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8BEJJ,EHHE 

, " 8 C~CTeMe 4eHTpa Macc B MOA~$~4~poBaHH~x KOOPA~HaTax Aenb
Beca /1-3/ p ç [0,00), cP (ê [0,217] aanaua rpex -racrnu c MaccaM~ m1,2.3 
(m 1+m2+m 3=M) ~ c rpaB~Ta4~OHHbIM ~IliIl 3I1eKTp~4ecK~M AByx4acT~4

H~M B3a~MOAeRcTB~eM C80A~TCR K aBToHoMHO~ MexaH~4ecKoR C~CTeMe 

c ABYMR CTeneHRM~ CBo6oAM, raM~nbTOH~aH KOTOpoR eCTb 
p2 

H=.! (p2+..i.)+ a(4J), /1/" 
~ P p2 P 

'I' 
rAe.\
a(cP) =€y(cP), /2/ 

(,;~~ 

3 -1[l Y( cP) = L y.
1
Isin ( cP - cP . ) I , /3/

1=1 i,jk 
" ;I'. 1,11, 

e (m) = -Il Mv' ~ 18 28 3 AIlR rpaB~Ta4~~, 

f= 2 /4/
{ (e) 3' --

',' 'I} e =(e1e2e 3 ) '11818283 AIlR 3IleKTp~4eCK~x C~Il, 

-j
t.

~ t .= tg'/' _ mi /5/8 i = sín t/J l' C 1 = cos t/J i • 1 '/-'i -'--,
'- ~ Il 

(m) -2 
y. = C . S. AilR rpaB~Tal\~~,1 1 -L 

/6/YI ± Y 2 3-:1
{ 

I:.) == (ej ek /ei ) Si AIlR 3IleKTp~4eCK~x C~Il. 

w /1-3/
np~BeAeHHaR Macca Tpex4aCT~4HO~ C~CTeM~ 3aAaHa B~pa

>KeH~eM 

m m2mS 
Il t= V 1 ---. /7 / 

m3m 1+m 2+ 

np06IleMa ~3Y4eH~R A~HaM~K~ ~HTerp~PyeMocT~ C~CTeM C ABYMR 
CTeneHRM~ cBo6oA~ RBIl~eTCR CIlO>KHMM ~ He~ccIleAoBaHH~M AO KOH~a\ 

14-10/ wBonpOCOM . OCHOBHO~ MeTOA ero paCCMOTpeH~R COCTO~T B 
nOIly4eH~~ nOIlHoro Ha60pa nepB~x ~HTerpaIlOB C~CTeM~ ~ COOTBeT
cTBy~~eR peAYKl\~~ C~CTeM~ ypaBHeH~R raM~nbToHa AO oAHoro A~$t: ... . i,l 

$epeH~~aIlbHoro ypa~HeH~R Ha HeK~R KIlacc $YHKl\~R, 4epe3 KOTop~e 

MO>KHO on~caTb A~HaM~KY 3aAal.l~. 3TOT Bonpoc He peweH ~IlR o6~eR 
~ \1 

,'~ 3aAa4~ Tpex KIlaCC~4eCK~X 4acT~~, HecMoTpR Ha ee AIl~TeIlbHY~ ~c

., TOp~~/4-10/ . B OI-paH~'i~~HOR 3aA~4e :I,.~,~:< .~.Cj~l\ n poõneaa nonuoa 
" .\ :@c,061>éÁHHeWu.IH <HHCmYT RA~pHh1» HCCJleAOBaHHH ofTy6l:\a, 1,986"'I- ~'~ .. ~ iI: peAYK~~~ 6blIla peureua, Gpªe!:1~,Teni>WO ~H~aBYi 7. 

" 
O\1f'.......!Slt.•~':r lt(1"-f' ~'''fr<gud
, 
l..~e~)i':a~ ~"....tf,U~~I,1',~ 

~ \11 l:l!'"!l~'i'''' r\lIL~F;r·t"C'UA 
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CnY4a~ AB~~eH~R TpeX 4aCT~~ no HenOABHmHO~ npRMO~ n~H~~ 

COOTBeTcTBye~ cne~~anbHOMY B~60py Ha4anbH~X ycnoB~~ B o6~e~ 
3aAa4e / 2/. HeCMOTPR Ha 3Ha4~TenbHble ynpo~eH~R, n03BonR~~~e 
npOAB~HYTbCR 04eHb AaneKO B ero ~3Y4eH~~, 3TOT cnY4a~ cOAepm~T 

B nonHO~ _Mepe npo6neMY ~HTerp~PyeMocT~ 3aAa4~. 

Bonpoc ~H~erp~pyeMocT~ MexaH~4eCK~X 3aAa4 paCCMaTp~BanCR 

B pa3n~4H~X cM~cnax pa3H~M~ aBTopaM~/4-101. OH He B~RCHeH Ao 
KOH~a'~ ceroAHR. B 4acTHocT~, OTCYTcTByeT Kp~Tep~~ onpeAene
H~R ~HTerp~pyeMocT~ 3~Aa4~ no ee raM~nbToH~aHy/5.61 ,4To,Ha 
Haw B3rnRA, oTpamaeT HenonHoTY nOH~MaH~R CyT~ npo6neMbl. 

3aAa4a Tpe x 4acT~~ RBnReTCR KnaCC~4eCK~M np~MepoM He~H

Terp~pyeMo~ 3aAa4~, MHoroBeKoBOe pa3B~T~e KOTOpO~ O}9~,aeT ~ 

3Bon~~~~ B3rnRAOB Ha o6~y~ npOóneMY ~HTerp~pyeMoCT~ ' . MomHo 
HaAeRTbcR, 4~O AO~TaTo4Ho nonHOe ~3Y4eH~e XOTR 6bl caMoro npoc
Toro cnY4aR AB~meH~A B 3TO~ 3aAa4e no3Bon~T npOAB~HYTbCA B no
H~MaH~~ o6~e~ npo6neMbl ~HTerp~PYeMoCT~ raM~nbTOHOB~X C~CTeM. 

npOBeAeH~e nonHO~ peAYK~~~ B o6~e~ 3aAa4e Tpex 4acT~~ AO 
c~x nop HaTanK~Banocb Ha HenpeOAon~Mble TPYAHOCT~ TeXH~4eCKoro 

xapaKTepa. B HacToA~e~ pa60Te MW nOKameM, 4TO pewa~~y~ ponb 
AnA ycnewHor O npOBeAeH~R nonHO~ peAYK~~~ 3aAa4~ Ha npRMO~ ~rpa

eT np~MeHeH~e MOA~$~~~pOBaHH~~ KooPA~HaT AenbBeca.Bo3MomHocTb 
AOBeAeH~A peAYK~~~ AO KOH~a CBR3aHa c nonH~M pa3AeneH~eM on~caH~A 

Tp6~Horo ~ naPH~X YAapoB B 3T~X KooPA~HaTax/3/, a ee B~nonHe
H~e ónpeAeneHO oAHo3Ha4Ho. B pe3ynbTaTe nonHo~ peAYK~~~ M~ 
nonY4~M PAA HOB~X B $~3H4eCKoM ~ MaTeMaT~4eCKOM nnaHe ypaBHe
H~~, n03BOnR~~~x KnaCC~$~~~pOBaTb B03MomHble AB~meH~A ~ non
HOCTb~ pa306pa TbcA B A~HaM~Ke 3aAa4~. 

nonHaR peAYK~~R nOSBonReT TaKme YCTaHoB~Tb B~A AononH~Tenb

H~X n~pB~x ~HTerpanoB AnR AaHHOra cnY4aA AB~meH~R, pa306paTbcA 
B npo6neMe ~~ cy~ecTBoBaH~A ~ BbIACH~Tb ~x CBO~CTBa. Ao c~x nop 
no 3T~M BonpocaM ~Men~Cb TonbKo xopowo ~3BeCTH~e OTp~~aTenbH~e 

Re3ynbTaT~ EpYHca, neHneBe, nYaHKape ~ APyr~x aBTopoB'4-10/. 
HacToA~e~ pa6oTo~ M~ Ha4~HaeM ~3Y4eH~e 3T~X npo6neM AnA 

n~He~Horo cny4aR AB~meH~R Tpex 4acT~~. 

1. AHHAMH4ECKHE YPABHEHH~ 3AAA4H 

YpaBHeH~A raM~nbToHa nonY4aeM ~3 /1/:
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p cP • P • n ' ( cP) • P Á,
P = -- + .!:..., p = _L; PÁ, = - ~. rP = _'f'_ , /8/ 

p Jl. P 3 P Jl. 'P P Jl.p 2 

rAe T04KO~ 0603Ha4eHO A~$$epeH~~pOBaH~e no BpeMeH~ t ,a WTp~
XOM - -no yrnY rP. 

HCKn~4eH~eM ~MnynbcoB ~3 /8/ nonY4aeM A~HaM~4eCK~e ypaBHe
H~R B $OpMe ypaBHeH~~ narpaHma: 

p'- p ~ 2 __~__ = O, ~. + 2 cÍJ P- '+ ..!!~ = O. /9/ 
Jl.p 2 p Jl.p3 

2 

YpaBHeH~R /8/,/9/ ~Me~T 04eB~AH~~ nepB~~ ~HTerpan - nonHY~ 

auepruo cucreau: 

1 2 P~ a Il' 2' 2 aE = {\_ ( p + --) + -- = -- (p 2 + p cp ) + -. /10/
Gil P P 2 P 2 p 

2. OCOE~E PEWEHHR 

A. B 3neKTp~~eCKOM Bap~aHTe 3aAa4~ Tpex 4aCT~~ ~Me~TCA oco
6~e peweH~A npocTe~wero T~na, KOTop~e xapaKTep~3Y~TCA ycnoB~eM 

p == Po = cons t ç (O, 00 ) • /11/ 

BMeCTe c /9/ ~ /10/ OHO np~BOA~T K 

4>' = 4>0 :: const , /12/ 

r Ae rP o ç; [O. 21r] cneaye r ~CKaTb ~3 C~CTeM~ ypaBHeH~~ 

a(rP) ~ O, a'(rP) =0. /13/ 
AnA 3Hepr~~ 3T~X peweH~~ nonY4aeM 

E =0. /14/
 

YcnOB~e COBMeCT~MOCT~ nepeonpeAeneHHo~ C~CTeMbl /13/ eCTb
 

Y-y i+2 S:-2-= YYi+l si+l + YYi si' /15/ 

rAe ~HAeKCbl 6epYTcA no mod 3 • B~AHO, 4TO AnA rpaB~Ta~~~ ~ 

3neKTp~4eCK~x 3apRAOB c OA~HaKOB~M~ 3HaKaM~ TaK~X peweH~~ He 
cy~ecTByeT. OH~ CTaHOBATCA B03MomH~M~ AnA 3apAAoB pa3H~x 3HaKOB, 
Hanp~Mep (e 1 ,e2, e 3)= (± , ± , +:) , Korna npu nOMOlll~ /6/ MomHO 
nepen~caTb /15/ B B~Ae 

- 1/ 2 I 1-1 / 2 , 1-1/ 2 Ie 3 \ = e 2 + le 1 • /16/ 

3TO COOTHoweH~e 3apAAoB ~MeeT MeCTO, Hanp~Mep, B C~cTeMe 

ABYX RAep Be+~~f~ OAHoro 3neKTpOHa e-o np~ ero B~nonHeH~~ C~C
TeMa /13/ ~MeeT ABa, $~3~4eCK~ 3KB~BaneHTH~X, peweH~A ~f ~o+rr 

/p~c.l/, a Po OcTaeTCA npO~3BonbH~M. np~ 3TOM c~n~ MemAY 3a
pAAaM~ ypaBHoBew~Ba~T APyr APyra ~ c~CTeMa OCTaeTCA B nOKoe 
np~ COOTBeTCTBY~IllHX Ha4énbH~X ycnoB~AX. 

5. PeweHHA nH6pa~~oHHoro T~na. B 3aAa4e Tpex 4acT~~ Ha He

nOAB~mHo~ npAMo~ nHH~H nerKO Ha~T~ rOMOTeTH4eCK~e peweH~A, KO

Top~e, nO-BHA~MOMY, He 8~nHC~Ban~Cb B n~TepaType, HO ABnA~TCA
 

"-. 

npAM~M aHanorOM nH6pa~~oHH~X peweH~~ 3~nepa, a ~x o606111eH~A 
rOMorpa~~~ecK~x peweH~~ /8.91 . ~nA cnY4aA AB~meH~A Ha Bpallla~
~e~CA c nOCTO~HHO~ yrnoBo~ CKOpOCTb~ npAMO~ nocneAH~ npeA
CTaBnA~T Bce H3BeCTH~e T04H~e peweH~R 3aAa4~. 3 
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o(lelll't1 
I 
I I 

.1 /1 
I 

I 
I 
I 
I 
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;:
12l	 I 

- 4' 
!P,3 I 

I ' 

Pncv l ;: BHA iPYHK~HH: a/ée{<,b)fiIpH = ( ± ,i • ± )/(B 1,B 2.B 3) 
H-a\m{ci»;' 6/a(e)(<,b)npH (B1,B 2 .B-a)=(±'+'±)' 

nonaraH
 
<,b = const ,
 

/17/ 
nonY4aeM 1-13 /9/ ypaBHeHHe Ha cf> 

a'(<,b) =0,	 /18/ 

H ypaBHeHH~ ~nH p~) 

... a_= O.P--;p2	 
/19/ 

(1)
PeweHHRMH ypaBHeHHR /18/ RBnR~TCH nH6pa41-10HHWe yrnw cf>jk 

B/3/./pHc.l/, KOTopwe nOAPo6HO I-1CCneAOBanHCb BI-1~HO, 4TO'B /19/ 
KOHCTaHTa a=a(<Pj~i») MomeT I:1MeTb paasae 3HaKI-1; a(cf>j~»)'< 0

AnR rpaBH Ta4HH 'H 3neKTpl-14eCKI-1X 3apRAoB oauoro 3HaKa (B 1.B 2,Br 
= ( -±. ±. ±) , a (<,bj~»)> O - ~nR 3apRAOB paanux 3HaKOB, HanPHMep' 
(Bl.B2. B 3 ) = ( ± , ± . r ). 

PeweHHR ypaBHeHHR /19/ HaxohRTcR 3neMeHTapH~M HHTerpl-1pOBa
HHeM. ~Me~TCR TpH THna TaKI-1X peweHHA: 

1/ HHe!JHHHTHoe ~BHmeHHe - npl-1 E > O , KorAa peWeHl-1e 3aAaeTCR 
HeRBHWM o6pa30M COOTHOweHl-1eM 

_-.1.---,-_'	 J /1 PE j Il PoEV/1pE (Ia I+/1pE) - V/1POE(!a\ +/1P oE) - lal(átcth -:lifcth ---) = 
I I - lal +/1P E

O 

4 

= ± ~ (2E )3/2( t-to ) ;	 .I	 /20/ 

2/	 cenapaTpHcH~A cnY4aA ~BHmeHHH - npH E=O H Il(<pj~»)< O. 
Kor~a 

3/2 3 ~ 2/3
" P(t) = [ p + - --- (t - t )] ;

O	 - 2 2/1 O /21/• 

I 3/ QJHHHTHoe ~BHmeHHe - npH E < O H a (cf> (i) ) < O 
Kor~ajk , 

I j	 j IlPIEI ' v'IlPIE! (lai-IlPIEI) -IlP IEI(lal-IlPo lEi) -Ial(arctg ----- 
O lal-/1piEi 

j	 IlPO IE I 3/2 
- arctg ) = ± .!!- (21E I) (t-t O ).

Ial-Il Po IE I 2 /22/ 

~3 /20/-/22/ BH~HM, '4TO 3aBHcH~HA OT BpeMeHH t ~ononHHTenb
H~A nepB~A HHTerpan CHCTeM~ to He HBnHeTCR O~Ho3Ha4HoA QJYHK
4HeA 1-1 HeaHanHTH4eH B Hyne no MaccaM jco r opue BXO~RTm1.2,3'
B Hera 4epe3 npHBe~eHHY~ TpeX4aCTH4HY~ Maccy Il • 

Cne~OBaTenbHo,ero Henb3R HCKaTb no TeopHH B03MY~eHI-1A,pa3na

r aa peureuue B creneuuue PR~bl no HeKOTopoA H3 Macc m 1.2.3 • 3TOT 
e!JaKT HMeeT MeCTO H B õonee c noxuux cnY4aRX ~BHmeHHH 3a~a4H rpex 
4aCTH4· OH ~aeT B03MomHOCTb nOHRTb npOHcxom~eHHe OTPH4aTen~H~X 
pe3ynbTaTOB nyaHKape no nOBO~y cy~ecTBoBaHHH O~H03Ha4HWx nep
B~X HHTerpanOB 3a~a4H Tpex 4aCT1-14, aHanHTH4eCKHX B Hyne no He

1?/HKOTOpoA H3 Macc m1.i :ã:6 - HaXO~HTCH B cornacuu c peayns r a
TaMI-1 pa60Tbl/11/. 

B aanave r pex 4aCTH4' ua HenO~BHmHoA npRMoA HeT ~pyrHx OC06blX 
peweHHA. 

3.	 nonHAR PEaYKu~R 3AaA4~ TPEX 4ACT~U
 
HA HEnOaB~mHOA nPRMOA
 

CYTb npo6neM~ Tpex 4acTH4 COCTOHT B Onl-1CaHHI-1 peweHI-1A o6~ero 
BI-1~a, 4TO AO CHX nop RBnReTCH OTKPblTblM sonpocoa . nepBblM t;;aroM 
Ha nYTI-1 K era peweHH~ eCTb nonHaR pe~~K4HR 3a~a4H, KOTOPy~ 
B ~aHHOM cnvuae MOmHO npOBeCTH r ons xo B MO~He!J1-14HpOBaHHblx KOOp
~HHaTax aenbBeca. anR 3Toro 6y~eM HCKaTb peweH~H ypaBHeHHA ra
MHnbTOHa /8/ B BI-1~e 

pp(t) = Pp [cf>(t)l. p(t)=p[cf>(t)], Pcf>(t)=Pci>[cf>(t)], cf> ""cf>(t). /23/ 
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TorAa ~3 /8/ ~ /10/ nO~Y4aeM COoTHoweH~R 

a' 2E P Á-
2

2 a' P1- 1/2 , a' a P~ 
P =p.-(- .::...:J:+_ --;.~ -1). P =/l ~-(-;- -1). /24/
 

p , P~ iJ. a'2 /l a p. -- p P~ a PcP

cP 

P p' , PcPP ~ 2E P';' 2 2 a PÁ. 1/2
p=--~ p = __, _ (_ -L + _ -; .:»: -1), /25/

/la' • ua /l a'2 /l a P.cj; 

A~~~epeH~~pYR nepBoe CoOTHoweH~e B /24/ ~~~ B /25/ no cP 
~ ,npHpaBH~BaR peayne ra r KO BTOPOMY Bblpall<eH~IO, nonyvaen A~ct>ct>epeH

~HanbHoe ypaaaeuae A~R P cP (tP) : 

P'j;	 +P~ _(~ ~+!. ~' ~ _ll/~ a:'" /26/
P~ /l a P. a Pc/J aPcP 

YpaBHeH~e AnR p(<$) ~erKO nonY4~Tb H3 /9/ H /10/ B BHAe 

p" _ 1 p'2

(-) 2(1 +-) - =0, /27/
p p2 

t-~ 
a 

~onY4eHHe A~ct>$epeH~~anbHoro ypaBHeHHR AnR P (~) HaTanK~Ba

eTCR Ha HenpeOAon~MYIO TPYAHOCTb - peweH~e anre%pa~4ecKoro ypaB
HeH~R asnue 4eTBepTo~ creneua , coneoxautero npo~3BonbHbl~ napa
MeTp. OAHaKo np~ nOMOIl\~ /10/ HeTpYAHO B~paa~Tb pp(cP) 4epe3 p(~) 

B BHAe • 
2 '
 

p == (2/l (E _ !!..)/ (1+ L)] 1/2 /28/

P P p'2' 

YpaBHeH~R /26/ H 127/ 3KBHBaneHTH~ APyr APyry, 4TO B~AHO H3 
COOTHoweH~R 

n 2 r _. a p2 1/2
PÁ. =...,...l ~JL(E - -) /(1 + -2 )J..	 /29/

'P	 o p p ' 

Bblpa>KalOw.ero plep) uepea p(<fJ). ~CHO, 4TO npenno-rrwrene aee 
pp60TaTb c ypaBHeH~eM /27/, KOTopoe He COAep}f(~T APo6Ho-cTeneH~ 

HblX oco6eHHOCTe~, 

npeAnonaraR, 4TO peweH~e p(~) ypaBHeHHR /27/ ~3BecTHo;, TO 
eCTb 3HàR Tpa~KTOp~1O CHCTeMbI, npH nOMOIl\H 

~ ~ [.!.(E _~) /(p,2+ p2)]1/2 /30/IJ. P 

MO>KHO Ha~T~ ~ ee 3aKOH AB~)f(eH~R B B~Ae npOCTO~ KBaApaTypbl: 

1> 1'2 2 
t-t o = ± f dc/J J (J +" .	 /31/

~ !..(E - ..!!.)
O /l P
 

TO eCTb nO~HOCTblO peW~Tb aaAa4Y,
 
l B eA~HCTBeHHOCT~ ~3~O}f(eHHOrO peweH~R MOll<HO y6eA~TbCR ec~~ 

npoaec r a peAYK~~1O no COOTBeTCTBYlOll\eH TeopeMe Y~TTeKepa 1'10,5/,I 

J
CornaCHO 3TO~ TeopeMe Hawa aDTOHOMHaR C~CTeMa c' ABYMR CTeneHRM~ 

CBo6oAW, np~ orpaHH4eH~H Ha 3HepreT~4eCKO~ nOBepxHocT~ /10/, 
peAy~~pyeTcR Ào HeaBToHoMHO~ C~CTeMbI c OAHOH CTeneHblO cBo6oAbI 
~ HeK~M ra~~nbToH~aHoM h , nonY4aeMblM, ~3 /10/, Ecn~ B Ka4eCTBe 

'I He3aB~c~MoH nepeMeHHoH /HoBoro IIBpeMeH~I}/ Bw6paTb yron cP , TO 
2 2 2 1/2

h == PcP (p p •P I ~ ; E ) =(2 fl p E - p p p - 2/l p a (~)] 

~ ypaBHeH~R raM~nbToHa AnR C~CTeMbl c 3T~M raM~nbToH~aHoM, 0606
ll\eHHblM ~MnynbcoM .Pp ~ KooPA~HaT()~ p, caOARTCR K /26/, nlO60H 
APyro~ Bbl60p He3aB~C~MOH nepeMeHHOH, paBHO KaK ~ pa60Ta B APY
r~x KOOPAHHaTax, npHBen 6bl K TeXH~4eCK~ Hepew~MoH 3aAa4e HaXOll<
AeH~R h ~3 ypaBHeH~R /10/, KOTopoe, KaK B~AHO ~3 p~c.l, B TaKOM 
cny~ae np~Be~o 6~ K ypaBHeH~1O c weCTblO KOpHRM~, TO eCTb 3K~~
Ba~~HTHOMY ypaB~eH~1O weCTO~ CTeneH~, 3aB~cRw.eMY OT npO~3Bonb
uoro naparae'rpe E • 

4.	 KfiACCH$HKAUH~ PEWEHH~ OSmEro BHAA 3AAA4H TPEX 4ACTHU' 
HA HEnoABH~HO~ np~MO~ nHHHH 

B 3TOM pa3Aene MbI ~3naraeM Knacc~$~Ka~~1O peweH~~ 3aAa4~ no 
OTHoweH~1O K CBOHCTBY ~HTerp~pyeMoCT~. OHa OCHOBaHa Ha ypaBHe~ 

H~~ /27/. ct>~3~4ecKYIO Knacc~ct>~Ka4~1O peweH~H T~na Knacc~$~Kau~~ 

Wa3~ cneAyeT np~BeCT~ nocne 60nee AeTa~bHoro ~3Y4eH~R peweH~H. 

H3 ypaBHeH~R /27/ nerKO BblTeKaeT, 4TO peweH~R 06iqero B~Aa 
pa36~B,alOTcR Ha ABa OCHOBHblX xrracca: 

1. CnY4a~ "no~HoH ~HTerp~pyeMocT~" 3aAa4~, KorAa A~et>$epeH

~~anbHoe ypaBHeHHe BToporo nopRAKa /27/ np~BOA~TCR K A~$ct>epeH
~~anbHOMY ypaBHeH~1O nepBoro nopRAKa: 

a/ npa E ... 00, «orne K~HeT~4eCKaR 3Hepr~R Tpex 4atT~~ HaMHoro 
60nbwe ~x nOTeH4~anbHoH 3Hepr~H H HX MOll<HO c xopoweH r04HOCTblO 
paCCMaTp~BaTb KaK cBo6oAHble. TorAa ypaaHeH~e /27/ nepeXOA~T 

~r B ypaBHeH~e Ha norap~et>MH4ecKYIO npOH3BOAHYIO: 

J
" 

~ 

\1' =v (</J) ...(lnp)',	 /32/ 

.•~ KóTopoe np~H~MaeT BHA 

v'=1+v2 /33/ 
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v 

I"
 

~ peWaeTC~ 3neMeHTapHO: 

v=tg(cP-cPo ) ' /34/ 

OTCIOAa 

Po 
p(q;) =---. /35/

COS (~'q; )o
 
TorAa ~3 /28/,/29/ ~ /31( nonY4aeM
 

Pp~ ± v'21!E sin(cP-cPo), PcP"" ±Po v21!E , /36/ 

I2EcP "" cP ± arctg] v-=--(t-to)].o /37/I!P 2 
O 

3T~ ypaBHeH~H 3aAalOT np~6n~meHH0e peweH~e 3aAa4~ Tpex 4acT~~ 

AnH AocTaT04HO 60nbW~X 3Ha4eH~~ E np~ Han~4~~ ABYX4aCT~4Horo 

B3a~MoAe~cTB~H paCCMaTp~BaeMoro HaM~ B~Aa, a TaKme T04Hoe pe
weH~e 3aAa4~ AnH Tpex cBo6oAH~X 4acT~~ B KooPA~HaTa~ AenbBeca. 
B HaweM cnY4ae cP o ' Po ' to ' a Ta~me ~x KOM6~Ha~~~, Hanp~Mep 

,HBnHIOTcH np~6n~meHH~M~ nepB~M~ ~HTerpanaM~ 3aAa4~ np~ 6onbPcP 
w~x E. Bce OH~ He HBnHIOTCH aHan~T~4eCK~M~ cPYHK~~HM~ Macc fi 1 2 3' 
OT KOTOPblX 3aB~CHT -repe a nocpenc r ao np~BeAeHHO~ MaCCbl I!. ' , 

6/ np~ E = O nonyuaea BTOPO~ enorme ~HTerp~pyeMbJ~ cnY4a~ 

3aAa4~ - cenapaTp~cH~~ cnY4a~. TorAa /37/ CHOBa nepeXOA~T B 
A~cP$epeH~~anbHoe ypaBHeH~e nepBoro nopHAKa Ha norap~cPM~4eCKYIO 

npO~3BOAHYIO v . 3TO eCTb ypaBHeH~e A6enH/12/BToporo pOAa: 

v' - 1... (1 + v 2)(1 - ~ v) ;:: O. /38/2 a 

nYCTb v;::v(cP,cP o ) eCTb peweH~e 3Toro HeaBTOHOMHoro ypaBHeH~H. 

TorAa cP 
p(cP) = Po exp [ r dtP v (cP 'cP )]o /39/

cPo 
eCTb o6~ee peweH~e ypaBHeH~~ /27/ np~ E= O . OHO 3aB~C~T OT 
ABYX npoaaaons aux KOHCTaHT p o ~ cPo . 

C Y4eToM /32/ ~ COOTHoweH~H p '=p2 p /PcP nonyuaen , 4TO B AaH-
HOM cnY4ae PP/PcP=v(~.cPo)· p v v 

CneAoBaTenbHo, c~CTeMa HMeeT AononH~TenbH~~ nepB~~ ~HT~rpan 

Pp
cP =: (f)(</J .o ----),o /40(PcP 
rAe ~(0 - cPYHK~~~, o6paTHaH cPYHK~~~ v(</J) • $~3~4ecK~~ CM~cn 
3Toro nepBoro ~HTerpana MomHO CBA3aTb c pacnpeAeneH~eM 3HeprH~ 

MemAY ~aCT~~aM~ 111 • OH r axxe 3aB~C~T OT Macc fi 1 2 3 cnomHblM 
~ HeaHan~T~4eCK~M 06pa30M, 4TO cneAyeT ~3 /38/ ~'/2/-/5/. 

Apyr~x "nonuocr s o ~HTerp~pyeMblxll cnyuae s B aanaue rpex -rac
T~~ Ha HenoAB~mHO~ npHMo~, nO-B~A~MOMY, HeT. no TepM~Honor~M 
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5~pKrOcPa 14/, ~onY4eHH~e HaM~ AononH~TenbH~enepB~e ~HTerpan~ 
cneAyeT C4~TaTb ycnoBH~M~. 

2. B cnyvae AB~>KeH~H oõurero B~Aa: E I: O , 00, peureaae 3aAa4~ 

CBOA~TCR K peweH~~ Hen~He~Horo ypaBHeH~H BTQPoro nop~AKa /27/. 
OHO oõnanaer Ba>KH~M CBO~CTBOM, xapaKTepHblM An~ ABYX4aCT~4Horo 

v V -t 3
B3a~MOAe~CTB~H c nOTeH~~anaM~ lj -rlJ' TO YH~KanbHoe CBO~CTBO 

COCTO~T B TOM, 4TO peweH~e 3aB~C~T Tp~B~anbH~M 06pa30M O~ 3Ha
4eH~~ 3Hepr~~ E , ~ ecn~ CAenaTb nOACTaHOBKY 

Z(if;) =Ep(~),. 

TO nonY4~M He aaaacrnuee 

a' 
z' , 1 z,2 1- -

a 
(z) - -(1+~)2 zi:> 

/41/ 

OT E ypaaueuue 

z' z 
- -2...:...
Z a 

=0. /42/ 
1- ~ 

a 

HH~M~ cnoBaM~, c TexH~4ecKo~ T04K~ 3peH~~ AOCTaT04HO peW~Tb 

3aAa4Y TonbKO An~ ABYX 3Ha4eH~~ 1l0nHO~ 3Hepr~~: E =0 ~ E =1 . 
MO>KHO nOKa3aTb, 4TO 3TO CBO~CTBO AByx4acT~4Horo B3a~MoAe~-

- i 6 v
CTB~~ c nOTeH~~anaM~ Vlj - r ij ~MeeT MeCTO He rons KO B o l1le~ 

3aAa4e Tpex 4aCT~~, AB~mYI1l~XCR B npOCTpaHCTBe, 
N 4aCT~L.t np~ nlO6oM N ~ 2. 

B03MO>KHOCTb nOH~3~Tb nopRAOK ypaBHeH~~ /27/, 
B ~ccneAOBaH~~ ~ 3aB~C~T OT RBHoro B~Aa cPYHKL.t~~ 

npu a= const , YMHoma~ /27/ Ha p' p-=2(Ep/a _1) ....1, 

ero nopRAoK ~ np~BecT~ K B~AY 

1 p'2 E a -1 
-- (1 + _)(:::.L.. -1) = const , 
2p p 2 a 

HO ~ B 3aAa4e 

/42/ HymAaeTcH 
a(cP). Hanpaaep , 

MomHO nOH~3~Tb 

3TO COOTBeTcTByeT Han~4~1O AononH~TenbHoro nepBoro ~HTerpana 

PcP= const • B~AHO, 4TO np~ a = const np~XOA~M K nonaocr s o 
~HTerp~pyeMo~ aanaue c 'TpeX4aCTWdHbIM nOTeH~~anOM V(p)= consto p -.1, . 
KOTOPbl~ ~BnHeTC~ cPYHKL.t~e~ MOMeHTa ~HepL.t~~ c~CTeMbl I =I!P 2.' . 

An~ ~ccneAOBaH~~ Henp~BoA~MOCT~ ypaBHeH~R /27/ np~ a(~) 

B~Aa /2/-/6/, a TaK>Ke B cnY4ae a(cP) o6l1lero BMAa Heo6xoA~MO 

pa3pa6oTaTb cne~~anbHYIO MeTOA~KY. 3TO n03Bon~no 6~ AOKa3aTb 
CTporo IHe~HTerp~pyeMocTb" KnaCC~4eCKO~ 3aAa4~ Tpex 4aCT~L.t. 

TaK~M o6pa30M, AanbHe~wee ~3Y4eH~e peweH~~ 3aAa4~ Tpex 4ac
T~L.t Ha HenOAB~>KHO~ np~Mo~ ·n~H~~ CBoA~TCR K ~ccneAoBaH~1O CBO~CTB 

KnaCCOB cne~~anbH~X cPYHK~~~, onpeAenHeM~X ypaBHeH~~M~ /38/ ~ 
/42/. Mbl 3a~MeMC~ 3T~M ~ccIleAoBaH~eM B nocnenyiounrx paõo'rax , 
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TEMATM~ECKME KATErOPMH llYBnMKAUHR 

OB~E~MHEHHOrO MHCTMTYTA ~EPHYX 

MCCJIE~OBAHMA 

MHAeKc TeMaTHKa 

1. 3KcnepHMeHTanbHaR ~H3HKa BWCOKHX 3HeprH~ 

2. TeopeTH4eCKaR ~H3HKa BWCOKHX 3HeprH~ 

3, 3KcnepHMeHTanbHaR He~TpOHHaR ~H3HKa 

4. TeopeTH4ecKaR ~H3HKa HH3KHX 3HeprH~ 

5. HaTeMaTHKa 

6. RAepHaR cneKTpocKonHR H paAHOXHMHR 

]. ~H3HKa TRmenwx HOHOB 

8. KpHoreHHKa 

9. YcKopHTenH 

10. AaTOMaTH3a~HR o6pa6oTKH 3KcnepHMeHTanbHWX 
AaHHWX 

11. Bw4HCnHTenbHaR MaTeMaTHKa H TeXHHKa 

12. XHMHR 

13. TexHHKa ~H3H4ecKoro 3KcnepHMeHTa 

14. ~ccneAOBaHHR TBePAWX Ten H *HAKOCTe~ 
RAePHWMH MeTOAaMH 

15. 3KcnepHMeHTanbHaR ~H3HKa RAePHWX peaK~H~ 
npH HH3KHX 3HeprHRX 

16. no3HMeTpHR H ~H3HKa 3a~HTW 

17. TeopHR KOHAeHCHPOBaHHOrO COCTORHHR 

18. Hcnonb3oaaHHe pe3ynbTaToa H MeTOAOB 
~YHAaMeHTanbHWX ~H3H4eCKHX HCCneAOBaHH~ 

B CMemHWX o6naCTRX HayKH H TeXHHKH 

19. DH~H3HKa 

~H3HeB O.n., ~H3HeBa u.~. P2-86-131 
OonHaR peAYK4HR H HHTerpHpyeMOCTb B KnaCCH4eCKOH 3aAa4e 
Tpex 4aCTH4 Ha npRMOH flHHHH 

PaCCMaTpHBaeTCR KflaCCH4eCKaR 3aAa4a Tpex 4aCTH4 Ha HenOABH*HOH npRMOH 
flHHHH, KOTOp~e B3aHMOAeHCTBy~T Me*AY C060H npH nOMO~H ABYX4aCTH4H~X noTeH-
4HaflOB rpaBHTa4HOHHoro HflH 3fleKTPH4eCKOrO THna. Hay4a~TCR peweHHR AHHaMH4ec
KHX ypaBHeHHH B MOAH~H4HPOBaHH~X KOOPAHHaTax ~enbBeca, HaHAeH~ Bee OCO~e 
peweHHR 3THX ypaeHeHHH. Bnepe~e npoeeAeHa nonHaR peAYK4HR aaAa4H H nony4eH~ 
HOB~e ypaBHeHHR, n03BOflR~~He nonHOCTb~ OnHCaTb AHHaMHKY B TepMHHaX COOTBeT
ClBY~HX KnaCCOB Cne4HaflbH~X ~YHK4HH, 0pH nOM~H 3THX ypaBHeHHH AaHa KnaCCH
~HKa4HR peweHHH o~ero BHAa no OTHOWeHH~ K 11 nOflHOH HHTerpHpyeMOCTH11 3aAa4H 
H HaHAeH~ COOTBeTCTBY~~He AOnOflHHTeflbH~e nepe~e HHTerpan~. 0oKa3aHO, 4TO 
BCe AOnOflHHTenbH~e nepe~e HHTerpan~ 3aBHCRT HeaHanHTH4eCKHM o6pa30M OT Mace 
m1,2,S Tpex 4aCTH4, B pe3YflbTaTe 4ero HX Heflb3R HCKaTb no TeOPHH B03My~eHHH, 

paanaraR B PRA~ no HeKOTOpOH H3 Mace, B npeAnOnO*eHHH ee MaflOCTH. 

Pa6oTa B~nonHeHa B na6opaTOPHH TeopeTH4eCKoH $H3HKH OH~H. 

Coo&naure 06J.e,QHHeHIIOro HHCTIIT)'Ta RAepHhiX HccneAOBaHHii. Jly6Ha 1986 

OepeBOA r.r.CaHAYKOBCKOH 

Fiziev P.P.,Fizieva Ts.Ya. P2-86-131 

Complete Reduction and lntegrabil ity of the Classical 
Three-Particle Problem on the Line 

The classical problem of three particles on a fixed straioht 1 ine 
that interact with each other throuoh two-particle potentials of the gravi
tational and electrical type is considered. The solutions of dynamical equa
tions are studied in the modified Delves coordinates. All particular solu
tions of these equations are found. A complete reduction of the problem has 
first been performed thus providing new equations for the description of the 
dynamics in terms of the relevant classes of special functions. These equa
Hons were used to classify solutions of the general form with respect to 
"complete integrability" of the problem and the relevant additional first 
integrals were found. It is shown that all additional first inteorals depend 
in the non ana I yt i ca I way on masses mt,2,3 of three part i c I es. As a resu 1 t 
they_cannot be searched for by the perturbation theory expanding in series 
over one of the masses under the assumption of its smallness. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1986 


