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3a .nocneAHHe ABa AeCRTH~eTH~.B TeopHH HHTerpHpOBaHHR HenH
.",,~ 

HeHHblX 3BO.fl104HOHHblX ypaBH~HH~ AOCTHrHYT cytqeCTBeHHbI&:1 nporpecc , 
B 3Ha4HTenbHOH Mepe OH õun oõycnoaneu Hcn0!1b30B~HH.eM HAeH H Me": 
TOAOB TeopHH 06paTHblX 3aAa4 pacceauaa , OCHOBbl KOTOPOH 6b111H aa
nO>KeHbl B paõor ax /1- 4~ 3a 3T.0 BpeMR onpeaenanca HHTepeCHblH c Ma
TeMaTH4eCKOH T04KH ~peHHf" ~ Ba>KHbIHc B npHt<rIaAHOM OTHoweHHH xnecc 
HenHHeHHblX 3BonlO4HOHHblX ypéiBHeHHH, o6naAalQl.qHX oneparopaua npea

j'\ 

" j 

) CTaBneHHeM cneuaans aor-o 'SHAc3 /5-19/ 3TO npencre aneuae HMeeT $Op.» 
/ MY bnepàTOpHOrO COOTHoweHHR, KOTopoe KOHcTaT~pyeT TOT $aKT, 4TO 

HeKOTopaR: napa nHHeHHblX onepaTopoB 06naAaeT cneAY~~M cao~CTBoM: 

RAp~ 0AHoro' 1013 3THX onepaTopOB RBnReTCR HHBapHaHTHblM nOAnpOCT

( 

.r : .paHCTBoM AnA ~pyroro. BnepBble TaKHe onepaTop~ OblnH, KaK H3BeCTHo, 
Hcnonb30B'~Hbl B 3aMeT.Ke /5/ AnR HHTerpHpOBaHHR ypaBHeHHR Kopreae

, r a - Ae BpH3a 101 c rex nop RBnR~')TqR OCHOBHblM pa604HM HHCTpYMeH

,/ 

. TOM B .06WHPHQM noroxe CTaTeH., HanHçaHHI;JIX lia 3TY TeMY. :~ 
A .AnR ypaBHeHHH YKa3~HHoro Bblwe Knacca np06neMa HaX0>KAeHHR HX 

I 
t r -peweHHH CBOAHTCR K HecpaBHeHHO 60nee npÓCTOH aaAa4e HaXO>KAeHHR 

., i" . 'pewel:lHH nHHeHHbJX HHTerpanbHblX ypaBHeHHH c RApaMH B.eCbMa cneua:; .' .. --------------_....:......._~~.~~ 

\ ~
 

l
 

anbHoro BHAa~ ~ XOTR B HaCTORtqee BpeMR ~3BeCTHO HeCKonbKO cno

c060a AnR nonY4eHHR RAep 3THX ypaBHeHIo1~, Bce OHH HMelOT orpaHH

4eHHYlO 06naCTb npHMeHeHHR. B 4qCTHOCTH, 3TO YTBep>KAeHHe cnpaBeA

nHBO H no OTHoweHHIO K pa60TaM /17- 19< CblrpaBwHM Ba)l(HYIO pons B
 
1013Y4eHHH pRAa HenH~eHHblX 3BonlO4HOHHblX ypa~H~HHH. npaKTH4eCKH
 
AnR KamAOro Hoaoro Knacca nHHeHHblX onepaTopOB, Hcnonb3yeMoro .
 
AnR HHTerpHpOBaHHR HenHHe&:1Hblx 3BonlO4HOHHblX ypaBHeHHH, 3a,ga4a
 
HaX0>KAeHHR COOTBeTciBy~eH nHHeHHOH CHCTeMbI HHTerpanbHblX ypaB


I HeHH~ pewaeTCR aaHOBO.
 
B HacToA~e&:1 pa60Te Ha3BaHHaR Bblwe np06neMa peweHa AnA HenH


He~HblX 3BonlO4HOHHblX ypasHeHHH, nepe4HcneHHblX B 3aMeTKe /15~ 60

nee TO~HO, B pa60Te YKa3aHa CH€TeM~ nHHeHHblx HHTerpanbHblx ypaB

HeHH~, c nOMO~blO KOTOPOH nonY4eHbl ABHble Bblpa>KeHHR AnR peweHHH
 
pAAa~enHHe~Hblx 3BonI04HOHHbI~ ypaBHeHHH, ~nHcblBalOtqHx B3aHMoAeHcT

BHe sdnH Ha nnOCKOCTH x,·y. KaK oxaaanoc s , peureaaa 3THX ypaaua

H~~ 06naAalOT PRAOM 3aMe4aTeJlb~blX CBO~CTB, He BCTpe4aBWHXCR pa

Hee y APyrHx ypaBHeHHH 3Toro Knacca.
 

§ 1. CHCTEMA/1 .1 r, /1 • 2/ ~ EE CBO~CTBA 

-7 ) OCHOBOH Bcex nocneAY~HX paccMoTpeHHH RBnReTCA CHCTeMa ~HHeH
i ~,.t HblX HHTerpanbHblX ypaBHeHH~

© 061te.rúÍHeHHblH HHCT~Tyr anepasrx HC~enO~.ll!fJiH :llyQHá. 1~~~)'. ,
~ (5) + ~ B (8. 8') Xo (8 ') ds ' + Jo À (8) = O. /1 .1/

" if' ~1 J; { (C 
c 

s, , / ,I ••• - •• 1.... ~ ,..... ~~ ,  1. ::.::Z(~~: :~;<~;'I.'
I 

\ ' ~ '\ ',1 "VfiiieÜHW~ IHcal."I I) , 
.. ....~j' ",.-'" 

'" III QtJlWJ BC'C1l'el!nBlUII 
-, '" bM;.;nf,,·!~T!=U h

\ 



li 

t " 

Xr(s) + ~ B(S,s')Xrts')ds'= Jr À(s), r = t, ... ,ro' /1.2/.• 
c 

rAe B =; B(s., s ") - KBaApaTHaR MaTpllllla nopamca 2ro + 1 c 3IleMeHTa

MIIl B,.,.,vdJ.,v = 0,1, ••• , 2r ( ro > 0 ) , AaIlee, JO,Jl, ... ,Jro - noo 
CTORHHble AJ;1arOHaIlbHble MaTplllllbl Toro }f{e nopanxa , HaKOHell, X o(s ,. 
Xl (s ) , ••• , X (s) ,11I À.(s ) - BeKTopbl-CTOIl6I1bl c 2 r + 1 KOMnoHeti o 
TaMIIl. rlPIll ~TbM Mbl GYAeM npennonarar s , 4TO OTIllll4Hble OT HYIlR ane
MeHTbl MaTpl1l1bl B IIlMelOT BIIlA 

ro 

fO(s)exp[(Ct.>o(s) - av(S'))x+ TO(S)Y], ,.,.=0,0::; v -;;.ro" 

Ct.> o (s) - av (s ") 

f ,.,. (8) 8,.,. , v - r O
 
B,.,.,t-JS, s") =
 , 1 <;;.,.,. ~ r O< v ::: 2 ro ' 

kO+ 2 ( ) k O+ 2 ( ') 11.3/u,.,. S - Ú)V 8 

f~(S ) exp [ (Ct.>fl. (s) - (Tv (8')). x ] 
, O s:: v ~.ro< ,.,. :s;. 2 r O• 

~,.,. (s ) - '(Tv (s ") 

Bce oc r ans aue 3IleMeHT~ MaTplllll~ B C411lTalOTCR paBHblMIIl HYIlIO, T. e.
 
1),.,. = O, r < v <;;.2r o'
o 

B = O, ecna { 2) t s ,.,. S co' O ~ v -;;. r.o, 11 .4/Il.,v 
"3) r < ,.,., v .$ 2ro•o 

MaTplll~bl Jo, J 1 ' ••. , J r RBIlRIOTCR npoexr op axa B ( 2 ro + 1) -MepHOM 
O

BeKTopHOM npocTpaHcTBe, nplll4eM MaTplllija J o npoeKTIIlPyeT Ha nOA

.	 npocrpqacr eo , oõpaayeaoe BeKTopaMIIl, Y KOTOPblX paSHbl HYIlIO ace 
KOMnOHeHTbl c HOMepaMIIl r = 1, •••, ro ' a MaTpllllla J r nplll r = 1, ••. , Co 
npoeKTIIlPyeT Ha oAHoMepHbe nOAnpocTpaHcTBo, 06pa3yeMoe BeKTopa

Ml1, y KOTOpblX oTIllll4Ha OT HYIlR rorie xo r -R KOMnOHeHTa. nplll 3TOM 

HYMepalllllR KOMnOHeHT Y seKTopOB Ha411lHaeTCR c HYIlfl. 60Ilee T04HO, 

cnpaBeAIlHB~ paBeHCTBa 

Jo=di.ag(1'~.;.,OJ ~), 
r O rO . 

11.5/ 
J = diag (O, •••, O, 1, O, ~ •• , O ), r = 1, •••, Co • r ~~
 

r 210 - r
 

KOMI10HeHTbl À Jl ' fi. = O, 1, .•. , 2 CO' BeKTopa À IIlMelOT BHA 

fo (s) exp [ú>o (s)x + TO (s) y], eCIlIll ,.,. = O, 

/1.6/À,.,. = f,.,. (s ) , eCIlI1 -1 "S. ,.,. ~ r O '
 
{.
 
. f P. (s ) exp [Ct.>,.,. (s) x ], eCIlIll rO < ,.,. ~ 2 r O
 

HHTerplllpoBaHlIle B ypaBHeHHflX /1.1/, /1.2/ npolll3BoAIIlTCR no KOHTY

PY c, Ile}f{a~eMY B KOMnneKcHo~ nIlOCKOCTIIl 11I CoCTOR~eMY 11I3 KOHe4HO

ro 411lCna KüMnOHeHT CBRSHOCTIIl C ,.Ka}f{AaR 11I3 KOTOPblX rOMeOMopQ:lHaa 

2 

Illll60 OKPY}f{HOCTH, Illll60 0~pe3KY. BCIOAY B AanbHe~weM 6YAeM C411lTaTb 

f(OHTYP c CnpflMJlReMblM 11I I1MelO~IIlM KOHe4HYIO gnlllHY. IlPIll 3TOM Bem1411l

H~ 

f O ' fi' ••• , f 2r ' ú> O' Ct.> r + l' ••• , Ct.> 2r ' a O ' ai' ••• , (Tr ' r O
O O O	 O 

C411lTalOTCR 3aAaHHblMIIl <1>YHKl..l-lIlfH~1Il napaaerpa 8 <;.C 11I YAOBIleTBopRIOT 

CIleAYlOU.\lIlM yCIlOBHflM: 1/ OHIIl HenpepblBHbl no s 11I OTo KOOPAIIlHaT x, Y ( l' 
He aaaaca r ; 2/ ecnu xa KOMnOHeHTe. CBR3HOCTIIl ca «o-rryo a c <1>YHK

411lfl f o He· paBHa TO}f{AeCTBeHHO HynlO, TO Ha npflMOM npOlll3BeAeHIIllll 

Ca x C a pa3HOCTb Ct.>o (8) - 0'0 (s ') He 06pal1\aeTCR B HYIlb; 31 ecna 
Ha KOMnOHeHTe CBR3HOCTIIl C KOHTY'pa C <PYHKIlIllR.f O He p aaaa TO}f{a 
AeCTBeHHO HYIlIO, a Ha KOMnOHeHTe c {3 <PYHKIlIllR f p nplll 1 :s; v s.. ro 
He paaua TO}f{AeCTBeHHO HYIlIO, TO ua npRMOM npOlll3BeAeHIIllll Ca'x C (3 
pa3HOCTb Ct.>o (8) - "v (s ') He' oôp euraercn B HYIlb; 4/ e cnn Ha KOMno-

HeHTe CSR3HOCTIIl C a KOHTypa c <1>YHKlllllfl f,.,. nplll r < ,.,. ::; 2 ro He
O 

paaua TQ}KAeCTseHHO HYIlIO, a Ha KOMnOHeHTe c{3 <PYHK4I1ffl f o He paaaa 

TO}f{AeCTSeHHO HYIlIO, TO Ha npRMOM npOlll3BeAeHIIllll Ca x C f3 pa3HOCTb 

Ct.>,.,. (s ) - aO (s ') He 06pa~aeTCR B H)'Ilb;, 5/ ecna Ha KOMnOHeHTe CBR3

HOCTIIl Ca KOHTypa c !PYHKIlIllR f,.,. ripa ro < ,.,. ~ 2rO He paaua TO}f{-

AecTBeHHo HYIlIO, a Ha KOMnOHeHTe c[:3 !PYHKIlIllR f v nplll 1 ::; v ~ ro 
He paBHa TO}f{AeCTBeHHO HYIlIO, TO Ha npRMOM npOlll3seAeHIIllll C x C[3a 
pa3HOCTb Ct.>,.,. (s ) - av (s ') He oôpeuraer ca B HYIlb; 6/ ecru- Ha KOM

nOHeHTe CBR3HOCTIIl C a KOHTypa c <PYHK4I1lfl f,.,. npa 1 ~ ,.,. ~ r O He p aa-

Ha TO}f{AeCTBeHHO HYIlIO, a tta KOMnoHeHTe, c{3 <PYHKIlIllR f,.,. + ro He p as -

Ha TO}f{AeCTSeHHO HYIlIO, TO Ha npRMOM npOlll3BeAeHIIllll Ca x Cf3 p aa> 

kO+ Z kO+ 2 
HOCT b a (s ) - Ct.> + (s ') He 06pa14aeTCR B HYIlb;, 7/ <PYHK,.,. ,.,. ro 

llllllll Ct.>o (s), ao(s) 11I TO(S) nplll Jl1060M s<;.c YAOBIleTBopRIOT YCIlOBIIlIO 

ko+ 2 kO+ 2 /1 7/
Ct.>o (s ) - ao (s ) == KTO(S).	 • 

rAe K - napaMeTp, He 3aBIIlCR~IIl~ OT T04KIIl S ~ c. 
BeKTOpbJ Xo (s ) , Xl (s ) , .•. , X, (s ) COOTBeTCTBeHHO C K0M110HeH

O
 
TaMIIl 

Xo.o(s), XO.l(S)'.'" XO•2fO (s), X1.o(s), Xl,l(s) •••• 

.•• , Xl 2r (s ) •... , X r O (s ) , X, 1 (s), ••• , X r 2r (s),
•	 O O· O· O· O 

T.e. 

X (s) = IXo,o (s), XO.l (8) •...• Xo•2 ro (s)l.o /1.8i 

Xl (8) = IXl,o(s), Xl,l(S), .•.• X 1,21'0 (s)l, 

Xr (8) = I XI.. O(s), XI.. 1 (s), .•.• X r 2r (~) 1 
O u' u' O' O 

RBIlfllOTCH HeIll3BeCTH~MH 11I nOAIle}f{aT onpeAeIleHlIl1O c nOMO~b~ peweHIIlH 

CHCTeM~ /1.1/, /1.2/. HMeHHO OHIIl IIlrpa~T rIlaSHYIO pOIlb B Haxom

3, 



AeH~~ .peWeH~~ YKa3aMH~X B~We Hen~He~H~X 3BOn~4~OHH~X ypaBHeH~~. 

B03bMeM Tenepb MaTp~4~ E ~ J nopanxa 2rO + 1, ~Me~~~e B~A 

1 O O 1 O O 

O O 1 . J = O 1 O I' /1.9/ 
(1 1 O O O O 

rAe J - eA~H~4Ha.f1 MaTp~4a nopsnxa .ro' B cuny /1. 5/ ~ /1.9/ I-1MeeM 

J = EJOE. /1.10/ 

B03 bMeM t nanee , Al-1arOHanbHble MaTpl-14bl cu, a, r nopamca 2 r + 1,o
I-1MelOutl-1e BI-1A 

(,t) = diag (cuo, ' a 1 " .••• , arO' CU + l' •••• cu 2ro) . rO

o diag (aO' a 1 • ••• , OrO' CU + l' •.. , CU2r a ) · /1. 11/
rO

r = díag (rO ' O. ••• , O• ú, ... • O ) • 

CornaCHO /1.7/ cnpaBeAn~BO paBeHCTBO 

kO+ 2 kO+ 2 
CU - a = Kr. /1. i2/ 

nYCTb 

ClJ = Jacu. ;; = s«. /1 . 13/ 

B03bMeM, HaKoHe4, BeKTOp c .KOMnOHeHTaMI-1 e/l' /l = O. 1, ... ,2 ro ' 
BI-1Aa 

e =1 .exp [-O/l(S) x ] , ecna O ~ /l S. ro ' /1.14/ 
/l 1, ecnn rO < /l ~ 2 r O• 

Ha OCHOBaHI-1~ /1.3/-/1.6/, /1.9/, /1.11/, /1.13/1-1/1.14/ nony
4aeM 

aB(S.8') = w(s)B(s.s') _ B(8.S') â(s') = J À(s) ~(s') J, 
oax 

aB(s.s') aÀ(s)= r(s)B(s,s'), --- = J cu (s ) À(s ) , /1 •15/
ax oay 

aÀ(s) a e (s ) 
-- = ds) À(s ) , = -Ja(s)e(s), 
iJy ax 

rAe 3HaK I~II 03Ha4aeT TpaHCnOHl-1pOBaHHe, T.e., B 4aCTHOCTI-1, ne

peXOA OT Bel<Topa-cT~n64a K BeKTop~-cTpoKe, a np0l-13BeAeHl'le aeKTO
pa-cTon64a À(s) Ha BeKTop-CTPOKY e(s') nOHI-1MaeTCfI KaK np0l-13Be

AeHl-1e MaTpl-14 1'1 RBflReTCR t<BaApaTHo~ MaTpl-14e~ nopsnxa 2 ro + 1 
c 3neMeHTa'MIII '~/l (s ) fv (s ") , /l.V = 0,1, ... , '2 ro . 

OnpeAenlllTenb ~peAronbMà D Ka~o~ 11I3 CI-1CreM lJ. 11, /1.2/ I-1Me
e r BH~ 120/ ' 

,00 1
 
D=~-Dn' /1 .16/
 

n={) n t
 

rne Do = 1. a rlpl-1 fi > O 1-1 MeeM 

'i2ro '2r o
 
~ /). (51 .... , sn
D = ~ ~ gt • IO"n )ds l···dsn c n /lt •••• , /ln/l 1= o /ln"'" o c 

I/1.171B" "(s1,sl) ... B,, ,,(sl' S n) 
. r1'rl r1· r n·

S 1 ..... sn
 
/). ( ) = det
 

n /l1 ..... ,Ln I
Bp. "l{Sn, sl)'" B" p. (sn. Sn)

n'r rTl' n 

/21/
Ha OCHOBaHl-11'1 neMMbl AAaMapa Pfl.Q /1 . 16/ CXOAHTCfI paBHOMepHO 
no x , y B mOOoJ.1 Or-paHI-14eHH0J.1 oGJlaCTI-1 ABYMepHoro xo-mnexcaor-o 
npOCTpaHCT~a C2. Cnenoaarens ao , onpenena r ens ci>peAronbMa D f1BJ1f1
eTCJ1 4eJlO~ aHanHTI-14eCKO~ <PYH,K4I-1e~ ABYX «o-mnexcaux nepeMeHHblX 
x , y BO ecex AaYMepHOM KOMnneKCHOM npOCTpaHCTBe 02,. 3TO 3Ha41-1T, 
4TO ecrm D 1= O, TO Ha nnOCKOCTI-1 Jm x = Jm y = O MHO>KeCTBO Go 
Hyne~ onpeaena rena <PpeAronbMa O ABJlfleTCfI 3aMKHYTblM 1-1 H~rAe He 
nnOTHbIM. OTCIOAa cneaye r , 4T·0 1'-1HO>KeCTBO G' = R 2 \ G O T04eK nnoc
«ocr» R 2 • B .J<OTOpbIX ortpenerurrene (!>peAronbMaD -OTJll-14eH OT Hynl'l, 
B 3TOM CJlY4ae aanaer ca OTKpblTblM 1-1 BCJOAY nJlOTHbIM. 

PaCCMOTpl-1M r enep s KBaApaTHY~ MaTpl-14Y r (s, s ") nopanxa 2 ro +1 
, /20/ 

c 3neMeHTaMI-1 r (s, s ). /l.V = 0.1, ... , 2rü ' BlIIAa
/l,v 

r (s.s') = ~ _l_r(n) (8.S'), 11. 18/ 
j.L,V n=O n! /l.V 

rne r (O) (s, s ') = B" v (s, 8') , a npa n > O MMeeM 
/l,V r' 

2r' . 2rO ' .
(n) O S.S 'Sl'~"''Snr (s , s ') = ~ ... L ~ ... cj F ( ) d s ••• d s n

/l,V 'lL = O /ln=O c c n /l.V. /l1·····}ln 1
 
1 11 •19/ 

B/l.v(s. s ") Bp..'/l 1 (s, S 1) B/l'/l n (S'Sn , 
, s 

S.S .,sl····· n) = det 
B (s l' s") B (S l' s 1) B" " (s t- S n)Fn (11 u.u , .... /ln /ll'v J11'/l1 rl\rn• -'r1 
• • • • • • • • • • .~. • • • -. oi • .} • • • ..... • • • • • .. • 

5n.s ') B/ln./l ~sn's 1) ... BIl-n ,/ln (8 n' s n ~Blln•V<

'J1eMMa AAaMap.a /21/ rapaurapyer CXOAI-1MOCTb pflAa /1 .I-a/ ~aHoMepHo 
no x, y g JlIo6oi1 or-paHI-1'4eHHol1 oõnacru t1ByMeJ}Horo l<OMnneKC-HOr,p 

[) 4 



npOCTpaH~:rBa C
2
. CIleAOBaTeJl.bHO, 3IleMeHTbl I~,v (s, s ") M~Tplt11.1bl: 

r~,s1 6YAYT' l.leIl~MIt1 aH~IlIt1TIt14eC~It1MIt1 $YHKl.lIt1RMIt1 ABYX ~OMnIleKCH~X 

nepeMeHHblX X, Y BO BCeM' ABYMepHOM KOMI1IleKCHOM npocr pauc r ae C 2 
\.13 paSeHCTB /1. 16/-/1 •19/ cnenyer , 4TO np~ IlI06blX S, S ' <;. C au

~9IlHR~TCR COOTHOWeHIt1R 120/ 

. r (s, s ') +	 .~ r (s, z) B (z,.s'ldz = OB (s, s'),
 
e
 \ 

/1 .20/
r (s, s ') +	 ~ B (s, z ) r (z, s ") d z = oB (s, S ') •
 

e
 

'\ 8' cooTBeTCTBlt11t1 C /1.20/ nOIlY4aeM, 4TO peWeHlt1e 
. Xo(s), X1(S)r ••• , Xro(s) p1CTeMbl /1.1/, /.1.2/ It1MeeT BIt1A 

.	 1 
Xo'(s) = - X(s) + O ~ r (s, s ") J X(s')ds'.	 /1 .21/J o	 o 

e 

X (s ) = J X(s) - L ~ r (s, s ') J, X(s') d s ", r = 1, .•• , ro . /1.22/
r r O e 

C'Y4eToM /1.3/-/1.6/, /1.9/, /1.14/ lt1 /1.15/ 1t13 paBeHCTBa /1.21/ 
BWT~KaeT	 coo~~OWeHlt1e 

9 -e (s) J X (s ) d s = - --
a 

,~ Sp B (s, s) d s +
üe	 eax 

/1 .23/ 
+ } f fi. (s ) J r (s, B;) J o X(s ') d s "d s • 

't' 

C APyro~ ÇTOPOHW~ Ha oCHoBe /1.l7/ lt1 /1.19/ It1MeeM 

ao 'a ' ..--::--n- = n O -_. ~ Sp B (s, s ) d B .,..
1ax n- ax e 
- (n- 2) 

- n(n-1) 9 9 e(s)Jr (s, s ") JoX(s') d s r d s • 
e e 

rne r (n- 2) (s, s '): - KBaApaTHaR MaTplt14a nopRA~a 2 rO + 1 c 3IleMe.!;i
TaMIt1 r~~v-2) '(s, s').. Tat:<It1M 06pa3~M, c nOMoU4b~ /1.16/ lt1 /1.18/ no
IlY4aeM COOTHOWeHlt1e 

ao a 
= O - , Sp B (s, s ) d s 

ax ax e
 

1ft, ~ 'f (s ) J r \~, s ") Jo X,(s ') d s ' d B • 
e C, , 

CpaBH~BaR	 3TO CooTHOWeHlt1e C /1.23/, y6emAaeMCR B cnpaBeAIlIt1BOCTIt1 
paeeacr aa 

1 
a	 /1.24/" .. ~ e(s ~J X o(s ) d S = ::- - In O , 

c .. ax
 
'.'
 

It1rpa~ero	 Ba*HY~ pOIlb B 3TOH pa6oTe. 
,;6 

j 

"	 li 

§ 2. J1HHE~HbIE OnEPATOPbl i 
PeweHlt1e CIt1C1eM~ 11.~/,j1 .2/ n03BOIlReT onpeAeIlIt1Tb HeCKOIlbKO 

IlIt1He~HbIX onepar opoe , It1MelOlJ.l~X ocuoecnonarecaee 3Ha4eH~e B AaIlb i, 
He~weM ~ccneAOBaHIt1It1. C. 3TO~ 4enb~ npeAITOIlOmIt1M, 4TO B HeKoTopo~ I 

OKpeCTHOCTIt1 T04KI.1. x = x ' y = Yo onpeaenarens <f>peAroIlbMa O CIt1o 
CTeMbI 11. 1/, /1.21 YAOBIleTBopReT YCIlOBIt1IO 

O f. O.	 /2. ti 

AaIlee, c nOMow.b~ peweHHR CIt1CTeMbl /1. 1/, /1.2/ onpeneruoa BeIl10141t1
Hbl Kn,r 11 Wn,r ' nonar-aa npl1 r = 0,1, "', ro. lt1 n ~ O 

K n r = 9 e(s ) on (s ).J X (s ) d s , r , e 

/2.2/
~ an X (5)
 

Wn.r = ,e (s) J r d 8.
 

e ax n
 

OnpeAeIlI1M	 Tenepb onepaTOp L BIt1Aa 

L ~+'2	 k k > O,
:I. uk dx ' 0  /2.3/ 

k=O 

nOIlaraR, 4TO 

u + Z =- 1,	 /2.41
kO

a K03$$114HeHTbl ti k + 1 ' •.• , ti o YAOBIleTBopRIOT peKyppeHTHOMY COOTHO
O 

weHlt110 

kO-k+l	 qw
P k a 

u = K - :I. ~ ti C P-g ,0 • /2.5/

k ka- k + l, O p=o q=O p+k+,J. q+1t tfx q
 

HeTPYAHO y6eAI1TbCR, 4TO corIlaCHO /2.4/ 11 /2.5/ I1MeeM 

a Wo o 
u =- O, U = - (k + 2) -- ' 

ko+ 1 kO O ax 

/2.6/ 
k O- 1 'au k aw 

u =: -- __ .D....- - (k + 2) 1.0 - U W • 
2 dX o ax k O 0,0k O-l 

, 1

OnpeA'eIlI1M"	 HaKOHe4, $YHK41t111 v ,wr ,r 1, •.• , ro ' nocpeACTBOMr 
paBeHCTB 

Vr = ~ e (8) J; Xo(8 ) d s , Wr = - Wo,r "	 /2.7/ 
e	 '/ 

rAe MaTpH4a J; CBR3aHa C onpeAeIleHH~MI1 paHee C nOMQUJ.blO /105/ 
11 /1.9/ MaTplt14aMI1 J ~ l COOTHOWeHl1eMr 

7 



J;= (J € . /2 0 8/ r 

TorAa CnpaBeAnVlBa'CneAy~afl 

c-

T'eop ena 1. Ecm1 S HeKoTopoi1 OKpeCTHOCTVI T04KVI X,= X o'
 
y = Yo asmonaeuo HepaseHCTSO /2. 1/'; TO peuieaae Xo (S), Xl (S), .•.
 

.lo. , X (8) cVlcTeMbl /1 .11, /1 .2/ S 3.T0i1 oxpec r aocru npVl mo6oM
 
ro .
 

s ~ YAOsneTBopFleT COOTHoweHVlfltJ\
 
r a o k O+ 2 

(L - K -a ) Xo(8) + ~ Vr XA-s) = (7 (s ) Xo (s ) , /2.9/
 
y r= 1
 

aã"X Xr (s ) + Wr Xo(s) = 0, r = 1, "" ro· /2.10/ 

Ilotcae ameno emao. AVI(,j)QJepeH4V1PYFl ypasHeHVle /1. 11 n paa no
 
x, ~ Y4eTOM /1.~51 nonY4aeM
 

an X o(s ) an X (s ') 
----.-.+ ~ B(s. s ') o ds'+ Sn(s) + (I)n(s)JO À(s) = O,. /2.11/ 

ax n c a-x n 

rae So (8) == O, a npa n > O, senVl4V1Ha Sn (S) YAosneTsopFleT peKYP
peHTHOMY COOTHoweHVI~ 

an-l X (s ")

S n(S) = ~S (s) + ih aB{s, s ') 

Q ,
 
-------- d s .'• ax n-1 ~ -- ã x. õ x n-l 

Ha OCHOBaHVIVI /1 .15J VI 12.2/ 3TO COOTHoweHVle npVlHVlMaeT BVlA 
a

Sn (s ) = ãXS n - '1(s ) + JoÀ(8 ) Wn - 1, o . 

OTC~Aa c~eAyeT, 4TO npVl n > o VlMeeM 

n-1 m am-aW 
; a a n- m-l,"O 

Sn=}.', ~ s» (s)J À(s)C --------- n, 12/
m=O a=O' O' m m-a ax 

YMHO)f{VlM Tenepb paseHCTSQ /2.11/ Ha uI1 VI npOCYMMVlP'yeM no n OT HY
na AO k + 2. B COOTi3eTCTBVIVI c /2 3/ nonyuaea paBeHCTSOo o 

kO+ 2 

LXo(s)+~ B(s,s~)LXo(s')ds'+S(s}+ ~ cun(s)JoÀ(s),u n = O, /2. 13/ 
e n=O 

r.qe 

8 

1 

(,,' 
k + -2 O

S = I U S (s ) '. 12.1'4/ ["n= 1. n n 

,aanee, AI-1QJQJepeHtll-1pYfI ypaaaeaue /1 .li no Y. S O1J'1Y /1. 15/ nonyua
eM paseHCTBO J 

11 Xo(s) aX o (s ) .
 
+ ~ B (8. S ') d s ' +
 

oy c ay
 

+r(s) tj B(s, &') X o (s ') d s ' + T (8) À\s) = o ~ 
c " 

YMHO~VlM 3TO ~aBeHCTSO Ha K ~ SW4TeM Vl3 12.13/~ B pe3ynbTaTe VlMe~ 

eM 

(L - K~)XO (8) + ~ B(s, s '){L - K-L)X O (s Id.s' + 8.(s) + 
ay c ay 

12.151 
kO+ 2 

+ I cun(s)JOÀ(s)u -·"J<r(s·)~B(s,s)Xo(s)ds'-1(r(s)À(s)=O.n 
n=O "C 

YMHO)f{VlM Tenepb ypasHeHVle /1.1/ cnesa Ha MaTp~y a 
k 

O
+2 

(s) ~ no
nY4eHHwi1 p~3yn'TaT SW4TeM Vl3 /2.15/. CornacHo /1.12/ VI /2.4/ no
nY4aeM paseHCTSO 

Y (s ) + ~ B (s , s I Y (s ') d s " + S(s ) +o o 
c 

k O+ 1 /2. 16/
 
k
 

+ 'k~ o (() (8) J oÀ (s ) U k - n (s ) 0, 

rAe 

a ko+ 2 
y o (s ) = (L - K ai )X (s ) - a (s ) XO(S'), /2.17/o 

k k +2
 
0(15) = ~[CtJ O+2 (s)B(s,sl - B(s,s)(7:O (s')]XO(s')ds'. /2.18/
 

c

nOnO)f{VlM 
k+2 k+2 

•CfJ O (s ) B (s, s ') - B (S, s ') a Ü (s ') ~ (s, s ') + 

12. 19/ 
,..k+2 ,..k+2 

+ (() O (S) B (8, S') - B (S, 8 ') a O (s ') , 

rrie MaTpVl4bl N(S) VI;;(s ) onpenenena nocpeACTSOM /1. 13/, a 
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"aq W[~kO+2 (s ) _ ~kO+2 (s)J B(B, SI-	 k + 1 kO•k + 1. P . k P _ q ,OA(s, SI 
8(8) = OI 2. í wk(s)JOÀ(s)up Cq+,~ ax/2.201 . . k= O p= O q = O 

+ k+ 1 
q 

k + 2 k + 2 
-' B(s, SI [q O (S I s O (S ")1. J ," 

OTC~Aa Ha ocaoae /2 .. 5/ cnenyer paaeacr ao R + 8 = -O. TaK~M oüpa
30M, B COOTeeTCTB~1.1 'c 12 o 1/ ~ /2.22/ y6e>KAaeMCR- B cnpaBeAm1BOCT~ 

C nOMO~b~ TO~AeCTaa /2.9/. , 
"k+2 ' ·...... k+2 
cu O (s ) B (s, S ') - B (8, S ") a O (S I 

~ t 1
 
~ ...... k ( ) [ ,., (s } ( , ( ') " ( )." kO- k + to ( ')
=	 ~ w S w B s, S ) -- B 8, 8 aS') a S 

k=a 

~ f'", 

Ha OCHoae /1 .15/ ~ /2.2/ HaXOA~M, 4TO 
,., k + 2 ,.,k + 2 ,


rj [w O (S ) B (s, S ') - B (8, S ') a O (8 ') ] X O(S ') d s ( =
 
c
 

/2.21/ 
kO+ 1 

I cu k (s ) J O À (8) K k _ k+ 1,0 •
 
k= O ," Q .
 

Aanee, a COOTBeTCTa~~ c /1.11/, /1. 13/ ~ /2.20/ ace 3neMeHT~ 

MaTp~4~ A p~BH~ Hyn~, KpOMe Tex, KOTop~e CTO~T Ha riepece4eH~~ 

CTpOK c HóMepaMIIi P = 1, õ •• ,ro . ~ c r ontiuoa c HbMepaM~ r 

v r + 1: ... ,'2ro ·. PacnOnO>KeHHbll1 3AeCb t"~HOp AOco r'na cuo /1:3/ee ' o 
~MeeT a~A A O = - diag (f 1 (s ) , ... , f ro (s)) . OTc~Aa B c~ny /1.5/, 
/1.6/, /1. 14/ ~ /2.3/ cneAyeT, 4TO 

ro 
~,A(8,-S') X (s ') d s " = - I J, À(s) v r •o 
c	 r= 1 

C Y4eTOM ypaBHeH~R /1.2/ nonY4aeM, 4TO onpeAeneHHa~ c nOMO~b~ 
ro
 

/2.17/ aen~4~Ha 2 0 (s) == Yo (s) + 1 Vr X, (s ) Ha OCHOBaH~~ /2.16/
 
r= 1
 

YAoaneTaop~eT COOTHoweH~~ 

2
0 

(8 ) -+ ~ B(s, s ") ZO.(s;).ds' + R (s ) + S (s) = O, /2.22/ 
e 

rAe Bem1l..l~Ha R(s) cornacxo /2.18/-/2.21/ ~MeeT B~A 

kO+ 4

R (s ) .= 1 wk (s ) J À (5 )(U .- K k _ k' 1 O) •
 
,k= O O k O +
 I 

nOACTaB~M Tenepb B~pa>KeH~e /2.12/ B /2.14/. ~3MeH~B nocne 3Toro 
nop~AOK CYMM~pOBaH~~, HaXOA~M, 4TO 

10 

npoA~«t>ct>epeH4I.1pyeM Tenepb no x ypaaueuae /1.2/. C no/v\q~'blO"', 

J /1 . 15/ , )2.2/ 1'1 /2.71 nonyvaen CboTHoweH~é ..
 

aX r (s ) aX, (5 ') .
 
--'-'-- + ~ B (s, s ') d s ' ... J O À (s ) Wr O,
 

ax c Jx
 

r .,~! 1, ... r ro . 

B cuny /1 J / 6TC~Aá cnenye r paBeHCTBO
 

aX r (s ')
 aX r (s ) 
+ w Xo(s) + ~B(s, s ') [ + wr Xo(s')]ds'= O,r	 axax e	 ;\t " 

, 

~3	 KOTOporO 8 COOTBeTCTB~~ C )2.1/ BWTeKaeT cnpaBeAn~BOCTb /2.10~ 

TeopeMa AOKa3aHa. 
a03bMeM r eneo s npoaàaone soe uenoe 4111Crio no L O ~ o6pà3yeM' 

oneparopu A ~ Qr' r :=: 1, ... , r O ' BIlfAa
 

n + 1
"o" 2	 o nan	 /2.23/A = ',1 a Qr== c L ·Qr,nax'n x 
n= on= Q 

nonara~ 

/2.24/
Qr,n + 1~ - wr 'ano+ 2 = 1, o 

a oc r ans sue K03$ct>~4~eHTbl 3'1f~x oneparoooa onpenemo« c nOM~b~ 

pexyppeu-r uux 'COOTHoweH~C1 

pa	 = K - .- nõ n+ 1 aq 
Wp_q,o 

a C n	 /2~25/L nn n -:" n+ 1,0 - I p+n+ 1 q i o p=o q==O	 a~q 

J
j	 no- n p aq w 

_ í. I Q C n p-q,O /2.26/ 
Qr.n= KnO- n + l,r p = O q == O r, p + n + 1 q + n----- ax q 

TorAa CnpaBeAn~Ba cneAy~a~ 

I 
) 

I 
11 



Ii 
A l'1 

Q r 

T'eop ena 2. Onpet}eIl~HHbJe COrllaCHO /2.23/-/2.26/ oneparopa 
Qr, r == 1, ••• , fO' TaKoBbI, 4T-O oneparopa 

/2,,27/wr A + ax~ Q r' r == '1, ••• " r O • 

a 
~ Xo (5) + Co A Xo (8 ) 

~no+2 
Co ÇJ (8 ) Xo (8) , J2.30/ 

~Me~T ~YIleBoH 

~YHK~~~~ 

nop~AOK; Toe. ~BIl~roTCR onepaTopaM~ YMHo~eH~~ Ha "~Xr(8) 
iJt 

+ CO
Q r XO(8) 

.... 00+ 2 
Co a (8) X r (8 ). 1, ... , fO • /2.31/ 

JJo!:a3am~.IlbCm80o Tlonar-aa Qr,n-ij+2 == 0, Mbl B~,q~"", 4TO ,qIl~ AO" 

xeaarenec tea TeopeMbl HaM HY~HO ?,6e,q~Tbc~ e -cnpaaenna BOCTP1 pa
aeHCTBa 

ô,n == Qr n- l'-+ -L Qr o + Wr a n = ° /2.28/, , ax' 
npl'1 n = 1, ... , no + 2. npV1 n =' no + 2 cnoaaenna BOCT b eror-o pa-
BeHCTBa cnenyer ~3 /2.24/ d ilpe,qnoIlo~~M r eneo s , 4TQ paseacr ao 
/2.28/ cnpaBeAl1~BO np~ Bcex n, y,qOBfleTBOp~~~~x HepaBeHCTBY 
n " < n ~ nu '\- 2, rne 1 ~,n' < no + 2. 1l0Ka>KeM,' 4TO o r cona cneny
e'r -ero cnpaaennaaocr s npa n =. n '. Aei1cTB~TeIlbHo,corIlaCHO /1. ~ 41 , 
/2.2/ ~ /2.10/ ~MeeM 

i)a-;- Kn,r + Ko+ 1,r + wr K 0,0 = O. 

,• 
i.\! 
:{ 

/3 Q 11 

PaCCMOTp~M BbJpameH~fl 

§ 3. COBMECTH~E PEWEHHR nHHE"H~X YPABHEHH~ 

-lo .expf-d (8 )x]·
CPo == exp (~ x) 11 + I, ~ X O,r (8 ) ,r d 8 l. 

r=Oc·' ' ~""ar(8) 

J:\OKaaaT€IlbCTBO 3TOH TeopeMbl o4eHb cxoa-io C ÀOKaaaTeIlbCTBOM 
TeOpeMbI 1. Pa3Il~ql'1e COCTO~T TOIlbKO B TOM, 4TO BMeCTO YC110B~~ 

/1 .12/ HY~HO ,BocnonbaOBaTbC~ paBeHCTBOM 12.29/, a pons COOTHO
WeH~.A 12.51 B 3TOM CIlY4ae ~rpj3~T CooTHoúJeH~~,/2.'25/ iII /2.26/. 
n03TOMY AOKaaaTeIlbCTBO TeopeMbl 3 onyuieuo , 

\ 

C Y4eTOM aroro p aaeuc r aa Ha OCHOBe /2.25/', 
nY4aeM COOTHoweH~e • 

n õ ú + l P ,.. n " i)ll W p_ q ,o 
O ,= - I, I Q , C 1 _ 

r, n .p= O q == O r, p 7 0+ 1 q + n iJx q 

/2.26/ ~ /2.28/ no rO exp [- a (8)X]
t/J o=exp(~x) I ~XIJ. r(8) r d s, 

Il. r ='O c;:' ~ - a r, (8 ) 

rne ~c;. C- nap aaerp , a XIl1r(8) np~ Il. f == 

aeKTopOB 11.8/. CnpaBe,qn~Ba cne,qy~~a~ 

Il == 1, ... , ro, /3 Q 2/ 

0,1, ... , ro - KOMnOHeHTbl 

npaBa~ ~aCTb 3Toro CooTHoweH~~ paBHa HYIlro B ~IlY npe,qnOIlo~eH~~ 
~HAYK4~~. 3Ha4~T, ~ neaaa 4aCTb p aaaa HYIlIO, T .e , paBeHCTBO 
/2. 2~/ cnp aaenna ao ~ np ~ .n = n ", Or coaa 04eBY1,qHblM oõpaaox crte-: 
,qyeT cnpaeennneocr s ,qoKaablBaeMoH r eopeva , 

npe,qnoIlo~~M Tenepb, ~TO Bxo,q~~~e B G~CTeMY /1.1/, /1.2/ Be
Jl~4~HbJ ~o' f l , .... , f 2ro aaB~C~T OT BpeMeHl'1 t TaK, 4TO BbInOIlHfleT

/3.3/ 
kO+2 

~ 1> o' 

r : 
i) O 

(L - K -)CPo + I, v,.,.l/J
Il

•Oi)y fL= 1. 

;:: 

'I'e opena 4.. Onpeneneuasre nocpeACTBOM /3 .1/ ~ /3. 2/ epYHK4~~ 

cp o~ .t/J Il.o ' li :::: 1, ... , ro ' y,qOBIleTBop~IOT C~CTeMe ~paB-HeH~H 

T'eop ena 3. ECIl~ B HeKoTopoH OKpeCTHOCT~ T04K~ X = X O ' 
Y = yo' t == to BblnOIlHeHO HepaBeHCTBO /2.1/, TO peuieuae Xo(S)' 
X1(s), ... ,Xro(S): C~CTeMbl /1.1/, /1.2/ B 3TOM OKpeCTHOCT~ np~ 

C~· paeeucr ao 

i)t(8) .... 0 +2 .... 00+2 /2 "9/
-- + Co (w o (8) - a (s l) f (8) = D. .Lo 

i)t 

rne f - BeKTOp C KOMnOHeHTaM~ f o, f l' ... , f zr , aena 4~Ha Co €;o C 
O 

~ ~BIl~eTC~ KOHCTaHToH, r ;e , OT T04K~sE-c~ OT Koop,q~HaT x,y,t 

He aaB~C~T. O BeIl~4~Hax wO'-<UrO+l"" ,w 2rO• ao,a l , ... , arO' TO 

6y,qeM npe,qnOIlaraTb, 4TO OH~ OT t He aaB~C~T. B 3TOH c~Tya4~~ 

tnpaBe,qIl~Ba CIle,qy~a~ 

1'1 

l 

I 
~ 

:'1 
t 

/3.4/ 

/3.1/ n paa no 

exp [ - ax (s ~~2_ d 8 + So I, /3.5/--z- ar (8) 
~~-º-~-~~ 

iJx o 

a°,p' ro 
__0 = exp(~x)1 ~n + L ~ 

dX n r= o c 

.i) 
,-~ t/JII 0+ W ~ O = 0, Il = 1, ... , ro ' ax r' fL 

Ilotca s ame.no cme o , A~~$epeH4~PY~' p aaexcr ao 
x, C nOMO~b~ /1.151 nOIlY4aeM 

rne so == 0, -a np~ n > ° BeJl~4~Ha SoB 'COOTBeTCTB~~ C /2.2/ YAOB
ner aopaer peKyppeHTHO'MY COOTHoweH~lO 

a 
3 n = ~Sn-l+ ~ S 0-1 + Wo - 1, O 

11~60M 

12 
Sli; C y,qOBIleTBop~eT COOTHoweH~flM 
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, ·1PewaR 3TO peKyppeHTHOe COOTHOWeHHe, HaxOAHM~ 4TO npH fi > O cnpa
BeAnHBU paeeHCTBO In-l m am-aW 
S = ~ ~ ra Ca n- m-'l,O /3.6/n < ~ m 

m= O 'a=o- iJx m-a	 ,I
i

YMH.D>KJ;tM r enep s pàBeKCTBO /3.5/ Ha U,n 1.1_ npOCYMMHpyeM no fi OT HY i 

na AO k 0+ 2. COrJlaCHQ /2.31 l1MeeM ..' 
k O:+- 2 nr'O exp E-a (8}X ] " /

L cPO == exp ('x)t I. , U + ~ 9 r L X O r(s) d 8 + S~', 13.7 1\ 
~ , n= O n r= O c )- - {~\ • 
'I 

rAe	 I 
I 

kO+ 2 n I 
S = !. , Sn.	 /3.8/ I

•	 - n= t 

.Qanee, AH$$epeH4HpYA Bblpa>KeHl.1e /J.. l/no Y.. nonvvae« 

rO axo (8} exp[- ar (8 )x]9 __,raif:o = exp ('x) r=~	 ------d8. ay	 c iJy ,- ar (8) 

YMHO>KHM 3TÓ paeeHCTBO Ha K J.1 Bbl4TeM 1.13 /3.7/. B peayne r are Ha
XOAl.1M,- 4TO 

a	 ko+ 2 n 

(L - « -a- ) 1>0 = exp (' x ) I s + !. 'U n + y	 n=O 

'o exp [- a (8) x ] a· 
+	 ! ~ r ( (L - K -a )x ü.r (8) d 8 I . 

r=O c '-ar 8) y 

k +2 
YMHO>KHM r ertep e paBeHCTBO /3. 1/ Ha ,O H Bbl4TeM nOnY4eHHbl~ 
peayns t ar 1.13 npHBeAeHHOrO asuue COOTHOWeHHR. C Y4eTOM /2.2/ H 
/2.4/ HMeeM 

a k o+ 2 
(L - K- - , ) 1> o == exp (' x ) I R + S + ay 

rO	 /3.9/
exp[ - a (8).1] a ko+ 2 i 

+	 I 9 r, (L - K - - ar (8 )) X O r (8) d 8 I,
 
r= O c , - a (S) ay ,.
 

r 

~~ ..rAe 
kO+ 1 ,
 

R= I '(u -K )/"k /3.10/

k = O k k - k + 1, (). ~.

O 

14 

YMHO>Kl.1M, HaKOHell, paBeHCTBO /3.2/ Ha v,.,. H nonY4eHHbl~ peaynsre r 
npl.16aBl.1M K /3.9/. Ha oC~OBaHl.1l.1 /2.9/ nQnY4aeM 

a k O+2 rO
 

(L - I< - - , )1> o + I VII 0/ Il o = exp (' x ) (R + S) .
 ay 11= 1 r r' 

C APyro~ CTOPOHbl, nOACTaBHB /3.6;' B /3.8/ H H3MeHHB,nopA,qOK
CYMMl.1pOBaHl.1A e nonyyeHHOM Sblpa>KeHHH, nerxo HaxoAHM, 4TO 

k O+ 1 kO- k + 1 P aqw~_q,O 
S= !. ~ !. U c " ,k

k=O p=O q=O p+k+l q+k ax q 

OTCIOAa B cuny /2 Q5/'H /3.10/ cneayer , 4TO 'R + S = O, r ,e, cnpa
BeAnHBOCTb /3.3/ AoKa3aHa. 

npOAH~$epeHUHpyeM Tenepb no x paBeHCTBO /3.2/. B COQT~eTCT~ 

BHl.1 c /2.7/ HMeeM 
roa1>	 axp.,r (8) exp [ - a (8) x ] 11, o	

r 
-- = exp('x)/- w + !. 9	 d 8 l. 

ax	 p. r::; O c ax , - a r (8) 

.Qanee,YMHO>KHM paBeHCTBO 13.1/ Ha w,.,. H nonY4eHH~~ pe3ynbTaT npH
6aBHM K npHBeAeHHOMY B~We COOTHOWeHHIO. Ha OCHo~aHHH /2. 10/ ~TCIO-

i , , " 
Aa B~T~K~eT c~paBeAnHBOCTb,/3.4!. TeopeMa, 1aKHM 06P~30M,'AOKa-
aaHa nonHOCTblO. _ 

OnpeAeneHHble c nOMOLU.bl9 /3.1/ H /3.2/ 4lYHK~HH 1>0 I-t 0/,.,.,0' 
p. = 1,.... , rO' xpoxe CHCTeMbl /3:.3/, /3.4/ YA9BneTBOpA~JT euie OAHO~ 

CHCTeMe ypa~HeHH~. HMeHHo~ cnpaseAnHBa cneAy~aA 

T'eopena 5. AnA onpenerieuaux nocpeACTBOM /3.1/ H /3 ~ 2/ epYHK
~H~ 1> O H 0/ O, p. = 1, ... , ro ' BblnOnHRIOTCR COOTHoweHHR 

Il·
iJ no + 2 

(- + COA - cO' )1>0 == O,at 
/3.11/ 

a nO+2
(-, - Co (; ) 0/ 'O + co Q epo = O, Il == 1, ... ,·r O • at 11. 11

AOKa3aTenbcTBo 3TO~ Teope~ ~04TH AocnOBHO ~oBToPReT AOKa3à~ 
TenbCTBO TeOp'~M~ 4. OTnH4He COCTOHT TonbKO B TOM, 4T6 BMeCTO 
Cl.1CTeMbI ypaBHeHH~ /2.9/, /2. 10/ HY}\(HO Hcnonb30BaTb, cHcTeMi 
/2.30/, /2.31/, a BMeCTO peKyppeHTHoro'cooTHoweHHR /2.5/ t-IY>KHO 
BocnOIlb30BaTbCA peKyppeHTHblMH COOTt-IOWeHHRMl.1 /2.25/ H /2.26/. 
n03TOMY 3TO AOKa3aTenbCTBO ony~eHQ. , :r 

B aononaeaae K CKa3aHHOMY asuue paCCMOTpHM Bblpa)KeHl.1R 

X 
(8)	 1 r iO,rO +11 • _ d 8, 11 = , ••• , 

1>11 '= ~ k + 2 \(ü kO+ 2 (8 ) o 
c (; O - to +11 

15 



-=-=-~-~.....-..-.....--.........---r------;------ 

aVr JWr .. 4 
-_.+ cO(A'~r + Pr a ) = O. -_·=co(wrA+ax·Qr). f=:l •.••• f • I .3/xXp..ro'+v (8) at at o 

ljJ = 8 + ~ . ' d s, p.,v 1, ..•• f O 7 13. 12/p..vp.,v é (kO+ 2 _ cu k O+ 2, (8)
 
rU+ V Ilotcaeame.no cme o , B03bMeM oneparopu ~.:r.:r BVlAa
 

rne Xp.,V (8) npn O ~,-tJ. ~. f O < V ~ 2fO - KqMnOHeHTbl SCKTOpOS /1.8/ o ~Kiv V I A O ,.. aHMeeT MeCTO cneAy~a~ i f -i Y a A P1 , /4.4/- • :f=-+co :r = --'+ C· at o 
W Q oJ.a x o o T'eop ena 6 Onpeneneuaue cornacuo / 3~ 12/ C!>YHK4V1V1 CPv VI (;

r at 
o 

ljJ • p.,v = 1•...• f O, Rsn~IOTCR COSMeCTHblM peweHVleM cneAYIOl1.\VlX nVlHe~- rne I '- eAVlHVl4HaR MaTpVll\a nopaqxa fO' a v, w. P, Q - ,seKTopbl
Ht:lf CVlCTeM ypasHeHVlI1 

c ronõuu COOTBeTCTBeHHO c KOMnOHeHTaMVI Vi ••••• Vr • wl ••••• Wro • 
o
 

a G. k O+ 2
 P1, •....I;o· Qt,·· .. • Qr · B03bMeM, Aanee, aexropu - cronõuu Xv
(L- K --)CPv + 

r

L í/J1l =, CPv. /3. 13/ oVII 11 ay p.= 1 r r' 
c KOMnOHeHTaMVI cp v • ljJv.t • ••• , t/Jv,ro • V =) 0.1 ••..• f O ' nYCTb, HaKO-
Hel\, I - AVlarOHanbHaR MaTpVl4-a nopanxa fO + 1, VlMelOLl4aR BIitA I = 

aljJ/l,V = diág (1,0.; .. ,0). Torna Ha O'CHOB~ paae.~cTa /3.3/, /3.4/·'VI /3013/+ WP. ~v = -a,. /1-, V = 1. ... • f O • ax npn V = 0,1 ..... "o BblnOnHReTCR cooT~oweH~e 

k +2 . \ 

a at/J (f - ,o I) X v = O. /4.5/ 
\I 

(- + Co A) cP = O, ~ + coQjtCPv = O. p.,v = 1, ...• f O' /3.14/at v at 
a Ha OCHoaaHVIVI p aaeuc t a /3 ~ 11/ VI /3. 14/ npVl v == O. 1•.••• ro Bbl
nonHReTCR COOTHoweHVle 

.QOKa3aTenbCTBO :nol1 r eopeaa o4eBVlAHblM o6pa30M aurekae'r Vl3 
paaeucr e /2 9/ , /2010/, /2.30/ VI /2.31/, n03To'MY OHO ónyuieuo , cr no+ 20 

(.J - CO 8 o.v , ) X v = O. /4 06/ 

j 

nOnO>KVlM 
§ 4. ~EnHHERH~E 3Bon~UHOHH~E YPABHEHWR 

,; (V k o + 2 (V k 0+ 2 cr 
~ = .J • (01.. -, I) - (01.. - , I) . .J /4 0 ] /Onpenenaa oneparopu P • f = 1, ... , ro' BY1Aar 

"o" 1 B COOTaeTCTBVIVI c /4.4/ onepaTOp ~ HMeeT BVlA 
an, ~ /4.1/
 

n=O a f3
 
~ =
 

Pr = ~ Pr •n x -

TaK, 4T06bl oneparopu y O /' /4.8/ 

P = A· V 1: + Pr ax : f = 1,.... f O , /4.2/ 
rAe
 

r ar, aA 'o
 
VlMenVl HyneBo~ nopanox , T ~ e o õblnVl 6bl onepa topaaa YMHO}l{eHVlR Ha a = -- + Co K -- + Co [A. L] + Co L (p. W - v Q ).at ay r= 1 r r r rCl>YHK4V1~. nYCTb, Apnee, G' - o6nacTb B ael1.\eCTSeHHOM TpeXMepHOM 
npocTpaHcTBe x,y.t, B KOTOPO~ BwnonHeHO HepaaeHCTBO /2.1/. 
TorAa çnpaBeAnVlsa cneAYJOl1.\aR a f3~Y - aeKTopbl-CTon6~~ c KOMnOHeHTaMVI 

aV _rTe opena 7. ünpeneneuuue c nOMOIJ.4blO peWeHVlI1 CJ;1CTeMbl /1. 1/, 
~. {3 r = --' + CO (A . vr + Pr ax ) • 

/1.21 oneparopu L.A,Pr • Qr VI cPYHKl\VIVI v r • Wr • f =:= 1•...• f O ' , at 

YAoBIleTsopRIOT B o6naCTVI G' onep aropuun COOTHoweHVlRM j aWrat, es: ro 
~' y = -~ - Co (W A + a ' Qr ). r CI 1.... , fO • r x-' +co K -- + cOlA.L] + -Co L (P . w - v 'Q ) = o. r at,at ay r= 1 r r r r . 

16 17
 



npl-1 3TOM B CH.l1Y /2.3/-/2.7/, /2.23/-/2:".27/, /4.1/ 1-1 /4.2/ y6e)K
AaeMCH, 4TO a - AlIt<p<pepeHlJ,l-1aJ1bHbl!4 no x oneparop , 4eiif nopHAOK mo 
He npeBOCXOAI-1T k o + no + 1. a f3 r 1-1 Yr npl-1 f = 1••••• fO HBIÜHOT'CfI 
oneparopaaa YMHO>KeHI-1H ua <PYHK4YlIO. TaKI-1M oõpaaoa , corriacao /4 •.5/ 
/4.8/ ripa v = 0.1 1 •••• fO cnp aaennaea paBeHCTBa 

ro 

acpv + ~ f3P,l/Jfl' V 
O. y p, cPv = O.. p, = 1..... r O • /4.9/ 

p,= 1 

··'n	 + 1. 00+-1o
Pr	 ... {-l) (rQ~. Qz'" (-1) (r p;. r = 1....• rO. 

2 k + 1 
rAe BenH4HHbl f. r nOA4~HeHb," Tpe6oBaHI-11O f. = (-1) O • r = 1•...• fO • 

OTclOAa cneayer , 4TO npl-1 SblnOIlHe'Hl-1l1 YCIlO~I-1~' (*,). CI-1CTeMa /4'.3/ 
o6IlaAaeT I-1HBapHaHTHblM MHoroo6paal-1eM 

* ko -L	 = (-1) L. wr = (r V r • r = 1 •...• r o. 

C nÓM~blO /3. 1/ HaXOAlItM, 4TO Bem141-1Ha <1>0 = cp o exp (-, x) CTpeMI-1TCH 
K eAI-1HI-1u,e npn '" ... oc • :1TO 3Ha41-H, 4TO AIlTl Il106o~ T04KI-1 x, y.t (; a ~ 

HalllAeTcfI , = ". r axoe , I.lTO cp O I: O B ,3TOIII T04Ke npl-1 I; = ". 
OTclOAa cornacao /4.9/ cneaye r , 4TO Y1. = ••• = Y = o. )laIlee,ro 

c Y4eTOM 13. 12/ AIlH Il106blX p,. v = 1....• rO HMeeM 

mo amc!>v
 
~ 1-.-- \.... o. l/I. li -~ Ô v npl-t I(I ... 00

m= o	 -a x m p,. p, . 

Ha	 OCHOBaHl-11-1 /4.9/ 3TO sHa4HT, 4TO f3 1. = ••. = f3ro = o. nOIlO>KI-1M 

mo 
r enep s a = ~ a In a~. <l>m= CPo (x, em<;). rAe cp O (x, () onpeneneuo no

m=O 
217m 

cpeACTBOM /3.1/, a e == exp (i -- ). m == 0.1 ••••• mo. B ClItIlY 
m mo+l 

/J.it.• 9/	 'cnpaSeAIlI-1BO paBeHCTBO a cp O == O. T. e. 

mo amlI>m' 
~ a --m O. m'==O.l, •••• mO • /4" 10/ 

m=O 
m ax 

am<J> , 
Onpeaenar ene lI> = det 1--...2!l I C1-1 CTeMbl /4. 10/ B cooTBeTCTBHI-1 

ax m m
l 

C /3.1/ H /3.5/ AonYCKaeT npeac r aene-u-e <J> == c, . rne 

m = 1- mo (m + 1). a BeIll-141-1Ha C np a \ <; \ ... oo CTpeM~TCR K OTIl~4HOH 
1 2 O 

oT HynH KoHCTaHTe~ OTclOAa cIleAyeT, 4TO AIlR Il~O~ T04KI-1 x.y.t~ G~ 

Hal::1AeTcH , = ". r axoe , 4TO <1> 1= O B 3TO~ T04Ke npH , = .<;'. 3TO 
3Ha41-1T, 4TO a = O. TaKI-1M oõpaaoa , cnpaBeAIlI-1BOCTb paae-rc r e /4.3/ 

AOKaaaHa. 
B 3aKIl104eHI-1e OTMeTI-1M, 4TO eCIlI-1 BXOA~~~e B 'CI-1CT~MY /4.3/ 8e

Il~4I-1Hbl Co 1-1 K ygoBIleTBopHIOT YCIlOBI-1HM 
DO + 1.	 k 0+ 1 

C () = (-1.) CO, K = (-1) K •	 (* ) 

TO	 COOTHo.weHI-1R /4.3/ I-1HBapl-1aHTHbl OTHOCI-1TeIlbHO 3aMeHbl 
kO 11.0 _ _
 

L ... (-1) L *. A -+ (- 1 ) A *. Vr ... (r Wr • W r -+ (r Vr •
 

f'	 npH 3TOM onepaTOp~ A.~ .Qr 1-1 BeIlI-14I-1H~ Cr HY>KHO B~6l-1paTb c co
6IllOAeHI-1eM YCIlOBHH 

no no + 1 . 2 k + 1 
Pr	 

OA* = (-1) A. = (-O (r Q~ • f. r = (-1) . 

AnR Toro 4To6bl nonyveuaue c nOM~bIO paBeHCTS /2.31- /2.7/ , 
/2.23/-/2.271, /4.1/ 1-1 /4.2/ oneparopu L.A.P r • Qr 1-1 <PYHKijl-1l-1 vr.' 
w YAOBIleTBopHIlI-1 3THM YCIlOBI-1HM, HeOOXOAI-1MO HaIlO>KI-1Tb Ha BXOAH~l-1er
 
B CI-1CTeMY /1,. 1/ ~ /1.2/ BeIll-141-1Hbl
 

f O • f 1 ...... f 2r • Wo • W r + 1 ••••• W 21" • a O • a 1 ••••• a r • T OO () . O -O 

onpeueneuaue Tpe6oBaHI-1H. Cnertar s 3TO MO>KHO HeCKOIlbKIIIMI-1 cnoco6a
MH. ~eTaIlbHOMY paCCMOTpeHl-11O 3Tore BOnpoCa 6YAeT nOCBH~eHa OT
AeIlbHaH paõor a o 
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KenhHHKoB B.K. \ P2-86-202 
015 HHTerpHPOsaHHH HeJlHHeAHbIX 3BOJDIJIUlOHHbIX ypaBHeHidt 

YKasaHa CHCTeMa nHHeAHbIX HHTerpan&HNX ypaBHeoidt, C noMO
~~ KOTOpoA nonyqeew HBHNe BwpazeHHH AnR pemeHidt pHAa HenHHeA
HbIX 3BOJOOIUIOHHbIX ypaBHeHidt. 3TH ypaBHeo~ OnBCblBatOT BsaHMOAeA 
CTBHe BonH Ha nnOCKOCTH x, y H npHMeO~T~.l'I B pHAe ol5nacTeA Ma
TeMaTaqeCKOA ~H9HKH. 

Pal50Ta BblIIonHeHa s nal5opaTQPHH_TeOpeTaqeCKOA ~HSHKH OIDlH. 

C~e O61.e,a,JlHeHHOI'O IIHCnrryra QePIIWX HCCJleAOBailHi. Jly&Ia 1986 

ITepesoA O.C.BHHorpaAoBoH 

Mel'nikov V.K. P2-86-202 
On integration of Nonlinear Evolution Equations 

The system of linear integral equations is found, that 
is used to derive explicit expressions for solutions of some 
nonlinear evolution equations. These equations describe the 
interaction of waves on the x, y plane and are applied for 
some problems of mathematical physics. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1986 


