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© 06'be,nHHeHHhIH ~CTHTyr anepasrx Hçcne.noB8HHH' ;Uy6Ha, 1986 

BBE.&EH~E 

KIlaCCIf14eCKaR aanava Tpex 4aCTIf14 C MaCCaMIf1 m 1 ' m ' m 3 
2 

(M =. ~ + m 2+ m S)' 83aIf1M9Ae~CTBYIO,:!~X Me>KAY coõoü C nO_MO~b_1O nOTeH41f1a

na V =,V12+ V2 3+ VS1 '-~~!L- ecr s A8YX4aCTIf14Hble noreuuaanu 

rpaBIf1T a41f10HHOrO If1IlIf1 3IleKTplf14eCKOrO runa , a r ij - paCCTORHVle 

Me>KAY . 4aCTIf14aMIf1 C HOMepaMIf1 i f:. j = 1,2,3, If1MeeT TpeXBeKOBYIO 

If1CTOPIf1IO. C 60IlbWIf1M 41f1CIlOM nOIlY4eHHblX pe3YIlbTaTOB MO>KHO n03HaKO

B / 1-5 1 M~TbCR, Ha~pIf1Mep, 
Ha npOTR>KeHIf1If1 AIlIf1TeIlbHOro nepuona ápeMeHIf1 npaCTe~WIf1~ cIlY4ai1 

B 3aAa4e"~ --KOTOPbl~ peanaayer ca nplf1 Cne4l1aIlbHOM auõope Ha4aIlbHblX 

YCIlOBIf1~ ~ ABIf1>KeHIf1If1 4aCTIf14 no HenOABIf1>KHO~ npRMo~ IlIf1HIf1If1, He nplf1

BIleKaIl BHIf1MaHIf1R, TaK KaK OH He BCTpe4aIlCR B aCTpOHOMVl4eCKIf1X 

'npIf1IlO>KeH~RX. B nOCIleAHlf1e rOA~ nORBIf1IlCR If1HTepeC K 3TOMY CIlY4alO 

B / 7 11, B CBR31f1 C HY>KAaMIf1 KBaHTOBO~ XIf1MIf1If1 ICM. CC~IlKIf1 rAe, OAHã

KO, nplf1MeHRIOT $eHOMeHOIlOrIf14eCKVle ABYX4aCTIf14Hble noreauaanu APyro

ro BIf1Aa. 

Ha Haw B3rIlRA, CIlY4a~, ABIf1>KeHIf1R 4aCTIf14 no HenOA81f1>KHO~ npRMO~ 
If1HTepeCeH C HeCKOIlbKIf1X T04eK 3peHIf1R. Bo-nepB~X, OH COOTBeTCTBY

er 3aMOpa>KIf1BaHIf1IO yr'noaax c reneaeü C Bo60A,b1 CIf1CTeMbl B peaIlbHOM 

npOCTpaHCTBe, lf1 n03TOMY B HeM cIleAyeT If1CKaTb aHaIlor npOCTe~WIf1X 

KBaHTOBbIX. COCTORHIf1~, B TO~ 41f1CIle lf1 OCHOBHoro COCTORHIf1R CIf1CTeMbl. 

BO-BTOPbIX, r axoe ABIf1>KeHlf1e MO>KHO peanaaoaar b Ha YCKOpIf1TeIlRX. 

B-TpeTbIf1X, C 41f1CTO MaTeMaTIf14eCKO~ T04KIf1 3peHIf1R 3TO AOCTaTa4HO 

npOCTO~ CIlY4a~, KOTOPbl~ cnenyer B nepBYIO ovepens nonurar ecsr pa

306paTb T04HO. nplf1 3TOM OH COAep>KIf1T Bce e~e He B~RcHeHHY~ AO 

KOH4a npo6IleMY If1HTerplf1pyeMOCTIf1 3aAa41f1 lf1 MO>KeT npOIlIf1Tb Ha Hee 

HOBbl~ CBeT. 

Hacroauiea ny6IlIf1Ka4lf1e~ Mbl Ha41f1HaeM 1f13Y4eHIf1e aroro cIlY4aR 

B npeAIlO>KeHHbIX HeAa BHO MOAIf1$1f14If1pOBaHHblx KOOPAIf1HaTaX ~eIlbBecat6,7/. 
~3IlO>KeHlf1e CTpOIf1TCR TaK, 4T06~ no B03MO>KHOCTIf1 OAHoBpeMeHHO pac

CMaTplf1BaTb rpaBIf1Ta41f10HH~~ lf1 3IleKTpVl4eCKIf1~ Baplf1aHT 3aAa41f1. 

1. MOA~4»~U.~POBAHHblE KOOP.4~HATbl AEIlbBECA HA Il~H~~ 

nYCTb Tplf1 T04KIf1 ABIf1>KYTCR no Oplf1eHTlf1pOBaHHo~ OCIf1 OX,1f1 If1MelOT 

KOOPAIf1HaTj:JI Xl, 2, S • B C~CTeMe ue-rrpa 'Macc, puc , 1, I1.M~eM 

m1xl + m:!xg + m = O.3x 3 

CIleAOBaTeIlbHO, OCTalOTCR ABe He3aBIf1CIf1M~e nepeMeHH~e, B Ka

4eCTBe KOTOpblX MO)l<HO Bbl6paTb aIlre6palf14eCKIf1e 3Ha4eHIf1R paAIf1YC

aeKTopOB KBa3a.14aCn1l4 ~Ko61f1: ,r" o;; ".~_••- ~ •• 

I@bl,eJllillelllibil lZllCrn'i!'Ji \ 
'1

~Im t3ttreJU~El1~ , 
. SM;,nM~TEHA·I 
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-- ------ ---- - - -
m, m2 UM m3 
x1 x O x3 X2 

PHc.l. TIono~eHHe ~aCTH~ Ha npHMOH ox. 

R ~(-lXl,oo),X2 - xl 

ml 
x  X + - ........- (x2 - Xl ) E(-co,oo).


3 2 ml + m2 

16,7/
OH~ B~pama~TCR 4epe3 MOA~$~4~pOBaHH~e KOoPA~HaTW AenbBeCa
 

p € [0,00), 1> E- [0,2TT] cornecao C1>opMynaM
 

11 Y2/L Y2R == ( ----- ) p cos if> r == (~r_) p 8inif> /2/
 
iLt,2 /L12,3
 

m m m 
rne /1- == V 1 2 ~- e cr s npaaeneuaaa Macca C~CTeMbl Tpex 4aCT~4, 

ml+~-I-'m3 
-1 -1 -1 -1 -1-1 

a /1-1,2= m 1 + m 2 ,. -/L12,3 = (m 1 + m2) + m3 - MaCCbl 4aCT~,4 

HK06~ • 

2. TPEYfOIlbHHK A(P12 ' P ' P
31 

) H OnHCAHHE Yi\APOB 4ACTI41.1
2 3 

A·. Jler xo nony-nrr s , 4TO KOOPA~HaTbl 4aCT~4 xi Bblpama~TCR Clle

AYIO~~M 06pa30M 4epe3 p ~ if> ; 

x. = d. C08 (if> - if>. 'k) i ~ 1= k 1= 1,2,3, /3/
-1 1 l,J 

rAe 

: c
i /4/
 

di = P J8 8 s 3
 
1 2 

sapaxacr ca 4epe3 

/5/Si == sin 'I'i ' Ci == C08 'I' i' ti == tg 'I' i ' 
171 

a yrnbl 'I' 1,2,3 onpenene-ra cornacao COOTHoweH~1O : 

m· TT . /6/Wi == arctg ( 1) E [O, -2 ],
 
.. /L
 

~ YAoBneTBopRIOT ycnoB~1O
 

/7/
'I' 1 +. '1'2 + 'I' 3' == TT. 

2 

PHc.2. TpeyronhHHK 

Li 01.2' P23' P 31) . 

m1 m2 P31F23 

O~101 RBnRIOTCR yrnaM~ Me)l(AY 6Io1cceKTp~oaM~ TpeyronbH~Ka 

L\(P ,P , P ), pac , 2, CTOpOHbl xoropor-o 3aAaHbl COOTHoweH~RM~
12 23 31 

P31~3 = rn1 + m2 ' P12P31 == m 2 *" m 3 ' 123 P 12 == m 3 + m 1• /8/ 
np~BeAeHHaR Macca /1- eCTb paA~YC Bn~caHHO~ B 3TOT TpeyrollbH~K 

oKpymHocT~ c 4eHTpOM B T04Ke o. 
CTOPOH~ TpeyronbH~Ka, 3aAaHHwe /8/, BcerAa YAOBneTBopRIOT He

paBeHCTBaM TpeyronbH~Ka. B AaHHOM cnY4ae OH~ CBOARTCR K 

mi + mj + 2mk 2 fii + ~j 

~ BbmonHRIOTCR B cany HeoTp~4aTenbt!<:>cT~ Macc rnf .2 O. Cnenoaarens
HO, L\(P ,123 ' P cyuiecr aye-r BcerAa ~ onpenenae'r ca o'AH03Ha4HO12 31) 
MaccaM~ m1,2, 3 . 

~. MOA~4l1014~poBaHHble, KOOPA~Ha'Tbl AenbBeca 06naAalOT s axevaren s
H~M CBO~CTBOM: B H~X TPO~HO~ ~ napHwe YAapw 4aCT~4 on~CWBaIDTCR 

nonHOCTblO He3aB~CIo1MO APyr OT APyra. 
TPO~HO~ YAap: Xl = X COOTBeTcTByeT KOOPA~HaTHO~ n~H~~2==X 3 

p = O /91 

~ MomeT npO~30~TIo1 np~ nlO6oM 3Ha4eH~~ yrna if>. 
napHble YAapbl Xj =:Xkf:X-i /np~ i;bj ;bk~i / npO~CXOART He3aB~C~MO OT 

3Ha4eH~R r~neppaA~yca p Ha KOOPA~HaTHwx n~H~RX 

if> = if>"k = const • /10/
l,J . _ 

B np~HRT~X HaM~ 0603Ha4eH~RX if>i, jk ,if>ij, k yrno e napuax YAapOB 
nonomeH~e ~HAeKCOB no OTHoweH~1O K 3anRTO~ COOTBeTcTByeT nOll0me
H~IO 4aCT~4 Ha op~eHT~pOBaHHO~ OC~OX no OTHoweH~1O K 4eHTpy Macc 
x=O. np~ TaKOM cornaweH~~ 

if>. .k = if>. k'~ if> .k . ± TT == if>k'. . ± TT • 
1,J 1, J J ,I J,l 

Mw OTAaeM npenno-rreuae 3an~cRM,' B KO:rOp~X (i, j, k) o6pa3y,IOT 
4eTHYlO nepecraaoaky ~HAeKcoB /1,2,3/, He BKnaAblBaR B 3TO Aonon
H~Te:n bl:i~~ çMblcn •. '. ' , 

143 onpeAen~HIo1~ yrnoB n~pH~X CTonKHOBeH~~ ~ ~3 /2/ MomHO no
nY4101Tb ~x 3Ha4eH~R: 

3 



11 
~ -.~ - 'I' 

23, 1 ~ 2 ~3,12 = 2" ~31,2 = i ..:+ '1'1 ' 
/11/

311 311 311

~1,23 = 2 - \li2 , '~12,3 = 2 ~2,31 T + '1'1 .
 

'P. - 'I'
 
Ilpa nOMOlLllt1 TpaHCmH~1t11t1 ~ ~ ~' = ~ + ~~ nplt1 >KenaHIt1It1 

MOir.HO Ao61t1T bCR CIt1MMeTplt14eCKOro Onlt1CaHIt1R n ap asrx cTonKHOBeHIt1~ no 
OTHOWeHIt1~ K TpeM 4aCTIt14aM. TorAa AnR 3Ha4eHIt1H yrnoB nonY4aeM 

'I' -:\lI '1'1 -:'1'2 5 'I' -:'P2 3~' 17 ~' 311 ~' 11 3 1
23,1= 6" - 3 ' 3,12 = T - 3 ' 31,2= T-~' 

'P2 -:'1'3 \lI -:'1'2 , 11 11 '1'3 -:'P1 .1~' =.'!..!!..- ~' 911 ,~ =--_...1,23 6 3 " 12,3 = 6- 3 2,31 6 3 

3. rEOMETPM4ECJ<OE HECTOnOnO>KEHME 4ACTMU nPM p = const 

nOCTaBIt1M 4eHTp Macc x =0 B T04Ke O Ha nnOCKOCTIt1 I R, r I lt1 Bbl6e
peM rOplt130HTanbHoe HanpaBneHHe B Ka4eCTBe HyneBoro AnR OTC4eTa 
yrria cp ,plt1c. 3. nplt1 Bpal1\eHHH npRMo~ OX Ha yron ~ oxono T04KIt1 O 
T04~1t1 ,c KOOpAIt1HaTaMIt1 ~ (~) oruuuyr co rnacuo /3/ Tplt1 OI:<PY>KHOCTIt1 
Cf c AHaMeTpaMIt1 di' 3TIt1 OKPY>KHOCTIt1 npoxOART 4epe3 T04KY O, a HX 
ueurpa Oi nexar Ha npRMblX 00 i' 3aAaHHblX HanpaBneHIt1RMIt1 napuux 
YAapOB ~: J'I{ (cp [k i ) . OKPY>KHOCT b C3 xacae r ca ropaaonraneuór-o Hy

1, , 
neBoro HanpaBneHHR. . 

0603Ha41t1M 4epe3 T04KIt1 nepece-reuaa OKPY}KHOCTe~ C j H C k •P j k 
Jler xo y6eA'HTbCR, 4TO npRMble OOi aanaor ca 6HCCeKTplt1CaMH Tpeyronb
HHKa P , P3 1 ' KOTOPbl~ nOAo6eH TpeyronbHIt1KY ~(P12 ,P23,P31)'12,P2 S 
nOCTpoeHHOMY B paaAene 2. K03$$1t14HeHT nOAo6HR eCTb 

'c c c 
P 1 2 aa' /12/
-,; J81S 28 3 

06a TpeyronbHIt1Ka COBnaAa~T npH a =1, TO eCTb ecnH 

y S 1 8 28,3p Jl. ' /13/c 1c 2c 3 

4TO Mbl 6YAeM C41t1TaTb BblnonHeHHblM AnR YAo6cTBa nocrpoeuaa r eoaer 
plt14eCKOro MeCTa 4aCTH4 npH p =·con~, KorAa orpaHH4eHIt1e /13/ 
He nplt1BOAIt1T K nOTepe 06~HOCTIt1 paccMOTpeHlt1fl. 

TorAa 'T04KH P'k RBnRfOTCR nOnO>KeHHRMH napuux YAapOB mj lt1 mk 

nplt1 yrne ~i,jk /~nH ~ jk,i /, a T04KH P i 3aAa~T nonoxeaae TpeTbea:1 
4aCT~4b1 m B MOMeHT 3Toro YAapa. nplt1 np0lt13BOnbHOM 3Ha4eHIt1~ yrna 

4 

!P2,31 

'f31, 

~ 

~231 

1P,23 

Pac , 3. I'eoxerpavecxoe MeCTO tIaCT~ ripa p = const , 

~ 4aCTH4b1 HaXOARTCR B T04Kax nepeCe4eHIt1R npRMo~, npoBeAeH~o~ 

nOA yrno« ~ -repea T04KY O, C OKPY>KHOCTRMH C i · · Ilp a aan s aoe 3Ha4e
Hlt1e KOOPAHHaT xi (~) MO>KHO nony4HTb 1t13 OTpe3KOB /plt1c.3/ nYTeM 
YMHO>KeHIt1R Ha K03$$1t14It1eHT nOAo61t1R a /12/. BpalLlafl 3TY npRMY~ hH
HH~ HÇl BceB03MO>KHble yrna ~ ~ [0,211] Mbl Onlt1WeM HenpepblBHblM o6pa30M 
Bce KOH$lt1rypa4HIt1 CHCTeMbI Tpex 4aCTIt14 Ha npRMo~ OX. M3-aa HanH
4Hfl Oplt1eHTa4HIt1 Ha OX nplt1 3TOM $1t13H4eCKIt1 3KBIt1BaneHTHble KOH$lt1ry
pa4HIt1 /HanpHMep ynopano-reuaa (m ) H (m )j Y4HTbIBa

1,m2,mS 3,m 2,m 1 
~TCR ABa>KAbl. 

npaKTH4eC~1t1 nOCTpoeHHe reOMeTplt14eCKOro MeCTonono*eHHR 4aCTIt14 
YAo6HO Ha4aTb c nOCTpOeHIt1R TpeyronbHIt1Ka ~(P12' P23' P3 1), 6HcceKT
plt1CbI KOToporo 3aAa~T YKaaaHHble Bblwe ceKTopbl. OKPY>KHOCTIt1 Ci MO>K
HO nOCTpOHTb KaK npOXOARl1\lt1e 4epe3 Tplt1 T04KH O, ~j , plt1c.4.H P ik 
Heo6xoAHMble AOKa3aTenbCTBa cy~ecTBoBaHIt1R H eAHHCTBeHHOCTH 3Taro 
nOCTpoeHHR nerKO nonY4HTb cpeACTBaMIt1 3neMeHTapHO~ reOMeTpHIt1. 

CneAyeT OTMeTIt1Tb, 4TO H3MeHeHHe rlt1neppaAlt1yca p He BnHReT 
Ha yrnoBble COOTHoweHHR Ha Bcex pHCYHKax, a MeHReT TonbKO Macw~a
6b1. 
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l{>312,
~ 

~2) 
/ 31 

/ 
/ 

/
/ (2) 

IIL ~ ,(p,
 AI""" ~ I~~


~31 
12 

./' 1\ 
~ ~ 

ep2,31<9 . 61l
123 1 \I 

\ 
\ 

\ cpll) 
23 

~123 
J 

Fj 

PHC. 5. Cexr-opu (CPi,kj ,CPik,j H J1HÕp~HOHHhle 

PHc.4. llOCTpOeHHe reOMeTpHqeCKOrO MeCTa qaCTH~. HanpaBJIeHHH. 

4. PACCTO~H~E ME:KAY 4ACT~l.\AM~ Hx cneAyeT paCCMaTp~BaTb KaK $YHK4~H cp TonbKO B COOTBeTCTBY~f i j 
uteM cexrope cp E (CPi,kj , CPik,j ) /CM.p~c.5/, rAe OHH npHHHMalOT BHA 

np~ nOMO~~ /3/, CBO~CTB /5/-/7/ yrnoB Wi ~ CooTHoweH~~ /11/ 
(k) 8. sin 1!1 cp. kjAnR yrnoB napH~X YAapOB HeTpYAHO nony4~Tb B~pameH~R 

K .• -!- -- l' > o
lJ Sj sin /),. cp ik,j 

Sk Yl 
f .. P ( - ) 2 1 sín (cp - cp .. k ) I /14/ npH I!1CP'k' = cp - CP'k' , I!1CP'k'1, J 1, J 1 ,J cp ik,j - cp •lJ s s lJ, 

i j 

5. rAMHIlbTOHHAH CHCTEMblAnR paCcToRH~c:1 

/71
f ij = IXi - Xj I .I15/ KaK 6~no nOKa3aHO B , B paCCMaTpHBaeMOM cnY4ae raMHnbTOHHaH 
MemAY 4aCT~4aM~ np~ 3aAaHH~X (p,cp). OAHoT~nH~e B~pameH~R /14/ CHCTeMbI H = T + V ecr s 
RBnRIOTCR 4aCTHbIM~ cnY4aRM~ epOpMyn 17 I, «o ropue np~ AB~)KeH~~ no 

1 p2 a (cp)npRMoc:1 (e =0) ynpoutacr ca . f' . H = _ (p2 + ~ )
u 13-41 +- /17/

BBeAeM HymHble AnR AanbHe~wero OTHoweH~R 21l P p 2 p 

(k) fkj (cp ) Si npH nOMO~H nonY4eHH~X B HacTOflute.:1 paõore CooTHoweHH.:1 a MQ)I(HOsi~. (cp - cp i,~1..~ I . /16/K .. 3anHcaTb B BI-1AelJ fik(CP)- Sj siri (CP - cp.
1
k 

,J
. ) 

a(cp) = (y{cp) , /18/ 

7 
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rAe 

-/LMY8 8 8 AIlflr rpaBI-1 Ta41-11-1,1 2 3 
/19/

..2..~r~): , 3---' 
(el e 2e'3)" y8 18 28 3 ,QJlfl 3JleKTpl-14eCKI-1X CI-1Jl, 

", r 
a 

3. -1
 
y(ef;) 2: Y: Isín (CP, - cp.' lk ) I /20/
 

i = 1 1 1,J 

rne ~' ;, 
,.J

\.
(rnt (f"8""...2 AJlfl rpaBI-1T a41-11-1,

Yi i i 
Y _ 1 /21/i - (e)· 2 ~ _ ,
{ 

Yi' = (ej ek/ei ) 3 si 1 AJl1 3JleKTPI-14eCKI-1~ CI-1Jl.
 

OTpameHl-1e~ paBeHCTBa I-1HepTHO~ 1-1 rpaBI-1Ta41-10HHO~ Macc flBnfleTCfl
 
TOT $aKT, 4TO a(cp) Anfl rpaBI-1Ta41-11-1 C T04HOCTb~ ,QO Hecy~ecTBeHHO


ro o6~ero MHOml-1TeJlfl BWpamaeTCfl ~ 41-1CTO reOMeTpl-14eCKI-1X TepMI-1HaX
 
/4epea yrnbl Wi / . 3TO He'I-1MeeT MeCTa B 3neKTpI-14eCKO~ aaAa4e.
 

Ka4eCTBeHHO BI-1A (j>YHK4I-1l11 a(cp) = a(cp + 17) B 'r pex ceKTopax aHa

4eHI-1~ yrJla cp nOKaaaH Ha pl-1c.6a,6 B CJlY4ae rpaBI-1Ta41-10HHOrO
 
1-1 3JleKTpl-14eCKOrO BaaI-1MO,Qe~CTBI-1~ npl-1 paeHWx aHaKax aapflAOB.
 

d/e) (tp)d(e)/lfl 

_d.m) (C,) 

:""I', 

Cp 

1)) 2 (1) lP. <p
~ 12 <P, 2 ~ , 23 ~ I3 ~ 2 3 , ~2 3 2J 1 , 

a 

6 

'} 
'4-,;;' , 

(e) 11' 
Pac.6. BaA ~YHK~aH: ai a (cp) Irrpa (e .;1, e 2, e 3)

(±, ±, ±) I a _a(rn) (cp); 61 a(e)(cp) npa (e1, e2 , e 3) = (±, + ,±) 
;, .!""" 

,8 

tp 
. ,3)12, \, 6 

(f) ~/./"Y'./":>",.. _. ~ CP231 
<p. :'::'::/~', I / /'//./ T31,2 ~//~Y/fi~ I 

31,2 

~ "\ '~%4'2,31 <p'23 ~~<P23,1
'" ~ J%':J2i/~ . 

"/%\1'/,//// 
,_ _ ~12,3

.," , 

tp312 B In r 
I 

~.,"" ,~ 

lf;i;'1 'J 
lf,23

) 

" 

Pile. 7. Kpunsre HYJleBOH CKOpOCTIf IT=O I: ai rrPJ1: E.< O p;./UI ,.' 
rpaBHTilpYlOIIJ;lfX QaCTlfI1,; 61 ripa E >0 P;JIíI (e l, e 2, e 3) == 

= (±,d .• ±); BI rrpilE<O.,u..[IíI (el,e-.2,e3).~ (±,+,±) r'. rrpn 
E>OAJIíI (el,e2,e3) == (±,'+,±). 

6. KP~B~E HynEBOA CKOPOCT~ 

/ 1B KJlaCCI-14eCKI-1X~paÕOTax XI-1Jlna 1-1 GOJlI-1Ha /CM. B . 3- 5 j õuna no

KaaaHa 66nbwaR 3~~eKT~BHoCTb nOCTpOeHI-1R KPI-1BWX HyneBwx CKopocTe~ 

!T=O/ Anfl Ka4eCTBeHHoro aHaJll-1aa BOaMO}l{HblX rpaexrooaã B o rpaua-reu
HO~ aa,Qa4e Tpex 4~CTI-14. B HaweM cnY4ae ?TI-1 Kpl-1BWe OnI-1CWBa~TCfl 

ypaBHeHl-1eM 

z(cp) = P E = a(,cp), .' /22/ 

rAe E - aHa4eHI-1e 3Heprl-11-1 CHCTeMW ~pex 4aCTI-14 B CI-1CTeMe ~eHTpa 

Macc. KpHBwe BWrJlfl,QflT no-paaHoMY ~ aaBI-1CI-1~OCTI-1 OT aHaKa' E, 6HI-1 
no~aaaHbl Ha pl-1c.7a-r, r,Qe B ·KamAoM cnY4ae aaWTpl-1XOBaHa KJlaCCI-1
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OX3 
y~

4eCK~ 3anpe~eHHaR 06~aCTb. no 3T~M $~rypaM MomHO TaKme CYA~Tb I 

o cnO*HOCT~ aC~MnTOT~K~ BonHOB~X $YHK~~~ AnR KBaHTOBoro Bap~aH -... n~ ...... ..!. 
Ta 3aAa4~. ...... 

...... 
..... 
" \ 

(k) 
\ 

7. HAnPABJlEH~R J1~6PAll~OHHoro T~nA cPi j OI Xi 'f'i1ik 
,

/ 
,; '" OY3

HanpaBneH~R, B KOTOp~X a(cP) ~MeeT 3KCTpeMYM, TO eCTb ",/(" -" 
~1a '(cP) = O, 1231 

-" 

(k)
0603Ha4~M 4epe3 cPij ~ Ha30BeM HanpaBneH~RM~ n~6pa~~OHHoro T~na t 
ICM.p~c.6 a,6/. 

3TO Ha3BaH~e CBH3aHO C Han~4~eM 3KCTpeMYMOB Y 3$$eKT~BHOrO 

nOTeH~~ana IBKn~4a~ero ~eHTp06e*H~~ 4neHI C~CTeM~ rpaB~T~PY~ + + 
~~X 4aCT~~, AB~meH~e KOTOp~X npo~CXOA~T no Bpa~a~eHCH c nOCTORH PHC.S. ITapa60nw lli' PHc.9. ITocTpoeHHe napaõon lli no 
HO~ yrnosoa CKOpOCTb~ (z) npHMO~ n~H~~. HeYCTO~4~Bble peaaoaecaue TpeyronbHHKY 6, (P 2' P P ).,

1 2 3, 31 
nonomeH~H C~CTeM~, 3aAaBaeM~e 3T~M~ 3KCTpeMYMa~, onpeAenR~T 

n~6pa~~OHHble peuieuaa 3~nepa L 1.2,3 11-:5/3aAa4H. Ilpa 3TOM ycnoeue 3KC

TpeMYMa 3$$eKT~BHoro nOTeH~~ana no nepeMeHHo~ cP T04HO cOBnaAaeT 3T~ ypaBHeH~H MomHO nerKO peW~Tb rpa$~4eCK~, ecn~ 3aMeT~Tb,
 

c 1231 ~ He 3aB~C~T OT (z). B HaweM cny-iae (z) == O -~ V( o,cP) He ~MeeT 4TO 8 nonnpuux KOOPA~HaTax (Pi ' cPi) ypaBHel-l~e
 
3KCTpeMYMa no(~, a OT n~6pa~~oHH~X T04eK 3~nepa OCTa~TCR ~onbKo
 

cos cPiHanpaBneH~R cPij • Ha pac , 7a, r OH~ onpeaenaer ca T04KaM~ Si~ >. + a·
- 1.9B TpaA~~'1t0HHOM noaxone 11- 5/ T04K~ \~,2,3 HaXOARTCR np~ nOMO~~ Pi 

sürcPi 
OT~oweH~~ KL) /16/, KOTop~e np~ cP=cP6 Aon*H~ YAOBneTBopHTb 

2 +
ypaBHeH~~ nHTOH creneaa (i 1= j 1= k 1= i) : 1241 rne cP = ep - cP jk,i' a ai - cos 'Pi I sm 'P i aanaer napaõonu I1i 
(mi+mk)K5+~m i + 2mk) K

4+(3m 
i +mt)K3-emt+3m J)K2-e2m

k +3mj)K -tm t+mj)::::O. IpHc.8/. B AeKapTOBblX KOOPA~HaTax ypaBHeH~e 3T~X napaGon eCTb 
2 

Yi = ± ~ Xi . 
np~ mi 2 O 1241 ~MeeT eA~HcTBeHH~~ nonom~Te~bH~~ KopeHb/4~ 

onpeAenR~~~~ L 1,2,3' 3TO ypaBHeH~e 3KB~BaneHTHO 1231, xoropoe OCHM~ OX i AJlH napaõon rrt= cnyxar HanpaBneH~R cPjk,i' a nepnea
AnH ~paB~Ta~~oHHo~ 3aAa4~ ~MeeT B~A A~ KynHpHble O<::~ or i nepecexasrr 6, (P12, 123 ' P31) B T04Kax ai, G[', 

p~c.9. HeTpYAHO B~AeTb, 4TO- ecn~ OHi HBJlR~TCH nepneHA~KynHpaM~ 
c1 COS (cP -cP~Q1) C2 cos (cP -:cP31,2) 

K CTopOHaM rpeyronsuaue , 'TO ~ P.OH. = <}: R.OH . = 'Bk0!=j /=k!= i).a -- ---.......-- +
a ----... -+ 1J 1 . 1J J23,1 s2 sin2<.,I.. _,I.. ) 31,2 s: sin2( cP -:ep..H,2) T aK KaK1 ~ ~23,1 

p.P.C cOS(cP-:cP~3 _ ..._ o. Xi = OPjk = CõS 'P Yi oar"= sín 'Pi 1+ a12,3 --;2
3 

-;tn2 (cP - cP 
12

, 3 ) 

YAOBneTBopR~T ypaBHeH~~3AeCb aij,k =-± 1 ecr s 3HaK s)n(cP - epij, k ) B COOTBeTcTBy~~eM 

cexrope • Ecn~ BBeCT~ YA06Hble AJlR BbI4~cneH~H yrnbl ICM. puc , 51: Yi2 
= p.2Yi Xi ' 

(i) (i) (i) \ 
ti. = cP ik - cPij,k' O ~ 6, ~ ''Pi ' 12~1 TO MomHO c4~TaT b I BKJlI04111 B K03<t><t>Vll\lI1eHT nOAoGII1R p.2 B ai I, 4TO naj

(i) , • (i) paôonu llf npOXOART -iepes T04KVI Ai(1,2.3,4) npRMoyrOJlbHVlKa, noxa
TO ypaBHeH~e AnR ep jk nepexoaar B ypaBHeH~e AnH 6, : 

aaauoro Ha pVlc.9. TaKII1M o6pa30M, 6,(P12,P23'P31), onpeaenaer 0AHOr
 
cos (6,(i) + 'Pi+ ) C08(6,(i)-:'P ) cos 6,(i) 3Ha4HO napaõonu ll~. 

1 i 
Yi (Í)  - X ----........._- + Y: ---- o, 1261 11. C4I11Ta~, 4TO HaÀpaBneHVI~ ep<J 3aAa~TCR B KamAOM ceKTope T04KO~


1 2 i+1 . 2( A(i) '1') i+2. 2 A(i) 
sín (!i. + 'P i+ 1 ) sm Ll. - j sm Ll. nepeCe4eHII1R cooTBeTcTBy~eM napa60Jlbl ITr IKoTopafl OTBe4aeT 3Ha4e~I 

HII1IO ak = a .. k onaoro suaxa/ C KP~BO~, nOJly4a~w.e~C.A B pesyns r a, 1J, + 
a jrAe 3Hd4eH~H ~HAeKcoB 6epYTCR no mod 3 . Te CJlOmeHII1R napaõon ll-::-i nt lII1MeIOIll~X OAVlHaKOBble O"i ~ = -O"k I ,npli'l

1 J 11i
10 ( 

} 



d' 

'1'1 cs. t +il (2 S i - 8 J. -<\)	 /29/ 
r '" AnR rpaBlttTal.lHOHHO~ 3aAa41tt Itt3 ;/26/ HaXOAlttM,I
I 6 (i) ... ; .+t;: (29.51 + 148 j - 438 1t ). /30/ 

li 

npltt AaHHOM COOTHOWeH"'Itt MaCe TpeyroIlbHlttK L\ (P1i~' P23 ,P31) õnaaox 
K paSHOCTopOHHeMY, TaK me, Kal< Itt rpeyronsaa« ~(Or ,° ) . 2,° 3 

6. CIlY4a.:1 ABYX 'CpaBHlttMblX no Macce r axenux 4aCTlttl.l Itt OAHO~ ner-: 
(3) l, KO~ 4aCTlttl.lbl / aCTepOlttAHbl~ cnY4a~ B rpaB~Tal.l~Itt, If'2 - MOIleKyna

f.P21 .H -r.A. B anexrpauecxoã 3aAa4e/.' nYCTb, HanplttMep, 

181,21«1.; ma. =m83 , O~03 «1. /31/m1,2=m(1'+81,2),(3) 
Tor'na c T04HOCTb~ AO sucurax nonpaeox no 8 1, 2, 3
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8 3 J1 / ~ 8~.+8.2-03) 
/l = m( 2 ~1 + 4 . ,	 /32/ 

TO ecr s B pa3IlOmeH"'Itt /l(81'8 2,83 ) BblAeIlReTCR HeaHaIllttTltt4eCKa~, 

AP06HO-CTeneHHaR oc06eHHOCTb no 83 , a OCTaBWHeCR aHaIllttTltt4eCK~e 

B HYIle no 81 , 2,3 MHOmlttTeIl~ paanaracr ca B PRAbl Teanopa , 
3TO oGbRcHReT, n04eMY HeIlb3R nOIlY4aTb peayns r aru AJl.R 06ll\e~ 

aaAa41tt Tpex 4aCTlttl.l nYTeM aHaIllttTltt4eCKOro npOA011meHlttR pe3YIlbTaToB
PHc.lO. ITocTpoeHHe nH6p~~oHH~X HanpaBneHHH.	 / 1-5/•

J.16 orpaH~4eHHo~ 3aAa41tt rpex 4aCTHl.l BlttAHa pons nplttBeAeHHo~ 
Macc~ cHcTeM~ KaK He3aB~C~Moro oT-YAapoB ~Ci04H~~ã HeaHanHTltt4ec
KlttX oc06eHHocTe~ B 3a~a4e.nO-BlttAlttMoMy,BnepB~e TaKoro Tlttna oc06eH

XOA~M K reOMeTp~4eCKOMY peweH~~ ypaBHeH~H /25/, KOTopoe nOKa HOCTII1 6b1Illtt 06HapymeHbI nyaHKape np~ nOlttCKe AOnOJlHlttTeIlbHOro nep
3aHO Ha p~C. 10. Boro IttHTerpaIla B OrpaHltt4eHHO~ 3aAa4e Tpex 4aCTlttl.l. Hawe paCCMOT

B tnY4ae 3neKTp~4eCKoro B3a~MoAe~cTB~~ napa60n~ TI; He onpe peH"'e n~3BoIlReT, 04eBlttAHO, CBR3aTb OTCYTCT8ltte aHanlttTltt4eCK~X no 
Ae11fr~TC~ OAH03Ha4HO TpeyronbH~KOM L\ (P12' P23, P..31 ), TaK KaK co m 1 Itt m2 AOnOIlHlttTenbHblx Ittt:tTerpaIloB c IttX 3aBlttC~MOCTb~ OT npaae
rriacuo /18/-/21 / OH~ 3aB~C~T OT 3ap~AOB ei' 3TO Hapyw'aeT onucax- AeHHo~ TpeX4aCTltt4HO~ Macc~ /l. 3TOT Bonpoc HY~A~eTcR B 60nee Ae,	 6 +Hoe A11~ cnyuas rp aaa'r auua npocroe nocrpoeuae napa 011 TIi. TaIlbHOM aHaIlltt3e. . 

HMeR B BlttAY paanoxeaaa rnna /32/, MbI nOIlY,4aeM c T04HOCTb~ 

AO 0a/2(81,02,ô3)8. XAPAKTEPHWE CflY4AH COOTHOWEHH~ MACC m 1, m2, ID3 

H3BeCTHO, 4TO B 3aAa4e Tpex 4aCT~4 ~MeeTC~ Tp~ xapaKTepH~X q#1 fOI : _ (83 )1/ 2(1 _ 981 - 38 2 +83 
c11Y4a~ COOTHOWeHItt~ Macc. B KamAOM ~3 H~X paCCMOTpeHHaR HaM'" .2. . 12 .). 
reoaerpaa 3aAa4~ ~MeeT csoa Cnel.l~$H4eCKltte 4epTbl. ;j 

A.	 CnY4a~ r pex cpaBH~MblX no Benltt4lttHe Macc. B HeM 
/33/ 

mi == m(1 + oi)' I õ i I « 1 .	 /27/ f '1'2. ; _ (~)~(\ _ -3~1 +98 2 +8 3 )
2 . - , 

Torna c T04HOCTb~ AO 4neHOB '02(°,° ,° ) nonyvaex 
I~j 

1 2 3 

I°1'°2 , 8 3	 

,I 

.m	 I)-~ (1 + ---..-----) <;; m , /28/11-
y3 3 l 'P .. (28 )

%(1- 38 1 + 38 2 + 68'3 
3 8 12 ). 
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AnR rpaBHTa4HOHHOH aaAa4H H3 /26/ HaxOAHM c T04HOCTb~ 
01 (ô.1 ,82 ,83 ) 

(1) 1T 1/2 (2) 112 (3) 83 i/2 
6.	 '" 2" --(283) , 6. ~ (283 ) , 6. ("2) . /34/AlI 

npH AaHHOM COOTHoweHHH Macc rpeyrone aa« 6.(P12' P23 ,PS1) c T04
HOCTb~ AO 03/2(8 i) paBH06eApeH C TynblM yrnoM npa aepuiaue P12 
li 6.(01,02,03) ,paBH06eApeH C OCTpblM yrnoM npa BepWHHe ° 3 , 

B. CnY4aH OAHOH TR*enOH H ASYX nerKHX 4aCTH4 /nnaHeTapH~H 
CnY4aH, aTOMbl H+,He H T .A./. 

1. nYCTb, HanpHMep, 

m1,2 = mô1•2 , O~ô 1.2 « 1; ms =m(1+ 8s ), 18 1« 1.3 

Torna nocne BbfAeneHHR HeaHanHTH4eCKHX MHO*HTeneH 

1/2 8·+8 
p. ~ m(81 8 ) (1- -.o.~) «m2 2 

C T04HOCTb~ AO ° ) He aaBHCHT OT 8
3 

, a
2(8 3
 

8 1/2 8 +8
 
tg tp X .., (-:..L.) (1 + 1 2 ) :?: 1 , 

ô2 2 < 

82 1/2 8 +8 < 
tg 'P2 ~ (~) (t + _1_~ > 1, 

1 2- 

tg 'I' 3 ... (8[ 8~-1/ 2(1 + 8 1+~Z +!-â 3) »1. 

npH AaHHOM COOTHoweHHH Macc yron ~ P2SP12 P 31 Y 
11 

/35/ 

nonyvaex , 4TO 

/36/ 

/37/ 

BepWHH~/;pe-

yrOJlbHHKa 6.(P12 ' ' P8 f) RBnReTCR OCTPl>IM, 'P3 ~"2 - (81 8 2) ,P23 

0AHaKO reOMeTpHR aaAa4H He onpeAeneHa, ecnH AononHHTenbHO He 
YKaaaTb H COOTHoweHHe Macc nerKHX 4aCTH4. 

2. npH cpaBHHM~X no Macce nerKHX 4acTH4ax, HanpHMep, ecn~ 

ml ,2= m(1 + 8 1,2 ), 181,21«1; m3=:a , 0<83 «1, /38/ 

reoaerpaa 3aAa4H <t>HKcHpoBaHa XOPOWO H C T04HOCTblO AO?2(8 't 8'2,8 )r 8

8 1 +8 2 - 2 8 S
fL AlI m(1 +. ~ ) C:$ m, /39/ 

'P 11 -81 +82 + 2a3'1'1 "'f + 81 -8 2 +283 

4 2 "'"4"+--
4 

14 

I 11 , 'l'3=:S"2- a S' 

J 
,I
 Tpeyronsuu«
 

Moyron bHblM, a 
ff y BepWHHbJ P12' 

/40/ 

6.(°1,° 2; O 3) RBnReTCR n04TH paBHoõeApeHHblM H ripa
~ (P12 ' 1:'23' P31 ,) - paBHo6eApeHHblM C OCTpblM yrrio» 

, 
I 

AnR nH6pa4HOHHblX HanpaBneHHH B caMOM 
<'i 

JI	 
(2) ft 8 s 1/3, (3)(1) (a 3 )1/3I 6. "" - , 6. :::I 2" - (12) .,. 6. 

~ , 12 
" 

~ 

HH3KOM nopanxe nonyvaer« 

= O2 (a 3 ) • /41/ 

B nocneAYIO~Hx pa60Tax MbJ npHMeHHM H3no*eHHble 3AeCb pe3ynbTaT~ 

AllR AeTanbHoro H3Y4eHHR AHHaMHKH ABH*eHHR CHCTeMbl H3 Tpex 4aCTH4. 
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3 p. 80 "· 

P• 75 K. 

3 P• 30 K. 
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2 p. 00 K. 

4 p. 50 "· 
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5 p. 50 "· 

7 p. 75 "· 

3 p. 50 K. 

13 p.50 K. 

3 p. 75 K. 

3aKa3H Ha ynoMHHyTHe KHHrH MoryT 6HTh.HanpaeneHH no aJlpecy: 
101000 MocKBa, rnaeno'ITaMT, n/H 79 

OTJlBJJ 06beJlHHeHHOrO HHCTHTYTa HJlepH~ HCCJJeJlOBaHH~ H3JlaTeJJhCKHH 

~11311eB n.n., $11311eBa U.~. P2-86-130 
reoMeTpi1A 3aAa411 Tpex 4aCTI111 Ha npAMOH Jli1H1111 

PaccMaTpi1BaeTCA MOA11~11Ka1111A KOOPA11HaT AenbBeca B aaAa~e rpex ~acTI111 Ha He
noABI1MHOH npRMOH Jl11HI111, KOTOpwe B3ai1MOAeHCTBY~T MeMAY C060H np11 nOMO~ ABYX· 
4aCTI14HbiX noreH1111anoB V;i - r;j'l. BBOA11TCA PRA HOBbiX reoMeTpl14eCK11X o6'beKTOB, 
CBA3aHHbiX C 3TOH 3aAa4eH: TpeyrOJlbH11K nollOMeHHH napHbiX YAapoB ~(P12 .~ 3 .P31 ), 

reoMeTpl14eCKOe MeCTOno~OMeH11e Tpex 4aCT11ll np11 ~11KCI1pOBaHHOM fl1neppaA11YCe · 
Tpl1 OKPYMHOCTI1 C1 11 T.A. B reoMeTpl14eCK11X TepMI1HaX OnHCaHbl TpOHHOH 11 napHble 
YAapw B CI1CTeMe, Kpi1Bble HyJleBOH CKOPOC"fl1 X111111a AJ1A AaHHOfO CJly4aA, a TaKMe 
n116pa11110HHble HanpaBneH11A. HanaraercA reoMeTpl14ecKoe pewe1111e npeAJ10MeHHoro 
ypaBHeH11A AJlA 11116pa11110HHbiX HanpaBneHI1H, a Ta~e peweHI1e 3TOfO ypaBHeHI1A C no• 
MOwb~ CTeneHHbiX PRAOB np11 Tpex xapaKTepHbiX COOTHOWeH11AX MaCe 4aCTI111! Tpl1 
cpaBHI1Mble no Bell11411He Maccw, ABe TAMenwe 11 OAHa nerKaA 4aCTI111a, OAHa TAMenaA 
11 ABe nerK11e 4aCTI1llbl• 06CYMAaeTCR pOilb npi1BeAeHHOH MaCCbl Tpex4aCT114HOH CI1CTe· 
Mbl KaK 11CT04HI1Ka HeaHaJ111TI14eCK11X OC06eHHOCTeH B 3aAa4e, He 3aB11CAw11X OT YAa· 
POB 4aCTI111, 

Pa6ora BwnonHeHa B fla6oparop1111 reopeTI14eCKOH ~11311KI1 OH~H. 

Coo6UieHHe 061.eAHHeHHOI'O HIICTHT}'Ta RAepHhiX HCCJieAOBaHHii. Jly6Ha 1986 

nepeBoA CaHAYKOBcKoH r.r. 

Fiziev P.P., Fizieva Ts.Ya. P2-86·130 
Geometry of the Three-Particle Problem on the Line 

A modification of the Delves coordinates is considered for the problem 
of three particles on a fixed straight lin=l that interact with' each other 
through the two-particle potentials vi. - rii . A numb~r of new geometrical 
objects related to this problem is introduced: the triangle of positions of 
pair co 11 is ions ~(F;.e• P28, P3J.) , geometr_~ ca 1 posit ions of three part i c 1 es at 
fixed hyperradjus (three Circles C1 ), etc. "Ihetriple and pair collisions 
in the system, Hill's curves of the zero velocity for the given case and 
1 ibrational direct-ions are descriDed in geometrical terms. The geometrical 
solution of the proposed equation for 1 ibrational directions Is expounded as 
well as the solution of this equation by the power series at three typical 
s~ts of values of particle masses: three masses comparable in magnetude, two· 
heavy and one liqht particle and one heavy and two light particles. The role 
is discussed of the reduced mass of the three-particle system as a source of 
nonanalytical sinoularities in the problem independent of those caused by 
particle coil isions. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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