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HafiAeH npoH3BOnhHblM o6pa30M OPHeHrnpoBaHHblH 3JlJ1HllTHqecKHH 
6asHc ABYMepHoro aToMa BOAOPOAa, Bhl.flCHeHa CB.fl3h 3Toro 6asHca 
c rettepaTopaMH rpynllbl CKPhlTOH CHMMeTPHH 0(3). PacCMOTpeHhl 
KHHeMaTHqeCKHe acneKThl M~6a3HCHblX pasno~eHHH B APYrHX KBaH­
TOBblX CHCTeMaX co CKPblTOH CHMMeTpHeH. 

Pa60Ta BblllOJIHeHa B na6opaTOpHH TeopeTHqecKOH q>H3HKH Ollilll. 
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Kinematic Aspects of Interbasis Expansions 
in Systems with Hidden Symmetry 
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The arbitrary orientated elliptic' basis of a two- dimen: 
sional hvdrogen atom is found, The connection of this basis 
is established with generators of the hidden-symmetry group 
0(3) •. Kinematic aspects of interbasis expansions are ~onsi­
dered for other quantum systems with hidden symmetry. 

The investigation has been performed at the Laboratory 
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BBEAEHHE 

KaK 1-1aeecTH0 111, reHepaTopbl L, P 1,1 K rpynnbl 0(3) CKPblTOH 
CHMMeTpHH ABYMepHoro aTOMa BOAOPOAa /MB/ BMecTe C raMHnbTO­
HHaHOM 8 o6paayroT TPH nonHblX Ha6opa dl.f.) ,(H.~) 1,1 (H,K) one­
paTopoe' co6CTBeHHble <l>YHKLIHH KOTOPblX / <l>YHAaMeHTanbHble 6a3HCbl 
AAB/ eCTb peweHHR ypaeHeHHR WpeAHHrepa, nony4a10U41-1ecR paaAe­
neHHeM nepeMeHHblX B nom'tpHblX 1,1 ABYX noeepHyTblX APYr OTHOCH­
TenbHO APYra Ha npRMOH yron napa6onH4eCKHX CHCTeMax KOOPAHHaT. 
BoaHHKaeT eonpoc - cy~ecTeyeT n1-1 TaKoH o6~HH 6aa1-1c AAB /Ha6op 
co6cTeeHHblX <l>YHKLIHH .raMHnbTOHHaHa H /. KOT<2_PbJ..H: 1 ( eKnro4aeT 
e ce6R .1-1H4>0pMa1.11-1ro o ecex Tpex reHepaTopax L,P HK; 2/ e HeKo­
Top.bJX npeAenbHblX cny4aRX nepeXOAHT B YKa3aHHble BblWe <l>YHAaMeH­
TanbHble 6a3HCbl; 3/ HMeeT <t>aKTOPH30BaHHblH BHA. T. e. RBnReTCR 

peweH1-1eM e paaAeneHHblX nepeMeHHblx? B pa6oTe121 paaAenettHeM 
nepeMeHHblX B 3nnHnTH4eCKHX KOOPAHHaTaX 6blnO AOCTHrHYTO •:0§0e­
AHHett1-1e11 nHWb ABYX ... <t>~HAaMeHTanbHblX 6a3HCOB. - nonRpttoro (H, L) 
H napa6on1,14ecKoro (H, P ). B ttacToR~ei1 pa6oTe noKaaatto, .4To Aanb­
Hei1wee o6o6~eHHe. YAOBneTBOPRIOlqee BCeM TpeM OTMe4eHHblM BblWe. ' 
Tpe6oeaHHRM, AOCTHraeTCR paaAeneHHeM nepeMeHHblX e ypaeHeHHH 
WpeAHHrepa B npOH3BOnbHblM o6pa30M opHeHTHPOBaHHOH OTHOCHTenbHO 
<l>HKCHpOBaHHOH AeKapTOBOH CHCTeMbl KOOPAHHaT 3nnHnTH4eCKOH CHCTe­
Me KOOPAHHaT. 

1. 3nflHnTH4ECKH~ HHTEfPAfl ABHmEHHR AAB 

BBeAeM 3nn1-1nrn4eCKHe KOOPAHHaTbl e<a) I O.s: e (a) < "" I 
IO~'l(a) ~2"1 cneAYIO~HM o6paaoM: 

x .. !l COB a (che (a)COB 77(a) + 1) - !Lstna she<a> sin 77 (a) , 
2 2 

y = !_ Sina (che(a) COB77(a) + 1) + .&, COBa she(a) sin77 (a). 
2 2 /1/ 

Ceo6oAHblH paaMepHblH napaMeTp R H3MeHReTcR e npeAenax O.::; R < 00 • 

np1-1 a=O H3 /1/ nony4alOTCR KOOPAHHaTbl e<O), 77(0) , HCnonb30-
BaHHb18 B pa6oTe 121• 

B aTOMHblX 8AHHHL1ax raMHnbTOHHaH AAB HMeeT BHA 

ii = _ 2 < a2 
·+ _j_:_ > _ 2 • 

R2 (ch2e<al cos2,.,<a>) ae (a) 2 a,.,<a)e R(che<a>.-cos,fa>) 
/2/ 
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Pa3AenRR nepeMeHHble H BBOAR KOHCTaHTy pa3AeneHHR Q • npHXOAHM 
K 113nnHnTH4eCKOMy11 HHTerpany ABH>KeHHR 

" · 2 · 2 (a) (a) 
Q= 1 (cos2,fa).,L._+ch2e:all._) - R che cosn • 

ch2e(a)_co/r,(a) ata)2 arf.a)2 che(a)+ COST/ (a) /3/ 

KOHCTaHTa Q RBnReTCR C06~BeHHblM 3Ha4eHHeM onepaTopa Q. nepe­
XOAR B /},/ J!. Ae~apTOBblM KOOPAHHaTaM H YI.IHTblBaR RBHblH BHA reHe-
paTOPOB L, P H K 111 i :_ •· .. 

-- a a -- 2N +1 a , a 2 _· a2 . · ·2y 
L = -1(-x ...__ - y-), K = --[- -+2(y- - x-· -· -)+ ~::::::;;::], 

ay ax . 4 ay ax2 axa~ ,Jx2+ y2 

p =filhl_c _ i... -2-cx a2 :Y~> + 2x L 
,4 ax ay2 axay · ,Jx2+y2 . 

MO>KH~ AOKa~aTb COOTHOWeHHe 

Q = _i,2 _ 2Rcosa p _ 2Rsifia K- a2 H 
2N + 1 . 2N + 1 • 2 ' 

/4/ 
. . 2 

e KOTopoM_N - 1..1e.noe 41-1cno, onpeAenR101qee cneKTP MB (EN=-~(.(2N+11 ). 
HaioeeM 6a3HC, npeACTaBnR~HH co6cTBeHHble <llYHKl.lHH onepaTOPOB H 
11 Q , 3anHcaHHblX B 3nnHnTH4eCKHX KOOPAHHaTaX /1/. - npOH3BOnbHO 
opHeHTHpoeaHHblM 3nnHnTH4e~KHM 6a3HCOM. M3 /4/ cneAyeT, 4TO 3TOT 
6a3HC YAOBneTBOpReT TpeM BhlABHHYTblM BblWe Tpe6oaaHHRM. ,HaH6onee 
no.nHblM o6pa30M e6HpaR HH<J)opMa4Hro . o rpynne cKPblTOH CHMMeTp1-111 MB. 

2. PA3nOJKEHl1E no nom1PHOMY 6A311CY ,QAB 

npoH3BOnbHblM o6pa30M op1-1eHTHPOBaHHblH 3nnHnTHl.leCKHH 6a3HC 
MB CBR3aH C 3nnHnTH4eCKHM 6a3"1COM,. nony4eHHblM B pa6oTe 121 npe-
06pa3oaaHHeM epall\eH1-1R. B pa6oTe121 6b1no noKa3aHo, 4To 3nnHnT1-1-
4ecKHH 6a31-1c ,QAB onpeAenReTCR pa3nomeHHeM 

(O) (0) N · 'Pi~ , T/ ; R) =rrr;=:Nw IIJ (R) 'P:Nm (r. c/,), /5/ 

a KOTopoM q,Nm - nonRpttblH 6a3HC MB, a K03<J)<llHllHeHTbl Wm(R) 
H co6CTB6HHble 3Ha4eHHR 3nnHnTH46CKOH KOHCTaHTbl pa3):\eneH"1R Q 
nony4alOTCR H3 Tpex4neHHoro peKyppeHTHOro COOTHOWeHI-IR 

! ,J(N-m)(N+m+l) W.m+l +! .,J(N+m)(N~+1) Wm-l 

'- (2N+1)~·Q -1# W 
- . m 

2R(2N_-+:1) 
/6/ 

H AOnonHHTenbHblX ycnoBHH 
- \. \ 2 \,,. 

\ 

,;. 

J 

I , ... 

.,. 

WN+l =W_N-l=O, 
N 2 . 
I I W ·1 = 1. m 

m"'-N 

'ii, 

TaKHM o6pa30M, HCKOMblr:i,npoH3BOnbHblM o6pa30M op1-1eHTHPOBaHHblH 
3nn1-1nTH4eCKHH 6a3HC HMeeT BHA 

q, N (t(a) • T/(a), R) = m!-N Wm (R)e -ima, __ 'l'Nm (r, c/,). /7 / 

noA4epKHeM, 4TO 6a3HC /7/ nony4aeTCR B ABa 3Tana: 1/ BBeAeHHe 
3nnHnTH4eCKoro 6a3Hca /5/, Y4HTb1BalOU\ero cne4H<J)HKY KynoHoea 
nonR; 2/ epall\eHHe, eKnro4alOU\ee e 1-1rpy 11HeAOCTa101qHH' 1 reHepaTop 
rpynnbl CKpblTOH CHMMeTpHH H HOCRU\ee 4HCTO KHHeMaTH4eCKHH xa­
paKTep. B peKyppeHTHOe COOTHOWeHHe /6/ He BXOAI-IT yron a , H 
n03TOMY co6CTB6HHble 3Ha4eHHR KOHCTaHTbl pa3AeneHHR Q 1-1Heap1-1aHT­
Hbl OTHOCHTenbHO epall\eHHH B nnoCKOCTH (xi y). C APYrOH CTOPOHbl. 
B onepaTope /4/ yron a <J)HrypHpyeT. YKa3atiHOe HeCOOTBeTCTBHe 
yCTpaHR6TCR, ecnH 3aMeTHTb, 4TO npH nepeXOAe B. /4/ K 11conyTcT­
BY~HM11 KOOPAHHaTaM (x',y'), noeepHyTblM OTHOCHTenbHO (x ,y) 
Ha yron a, 3aBHCHMOCTb OT a B00611\e "1C4e3aeT. MexaHH3M, 060RC­
HR~HH H63aBHCHMOCTb co6CTBeHHblX 3Ha4eHHH onepaTopa /4/ OT yr­
na a , MO>KeT 6b!Tb ycTaHoeneH H Ha 6onee <J)opManbHOH OCHOBe. 
YpaeHeHH_R 

H'l'ig<a!,.,(a) ;R) -=- 2 2 'Pit(aJ,.,<a~R), 
(2N+ 1) 

Q q,N cl~\,<a>;R)=Q'l'ie<a>, 17(a);R), 

pa3no>KeHHe 
N 

'I' ce<?>11<a>; R) = I T (a) 'l' (r,ct,) 
N m=-N·· m Nm 

/2/ 
H B3RTble H3 pa6oTbl <J)opMynbl 

A m m' ,.. 
( 'I'* ,(r,c/,)P'P (r,c/,)dV "'(1) (-i) f q,N• ,(r,c;6)KIJ1 (r,c;l>)dV=-

Nm Nm m Nm 

=- .l..y'(N-m)(N+m+1) 6 , 1 - -¼-v(N+m)(N-m+1) 6 ·, 1 2 m,m+ ;:: m,m -

npHBOART K peKyppeHTHOMy COOTHoweHHIO 

.1..
2 

,J (N-m)(N+m+1) eta T 
1
(a) + .1..,J (N~m)(N.!.m+1) e-ia T 

1 
= 

m+ 2 m-

= (2N+1)2Q-R
2 

T (a). /8/ 
2R(2N +1) m 

Tenepb 046BHAUO, 4TO /8/ nepeXOAHT B /6/, ecnH coeepwHTb 

3aMeHY ~Ima 
Tm (a)= e Wm. 
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3. ,llPYntE Cl1CTEMbl CO CKPblTOtl Cl1MMETP11Etl 

3nnHnTH4eCKHH 6a3HC Kpyroeoro OC4HnnRTopa H c¢epOHAanbHble 
6a3HCbl aTOMa BOAOPOAa H TpexMepHoro H30TponHoro oc4HJU1RTOpa 
a pa6oTax'3- 51 o6cymAanHCb c no3HUHH AononHHTenbHblX HHTeroanoe 
ABHmeHHR, nony4a~HXCR B paMKax MeTOAa pa3AeneHHR nepeMeHHblX, 
0606llleHHe pesynbTaTOB 3THX pa6oT Ha cny4aH npoH3BOnbHOH OpHeH­
Ta4HH HanpaeneHHR, BAOnb KOTOporo -BBOAHTCR pasMepHblH napaMeTp 
R, MomeT 6b1Tb coeepweHO,TeM me nyTeM, 4TO H BblWe. B _CBR3H C 3THM 
Mbl 3AeCb npHBeAeM nHWb ¢opMynb1, onpeAenRl()U(He AOnonHHTenbHble 
HHTerpanbl ABHmeHHR: 

a/ KpyroeoH oc4HnnRTOP (h=µ= e<>.,. 1) 
... '"'2 2 ... n2 ... R 4 . 
Q=-L - .E:cos2a P - ~ sin2aK +-, 

2 2 64 

... a2 2 a2 ... a2 
p .. .1.(x2 ---Y +-), K .. L(xy- · ), 

4 ax2 ay2 2 axay 

6/ aToM· BOAOPOAa 

£ =-t...L; 
a¢, 

"" """ R "' ,,.. A 2 ..... 
Q = - L2 

- "ii'"(cosasinfJ Ax + sina sinfJ AY + cosfJA 1) - ~ H 

" [ a ➔ Xi] A1 =-n "'r::'"(t-v )-xiii +- ; ax1 r 
,. 
L - KBaApaT nonHoro MoMeHTa, n - .rnasHoe KBaHToeoe 4Hcno; 

a/ TpexMepHblH H30TponHblH oc41,1nnRTOP (h =/J. = e<> = 1) 

"' " 2 R2 
· "' 2 2 "' "' Q=L + 4 [sin 2 fJcosyA 11 +sin {3sin yA 22 +cos2 {JA3_3 

-sin2fJsin2y.A 21 -cosy sin2,8A31 + siny sin2 ,8.A 32]. 

,. 
Aik = xi xk 

a2 
ax 1axk 

JlerKo noHRTb, 4TO K03¢¢H4HeHTbl, BXOARlllHe B pasnomeHHe 6a3HCOB, 
reHepHpyeMblX BblnHCaHHblMH onepaTopaMH~ no COOTBeTCTBY~HM nonRp­
HOMY H c¢epH4eCKHM 6a3HCaM COAepmaT B ceoe 3KCOOHeHTbl HD-¢YHK-
4HH B1,1r~epa, sasHCRlllHe OT yrnoe, 3aAa~HX opHeHTa4H~ CHCTeMbl 
KOOPAHHaT, 

3AKJl104EH11E 

11TaK,npoHseonbHO opHeHTHpoeaHHblH 3nnHnTH4eCKHH 6asHc MB 
3aBHCHT OT ABYX napaMeTpoe - R H a , nepBblH '13 KOTOPblX HOC'1T 

:4 

! 
: 

;' 

I 
'1 

I 
1 
I: 
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1 
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AHHaMH4eCKHH xapaKTep /CKpblTaR CHMMeTpHR/, BTOpOH - KHHeMaTH-
4eCKHH /4eHTpanbHaR CHMMeTpHR/. E~e OAHHM nOATBepmAeHHeM CKa3aH­
Horo RBnReTCR TOT ¢aKT, 4TO ¢0pMyny /4/ MOmHO nony4HTb TalOi<e 
H3 ~HTerpana ABHmeHHR, npHBeAeHHoro a pa6oTel21 , coeepwaR noeo­
eopoT nnocKOCTH ( X, Y) Ha yron a H. Y4HTblBaR ~eKTOJ>HblH /OT HOCH-· 
TenbHO 3Toro noeopoTa/ xapaKTep reHepaTopoe P H K • 
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