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A~$$EPEHU~AnbH~R nAPAMETP ~ rAPMOH~4ECK~E $YHKU~~ 

~~$$epeH4~anbH~~ napaMeTp 6enbTpaM~ BTOpOrO pOAa D~ An~ CKa
I1~pHO~ $YHK4J..1~ 'JI, 3qAaHHO~ Ha N-MepHOM MHOroo6pa3~~ M, onpezie
n~eTCB no OTHoweH~~ K HeKOTopOMY HanepeA 3aAaHHOMY Ha TOM me 
MHoroo6pa3~~ C~MMeTp~4HOMY TeH30pHOMY non~ gab. C4~TaeTC~, 4TO 
onpenen-rren s g MaTp~4bl (gab ) He pa aeu HYJl~ ~ 4TO, cnenoaarens ao , 
cyuie cr ayer oõpar aoe K gab TeH30pHoe norte g a.b, xo r opoe HaxOA~T

C~ ~3 ycnoaaa ga.k gkb = S;,rAe B np aaoà -racr« Han~caH C~MBOf1 
KpOHeKepa. napaMeTp oW paBeH CKan~pHO~ $YHK4~~ 

0'11 = ..!. _a_((gab _~) /1/ 
e dXa ' õx b ' 

rAe 

e = !Til.	 /2/ 

$YHK4V1~ ~ Ha3bIBa-eTC~ rapMOH~~eCK{)~ no OTHOllJ-eH~~ K nono g,ab ' 
e cna 

0'P = O •	 /3/ 

A~$~HHA~ CB~3HOCTb 

reOMeTp~4ecK~~ 06beKT ~ 3aAaHH~~ Ha MHoroo6pa3~~ M, Ha3~Ba
eTC~ a$~V1HHa~ CB~3HOCTb~/l/, eCJl~ OH xapaKTep~3yeTc~ N3 KOMnoa . 
HeHTaM~ r mo' npeo6pa3y~ut~M~C~ np~ neoexone OT KOOPA~HaT X1.....x N 

K KOOp.A~HaTaM i 1 , ... , i N no np aaany 

~ p õ q ~2 b d~a 
.--(J1I._r a = ([ b ~ + ....-:!-x_) ~ . /4/ 

mn pq ax m ain aimõx n ax b 

t nOMOutb~ a$$~HHO~ CB~3HOCT~ COCTaBJl~~TC~ K9BapV1aHTH~e npo
~3BOAHble. Hanpuaep , AJl~ cKanRpHo~ $YHK4~~ '1', «oaexropaoro nona 
'l'b ~ r euaopuoro nona gab «oaapa a-rraue npO~3BOAHble P~BHbl 

a'l'b8'1'	 _ r 8 '11
Vb'l' V... 'I'b dx a ab s'8x b • 

, b /5/ 
V gab -dga. +-r a g s b + r b -g a s _.... 

n .õxn ns ns. 

1 



4aCTHWM CnY4~eM RBn~eTCR CBR3HOCTb KpIIICTO$$enE
 

r a =.!...g as (~g sn + ag sm 
agmn


-..---) . /6/
mn 2 ax m axu ax s 

Ee CBepTKa	 paBH,a 

r a =1.. gab -:g ~ b 1 af 
/7/ 

ma 2 ax m ( ax m 

CneAoBaTenbHo, 

mn a 1 (J ab 
g r = - - -,- (fg ).	 /8/ 

mn (ax b 

n03TOMY napaMeTp 6enbTpaMIII /1/ MomHO 3anlllcaTb B BIIIAe 

rnn. mn ( a 
'2

'P b a'P)olJl == g '\I	 V lJI = g Iv-,--,- - r --o . /9/m n axmaXn mn dX b 

ApyrlllM np~MepOM a$$IIIHHO~ CBR3HOCTIII RBnReTCR KOOPAIIIKaTHaR 
CBR3HOCTb. 0603Ha4111M ee .f- .4T06bl onpenenu r s ee , euõepex N $YH-K

4~a:1 

t/Ja (x 1 , "', xN ), a ~ {1., ... , N J , /10/ 

AOCTaT04Hoe 4111cno p as HenpepblBHO AIII$$epeHl.\lIIpyeMblx c OTnlll4HblM 

N 
OT HynR RKo6111aHOM a( t/J 1,.•. ,t/J ) . TaKaR coeokynaocr s $YHK4111~ co

(J(x 1 •••• ,x N) 

CTaBnReT HOBy~ KapTY M~roo6pa3l11R M. nonomlllM, 4TO B 3T0a:1 KapTe 
K03$$IIIl.\lIIeHTw CBR3HOCTH r paBHw Hyn~. TorAa B IIICXOAHO~ KapTe 

xl, ''', x N ee K03$$1II 4111 euru paBHbl 

v a ax a a2 t/J S
'1	 /11/=-r-

mn at/J s axm ax n
 

3aMeTIIIM, 4TO pa3HOCTb
 

pa ,f a	 _ r a /12/ 
mn mn mn 

ruoôux AByX CBR3HOCTe~ RBnReTCR TeH30pOM. 

nEPBOE TOmAECTBO 

~3 !WpameHIII~ /9/, /11/ 111 /12/ HenocpeACTBeHHO cneAyeT Tom

AeCTBO
 

ax a s _ mn p a •	 /13/
O t/J - g mn

at/J s. 

2 

BTOPOE T~~~ECTBO 

~aCCMOT~~M <seKTOp 
v v
 

a

'<lJ = .z; Vb t+ gab ),	 /14/ 

v "( e 

rAe V b - «oaapaaur aaa npOIll3BOAHaR, COCTãsneHHaR C noxourso CBRS
HOCT-l-1 -/111, z - cxanspuaa nnOTHOCTb /'2./ VI f - cxanapuaa 

nnOTHocTb, ,paaH aR 

r = I-~('" 1 ~ ... ., tjJ N) J. /15/ 

a(x 1•••• , x N -> 
Ta« KaK OTHOWe-Hllle cxanapaax nnoTHOCTel1 RBfiReTCR CKaJlRpHoia (l>YHK

l.\l-1-e~, TO 

'<IJ a. ;; g"ab ~ gab iJ e	 /16/V + - -.- b e ax1> ~ 

Cornacuo /5/ nep aoe cnar-aexoe B -r:lpaBO~ 4aCTIII 3AeCb paBHO 

ag ab V sb v b as

V b g ab -....;:.-- + r bs g + g J17/
 

ax'b 
r b S
 

~3 111/ 111 /15/ cneAyeT, 4TO 

a 

"b 1 a;' 118/r bs v =--
e dX S 

n03TDMY 

.,,", a rV

a mn 1 a 7 g a b ') 
'l' = g + - -.-\( - /191
 

mn faX b
 

Y4l-1T~BaR /8/, nony4aeM 

<lJa =gMn p	 & /20/ 
mn 

flO,QCTaBnRR 3TO aup axeuue B TomAeCTSO 113/, nplllXOAIIIM K APyrOMY 

TomAeCTBY~ a IIIMeHHO: 
. a
 
iJx s
 _ V (":"g&b)	 /21/

t b .

aJ/J s e
 
-- o'" 

oi y 

v 

rAPMO~HqE{KAR KAPTA 

l{ooPAHHaTbI /10/ Ha3blBalOTCR rapMOHV14eCKIIIMIII, 'ecnlll Ka>KAaR 1113 HIIIX 

RBnReTC~ rapMOHH4eCKO~ et>YHK4I11e~, T.e. YAoaneTBopReT ypasHeHHIO 
/3/. rapMoHH~ecKHe KOOPAIIIHaTW COCTaBnR~T rapMOHM4eCKY~ KapTY· 

Cornacno AOKa3aHHblM TomAeCTBaM rpa ycnoBIIIR 
a.	 mn a.

ot{J =0, g p =0,	 <, 
/22/,/23/

mn 

3 



~I 

'<1l& c: (' V .(.!.. g &b) =o /'1:4/ «oropue HaKI1aAblBan a~HWTe'~H Ha MeT'pVJKY /28/. OH"1 03Ha4a1OT, 4TO( b'" 
l ,qeKapTOBbl' KOOPAI4HaTbt AnR MeTp"1K~ 

B3aVJMRO 3KBItIBa.neHTHbl. Ka>KAOe 1t13 3H1X YCI10B"1~ orrpenenaer rapM9-.
 

HI1LfeCKYKI KapTY. d~2 =: l1 dx a,&! dx b
 
a b /341

OTCIOAa B1I1,{lHO, 4TO B f'apMOH"14eCKO~ xap r e KOMnOHeHTbt MeTpM'4eC

KOrO TeH30pa YAOB.neTBOPflIOT YCIlOBItIHM f1BIlflIOTCfI rapMOH"14eCK1I1MM KoopAVJHaTaMVJ AIlfl MeTp"1K"1 

d- ab'
~b' l(g ) =0., /2:5/ 
dX' 

«o ropue MO>KHO np"1HflTb 3a onp enerreuae rapMOHVJ 4ecKo~ ~aPTbl /2/ . na

paMeTp 6eIlbTpaMVJ /T! B rapMOH~4eCKO~ Kap-re paBeH 

m ab a2'11 
OT = g /26/ 

. fJx a dX b 

YpaBHeHVJe 13/ AIlfl rapMoHVJ4ecKo~ $YHK~"1VJ B rapMoHVJ4ecKo~ KapTe 

npVJ H"1Mae T BItl A 

ab a'P 
g !271 

a-xa ax b = O. 

rAPMOH~4ECKA~ KAPTA S~HWTE~HA 

B cny-iae cnaõoro rpaBVJTa4VJOHHoro nona 3~HwTe~H /1918 'r./ 
noner-an , 4TO KOMnOHeHTbl g ab paBHbl /3/ " 

/28/g ab =,., ab + /). ab ' 

rA-e 7lab He 3aB"1CflT OT KQ0p-A"1HaT, a /).ab - 04eHb MaIlble BeIlVJ4VJHbl. 

C T04HOCTblO AO nepBoro nopflAKa ManOCT"1. 
g = 11(1 + /).8), g ab = 11 ab _ ~ab , /29/ 

S ab 
rne ,., - onpenenn r ens MaTp"1~bl (,., b)' 4"1CIla TI HaxOAflTCR "13 

ak ô a a 
YCIlOB"1fI TJ 11 kb = b' 

's b b sb l30/~ a.s 11 = ~ ar = TJ as ~ 

CornaCHO /29/ 

1 a ab a ab /31/-- -(lg ) = - - e . 
( é1x b ax b 

r,EJ,e 

ea b = ~ ab _1. ~ s 11 ab • 132/
2 S 

2 a b 
ds = g ab dx 19 dx . /35/"I';~1 

'lI SaMeT1I1M, 4TO CB.A3HOCT b Kp~cTo<p$eIlfl AIlfl MeT pL1.K"1 / 34/ aanae r ca 

KOOPAVJHaTHO~ CBfl3HOCTblO. 

rAPMOH~4ECKA~ KAPTA <POKA 

Merp"1Ka WBap~wVJnbAa /1916 r./ 

ds 2 = V2c 2 dt 2 _ V-'-2 ~lp2 _ p~(de2 + sín 2edcf;2), /36/ 

r ne V2 = 1 - 2ap-l, a ='yM~-2 - rpaBVJTa~VJoHHbl~ paÀ1I1Yc MaCCbl M, 
onpeneneua B KoopAVJHa.Tax p, e,' cP ,t B 06IlaCT.'''1 P > 2a . B npo

cTpaHcTBeHHo-BpeMeHHoM M"1pe c Mer-PVJKo~ /36/ AIlVJHa OKpY>KHOCT"1, 

Ha KOTOPO~ p = const, () = "/2, t = const, paBHa 21Tp, 4eM "1 3a:'" 

Me4aTeIl bHa Bbl6paHHafl lllaapuuran bAOM paAVJaIlbHaR KOOPAVJHaTa 'P. 

fapMoHVJ4ecKVJe KOOPA"1HaTW $6Ka f1BnfllOTCfI CIleAYIO~VJM"1 <PYHK~"1flM"1 
KOOPAVJHaT WBap~w"1IlbAa: 

x 1 = (p - ex) sin ()cos <fi = x , x 8 = (p ..,. a} cos () = z • 

/37/ 
x 2 = (p - a ) sín ()sin cf; = Y. x 4 = ct , 

ECIl"1 nepe~TVJ K APyro~ paAVJánbHo~ KqoPA"1HaTe~ TO COOTBeTCTBeH

HO "13MeHflTCfI Bblpa>KeH"1fI /36/ VJ /37/. Henpn-rep , nonaraa p=r+ a, 
FlOIlY4aeM 

2- r-a 2 2 f+a 2 2 2 .2 2
ds =: ---c dt - --dr - (r + a) (de +8ln edcf; )~ /36 '/ 

r+a r-a 

li x 1 = r sin ecos cP = x , x 3 = r cos () == z , 

1

/37'/
 

X 2" '= r sin esín cf; = Y. X 4 = ct ,
 

flon ar-aa p == u(l + a/2u)2" nOIlY4aeM
 

ds 2 = [ 2u - a ] 2 C2dt la _ [ 1 + ~ ] 4 ( du 2 + U 2 (d e2+ sin 2(} dcf;- 2 )] , /36°/ 
,I 2u + a 2u 

YCIlOB"1fI rapMOH"14HOCT"1 /25/ B AaHHOM CIlY4ae 03Ha4alOT KaK pa3 Te 1 aS! S a 2 
x = (1 + -) u sín () cos <fi = x , X = (l + -2-) u cos e = z , /37°/

C~Mble YCIlOB"1fI ~2 ~ 

-!- (f a b ::= 'O, /33/ a 2 4x. 2 = (1 + --) u sín é sín é == y, x = ct ,ax b 4u.2 • 

4 5 



3a111t1WeM, Hc3KOHe4, 'MeTpVlKy W-eap4Wlt1nbAa B rapMOHH4eCl{oi:1 RapTe 
1l>oKa: 

r.-----..-.~." 

y X2 :t- .Y2 + .z 2 - a 2 22ds	 = ---- ---~---C dt 
yX 2 + y 2 + z 2 + a 

2{jx + y 2 + z.2--' + a) -2 {dx 2 + dy 2 + dz 2) _ 1381 
x2 + y 2 + z2 

2 ~ 2 + Y 2 + z2' + a (xdx + ydy + zdz ) 2 
- a . - ---------- . 

j x e + y 2 + Z 2 '_ a (x 2 + Y 2 + Z 2) 2 

B CBfl31t1 C 3TIt1M <I>OK rnrcan: II{AenaeM OAHÜ 3aMe4aHII1e no aorrpocy 06 
onpegeneHlt11t1 npflMO~ nlt1Hlt11t1 B TeOp1t11t1 TflrOTe~It1f1. -KaK cneAyeT ~Rpe
AenflTb npfl~Y~: KaK ny4 CBe~a It1nlt1 KaK npRMY~ ~ TOM ~BKnIt1AOBOM 

npOCTpaHCTBe, B KOTOpOM AeKapTOBWMIt1 KOOPAIt1HaTaMIt1 cnymaT rapMO
HIt1~eCKlt1e KOopAk1HaTbl X, y, z ? H.aM noencr aanaer cs eAIt1HCTSeHHO 
npaBlilnbHblM aropoe ortpeneneune" /CM/4J , c. 273/. 

1{aK BIt1AHO, <1>OK 41pY1A-aBan peanbtibl~ CMblcn KooPAIt1HaTHO~ CBfl3HO
-CTIt1 f ~n' ·I(OMnOHeHTbl f(OTOPO~ B BbI6paHHO~ It1M xap re p aauu aymo , 
TaKafl CBfl3HOCTb HaAenfleT Mlt1p illsap~Wlt1nbAa CTPYKTYPÓ~ a<l><I>It1~Hor-O 

npOCTp-aHCTBa, HO He AaeT .HIt1K~KO~ ~H<I>opMa41t1~ o rpynne nOpeH~a. 

QAHaKO Aanbwe <l>OK nlt1can: 11B cny4ae \1130nlt1pOBaHHO~ CYlCTeMW Macc 
cy~ec~ByeT ~OOPAYlHaTHafl CIt1CTeMa, a \IIMeHHO rapMOHlt14eCRafl, KQTO
pafl onpeAenfleTCfI nyTeM HanOmeHIt1f1 Ao6aB04HWX ycnoBIt1~ OAH03Ha4Ho, 
'c TOl.lHOCT blO AO npeoôpaao aauaü Jlope au a" ! CM. /4/, c. 44'51. 

OTclOAa M01KHO 'c,qenaTb BbIBO,q / KOTOPbl~ Mbl lt1 -eA~!lanlt1 :B /5/ / 

o TOM, 4TO BMeCTe c MeTplt1Koi1 WBap4Wlt1nbAa /33/ $DK paçCMaTplt1Ban 
MeTpl4KY 

d;r2	 = c 2dt'2 _ dx 2 _ dy 2 _ dz 2. /39/ 

XOTfI.Y1 He C0061l\Y1Il {)6 3TOM B caoea KHIt1 re /41. 
Ho '1t1 3~HWTe~H B crarse /3/ BMe~Te c MeTpIt1KO~ Ae {I4TTepa 

ds 2	 = (1 
2a 2_vx 2 + Y2 + -z2..,) ~2 dt· 

/40/ 

-(l't- r--.'2a ) (dx 2 d 2 
2 

V x 2 + Y2 + Z 2 + y + dz ) 

B MeTplt1KY Ae CIt1TTepa /40/. 3aMeT~M, 4TO nplt1 60nbWIt1X 3Ha4eHIt1f1X 
3TO~ CYMMbl MeTplt1Ka /38/ nplt1HIt1MaeT "1t130TpOnHbl~" BIt1A. 

Pa3YMeeTcfI, YCTaHoBneHHoe Bblwe COOTBeTCTBlt1e Me>KAY. MeTplt1KaMIt1 
WBap4Wlt1nbAa, MIt1HKOBCKoro lt1 Ae CIt1TTepa AonmHO He TepflTbCfI nplt1 
nepeXOAe OT rapMOHIt1l.leCKO~ K KaKO~-nIt160 APyro~ KOOPAIt1HaTHO~ 

I «ap re , Hanpuaep , 'B KOOPAIt1HaTaX r, () , f/; , t / a 3TO OTH~Ab He 
ti rapMOHIt14eCKafl KapTa, 3AeCb TonbKO ABe KOOPAIt1HaTbI, ~ lt1 t , rap

MOHIt1l.leCKlt1e/ MeTplt1KY WB~P4Wlt1nbAa HaAo 3anlt1CblBaTb B BIt1Ae /36'1,
I MeTplt1KY MIt1HKOBCKoro - B BIt1Ae 

dS 2= c 2dt 2 _ dr 2 _ r2(d() 2 + sin2()d~2), /41/ 
< l 

a MeTplt1Ky Ae CIt1TTepa - B BIt1Ae
 
t
 

d~2 = 0- ~)c2dt2_ (1 +~.)[dr2+ r2(d()2+ 8in2()d~2).
 

I 
/42/r r . 

TaKIt1M 06pa30M, nOAxoA 3i1HwTe~Ha K npo6neMe Tflmenoro It1CTOl.lHIt1
Ka rpaBIt1~a4HOHHoro nonfl OTnlt14aeTCfI OT nOAxoAa <I>oKa B Hecy~ecTBeH
HOM, r on s xo B TOM, 4TO nepBbl~ oac cxarpaaan norte BAanlt1 OT It1CTOl.l
HIt1 xa , a BTOPO~ - BCIOAY B 06naCTIt1 p > 2a. no CYTIt1 me nonxon <I>oKa 
K 3TO~ npo6neMe COBnaAaeT c nOAxoAo~ 3~HwTe~Ha. 
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