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1. HEPEJUIH1BI-1CTCKOE YPABHEHI-1E ABI-'IlKEHI-1~ 4ACTI-1l..lbl 
CO Cni-1HOM 112 HA TPEXMEPHOti C<I>EPE 

B Teop~~ nayn~, Teop~~ AB~meH~~ 4aCT~~ co cn~HOM 112, onepa
Top raM~nbTOHa onpeAen~eTc~ KaK ~HBap~aHT, o6paaosaliH~A c no
MOillbiO CKan~pHOrO np0~3BeAeH~~ BeKTOpOB ~MnynbCa ~ CIJHHa: 

1 (->->) ...... ) h -> H = 2m pa ( Pa , S = 2 a • I 1 • 1 I 

MaTp~~bl nayn~ u ~sn~IOTC~ reHepaTopaM~ rpynnbl SU(2)- rpynnbl yH~
Mo.qynRpHbJX MaTPI-14, .qei1CTBYIOf.llJ.1X B ,QByMepHOM KOMnneKCiiOM npOCTpaH
CTBe. 3T~ MaTp~~bl o6naAaiOT 3aMe4aTenbHbiM~ CBOHCTBaMI1 yMHOmeH~~ 
KBaTepH~OHOB. l-1cnonb3Y~ CBOHCTBa 6aa~ca lak), MOmHO n~Ka3aTb, 
4TO rpynna SU(2) cs~aHa ~ ~aoMop<J>Ha rpynne AB~meH~.:1 Ha TpexMep-
HoA c<J>epe 4eT~pexMepHoro esKn~AOBa npocTpaHCTBa 111 To4Hee, 
Mbl ~MeeM ~30MOP<I>~3M rpynn S0(4) ~ SU(2)xSU(2)/±1. YKaaaHHbiH ~ao
MOP<I>~3M np~H~MaeT Ha~6onee Harn~AHYIO <J>opMy, ecn~ ~cnonbaosaTb 

BeKTOpHyiO napaMeTp~aa~~IO rpynn. CornacHo 121 ~MeeM 
A A 

SO( 4) = 
(1 + a+)(l + b_) __ 

= T < a) T Cil) . 

J < 1 + a 2 
) < 1 + b' 2) 

+ 11 .21 

..... -+ ..... . ... _. r+ =aT+/aa(a=O). r_ =aT_/ab(b=O) 11.31 
coenaAaiOT c MaTp~f.laMI-1 cn1-1Ha 112, onpeAeneHHbiMI-1 a Aef:apTOBOM 6a-. 
31-1Ce, B OTill-141-ie OT MaTpl-1f.l nay111-1 onepaTOp~ r Aei1cTE:yiOT B 4eTbl-

+ 
pexMepHOM eBKI11-1AOBOM npOCTpaHCTBe, f.ieCKOHe4HOMepHblMII aHanoraMI-1 
onepaTopoe cn1-1Ha 112 

s=- ih? 12 11.41 
± 

~Bil~IOTC~ onepaTOpbl 
... -> ,;t 
'"±/2=(M±N)/2, /1.51 

rAe 
~ _. _. ~ -+ ..... 
M=[r~p]. N=r

4
p-rp4 , 11.6/ 

OnepaTOPbl S+l-1 m./2 peaili-13Y~T KOHe4HO- 1-1 6eCKOHe4HOM~pH~e npeA
CTaeneHH~ r"i>ynnbl SU (2) x SU (2) I ± 1 , T. e. ~en~IOTC~ o6"b eKTaMH OA~
HaKoeoA npHPOAbl· 111"'!~-----.....,,.c· .,~ 

liYJiirt~liHWA lltt'i1H'fll'' 
l.ntf~B~ &ec.zelOIIl d 1 

&t.15dlfnt'JTEK1. ~ 
.... _c;'!,_" ·-·"'---··"''' .;:-~ .. --~ ...................... ..--~~1.'~11' " ·--
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AnH nocTpoeHHH TeopHH ABHmeHHH 4aCTH~ co cnHHOM 112 CBH3b 
rpynnbl SU (2) c rpynnm1 ABHmeHHH Ha TpexMepHo!:i cct>epe HMeeT ci>YHAa
MeHTanbHoe 3Ha4eHHe. Ha TpexMepHOH C$epe onepaTOp raMHnbTOHa Bbl
pamaeTCH HCKni04HTenbHO B TepMHHaX rpynnbl SU (2) X SU (2) I± 1 , a HMeH
HO onepaTOpOB 11.41 H 11 .51, npHHHMaH TeM CaM~M KaHOHH4eCKHH 
BHA 131: 

2 ;n ... 2 
H=-~ (-+ S) 

mR2 2 

1 ... 

2 
2 ((2h-·i;nl)

2 
t.2 mR - u ) • 

11.71 
B CBH3H c KaHOHH4eCKHM npeACTaeneHHeM onepaTopa raMHnbTOHa 4aCTH
~bl CO CnHHOM 1 12 BBeAeM cneAYIOtqee 

OllPEJ[EJIEHHE 

HHeapHaHT, o6paaoeaHH~!:i nyTeM cKanHpHoro npoHaBeAeHHR eeKTo
poe ITeHaopoe, cnHHopoel - onepaTopoe, KOTOp~e npHHaAnemaT K oA
Hol:i H TOH me rpynne no CBOHCTBaM KOMMyTa~HH lcK060K nyaCCOHal 
CBOHX KOMnOHeHT, fiyAeM Ha3~BaTb KaHOHH4eCKHM HHBapHaHTOM. 

Aanee, cornacHo 3TOMY onpeAeneHHIO MomHo paaBHTb npHH~Hn Ka
HOHH4ecKol:i OTHOCHTenbHOCTH. no TeOpHH KaHOHH4eCKOH OTHOCHTenbHQC
TH HCTHHHbiMH HHBapHaHTaMH RBnRIOTCR TOnbKO KaHOHH4eCKHe HHBapHaH
T~. TaKHM o6paaOM, BblpameHHe 11.71 YAOBneTeopReT npHH~Hny KaHOHH-
4ecKol:i OTHOCHTenbHOCTH, a onepaTOp 11.11 He YAOBneTBOpReT. 

2. nYTH 0606mEHHH YPABHEHHH 11.71 HA PEnHTHBHCTCKH~ 
cnY4A~ 

CpaBHHBaR 11.71 c TeopHe~ WpeAHHrepa Ha TpexMepHol:i cct>epe /4/ 
eamHO OTMeTHTb, ,4TO B cny4ae 4aCTH~~ CO CnHHOM 112 onepaTOp HM~ 
nynbca P=-ihalai aaMeHReTcR He Ha onepaTop TpaHcnR~HH Ha Tpex-

~ ... 1 ... ~ 2 :t2 2 MepHOH cct>epe N R = r4 P- rP4 , (r4 + r = R ) , a Ha CYMMY IHnH paa-
HOCTbl onepaTopoe: 

~-+ -+-+ 
± p ... nl :/R = (M ± N)IR. 12.1 I 

4TO, B006~e roeopR, COOTBeTCTByeT He TOnbKO HCKpHBneHHIO, HO H Kpy-
4eHHIO npOCTpaHCTBa. 

npH o6o6~qeHHH 11.71 C y4eTOM CO~HanbHOH TeOpHH OTHOCHTenbHOCTH, 
Ha nepB~H B3rnRA, AOCTaT04HO nepeHTH OT TpexMepHOH C$ep~ B npo
CTpaHCTBO Ae-CHTTepa 151 • 0AHaKO AnR 4aCTH~ CO CnHHOM 112 3TO He 
TaK. 

KaK HaeecTHO, TpaHcct>opMa~HOHH~e ceo!:icTea ypaeHeHHH ABHmeHHR 
4aCTH~bl CO CnHHOM 112 B HepenRTHBHCTCKOM cny4ae OCHOBaH~ Ha AByx
KpaTHO HaKpbiBaiOtqeM nOKanbHOM H30MOp$H3Me 

su ( 2 ) ... so ( 3 ) • 

2 

B KaHOHH4ecKol:i ct>opMynHpoBKe M~ AOCTHraeM rno6anbHoro H30Mop
$H3Ma, nOCKOnbKY 

SU (2) ... SU(2). 

TpaHcct>opMa~HOHHble ceol:icTea 11.71 HccneAoBaHbl a 131 • YKa3aHHbiH 
B~We noKanbHbiH H30MOp$H3M npOAOnmaeTCR AO CBOero penRTHBHCTCKQ
ro aHanora: 

SL (2,C) ... Ot (1,3), 
+ 

rAe cnpaea CTOHT co6cTeeHHaR rpynna nopeH~a. AnR Taro, 4To6~ 
npeepaTHTb 3TOT H30MOP$H3M B rno6anbH~H, He06XOAHMO H3MeHHTb 
onepaTop 

m ± = [ fx p) ± ( r4 p :- rp4) 12.21 

TaK, 4T06bl OH, C OAHOH CTOpOHbl, HMen nopeH~eB KOBapHaHTH~H BHA, 
c APYrol:i - coxpaHHn ceol:icTea yrnoeoro MOMeHTa. TaKHM o6paaoM, 
reHepaTop rpynnbl SU ( 2) x SU ( 2) I ± 1 AOnmeH nepe!:iTH 
a reHepaTop rpynn~ SL(2,C)x SL(2,C)I±1', peanH3YIOU4HH 6ecKoHe4HO
MepHoe npeAcTaeneHHe. 3Ta npo~eAypa aHanorH4Ha "penRTHBH3a~HH 11 

MaTpH~ naynH, KOrAa 

... ( ? 0 
T -> 

0 ? ) /2.31 , 
CnHHOp nepeXOAHT B fiHCnHHOp. no3TOMY ecnH 12.21 nepenHCaTb CXe
MaTH4tiO KaK 

j±=(r4,r)(?±) ( ;4) 12.41 

TO npH 11penRTHBH3a~HH 11 12.31 e~pameHHe I 2:41 nepeXOAHT a 

0 ( ~ ) ~ ) ~4 
... "" ... ... 111

1 
= (r

4
rp

4
p) 

... 

( :± /2.51 

AHanorH4H~M cnoco6oM MOmHo cocTaBHTb e~pameHHe AnR onepaTopa f: 

0 ; ( 

0

4 ) 

T, = C•,<•,Pl ( <; 
0
' )~ ~~ • !2.6/ 

KoMnoHeHT~ onepaTopoe nl H T 6YAYT YAOBneTBOpRTb TeM me KOM
MyTa~HOHH~M COOTHOWeHHRM, 4TO H MaTpH~~ 
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"'' 

-ihr=-in(~ ; ) . -ibt:-ib (; 

-> r 

0 ) 12.71 

R~.nRRCb lKOp,qaH08biM~ OT06pa>KeH~RM~ noc.ne,qH~1X. 0TCIQ,qa c.ne,qyeT, 4TO 
m ~ T y,qoe.neT80PRK?.J KOM~yTal.I~OHHbiM COOTHOWeH~RM rpynn~ 
JlopeHLia. OnepaTop~ :m ~ T onpe,qe.neHbl B 80CbM~MepHOM npocTpaHcT
ee c c~rHaTypor:i I+ + + + - - - -I. KaK noKa3aHo 8 161 • e,q~HcT-
8eHHbiM 6a3~COM, np~rO,t:IHbiM ,t:l.nR nOCTpOeH~R ypa8HeH~r:i ,t:18~>KeH~R, 
8 3TOM c.ny4ae R8.nReTCR 6a3~C OKTaB. B 6a3~Ce OKTaB Ha CeM~MepHOr:i 

nce8,qoc()lepe ypa8HeH~e ,q8~>KeH~R np~H~MaeT 8~,q 

(meR)
2

'1'=(m +s )(:Jii +s )'I'. n n n n 12.81 

r,qe 

sn =-in In. 12.91 

I d . iCT. ICT 
n m J J

4 

- 6a3~C OKTa8, a 

-> -> 
....,. ,.., r7"' 

mn\m ,J ,J4)- COOT8eTCT8YIO~~e OTObpalKeH~R mop,qaHa KOHe4HOMep-
HbiX onepaTOp08 sn • AHa.nor ypa8HeH~R A~paKa ~MeeT B~,q 

iiieR 'I' = ( 4 n- i In :Jiin) 'I' , 

- j 2 2 2 
m=m 1+17n/eR 

12.101 

YpaeHeH~R 8 6a3~ce OKTa8 12.81, 12.101 noKa e~e Ma.no ~3y4eH~, 
~ no3TOMY ,t:l.nR peweH~R KOHKpeTHbiX 3a,qa4 1.1e.necoo6pa3H0 ~CKaTb ,qpy
r~e' 6o.nee npOCTble nyT~ "pe.nRT~8~3al.l~~ll ypa8HeH~R I 1 • 7 I. npe,qcTa
B~M 11.71 B C.ne,qyiO~eM 8~,qe: 

-+ .... 
h2 

2mH = cc;:m+2h) c;;m+2n) --· R R R2 
12.111 

JlerKO y6e,q~TbCR, 4TO np~ R-+oo 12.111 nepexo,q~T 8 onepaTop 
3Hepr~~ ypa8HeH~R nay.n~ 

2mH = CPa) c J1a) • 12. 121 

4 

nep8~M waroM K nony4eH~~ ypasHeH~R 
()>OpMy.na 

< ll_ me)( _f! + iiie) = < T)c1)( iJa) • 
e e 

~~~paKa ~3 12.121 R8nReTCR 

me=~-1'i2/R2 • 
/2.. 13/ 

AHanor~4HO MO>KHO 3an~caTb ~ 12.111: 
H - H - _,-. _,-. 

(--me)(-+ me)= (am+ 2n)(a:Jii + 2tl). 12.141 
e e 

QnepaTOpHoe COOTHOWeH~e 12.141 MO>KHO no.ny4~Tb TaK>Ke ~3 nRT~
MepHoro ypa8HeH~R 

H H _ _., .-+-•) ( c- me) ( c + me) = ( o4 + w p) ( o 4 - w p • 12.151 

np~MeHRR yc.noe~e 

r 2 + r 2 = R2 • 
4 

12.161 

~.n~ 

r4o4 + rP= 0. 

noc.ne,qHee_y~.n08~e aHa.nor~4HO Ky.nOHOBCKOr:i Ka.n~6pOBKe B 3.neKTpO
,q~HaM~Ke '· 

div X- (i)A) = o. 
3an~Cbl8aR 12. 141 B MaTp~4HOI7! ()>OpMe, no.ny4~M ypaBHeH~R ,[\~paKa 

Ha TpexMepHol7! c()lepe 12.161 8 nRT~MepHOM ncee,qoe8K.n~,qo80M npo
cTpaHCT8e: 

.!! 'I'+ = (a-* m t + ~ mi.)+ y ~ ) tp + 
e - R 5 R - y5 c :)· 12.171 

np~ R _. oo 12.171 nepexo,q~T 8 ypa8HeH~e A~paKa. 

3. nEPEXOA B CCI>EPH4ECKYID CHCTEMY KOOPAHHAT. 
CnEKTP 3HEPfHH B KYJlOHOBCKOM noJlE 

CneKTp 3Hepr~~ ~ 8o.nHoe~e ()lyHKLI~~ 4acT~l.lbl, ceo6o,qHoe ,q8~>Ke
H~e KoTopo171 onpe,qe.neHo ypa8~eH~eM 12.171, .nerKo onpe,qe.nRIOTCR 
ec.n~ y4eCTb 4TO on epa TOp ( 2Jl a)+ 2n KOMMYT~pyeT C onepaTOpOM 
3Hepr~~. Co6cT8eHH~e 3Ha4eH~R 3Toro onepaTopa ~38eCTH~: 
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~ 

[ma+2n1'l'= h(n+1)1f1, n=0,1,2 .... /3.1 I 

noACTaB~B /3.1/ e /2.17/, ~1MeeM cneAy~~Y~ ~opMyny An~ cneKTpa 
3Hepr~~ CB060AHOro COCTO~H~~: 

r: }~~--; h2 (n + 1 )2 
l9 = e m e + ----,,---

R2 
/3.2/ 

An~ peweH~~ ypaeHeH~~ /2.17/ e ~eHTpanbHo-c~MMeTp~4HOM none ne
pe~AeM e c~ep~4ecKy~ c~cTeMy KOOPA~HaT. PeweH~e np~ 3aAaHH~x 

i ~ m 6yAeM ~CKaTb B B~Ae 

( 

+ + . -y- ) rb Y. + Ir/> J'm .lffi . 

«<> = jm 

lfi+Y(m + ilfi-Y;m 

/3.3/ 

An~ nepeBOAa onepaTopa 3Hepr~~ e c~ep~4ecKy~ c~cTeMy KOODA~HaT 
AOCTaT04HO BOCnOnb30BaTbC~ ~OpMynaM~ 

.... ..... 2 -+-~> 

-~aN) = ~ [( 1 +_r_)_d_+j_~J0l-~, 
R 1 R2 dr r r 

... ~ + '2 2 3 ± + 
(aM) Yj~=llU - r; - T) Yim=-b(1 + k) Yjm , 

(±) (;;) . (±) 

Yjm = r Yjm ' 
/3.4/ 

'"{ -(£+1), i = f + 112 • 

+L i = e- 112 • 

B ~Tore nony4~M cneAY~~~e ypaeHeH~~ An~ paA~anbH~x ~YHK~~H: 

( ffy - me ) rb + = ce + 1 ) "' + + [ ( 1 + _r_ ~- - i..::.!_ ] "'- • 
R R2 dr r 

( r: - <f-1)- [ r2 d £+1] + l9+me)IJI =----rb- 0+-)--+-- rb, 
R R2 dr r /3.5/ 

( ffy - me ) rb - = - L!. IJI- - [ ( 1 + .!:_ ) _!!_ + J + 1 ] q1 + , 
R R2 dr r 

( ffy + me) "'+ = J..±..! rb + + [ ( 1 + !..:_) -~ - e -1 ] rb- • 
R R2 dr r 

6 

l 

l 

np~ R--~ C~CTeMa ypaeHeH~~/3.5/ pac~enn~eTC~ Ha ABa ypaBHeH~~ 
A~paKa. 3Ha~ cneKTP /3.5/ e OTCYTCTB~e BHewHero-non~, Mbl MomeM 
npoeep~Tb npae~nbHOCTb 3an~c~ /3.5/, pewa~ era~ cpaeH~ea~ pe-
3ynbTaT C /3.2/. 06~~H B~A ~CKOMOrO peweH~~ TOT4ac 6yAeT nOA
CKa3aH, KaK TOnbKO M~ nepeHAeM OT riR K yrnoB~M nepeMeHH~M no 
~OpMynaM 

tg x = r I R , sin x = ( r I R) I J 1 + r2 I R2 ~ /3.6/ 

nOCKOnbKY K03~<lJ~~~eHTaM~ C~CTeMbl 6YAYT ~YHK~~~ COSX ~ Sinx: 

ffy- sinxrb+ = (f+1)sinx'l'+ + (sinx_!_- (f-1) eosx) IJI-, 
dx 

ffy- Sin X 'I'- = - (e- 1) Sin X rf>- - (Sin X _!!_ + {f + 1) COS X) rf> + , 
dx /3.7/ 

ffy- sinxrb- = -<f-1) sin x'l'-- (sinx ~ + (£+ 1) eosx) q,+ , 
dx 

ffy+ sinx'l'+ = <f+1) sinxrb+ + (sinx gx - U-1) cosx) rb- • 

ffy± = ffy ± iiie. 

PeweH~e /3.7/ 6yAeM ~cKaTb e B~Ae cneAY~~~x P~AOB: 

rb _,. = I. ak sin;,. x • 
k 

'I'_._ = l. bk sin:; x , 
k 

rb- =I.~~; eosx sink- 1 x, IJI- =I. ckeosx sink- 1 x. 
k k k 

/3.8/ 

noACTaBn~~ /3.8/ B C~CTeMy /3.7/ ~ np~paBH~Ba~ K03~~~~eHT~ np~ 
CTeneH~X Sink X , nony4~M C~CTeMy peKyppeHTH~X COOTHOWeH~H An~ ~, 
bk • gk ~ ck : 

ffy-ak -1 = (f + 1 ) b k -1 + ( k - e + 1 ) c k + 1- ( k - 0 c k -1 • 

ffy+bk-1 = U + 1) a k-1 + ( k- £ + 1) g k+ 1- ( k- 0 g k-1' 
/3.9/ 

a;-~ =- (f- 1) ck - bk. ( k + t + 1) • 

ffy + ck = - ( e- 1) g k - a k ( k + £ + 1) • 

nocneAH~e ABa cooTHoweH~~ cy~ecTeeHHo o6ner4a~T peweH~e 3aAa4~. 
H3 H~x M~ HaXOA~M 
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( 

&+ e- 1 ) ( c k-1 \ 

e- 1 &- gk-1 J ( 

ak 1 ) =-(k+P) 

bk-1 

/3.10/ 

noACTaBrJ.A.A (bk-1 • ak-1 
/3.9/, HaXOAHM 

1-13 /3.10/ B neps~e ABa COOTHOWeHH.A 

( 

gk+1 ) A ( ck-1 ) (k+O(k-f+ 1) =(A) 

A 
0 k+1 gk-1 

/3.11/ 

rAe MaTp1-14a (A) HMeeT CrJeAYIOliiYIH BHA: 

(A)= ( 
&-&+ + 1- k2 

-2&- ) 

- + 2 & & + 1-k 

13.12/ 
-2&+ 

KaK H3BeCTHo H3 o6111ei1 TeopHH onpeAeneHH.A co6cTBeHH~X 3Ha4eHHH 
1-1 co6cTBeHHbiX ¢YHK4Hi1 181

, Ari.A onpeAeneHH.A N-ro co6cTseHHoro 
3Ha4eHH.A Heo6XOAHMO o6opBaTb P.AA~ /3.3/ TaK, 4TO B /3.11/ 
( g • c · ) = 0 • TorAa c Heo6XOAHMOCTbiO 

N+1 N+1 · 

det (A)= 0 , 

&2 2 2 
- = m2 c 2 + ( N + 1 ) I R , 
c2 

4TO cosnaAaeT c ¢opMynoi1 /3.2/. 

/3.13/ 

nocne A06asneHH.A KynoHoBcKoro noTeH41-1ana nesa.A 4aCTb /3.7/ npe-
TepnesaeT cneAYIOlllee H3MeHeHHe: 

·• + 
&- sin x ... & - sin x + JL cos x , 

R 
/3.14/ 

rAe a = f 
2 I ( 1\ . c), 

8 3TOM Crly4ae peweHHe CHCTeMbl CrJeAyeT HCKaTb B CrJeAYIOllleM BHAe: 

ch+ = exp (--Dx)[laksink+s X+ Akcosx sink- 1+s x], 
k 

'P+ =exp(-Dx)[l[b sink+sx+B cosxsink-1+sx], 
k k k 

ch- =exp(-Dx)l[g cosxsink- 1+sx+G sink+sx], 
k k k 

'1'- = exp (- Dx) l [ ck cos x sin k- 1 +s + Ek sink+ 8 x] • 
k 

8 

13.15/ 

noKa3aTerJH D 1-1 S MOryT 6~Tb Haa:iAeHbl 1-13 peweHH.A /3. 15/ B oco6~X 
T04Kax, npH cosx .. o·"' npH sinx .. o.nonara.A sinx=O,nony4HMs=vk2-a2 
pewa.A CHCTeMy npH cos x-.0 , nony4HM D: 

D = (-&-&+ + (£2- 1) + !_ J &-&+ )112 • 
R2 R 

/3. 16/ 

CneAYIOliiHH '3Tan COCTOHT B nOACTaHOBKe /3. 15/ B CHCTeMy ypaBHe
HHH /3. 7 I c y4eTOM 3aMeHbl /3. 14/ 1-1 npHpaBHHBaHHH K HYrJIO s~pa>Ke
HH.:i npH OAHHaKos~x CTeneH.AX sinkx 1-1 cosx sink-1 x. TaKHM o6pa3oM, 
Mbl nOrJY4HM CrJeAYIOliiHe peKyppeHTHble COOTHOWeHH.A ArJ.A K03<fl<!JH4HeHTOB 
pa3rJO>KeHH.A: 
~- a f + 1 k + s-f D E 
4.9 ak - - Ak = -- bk ------ 0 k -- k -

R2 R R R 

a A k+S+f+1 -R2 k+2 + R 
0 k+2 • 

&+b _..!!,_ B =~ b 
k R2 k R k 

k + s - e a - E.. ck -
~·'"'k R 

_....!!-B + k+s+f+l 
R2 k+2 R gk+2 • 

&- a f-1 k+S+f 
- Gk-- gk =-- Ek + 2 Bk + Dbk-

R R R2 R 

a, k+S-f-1 B -R gk+2- R2 k+2 • 

&+ a f- 1 k + s + f D R Ek - R ck = -7 Gk + R2 Ak + ak -

-l!...c 
R k+2 

k + s- e- 1 Ak+2 
R2 

&-g + ~ G = _,i=..!_ c - b k + s + ~ + 1 D B 
k R2 k R k k R + R k • 

c-+ a f- 1 k + s + f + 1 D A 
\9 °k +- Ek = -- gk - ak + - k • 

R2 R R R 

ff,- A +E-. a = i.:!:..!. B + E k + 8 + 1 - f De 
R k R k R2 k k R2 k ' 

fb+B a b _ f+1 A G k+S+1-f D 
. k+- k--- k+ k - gk. R R R2 _., 

13.17/ 

/3.18/ 
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B ypaBHeHIII.RX 13. 17 I K03<)><I>IIIl.lllleHTbl c IIIH,QeKcoM k nepeHeceM B O.QHY, 
a C IIIH,Q€KCOM k+2B ,Qpyry~ CTOPOHy.An.R onpe,QeneHIII.R C06CTB€HH~X 
3Ha4eHIIIi1 o6pbiBaeM p.R,Q Ha k = N -4neHe. 3aMeH.A.R B 13. 17 I 111 13. 181 
IIIH,QeKC k Ha N 111 nr~1paBH111Ba.R 4neH~ c IIIH,QeKcoM N + 2 HyniO, no
ny4111M 8 ypaBHeHIIIH Ha 8 H€1113B€CTH~X. nocKOnbKY M~ IIIM€€M O,QHOpO,Q
Hy~ CIIICTeMy ypaBH€HIIIH C HeTpiiiBII!anbH~MIII peweHII!.AMIII, TO ,Q€TepMII!HaHT 
CIIICTeMbl C He06XO,QIIIMOCTb~ paBeH Hyn~. 3TO yCnOBII!e Ill onpe,Qen.ReT 
C06CTB€HH~e 3Ha4€HIII.R CIIICTeM~. MeTO,QOM IIICKnl04eHIII.R H€1113B€CTH~X 

MOmHO CB€CTIII 3a,Qa4y K ypaBH€HIII~ 

det 

a 2 -(N+s) 2 +f 2 

R2 

( 

2D ( N + s) - 2a & -

- 2 ~ 2D ( N + s) - 2a &, -

2~ ) 

a 2 -(N+>J'+I 2 R 

R2 

Pewa.R nony4eHHOe ypaBHeHII!e OTHOCII!TenbHO &, , II!MeeM 

= 0. 

&, =-
1.2 

j_ =2 2 2 
Z1.2 + ~-- _ z1.2 + z1.2 

(N+s)2+a2 1+ a2 (N+s)2+a2 [(N+s)2+a2]2 

(N+s) 2 

9 '-- '9 ... 9 -

zt ~ a - \ I'll + t; J + t ·· + 4a 

2R 

13.191 

2 2 0 2 
z =a +(N+s) -t -2a 

2 2R 

2 
=2 -2 e - t 
m =m +---, (c=l). 

R2 

nplll R~~ <)>opMyna 13.191 nepeXO,QIIIT B 1113B€CTHy~ <)>OpMyny 3oMMep<)>enb
Aa- AHpaKa- AapBII!Ha. no,QcTaBIIIB 13.191 B COOTHOW€HIII.R 13.171-
13.181, no peKyppeHTH~M <)>OpMynaM M~ Onpe,Qenii!M K03<)><)>1114111€HT~ pe
W€HIIIH 13.151. CnaraeM~e, CO,Qepma~ll!e Zl 2 ,o6ycnosneH~ BKna,QOM OT 
cneKTpa HecB.R3aHH~X cocTO.RHIIIi1. Aeno B TOM, 4TO B oTnlll4111e OT o6~4-
Horo cny4a.R <)>opMyna 13.191, pasHo KaK 111 <)>opMyn~ 13.17/- /3.181, 
onpe,Qen.RIO~He peweHH.R ypaBH€HH.R,O,QHHaKOBO npHrO,QH~ KaK ,Qn.R CB.R3aH
HbiX, TaK Ill HeCB.A3aHH~X COCTO.AHHH. Mem,Qy 3THMH COCTO.AHH.AMH HeT 
pe3KOH rpaHHI..l~, nOCKOnbKy HeCB.R3aHH~e COCTO.RHH.R TaKme onpeAen.RIOT
C.R AHCKpeTH~M cneKTpOM. 
10 

Ao peweHH.R 3a,Qa4H Mbl snpase 6binlll omH.QaTb pac~enneHIII.R AHpaKos
CKIIIX ypaBHeHHH 3HeprHIII ABYX TlllnOB. nepBbiH Tllln pac~enneHIII.R AOnmeH 
6bln B03HHKHYTb B ClllnY y,QBO€HH.R 4HCna ypaBHeHIIIH CHCTeMbl, BTOpoi1 -
3a C4eT KpiiiBH3H~ npoCTpaHCTBa, a IIIMeHHO 3a C4eT npHMeHeHH.R 6a3H
COB sinkx Ill cosxsink-l X, KaK BHAHO 1113 npeA~AYIIIHX <)>opMyn, nep
BbiH THn paCUienneHH.R, KOT0p~i1 MOmHO 6~n0 6~ CB.R3aTb CO CABIIIrOM 
n3M6a, He COCTO.RnC.R. BTOpoi1 THn paCUienneHH.A B~pameH B <)>OpMyne 
13.19/. OH aHanorll!4eH csepxTOHKOMY pac111enneHH~, OAHaKo noBeAe
HHe ero nplll N ~oo Ill f-> oo CYllleCTBeHHO OTnH4i'leTC.R OT noBeAeHH.R 
no H3BecTHoi1 <)>opMyne <!>epMH 191 , B HaweM cny4ae np111 ysenH4eHIIIIII 
N Ill e ~E = I &,2 - &, 1 I MeAneHHO, HO pacTeT. 
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npHHHMaeTCR OO~OHCKa Ha npenpHHT~ H C006~eHHA 06De~HHeHHOrO HHCTHTyTa 

R~epH~X HCCfleAOBaHH~ . 

YcTaHoeneHa cneAy~aR CTOHMOCTb noAnHCKH Ha 12 MecR~ee Ha H3AaHHR OHRH. 
BKn~~aR nepeC~flKY, no OTA e flbHWM TeMaTH~eC KHM KareropHRM : 

HH,llEKC TEMATHKA 

1. 3KcnepHMeHTanbHaR ~H3HKa BWCOKHX 3HeprHH 

2 . TeopeTH~ecKaR ~H3HKa awcoKHX 3HeprHH 

3. 3KcnepHMeHTanbHaA HeHTpOHHaR ~H~HKa 

4 . TeopeTH~ecKaR ~H3HKa HH3KHX 3HeprHH 

5 . MareMan11<a 

6. RAe pHaA cneKTpocKonHR H paAHOXHMHR 

7 . ~H3HKa TR*enwx HOHOB 

B. KpHoreHHKa 

9. Yc KopHTenH 

UeHa noAnHCKH 
Ha rOA 

10 p. Bo Kon. 

17 p . Bo t<on. 

4 p. 80 t<on . 

8 p. Bo t<on . 

4 p. 80 t<on. 

4 p. Bo t<on . 

2 p . 85 t<on . 

Z p. 85 t<on. 

7 p. Bo t<on . 

10. AsroMaTHaa~HR o6pa6oTKH 3KcnepHMeHranbHWX 
AaHHWX 7 p. Bo t<on. 

11. B~4HCnH renbHaR MaTe MaT HK a H r e xHHK a 

12 . XHMlo1R 

1 3 . TexHHKa ~H3H4ecKoro 3KcnepHMeHTa 

14. Hc cneAOBaHHR reepA~X ren H *"'AKoc re~ 
RAePHWMH Me ToAaMH 

15. 3KcnepHMeHranbHaA ~H3HKa AAePHWX peaKuHH 
npH HH3KHX 3Hep r HR X 

16 . 

17 . 

18 . 

19 . 

no3HMeTpHR H ~H3HKa 3a~HT~ 

leOpHR KOHAeHCHpoBaHHOro COCTOAHHR 

Hc nonb30BaHHe pe3ynbTaT08 H MeTOAOB 
~YHAaMeHTanbHWX ~H3H~eCKHX HCCneAOBaHHH 
8 CMeMHWX o6naCTAX HayKH H TeXHHKH 

bHOCI>H3HKa 

6 p . Bo Kon . 

p . 70 t<On. 

8 p. Bo Ko n . 

1 p. 70 KO n. 

p . 50 KOn . 

p . 90 Ko n . 

6 p . Bo t<on. 

2 p . 35 KOn . 

1 p . 20 Kon . 

0oAnHCKa MOMeT fiWTb o¢o pMneHa C nofioro MeCR~a TeK~ero roAa . 

no seeM eonoo caM ~opMneHHR noAnHCKH cneAyeT o6pa~aTbCR 8 H3AaTenbtKH~ 
OTAen OHRH no aApecy: 101000 MocKaa, rnaeno~TaMnT, n/R 79. 

5IManeeB P.M. P2-85-722 
CneKTp aTOMa BO~Opo~a B TpeXMepHOM npOCTpaHCTBe 
ITOCTOHHHOH KpHBH3Hbl C rpynnoH ~BH>KeHHH SU ( 2) x SU ( 2) / ± 1 

PaccMoTpeHo ypaBHeHHe AHpaKa Ha TpexMepHoJ:i c¢epe c rpynnoJ:i 
~BHlKeHHH SU(2) x SU(2)/±1B nHTHMepHoM nceB~OeBK.llH~oBoM rrpocTpau
CTBe , ITO.JlytteHa ¢opMY.lla ~Jll'l cneKTpa 3HepqiH H BOJli!OBbie ¢yHKI.(HH 
3.lleKTpoHa B i<:ynoHOBCKOM none aToMa, Bo~opo~a. lioKa3aHo, 'ITO npH 
R -+ oo / R -pMHYC c¢epbi/ nOJJY'leHHaH ¢'0PMYJ1CI nepexo~HT B H3BeCTHYIO 
¢opMYJIY AJ.ipa·I<a - 3oMMep¢e.nb~a - AapB,HHa. Ilony'leHo pac~enneHHe 
yp oBHeH, aHanOrH'lHOe H3BE!CTHOMY CBepXTOHKOMY paCII.IeTIJleHHIO, Ilo
Jiy'leHHble ¢OPMYJ1bl O~HHaKOllO npHrO~Hbl gJIH OtmcaHHH COCTOHHHH 
3Jl eKTpOHa KaK B CBH3CIHH.OM, T8..K H B HeCBH3aHHOM /g.nH 3a~a'!H 
CeHHHH/ COCTOHHHHX. 

Pa5oTa .BbiUOJIHeHa B lla5opa'rOPHH Bbl'lHCJlHTeJlbHOH Te:icHHKH H 
TdMaT!13a~HH OlliiH. 

CooO!IIeHHe 00'beAHHeHHOt''o HHCTHTy Ta l!AepHbiX HCC1!eAOBaHHll:. ,lly0H a 19 85 

IlepeBOA O.C.BHHorpa~oBOH 

Yamaleev R.M. 
Hydrogen Atom Spe ctrum in Three-Dimensional Space 
of Curvatur e Con s tant with SU(2) .x SU(2)/± 1 

P2-85-722 

Dirac equat ion on three-dimension,al. s pher e with SU(2)~ 
x SU(2)/±1 i n fiv e-d imensional pseudoeuclid ean spqce is con s i 
dered, the fo rmula for e nergy spectrum and elec trorrwa:ve f unc
tions in Coulomb fie ld of hydr ogen atom are der ived . It is shown 
tha t at R ... oo (R-rad i us of sphere) the obtained formula becomes 
the known' formula of Di r ac - Sonnnerfeld - DanTin. Splittin g of 
energy levels analogous to the known .puperthin splitting is 
obt·ained. The obtained formulas are equally suitable for des
c r iption of e l ectron ,state both in the bound and unbound (for 
s cattering problem) sta·tes. 

The ;investigation has been performed at the Laboratory 
of the Computing Te.chnigues and Automation, JINR. 

Institute 


