ -+ ri] }, 
rne ~ = v~J; ~ (t' ) + !::. • Panee 3TO peueuae dHJIO nOJIyqeHO B 

paoorax /4-7/ c nOMOll(},1O )J,PYl'l1X Me'rO)J,OB, O,IT)IaI\O ocoõennocra TRna 

(3.4I) 'l'aM ne OTM8tIaITl1C},. 

4. Karn'!óponotnlM HJmapRaHTHocTb 

1130TepMH'1eC1ille xoopnznam na MlfponoM nOBepXHocTH pMJITHBRCTCKO~ 

CTpyHH onpenenrncrcn Y CJIOBIDIMn (2.2) HeO.I~H03HaImo. Ilpeoõpaaonaaaa 
napazerpoa U-

-lo 

+ - ~ + ) (4. I)
u-~u- =E.!(u

coxpaaanr KOHlÍJOpMHbli1 mm nepsoã RBaJJ..PaTllqHoil: cJioPMH nonepxaocra M ~ , 
npR'leM M8Tpm<a À ( u !) H3MeIDI8TCH CJIC.nyJOllmM OOpaSOM: 

Jd u+ U - ) ---7 A ( Li i' Ü- ) =. /I (u+, U- ). (4 2) 
, , E'+(u+) E'_(u-) • 

Koa@llumeHTN nropoã KBa.IW8TwmoR (Ix:>PMH A! (u t ) npB aaaeaax 
(4. I) nepexoztar B BUpaJKeHIDI x) 

x)B reOMeTpHtIeCItOM no~xo.ue K lJ;HHaMMKe p8~nTHBHcTCROa OT~HU c Macoa
Ml'l na ROHlJ,aX RO:3<WllUm8HTH nepsoã R sropcâ KBa~paTH"tOO:lX 1fxJ.PM nonepx
HOCTH M ~ JIBJImOTC.fI ,IWH8MHtIeOKHMli nepeMeHHblMli. IIoaTol\lW B oTJlR
'me OT TeOplm nosepxaocreã, B HOTOpo1-i oõxxao RsytIaeTCR: noaenenae 
MeTplH< npn ~3Jill'ffillX OTo6paJK8Rumc, anecs paCCMaTpm3810TCíl npeoõpa
BaHHa (4.2)-(4.3). 

...... ~.( ~ a jU = ~ (Q 1 ~a ~ ) (Qfi 1" Cêf T "2Cc jU )) 

~ f = gf + C1" C: jU , • ( 3• 45) 

(JU = ~T~-t-Q~ Ct~· -I i '" 
nexropu (3.45) D mure a::~ (2.- , -"2 , O) ,b = (O) O,1 ) , 
-1 O), rro,nCTaBHM (3.3:') B !jx:>PM.Y~hl (2.16). B pe3Y~bTa-

I 
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t
Ai"(u1:J~Ã!(U!)= A;(U ) 

- E~l(U~) (4.3) 

C rrOMonj:bIO cPoPM'yJI (4.2)-(4.3) He'l'PY,IlHo yóe,IUfTbCíl, 'qTO ypanucnae JIH

YBIDIJUI (2.10) llHBapl1aHTIlO OTIlOCH'l'eJIbllü npeoopaaoaanxã (4.1). qTOÓU 

ne MeHRJIl1Cb coornouenan (2.22) li (2.24), Orrpen;8JIfUOU{118 MMpoBble Tp3eK

TOpIDi MaCCHBHhOC rCOHl.\OD CTpYHhI t H80ÓXOJU1MO .nOIlOJIlUI'l'eJIbIIO uorpeooaart, 
BblIIOJIHelum CJIe.n:ylOll/J1X YCJIOIDIll : 

E
I 

- (LI = E/r (T), (4.4) 

E'- (1 -r i - E'+(t +]L), 

TaRM llHBapMaIITHOCTl> B Teoplm peJIfITMBllCTCl\oR CTpYHU C M8ccarvllI na 
I<OHIJiSX OÓhItIHO ClliI3h!BaeTCR C npC>M3BOJIOM B BblÓope cPYHKILHl1 A±(Li!) [ 7J • 
,Ue:nCTBl1TeJIbHO, 3TH <PYHKI.llffi orrpe.neJImoTCH COOTHOllleHM.fIMM (2.23) H (3.41) 
Heo,I.Ul03H8tIHO. TI03TOM,y l1X ncerna ~OJKHO 3a'ÍlI1ICcllpoBaTb rrYTeM nonxona
mero sscopa CHCTeMbl lCOop.IUiHaT U L , L == 1,2 na ~,mpoBoH noscpx-
HOCTlI! pe.IDITRBHCTCIi:otl CTpYHbI. 

C ,npyron cropoau, 'llic'ro Ka7IHÓPOB01IHbIM creneuan cB060,I:U:l B pac
CMaTpMBaeMOH 3a,J.laY:8 ÓYJf.YT COOTBe'l'OTBOBaTb T8K11e npeoõpasouanaa 
( 4. 1), ROTOpite COXPUHiIIOT KaI{ M8TPllKY A( u +, u -) • ra« }I RO3(l:$UW8H

ThI BTOPO~ KBa,npaTVftIHOií ~pMU A!. (u:t) : 

Ã(D~ u-)=A(ü+ Q-)
1 ') (4.5) 

At(u!:) =A! (iJt), (4.6) 

C novoursn (4.2)-(4.3) OTCIO.n;a nOJI'yY:acM YCJIOBHH na q,YHIWlUI E t ( U '!:): 

A ( U +, U - ) 
(4.7)E'+!U.t) EI=-(u-) =A(E1-(U+), E-(U-)), 

A± (u !) 
= A ~ ( E !. (u!)). (4.8)EI; (u 1: ) 

CHe~eT OTMeTllTb, Y:TO rrpeoopaSOBUHRrr (4.7)-(4.8) rrpe.n;cTaBnITIDT COÓOH 

coaee clleImaJIhHl:lH rotacc OTOÓp8JKeH11M. no cpasnena» c li30MeTPIDiMl'I, wm 
ROTOph!X B1III0JIHíIeTC.fI TOJIbKO coo-moueuae (4.7). TeM ne xeaee He'rpmm

MbHOCTb aroro ioracoa B .n;aIlliOM cnyxae MOJKHO rrp<HIJIJIIOCTpHpoBaTL CJIe

~êR TeOpsMott. 

. ~ 

tvrn:pon8.>T ltOBOpJCllOCTb peJIJITHBHC'rO!<o:ti. C'~PYHI:l C MaCCaMH na KOHIJ,aX, 

.nOlrYClml01~M npoocpaaoaanaa (4.7)-( 4.8), JIOlta1IbHO 3KBUBa7IeHTHa 

1'8JI11l\0 vur"V • 

jl,!rFI ~ol<a:Ja're ..'IhCTBa y.nOÓHO orpaHH'ill'rbCíI l1H@nrnT~3lIMaJIbHillv'M npe

00pn30nalllUIMH (4. I) BM~a 

E!(u~\= u! + e± (u~). 
(4.9) 

Y('...JI')Bl1e (4.7) TI nepnoa nOPHJ{je lIO e:t ( U:!:) reneps ztaer ypanneaae 
K11JIJIMllI'3 B c.Jl.Ytiae H:30MeTpM.H II/~ 

-ª-len l.l e t- J(en lU e _ + àe-± +- .8e - = O. 
ô u ' t- ôu- ou" GU

(4.10) 

Ilon.rrannxn (4.9) R (·1.8), HélXON1M 

2 e '!; A! + A' ~ e! -= O (4. m 
.. 

dTO noJ BQJI5I 8 '1' m~pa3UTb KOMITOllt;Jl1'l1 .f'r(I.,() .llB'YXMepHoro nercropa 
lüuLt11Hra tWpe3 I-taJIHÓp0130tIlIUe tÍJ.YHIUJ;HH fi1. (IAt) CJIe.n:yIOUUiM ocpasoa : 

. ; e! (u ~) = \JA-~-=fu! r ' (4.12) 

rne CL t - H8RO'l.'OPUD I\OHCTtlB'rb!. Vlr.nOJIbsYH (2. TI) H (4.12), ypaBH8HHe 

(4.JO) rmpermureM TaR; 

P /1 2 f ) q., + ( Q /1 2 I ) g, _!_L - --_. -- + _L_ + -L ;r-;----r + 
\ f' f-~;'.!At \~' f-g v«. 

à ( f) () ( 1 )_
f- ~ + _.~+. \fA7 + q - (j-~-= VÃ-=': - o , (4.13) 

f=f(u t 
) , ~=~(Ll-). 

O(:)ll{ee pemeane (4.13) naerca BUpW!l.8HWIMR 

• I r.2 
~ (Li\-) - () 2. . .__~':'l ~ 
, t- - -11 1- [a f' 2 ( Li t ) t bf (u ... ) + C ]2 
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gltZ(U-) 

A_	 (u-I=q,~ [Q~2 (U-J+-~~(U-h C]' 
(4.14) 

3,neCb a , g , c - npoaanoasnue nOCTORHHUe. t{TOÓl:t ne HMeTJ:, ,n:e-

JIa c ocoõennocraaa A:! ( U ~) npn BemeCTBeHHl1X 3Haq'eHMíIX <PYHTUID:i1 

f (u + 1 M ~ ( U -) , MO.íKHO rrOJIOJKMTJ:, g2 - ita,c < O • B 3'I'OM 

eJ[J'tJ.ae WOPMYJIU (4.14) c nOMOI.UblO COBM13CTHOI'O )T.J>oÓlIO-J!MH8i11JOI'O upeoo
pa30BaIDm 

f(u+)= kti ~ (u -) z: ~íu-)-~
20 ' Zo

(4.15) 

npImO,IV1TC.fI K BH.I(y (3.42). ITo,ncTaB.7IJIJl rranee noxysennuc 'l'a1iliM OCípa30M 

sapasenaa wm: A + (u ±) B YCJ10BIDI (2.23), HaxO.n;Jl!M ,nBü Cl1CTeMH .rmcI>
<I>ep~HrmaJIbHblX Y1:;BH8HM11 nepsorc nopanxa na crormm;t-!H r(r 1 , i ('t ) 
n f (1:' + ]f) , ~ (r - s J COOTB8TCTBüHHO. Teneps nerpynao naners , 
qTO anreCípaMqeCImMM HHTerpaJIaMH 8Tl1X CMCTeM .fIB}Iffi{)TC.fI COOTHOm8HIDI. 

(3.36), llp1iqeM q,~ = 1/4 UJf I ()211, q, ~ z: 1/4 W.z Iêf2,1 • TeM caMbIM 

YTBe~OHHe ,nOKa3aHO. 

• 5.	 3aKJIlOQeIme 

B npe~o~eHHoM 3,neCb reoMeTpH'tJ.ecKoM MeTo,ne pemeHHH 'KpaeBo~ 

3a,n;a'tJ.J'I B TeopIDi MaCCnBHoft p8JlSITImMCTCKoft CTPYHH cymeCTB81urylO pons 

Mrp8IOT KpyQeHIDI a?i. (rl, L = I,2 MMpoBI::lX r paexropaã TOqeq

nsx Macc. 3TH BeJ:rHtnlliU onpenexanrca COOTHOmeliRfIMH (3.22)-(3.23) 
JlliI1lD c roxaocrs» ,no npoM3BOJIbHOn na IDiTepBaJIe [0,2 J[ ] <PYHI{mrn. 

MMeHHO TaKOn llpoM3BOn B TeOp:HH P8~TKBHCTCKO~ CTpYHU TpeCíyeTcR nn.fI 

pew8~ aanaxa Koum. I10JIHUn aH8JIM3 ypaBHel:rn~ (3.22)-(3.23) ,nOBOJIbHO 

CJIOJK8H. MH paCCMOTpeJIM anecs TOJIbKO npocTefulrnfi eJ[J'Clafi rrOCTO.fIHHhIX 

Kpy'tIeHK1% <:e L' i. = 1,2. I10HCR o61.UHX pelIleJud! B paasax reoverpa

xecsoro nonxona npencraazaer H8coMHeHHUn aarepec, 

ABTopu npR3HaTeJI:bHU B.B. Hecrepeaxo sa MHOI'O'U'ICJIeHHUe nOJI83

Hue o6cy~emm. 
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5ap6awoe 6.M., 4epeRKOB A.M. P2-86-521 
let,MeTp1.14ect<l.1~ MeroA peweHHR Kpaeao~ 3aAa4H 

a reop~~ penRTHBHCTCKOH CTPYH~ C MaccaMH Ha KOH4aX 

PaccMaTpHaaeTcR AH$$epeH4HanbHo-reoMeTp~4ecKaR $QpMynHpOBKa AHHaMHKH 
~enRTH8HCTCKOH crpyH~ c MaccaMH Ha KOH4ax 8 rpexMepHOM nceeAoeaKnHAOBOM 
npocTpaHCTBe. noaepxHOCTb, JaMeTaeMaR CTpyHOH, OnHC~aaeTCR AH¢¢epeH4HallbH~

MH JlOpMaMH H orpaHH4eHa ABYMR KPHB~MH - M.HpOBbiMH TpaeKTOPHRMH ee MaCCHBH~X 
~OH40B. JTH KPHB~e HMe~T noCTORHHY~ reoAe3H4eCKY~ KpHBH3Hy, a HX Kpy4eHHe 
on;JeAenReTCR AHWb C T04HOCTb~ AO npOH3801lbHOH Ha HHTep8ane /0, 2n/ ¢yHK4HH. 
n~>i ~6ope llOCTORHH~X Kpy4eHHH, KOrAa T04e4H~e MaCC~ ABH*YTCR 110 BHHTOBbiM 
ll~hHAM, MHPOBaR noeepXHOCTb pei1RTH8HCTCKOH CTpyH~ RB~ReTCR rellHKOHAOM. ~3y-

4cH~ npeo6paJoaaHHR KPHBOilHHeHH~x KOOPA«HaT, nepeBOAR~He 8 ce6R o6e AH¢¢e
peH4HdllbH~e ¢OPM~ CTpyHHOH noaepxHOCTH. noKa3aHO, 4TO n08epXHOCTb penRTH
BHCTCKOH CTPYH~ C MaCCaMH Ha KOH4ax, AOnycKa~aR TaKHe npeo6pa30BaHHR, no
r<allbHO 3K8HBaneHHH renHKOHAY, a orpaHH4HBa~He ee KPHB~e HMeMJT nOCTORHHOe 
'<py4eHHe. 

Pa6ora a~nonHeHa a fla&JpaTOPHH TeopeTH4ecKOH ¢H3HKH O~R~. 

npenpHHT 061.e.!liiHeHHoro KHcnnyTa ll!lepHbiX HccnellOSaHHH. ily6Ha 1986 

nepeBOA O.C.BHHOrpaAOBOH 

Barbashov B.M., Chervyakov A.M. P2-86-521 
Geometrical Method for Solving the Boundary Problem 
in Theory of a Relativistic String with Masses at Its Ends 

The geometrical formulation of the dynamics of the relativistic string 
with the point mass at its ends in three-dimensional space-time is conside
red. The world trajectories of the point mass restricting the string sheet 
have a constant geodesic curvature and the torsion which is determined up 
to an arbitrary on the interval /0, 2n/ function. In the case of constant 
torsions when the point masses move over helicies the string world surface 
is the helicoid. The transformations of curve I inear coordinates on the 
string surface mapping onto themselves its fundamental forms are considered 
lt is proved that the world surface of the relativistic string with massive 
ends admitting these transformations is equivalent to the helicoid. 

The investigation has been perfor~ed at the Laboratory of Theoretical 
Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1986 


