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BBEAEHI-1E 

B HaCT OR~ee BpeMR eCTb BCe OCHOBaH~R C4~ T aT b 4 aeT OBY~ C~MMeT 

p~~ KBapKO B SU(3) c oc060~ cpeAVl AP y r~x BHYT pe H H~X CHMI1eT p vH1 

3neMeHTapH~X 4aC T~ 4. Ee COBepWeHCTBO B03BOA~ T ee B p a H r T aK~ X >Ke 

COBepWeHHblX CHMMeT p~~, KaK Hepa 3 nVl4VlMOCT b TO>KAeCTB~HII~X 4 aCT~4 

Vl U(1) -CVlMM e TpVlR 3neKTpOMarHVlTHb!X B 3a~MOAe~cTBVl i1. 
B CBR3~ C 3TVlM r~p cei1 Vl r~Hai1AVlH .' l ' npe.qnp VlHR Il~ 1l0nt,IT KY CBR 

3aTb 3TY cVlMMeTp~~ C anreGpaVl4ecKO~ CTPYKT Y PO~ n Ollri1, n OC l poeH -

HblX Ha OKTo HVl oHa:{ , Vl ~lHTepnpeTVlpOBi3Tb SU (3)c K aK nOJ\ I- pynn y 

rpynnbl a BTOMO PCll~3MOB OKTOH~OHOB. np~ 3TOI~ " OI<TOHI-101l 1I Ql ' n o n e " G2 
paCCMaTp~ Ba eT CR He KaK Ha60p "4B eT HbI X KOMnO HeHT" , oGn, IJYl'llljl l X 

TpeXMe pHoe n p e A C T a a ne HVle rpynnbl SU (3) c ' a, CKO PCC , K.'I( l'W1 11 ,) R 

BeIlVl4VlHa- Mo Aynb , HaA KOTOPO~ npO~3 BOART C R one p auVl~ YI~II(l)ll(' IH1H 11 :1 

OKTOH~O Hbl C oGe~x C 1 OpOH. lia T a KOM ny T ~ on~c aH~R l.\ Bl,; I UElI)i:i (W~ 

Me TP~~ KB a p K O B B 03HVlKi3~T ABe 3aAa4~: 1 / CllopMyn ~ pO a K <3 K;JJ1~GP\J

B 0 4Horo np~Hl.\ Vlna Hcnoc pe.qcTBeHHO B TepM~Hax OK T OH VlOHOB, '1 / Il v 

npOT~B ope4~Boe n oc rpoe HVl e COO TB eTc TB yt0ll1ero rVlnb6epl oB<J rtp()( 1 jl.tll 

CT Ba B eKTop OB C OCTORH~i1, B K OTOP OM OKTOH~ OH Hoe none A c i1CTBY " , 

KaK IlVlHei1H~i1 oncpaTOp. He aCCOUV1aTMBHOCTb OKTOH~OHOB RBlln~ I Ln ( 1( 

HOBHOi1 npVl4VlHoi1, no KOTOPOi1, HCCMOTPR Ha OnpeAen e HHbllJ YCfWX.1 

06e 3TVl 3aAa4~ n OKa 4TO He n onY4Vln Vl OKOH4aTenbHoro P L: Wl!I H1H . 

Mbl MO>KeM, o.qHaKO, BpeM'2 HHO o T cTy nVlTb Hi) Wi3r H a3aA '" Ulli> oIl< l l b

CR K 60nee npoc Toi1 3a.qa4C: paCCMOTp C HMK> TeopVl'" non <.:i1 , 111)1 11'111' 11 

Hbl X Ha KBaTepH~OHax . nOM"'MO Tor o , 4TO TaKoe paCC Mo' p<.: HVl( 111" '11 

C TaBIlR eT ca MOC T OR T C." bHhl ~1 ~Hr cpe c, e ro I~OI~HO C4I-1 T i)Tb Ta Kt'< ' · I ljl" I~

')a p~TenbHbIM 3Ta n O M nepeA nepexoao/~ K ~ccneAOBaH~ 1O KaJ1~Gp()IIIJ 'H II,I X 

OKTOH~OHHbIX nonei1. L\ ei1c TB~T enb H o, y 3HI X ABYX np oGnCt1 101 111)1 IJ dj 
ll\~ X xa p aKTcpH b/X 4 I:: PT. KBaTepH~ o HHoe n o n e , KO l opoe Mbl I B11Kl' IIJI I'1 

KpaTKOCT~ 6y.qeM H a3bl BaTb "KBaT ep n oneM", TaKlKC I1B J1 R l! T Cfl I1nIlYJIl 'M, 

~ Cllop Myn~ po B"a Kan~6poB04Horo np~HuVlna He nocpCACHlLIl I Ir) " 1" PMI1 -

Hax KBaTepHVlOHHblX n pe06 pa 30 B a H~i1 ~Mee T MHoro o Gu\l'ru I. IiJl,f)MYJIVl

POBKO~ 3Toro np~Hu~na B TepM~Hax OK TOH~OHHbIX n [) l: , )CIIJoIlr> lj, II I"111. 

AH anorVl 4Ho n OC TpoeH~e r~nbG e pT o Ba n pOCTpa HC Tl3a IH ' I( l O IJll1J l . OC.TO 

RH~t:1, B KO T O POM KBaTepH~OHHoe n one A e i1 cT ByeT Kol lt 1111 111 11 11 1011 '1 onepa 

T Op, T aK>f( e VlMe CT pR.q oc06eHHocTet:1, CB R3allllbiX <: II l·I«("~ lI yl.l lj lB

HOCTbl'l KBaTepHVl ()HO B, XO TI1 3TO CBoi1c.. T8 0 Bbl rJl I1/.\~l1 111' 11 (' " 1I 1'C)Gbl4H blr~, 

4 e M H e aCCOI..\~ a Tl1 BHOC Tb OKTOHVlOHOB . fl a l~ HaA P<.Jtil, l,.j rl l/ , 11111.111 ' 11 .1 pac 

CMOTp e H~~ n e p B ot:1 ~ 3 3T~X .qB YX 3aAa4 . 

4TO KacaeT CR CllM31-14CCK~X np~no)lleH~i1 TCOp~~ KU~ l ~p non~i1 , TO OHa 

TaK>Ke MO>KeT nocnY>'<MTb ynpo~eHHblM 8apM i)H T Ot.o\ t,)fi'bt.:A~He ll "lA llen T O HO B 

,.. !1 4Be THbiX KBapKO B B OAHO KB~T ep nO'lle, KO f AD n c; nTOHY co n OCTaBnReT
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CR e r o CK a nRPH a R , a 4 Be THOMY KBa pKY - Be K T op HaR 4aC~b *. OA Ha

KO , Ka K ~ 3 Bec THO, r py nno~ aBTOMop~~3MOB K Ba T epH~OHO B R BnR e T CR 

50(3) ~ n o 3TO~ np~ 4~ He COO T8eT c -By~aR e~ Kan~6poBo4HaR Teop~R 

6 YA e T OTn~ 4 aTbCR OT $M 3M 4ec Ko~ KBaH T oBo~ XPoMoA~HaM~KM I KXa/ . 
B CBR3 M C 3 TMM Mbi n penno4 ~ T aeM B .::n Y 4 ae T e opM M KBaTe p none~ rO BO

p~Tb 0 " nceBAo4 BeTe" M InceBAo-KXA " . 

MaTep~an pac nono~e H cneAY~~MM ~6 pa30M . B p a 3A . l ~3n a r aeTCR 
Teop~R Ma~opa HoBc Ko r o K BaTepno n R ~ 803 MO~HOC Tb on~caH~R C e r o 

n OMOLUb lO n enT O HOB ~ l 'nce BA 0 4 BeTHblx" KBapKOB. B pa3Aene 2 a TCPM v1 

Hax K Ba T e p HM O HHWX n peo6 pa30BaHM~ 3To r o nonR ~ooMynMDycTcH K~n~G 
PO B0 4HWVt np~H4M n ~ B BOART CR cooTat:TcTaYIOUl~e IJI.!K'OPllhll! Ihl IlMlJpO

B04Hbie KB aTe pnOnp. / " nc eBAQnenTO I(B<lP I(~II , I "ne ,.'lI / I( I! JIKlllllhl" l . I ,1M ~e 
nOA4ep K~ BaeT C R r n y 60Koe pa3JlM41H' Ml'~J\ Y S()(-41 r l ,y n n ')I1 .tiIU.J I)M 

aHTj;OCT~ cooT BeTc TBy~ero )1 ,lrpa l l>KMoIlicl , I 1'1 n <'11 1 L,Y 11 11t 11i SOla 
ilB TOMOD(j)V13MOB K BaTe p H I-1 0 1l0D . 13 I),I .H\.) "" i It IIt lll l' 11 111 1\ ' 11111 1 L ,( .. /lA P -

Horo K B a T e p n o nR npOM31:10J\ M 1(1\ 1 111 11 11 01 11 11111' lI , il IYIII' '''1' S( I{ I ) I. >1MMe T

PV1 M AO 80 (3) V1 nC l:Bi \UJl t' II I IHW.t p I{ I HII ,1 1I I l lli lH" II PI1)\ ••• 1" )"ll ( ,I, 

To rAa Ka K n CC BAorn IOC)III,1 I)C 1.110 1 C n (i , ' IM,ILI 1.1I1M-,1\ Ii 1,1I( /lKI"l l ll ll l nOA

BOA RTCR V1 Tor l1 paCO~O!p/ ' I II I ~l . B 1lllrul /III I' 1I11I 1 It ll I I I(IJ >1 IDO»'.!)I,' 1"1< II () B

Hbl e IlJaKTbl , or IlOCfl ll\M('U I I( .J I I I L'l ' l)l· I<U" TI ' II" 11 0 1I tlll. 

1. t1 Afi10P I\HOOCI{O t I( BI\ f LP II OJl [ 

Mai1opa IlOBC I<OC Kl)i)TUpn On e o npeAe JlV1 M Ka K ** 

'J (x) = 0 I (x / CY MMa n o I = 0,1 , 2 , 3/, /11 

rAe W ( (x ) - M ,1 110P ilHoBC K~ e 3PMV1TOBbl nom'! , c OB n aAClIOU\ ...,, · \ I) (,. F!O~ -

M~ 3aPRAoBo-con~H~e HHw M"" non R MM : 

07 (x) . ~ W, (x ) V' le (x) 12/ 

IcnV1HopHbl i1 V1I1 AeKC MI~ 8K!1 f1)4ae M B aprYMeHT x I. AnR Toro 4 TOGw He 

B03HM K a n a nOT p c6Hocrb B YMHo~eHV1M KBaTepHI-10HOB Ha KOMn n e KC HbiC 

* 1:$ 3 ' Ubl.l l CQJUP~IYJII ! p013aH KaJ1H OP OD O'-lHblii n pHliUlHI .!VI R K D 2Teplll1

OH HOi'l KH<l HTODoi i H c!XOl ll lllnt H Ha ero OCBo s e ObU1a np ennpHHR T a OA Ha 

11 3 nep J3bl X nnl l1,l'I on. l l [) 'b e.AH li emiR 3ne K 'I'p OMarHHTHoro H cn a 6oro 

B3 aHMo,Ue iic Tll l li'l . C~I. T<1I<r.<t: '4 

** JAe Cb ~1hl y n oTp eGJ I I1~M r p e '-l eCKHe }fllAeK Cbl ( K 11 '1' • .0. •• n p11 

H I"I MalOll~H e 3 H a 'i e ll J1 R 0, I ,2 , 3 ,QJUI 060 3 J-l a'leHHR OT ,[\e.n blft,I X K OM110IlelI'1' 

KBa Tcp nonR. B ,U<1Jlh llei illl f2M rp c 4 e cKHe HHAeKCb l 6 YA Y T H r p aTb ponb no-
peHU-H HAeK C OB. Op,HdI( O nY T UllliUI .I He B03 IlHI( H e T, nOCKonbK Y A anee 

Ks a Tep n o n H 6 YTlyT BblC1'ynaT b K a K Ue.rroe, H Mhl He 6YAel·j paCCM a T p l1 

BaTb HX OT):I enbHble KOl'tno H e H'J'bI. 

4~cna, MW BC~AY B AanbHe~weM 6 YAeM ~cnonb30BaTb Ma~opaHOBCKoe 

npeACTaaneHMe, a KOTOPOM Bce MaTpV1Llbl a k / k = 1,2,31 V1 if], 
BxoAR~~e B ypaBH e HV1e AV1paKa, Be~e cTBeHHw . KOMMY Ta4MoHHwe COOTHO

weHV1R AnA Mai1opaH o BCKV1X none~ V1Me~T BV1A aHT ~ KOMMY TaTopa: 

1t/I, (x) , !/J (y) 1 =-is ' K 8 (x - y) f] n p M x - y. /31 
K 

3AeCb 101 HIo1>Ke x - y 03Ha4aeT npocTpaHcTBeHHo-no A05Hoe p a 3Aene 

HV1e T04eK x )11 ':l • 
HHorAa YA06Ho n peAcTaBnR T b cKanApHYD 101 ee KTopHYD 4 aC T M K Ba

TepnonR / 11 B BIo1 A e cTon54a 

!/J 0 (x) ]
t/I (x) = /4 1 

[ ;t (x) 

np~4eM CKanRpHY~ 4aCi b Mbl 5YAeM Ha3blBaTb "nenToHHoi1 " , a BC K ; U P 

HY~ yaCTb - • ' I<BapKoBo~ lI. np<lBV1nO YMHOIKeHV1R KB aTe p none ~ , CO r Jl, )C HO 

npaBV1ny yMHo~ e H I1A KBaTepHV10HOB ICM. AononHeH~e/, n pM HJIIM;)C T a M 

r, [ wo(x)] r !/JO (y)] [t/!o(x)wo(y)-;t(x) . !/J' (y 1 
!/J(x) !/J(y) j/ 5/ 

./;(X) l.;; (y) !/J O (x) ;;(y) ... .t(X) WO(y ) ' if; (X)'';' (Y) . 

3aMeTV1M, 4TO J113-3a nepeCTaHOB04HWX CBO~CTB /3/ CKanRpHo e n po)ll ~

aeAeHV1e B e KTopH~X 4acTei1 KBaTepnone~ aHTV1CV1MMeTDV14HO /C T04 -

HOCTblO AO C -4I-1CnOBW X ~YHK41-1i1/, TorAa KaK BeKTopHoe npOM3B CA C 

HV1e C~MMeTpV14HO. 

ConpR~eHHoe KBaTepnone 

0wQ(x) ~ [ !/J (x) 1 161 

-.p (x) 

H3-3a nepeCTaHOB04HbiX CBOi:1CTB 13/ one p a4V1R conpR~eH )II A /6/ J\JlH 

np0V13BeAeHV1R KBaTepnone~ 151 conpOBO)l{AaeTCR 1~3MeH eH I-1 C M 3H,)I( oI: 

(t/I(x) w (y»Q ~ -!/JQ(y)!/J ,"<x). /7 1 

COCTaBMB CYMMY )11 pa3HOCTb nonei:1 141 V1 /6/, M~ BWn~nMM tK~nR pHY~ 
4aCTb - "nenTOHHoe" V1 BeKTopHYD 4aCTb-"KBapKOBO(' '' ntlnl:: 

wf (x) ~ (w(x) "'1/> ,"<x)) 12 , o (x) = ( t/I(X) - ifJ Q(x)) /2. /8/ 
q 

nenTOHHoe none nOAYV1HReTCA 06W 4 HWM O{JT H ()ljJ e l tl~HM 

1t/lf (x) , wf (y) 1 = -is(x-y) (3 . x_Yo /9 1 
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TorAa KaK KBapKOBoe non e nOA4MHReTCR TpMnMHe~H~M, TaK Ha3~ BaCM~M 

InapaKOMMYTal.\MOHHbIM", COOTHoweHMflM rpMHa ." 5 : * 

([ I/;q (x), I/; q (y)] , I/;q (z)]: 
/10/ 

;.. -2 i[ S(x-z) f3JI/; (y) +2i[ S(y- z ) (3 ] t/J (x) 
II 	 q 

npM x _ y ~ z • K s aAp aT Hble CKOtiKM 03HC34a1OT KOMMYTaTOp. Me)!{AY Co

Go~ nenTOHHoe M KsapKosoe n onR aHTMKoMMY T~ pyIOT: 

/11/11/; f (x), t/Iq 	 (y) 1 ~ o. 

CKanR pHoe np0I1 3BeAUH~1.: I\UYX KO ,) r l!1.JI1one i:1 on peAenMM B BMAe 


(I/;(x) ,I/; (y» '" ( l/;(x)t/JQ(y) - I/; (y ) t/, O(x» /l! 


~ [ I/; f (x) , I/;f (y) ]I 2 - [ I/; q (x) • 1/1 q (y) I 2 	 /12/ 

".. [I/; (x) . t/J (y» )/2 + [ -;p (x) . "'.... (y) -J(y) .": (x) I /'~.
o 0 

COOTHOWeH"1R /9/ M /10/ nOApa3YMesalOT ollUtlll' I,.f ir) l lIllfll "IIIUI 

[ (I/; (x). I/; (y) ) ,I/; (z) ) "" i [ S (x - z) (3) 1/1 (y) - H S(y - Z ) f11 1M a I • /13/ 

nnoTHOCTb raMMnb TOHMa Ha Ma~opC3HOBCKoro KSaTl'I ' I IUlttl l oIll~1u~ n ' TC R 


B BMAe 


/14/J{ (x) '" (I/; (x), H XI/; (x) ) / 2 • 

rAe H X - onepaTop ,QMpaKa 

3 . 
H ~ .= -i( }; akc\ + i{3m) . /15/ 

k= 1 

B HeM nOCTaBneH (\lopManbHbli1 MHO)t{~Tenb i '" v'~ , He np~ I II-IMatOll\~i1 
y4acT~R HM B KaKI1X KsaTepH~OHH~X onepal.\~RX. OH BBeAe H 11I1Wb A11 R 

Toro, 4T06~ nocne paC Kp~TMR B~pa)!{eHMR /14/ 4epe3 KOMnOHeHT~ KBa-

TepnonR OHO OKa3anOC b 3PMI1 TOBbiM B 06bl4HOM CMblcne. KpoMe T o r o. 

KaK /14/, 	TaK ~ Bce H~}t(e cneAytOll\~e aHanorM4Hbie Bblpa)!{eH I1R onpeAe 

nRIOTCR B HopManbHOM CMblcne , T . e. C Bbl4MTaHMeM I1X /pacxoARll\ I1 XCR 

CpeAH"1X no BaKyYMY. 

*3HaK npaBOn q aCTH /10/ npoTHB OnOnO)!{eH 3HaKY B COOTBeTCTBY-

WmHX COOTHorneHHHX fpHHa, rrOCKonbKY rrpH rrpoH3BegeHHH KBa

TeprrOllel1 	 llHIDHHl1 "MJ-IH YC " B03HHK ae T H3-3a ~1HHM OC TH KsaTep-

HHOHHbIX egHHHU. 

4 

r aMI111 bTOHMaH 

H = r dV J( (x) , 	 /16/ 

c ornaCHO /13 / ~ /1 4/, I1MeeT CM~cn reHepaTopa BpeMe HHoro CAB~ ra 

/17/- i at I/; (x) = [ H • I/; (x) 1. 

4 TO ra p a HT l1 p y eT KaHOH~4eCKY~ c or11acoaaHHOCTb Teop~~ Ks aTepnonR, 

pa CCMaTpl1 BaeMOro KaK €.A~HOe none /6e3 pa3Jl0)!{e HMR ero Ha KOMno

HeH Tbl1 11 YAosneTsopRY)!4e ro ypaBHeH~1O ll~paKa * 

ia 1/1 (x) : H{/"t/J(x) . 	 / 18/ 
t J , 

narpaH)!{I1 aH AnR cB060AHoro Mai1opaHoBcKoro KBaTepnonR 3a n~CbIBaeT

CR B B~Ae 

f (0)(1/; ) -- (I/;(x). L~)I/;(X » 
/19/ 

c[ l/;r (7O), L~l;l p (x) ] / 2 - [I/; (x), L(,~)r/J (x)]/2,
J 	 q ~ _ q 

rAe BBeAeHO KpaTKoe 0603 Ha4eHM e 

(0) 	 3 k 
Lf, 	'" i (a t + ~ a ak + i{3m) / 20/

k - 1 

k/MaTp~l.\bI a - c~MMeTp~4Hbl, (3 - aHT~c~MMeTp~4Ha/. npM $OpManb-

HOM Bapblo1poBaH~~ narpaHlf<MaHC3 /19/ no r/J 1-1 I/; Q /~n~ no r/J e ~ 
I/;q / nonY4aeTCR ypaBHeHMe ,Q~paKa /18/ . 

2. KAnH5POB04H~R nPHHUHn 

CKanRPHoe npO~3BeAeHMe /121 /a cneAoBaTenbHO, raMMnbTOH~aH 

/141 M narpaHlf<~aH /19// MHBap~dHTHO OTHOCI-1TenbHO npeoGpa 30BaH~R 

ojJ '(x) ~ a0(x) b , I/;Q'(x)-bQI/;Q(x)", 0 , 	 /21/ 

rAe a ~ b - npOM3BonbH~e KBaTepHMOH~, YAOBneTBopR~~~ e COOTHO 

weHMRM 

• 113 y p3ul l e ill-lil /17/ 11 / 18/ B H~lItJ , 'I TO Ob fT(l li't MIIOli01-renb i 
BXOAHT KaK B neuyK', 13K H Jj np <lsyw '1 <1 (' 1'11 / er-I. / 15// H MOlKeT 

6blTb B o06 w,e Y J],aJl '-'H , Oil (JC Tann Ren:R n HW b JI ..!lH T O T' O , qTofibl BXO,l],H

U(He B ypaBH e l1l1 e ,lll1p ;l. J(<1 o n ep aTll pbl OI,1I1H 3PMliTOBbJ B 061olqHOM Tpa,IJ,H

IJ,HOHHOM CMbICll e . 
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aaQ~bb Q 1. /22/ 

B AOnOnHeH~~ nOKa3 a HO, 4TO npe06pa30BaH~e /2 1/ Ae~cTB~TenbHO 
npeACTaBnReT c060~ 80(4) - npeo6pa3 0 BaH~e B 4eT~peXMepHOM n po 
CTpaHCTBe KO MnOHeHT KBaTepH~OHa . 3Ae c b *e M~ 6YAeM paCCMJTp~
BaTb 3TO npeo6pa3 0 Ba H~e HaA KBaTepnoneM B ~enOM. 

npe06pa30BaH~e /2 1/ cOAe p*~T n OArpynny npeo6pa30B a H~~, AnR 
QKO TO PblX b ,-" a ~ 

l/J Q; ( x) Q Q / 23/l/J' (x) = a l/J (x) a Q • al/J ( x) a

T aK~e npeo6pa30BaH~R 3aTpar~Bn~T n~Wb BeKTopHy~ 4aCTb KBaTepno

nR ~ o6pa3Y~T 80(3) - nOAr py n ny rpy nnbl SO (4) . 3 AeCb cneAyeT 
nOA4ep KH YTb np~H~~n~anbHoe pa3n~ 4~e Me *AY npe06pa30 BaH~RI~~ /21/ 
~HBap~aHTHOCT~ narpaH*~aHa ~ n peoGp~30Ba H~RM~ /23/, 06pa3Y~~~M~ 
a8TOMop$~3M~ KBaTepH~OHOB. n ocKonbKY nocneA H~e coxpaHR~T npaB~

no yMHo*eH~R KBaTepH~OHOB /H KBaTepnone~/ , TO Teop~R BcerAa 
OKa3~BaeTCR ~HBap~aHTHO~ OT HOCHTenb HQ TJKMX npeo6pn30BnHH ~ . 


B TO *e BpeMR OTHOC~TenbHO npO~3Bonbl l blX n peo6pa30BaHHH /21/ OHil 

C caMoro Ha4ana He nonHOCTbY:l ~HBapl'la H Tlt a , nocKo nbKy nenTOHHaR 
H KBapKOBaR 4aCTH KBaTepnonR KBaHTY~T CR co r naC HO pa3n~4H~M npa
B~naM /9/ H / 10 /* . Te M He Me He e M~ MomCM pa 3BHTb Ha OCHOBe 

KanH6p OB0 4HbiX npeo6pa3 0 BaHHH /21/ KanHGpoo04 HY~ TeopH~ KBaTep
nonR , KOTOPYIO, OA HaKO , 3aTeM cnOHTaHHO IlapYW~M AO OCTa~U\eHCR 
HeHapyweHHOH Kan~6poB04HOH rpynnbl aBTOMop~M3MOB /23/. 

~TaK, npeAn o n O*HM, 4TO KBaTepH~OH~ a H b caM~ RBnRI')TCR 
$YHK~HRMH KOOPAHHaT H BpeMeHH x , OT KO TOPWX 3 a BHCRT npeo6pa3Y

eMwe KBa Tep nonR /21/. TorAa npOH3BOAHbl e OT n ocneAHMX npH06peTa
~T aAA~THBHwe A06aBK~ 

a/1l/J(x) .~ a(x) (a/1 l/J(x) HQ(X) eJ/1a (x) if; (x) I 

/24/ 
+ l/J( x) a b(x) bQ(x) 1b( x)

/1 

/3AeCb /1 - nopeH~eB HHAeKc/ . nnR KOMneH c a~HH 3THX A06aB OK BBO

AR TCR ABa nopeH4- BeKT opH~X Be~ecTBeHH~x KBaT e pnonR V (~ ~ 

W /1(~ ' H KOBa p~aHTHaR npoH3BOAHaR onpeAenReTcR B BHAM 

o (x) = a l/J (x) - g [V (x) l/J (x) + l/J (x) W (x) 1. /25/ 
/1 /1 /1 /l 

rAe g - KOHCTaHTa CBR3H BeKTopHblX H MaHOPJHOBCKoro noneH. /lnR 
Toro 4T06~ KOBapHaHTHaR npoH 3 BoAHaR npe06pa30Banacb no 3aKoHY 

* CI1Tya llHfl 3AeCb HarrO MH HaeT cynepcl1~1Me Tpl1'lHOe 06be,uHIIIl I1l1l! 
<b e pM110H HblX 11 6030 HHbiX n oneH B OAHO cynepnone , XOTlI OHI1 KTl;111 1'Y

IOTcn n o pa3 Hh~ np aBHnaM. 
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21/, HY*H O, 4T06bl BeK TopHble nOllR YlMellM 3aKOHbI pe06pa 
30BaHMR 

V.)x)~ a(x~V (x) aQ(x)+(l/g ) a a(x)aQ(x). 26a/~ /1 /1 

W~ (x) '" bQ(x) W /l ex) h ex) +-(l/g ) bQ(x) af.L h(x) . /266/ 

~3 3T YlX 3a KOHO B B~AHO, 4TO Ka*Aoe H3 nopeH4-BeKT opH~ X none~ ~L 

H WM B AeHCTBYlTenbHOcT~ RBll Re TCR KanH6 po Bo 4HbiM noneM OTHOCH
Ten b HO ABYX He3 a B~ CYlMWX npe06pa30BaH~ H /23/ , T. e . SO (3) - n pe 
06pa30BaH~~ Ton bKO BeKTopH~X KO MnOHe HT 3T~X nOlleH· 3TH non R 
cOOTBeTCTBYIOT pa3nomeH~~ 

SO(4) ;:: SO(3) x 80(3). /27/ 

no 3TOH npH4HH e CK all RpHble KOMnOHeHT~ none ~ V/1 ~ W/1 MO~HO C 4~

TaTb paBH~M YI Hyn~ , T .~. C4HTaTb 3TH nonR 4HCTO BeKTopH~MH KBa

T e pnonRM~ . n p~ KsaH Toaa HHH Ta KMe n onR TaK~e n O,D, 4 HHRIOT CR lP~pvl

He~HWM COOTHoWeH~RM fPHHB / C T04HOCTb~ AO 3HaKa np ~BO~ 4 aC TH, 
CM. 3a MC 4 aHMC K ~opMyn e /10//: 

[! V/1 (x) . VL, (y) I. V>,y.)) - -2ig,v.D(z-x) v" (y)
/28/ 

-2 ig vA D(z-y ) V /1 (x) 

np~ x - y -. Z 

T0 4HO T aK~e * e COOTHoweH~R HMe~T Me CTO npH 3BMeHe B / 28/ 
Bcex Hn ~ He CKOllbKYlX nonel1 V Ha W . np~ 3TOM 0 - <!lYHKI1H~ 

B npaBo~ 4aC T~ /28/, COOTBeTCTBY~~He pa3 H~M nonRM, HC4e 3 a~T. 
AHaJ10 r~4~i O 3anMCbIBaY:l TCR ~ B3aHMHbie COO TH owe l;HR, BKllIQ4a~~l'I e no
pe HI1 - BeK TOpHble ~ Cnl'l HOp Hble nonR. n e nTOHHaR /CKanRpHJR! 4aCTb 
0(x) KOM MYTl'lpyeT C BeKTopHblMH n o nRMH, a KBapKOBaR / BeKT opHaR/ 
4aCTb n OA4~HR e T C R TpHnI'lHe~HWM B3aI'lMH~M COOTHowe H~RM, Han pHMe p, 

[I V/1( lt), 'flll(y)l. VA (z)] - - 2ig A/1D(z- x) if; q (y), 
/29/ 

[[ ~ 'I (x). if; (y) 1. V (z) 1 '" 0 1'1 T. A . 
Q 1I /1 

Ten epb COOTHow e H~R /9/ - / 11 /, /23/, / 29/ H HM nOAo6H~e n o nHOCT blO 
onpeAellRIOT KBaHToByta TeOp l'lta KBaTepnolle ~ 6 S 3 npHBne4 eHYl R OTAellb
H~X KOMn OHe HT 3THX none~ 3J ~CKnI04eHl'leM B~AeneH~R nenT OHHOH 
KOMnOHeHT~ cnHHopHoro MJ~OpaH O BcKoro n on n l/J(~ 

'113 ycnoLtll ii /22/ (;Jll!JIY(;I ' , W ill t:K;3.Jl lIP"il ,1 '1 .1C Tb ilM.ll THI:IHbIX 

,D,06 aaOK n / 27/ ()(ip,1IlP L'T!.:1I " HYJl I,: dllaaQ 
I (iJ/1a aQ) Q ~ O . n o -

C K OJlbK Y , KPO~1C Toro. C K<lJIHPIILIC '1 <1C T I! VI' 11 Wf.L KOM I"IYTlIPYJOT C a, 
TO OHI1 lJoo6 u\ c He ll p e O(jpW3YIOTCfI . 
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AnR onpeAeneH~R K~HeT~yeCKOrO narpaH*~aHa Kan~6pOB04HWX KBa AHanor~4HO AnR TeH30pOB ~MeeM 
Tepnone~ COCTaB~M KOMMY TaTOp KOBap~aHTHWX npO~3BOAHWX /25/ 

vW ' ,a Ii vv - av v Ii + (g '2)( [ W/1 • V v 1- [ Wv • V /1]) • /35a/
-{ l / g) [D li •D v l .,u(x) ~ (a Ii Vv - av v Ii -g[ Vii ' Vv ]).,u (x) 

W ~ a W - a W -t (g/ 2 ){ [ v • v )!. [w ,w ]) . /356//1V Ii v v Ii /L v II. v 
-.,u tx)(d W -d W - g[ W .w J) ~ /30/

Ii V Vii Ii v 

Tenepb nonHW~ narpaH*~aH AnA ~c xOAHoro cn~HopHoro Mai1opaHo6~ VIiV I/J (x) -+ I/J (x) WIW 
CKoro KsaTepnonR ~ Kan~6pOBOYHblX KBaTepnone~ 3anHCblsaeTCR B B~
Ae 

OT C~Aa AnA TeH 30pOB Kan~6pOB04HWX none~ nonyyaeM 
!f (</1 . v. w ~ . (L '4 ) (V IiVV~v " w llVW~v ) !- ( t/J (x) .LTt/J (x», /36/

V /Lv = a/L VI/ - a V /L - g[ VIi • Vv J • /31 a/v 

rAe onepaTop A~paKa /20/ 3aMeHeH Ha o nepaTOp C !(OBap~aHTHbIM~W aw--aw +g[ w.w l. /316/
IiV Ii v v Ii 11 V npO~3BOAHbIM~ 

KaK ~ B~pa*eH~e /26/, 3T~ Bwpa*eH~R COO TBe TCT BYDT pa3no*eH~~ 3 kLT i (D + 2. aD ... i.8m ) . 137/27/. t k,- 1 k 

n OArpynna a BTOMop$~ 3MO B SO(3) AsnAe TCR A~aroHanbHo~ nOA
rpynno~ pa 3no*eH~R /27/. An A e e BbiAeneH~ R COCTaB~M CyMMY ~ pa3 -

Ecn~ Han~caTb 60nee nOAP06HO, narpaH*~aH B3a ~ MoAei1c T B~A, BXOAR-
HOCTb none~ 111 ~i1 B /36/. ~MeeT B~A 
VIi ~ V/L ~ W/L' /3 2a/ li l1.£' 83 . ,... (ig / 4 ) l[ "' ali r/J. w 1+ </1 a Ii v (r/J +I/I Q

) + 
/38/

1326 /Wli ~ - Vli - W li -+ r/J a 11. t/J Qv Ii " V Ii r/J a Ii 1/1 ! . 

B TepM~Hax HOBblX none~ KOBap~aHTHaA npO~3BO,Q HaR /25/ np~HI-IMa eT rAe Mbi ynoTpe6~n~ 0603HayeH~e = eA~H~YHaR 4x4 MaTp~lja. ~3aOBI-IA :noro Bblpa*eH~R CHOBa S~AHO, YTO none w Ii B3a~MoAei1c TByeT n~Wb 
C IljBeTHoi1" /BeKTopHoi1/ yaCTblO TOKa r/Jali.,u , nOCKonbKY OHO BXODIi ~J(x) dlil/J(x) -g[ t/J(x) • wli (x) ] /2 - g 't/J(x) • v /L(x) I /33/ 
A~ T B narpaH*~aH /38/ B B~Ae KOMMYTaTopa C 3T~M TOKOM. 

OTC~,Qa B~AHO, YTO KBaTepnone W Ii (x) Ae~ CTBI-ITenbHO RBnAeTCA Ka
n~6poBo4HWM non eM aBToMop~~3MOB KBa T epH~oHoB* /CM., Hanpl-I 3. HEXAH~3M x ~rr CA 
Mep, ' 3.6 

1 
/. Oco6eHHO ACHO B~,Q Ha ponb non e .:! WIi 1-1 V11 np~ 3a

n~c~ C nOMOl11bD npaBl-lna /5/ KOBap l-lafiT Hoi1 npol-l3BoAHoi1 /33/ B KOM AnR To r o YTo6b1 BKnDY~Tb MexaH~3M X~rrca cnOHTaHHo ro Hapywe
nOHeHTHO~ ()JopMe H~A SO(~ - Kan~6pOBOYHO~ C~MMeT p~~ narpaH)t(~aHa /36/ AO SO(~.. 

rpynnw aBT OMop~~ 3MOB, npeAnonO~~M CYl11eCT BO BaH~e n Ope Hlj-CKanRp+ (g/2) '" vii 
D r r/J°l Idll t/J o 

/34/Ii I ~ Horo KBaTe pnonR 

i_ VJ j L ali v: - (g '2)( t/J v -w )( '" ) ] ¢ (x) -= ¢, (x) e t • /39/o Ii 11 

none WIi ~BnAeTcA "ljBeTHblt~1 noneM /Tpex/ "nceB,Qo rmooHoB", TorAa rAe ¢, / t = 0, 1,2,3/ - Bel11eCT BeH Hwe cKanRp Hwe nonn, ~ narpaHII
Ka K none v Ii onpeAem~e T nepeXOAbl Me*AY CKanA pHO~ ~ Be KTopHO~ lKM a H KO To po r o ~MeeT cnOH Ta HHo-Ha pyweH Hw~ B~A 
/T. e. nenTOHHO~ 1-1 KBapKoBoi1/ 4aC TAMI-I KB aTepnonA r/J ~ MOlKeT 6blTb 
6bl Tb Ha3 BaHO I n en ToKBa p Ko6blM" BeKTop HblM non eM . f' (¢ ) .. (O il ¢(X»(D'L¢(x»QI1i2¢(x)¢~x) _ 

/40/ 

2 - A(cP (x) ¢ Q(x»2,
1i > 0, A ... 0,* B cnY4 a e, K OT'.o;a KaIlli6pOB04JIbIe npeo6 pa30B aHJoIR OrpaHH"IKBafOT 

CH aBTo~1op¢1i3~la ~Hj /23/, n on e W/l cn eAy eT n OJlO,;m Tb p aB HblM - Vii . rAe KOBa p~a HT HaA npO~ 3BOAHaR I-IMee T TOT )Ke BMA /2 5/ , YT O ~ AnR 
nonR r/J (x ) 8 9 



np~ KBaHTOBaH~~ 3TOrO nOnR ero TaK~e cneAy eT pa3Aen~ Tb Ha 

CKuIlRPHY~ ~ BeKTopHY~ 4aCT~ 

¢ s (x) ~ (¢(x) I- ¢ Q(x» / 2. ¢ v (x) = (¢(x) - ¢Q(x» / 2. / 41 / 

CKanRpHaR 4aCTb KBaHT yeTcR n o 06~4H~M npaB~nuM AnR 6030HOB 

[ ¢S (x), ¢Sey) ] _ i A (x- y), x . y, /42 / 

TorAa KaK BeK To pH aR 4aCTb - n o npaB~IlaM AnR n apa6030HoB 

[l ¢ Vex) , ¢ V( y) I , cp V(z) k -2 i A(x- z ) ¢ v(y) - 2i A (y - z) ¢ V (x) / 43 

~p~ x_ y _ z . Me*AY t060~ CKanApHaR ~ BeKTopHaR 4aCT~ KOMMyT~

py~T. CKanRpHaR 4aCTb KOMMy T ~pyeT co Bc eM~ OCTanbH~M~ nonRM~, 
TorAa KaK BeKTopHaR 4aCTb KO MMYTM p y CT co cKanApHo~ 4aCTb~ t/J(x) 
a c BeKTopHoi'l 4aCTb~ t/J (x) 11 c BeKTopHblM~ _ nonRM~ VI.L(x) 11 WI.L (x) 
/ ~n~ v (x) ~ w (x) / ~MeeT S3all1 MH blL' n a pa00 3 0HHbie COOTHoweH~R 

T~na 12
11 

9/ , 
~ 

narp aH)f(~aH IL, O/ ~H Bap~ a H T e H 0 rHOC VlTC nb ltO KanVl6poB04HbiX npe06

pa30BaHVI ~ 

¢' (x) c a(x) <i>(x) b(x), ¢ Q' (x) b Q(x) ¢ (J (x) :.l ~~ (x) . / 44 / 

Bocnonb30BaBWMCb 3TOG ~HBup~aHTHOCTb~, M~ BcerAa Mo~eM B Ka*Ao~ 

T04K e x npeo6pa30BaTb none ¢ (x) T ')I< , 4 T0UN y Hero oTn~4HO~ OT 

HYnR Ubl Jl a TonbKO CKililApHaR KOMnOI·tCli r,J . i1nfl :nl)ro CJ1 e AyeT B /44/ 
nonO*~Tb 

a(x) bQ(x) 0 acx)'(¢ (x) 6 Q(x»'h. /45/c 

TorAa npeoGpa30Ba HH oe none npe Bpa~a0T c R B CKa nR p, p aB H~G HopMe 

I'ICXOAHoro nonR 

Q 'h 146/,V(x)oo (</,(x) c/., ( x»- <i> (x) 

KOBapl'laHTHaR npO~3BOAHaR B T aKo~ Ka nH Gpos Ke npl'IHI'IMaeT B~A 

/ 47 / 
()D </J'(x) 0.· I!¢ (x) I -g ¢ (x) v (x).


I' I' 
 (' 

a IlarpaH*~aH /40/ CTaHOB~TCR 

2 / 48/f (¢ ') =_D ! I¢ (x) l l _g 1 ¢(x) 112 v! . 1':! 'I<b (x) I 2_ A · i ¢ (x) .4 

npO~3BOAR, KaK OG~4HO, pa3no*eH~e OKono BaKYYMHoro cpeAHero 

II (j,(x) II :. <¢ >0 +O( x) , '- ¢ >o=V/ .J2, v =1.L/ .jA , /49/ 
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M~ nonY4 aeM AnR Macc~ x~rrCOBCKoro 06~4Horo CKanRpHoro nonR e 
Maccy rn H 2~ ~ AnR BeKTopHoro nenToKBa pKoBoro Kan~6poB04Horo 

KBaTepnonR v I.L Maccy ill v = g v . ril lOOHHoe KBaTepnone wI" OCTaeTCR 
6e3MuccoB~M. nOA60pOM AOCTaT0 4HO 60n bwor o 3 Ha4eH~R B en~4~H~ v 

BcerAa MO~HO Ao6~T bCR c~nb Ho ro nOAaBIleH~R nenTOH-KBapKOBbiX nepe
XOAOB. 

OTMe T ~M, 4TO B~AeIleHMe CKanRpHO~ KOMnoHeHT~ KBaTepnonR ¢ (~ 
6blno n pO M3BeAe HO nocpe ACTBOM Bbl60pa onpeAeneHHO~ "<!J~ 3~4eCf(01~1I 

Kan~upOB K~, Ao nYC T MMO~ B Teop~~, ~HBap~aHTHo~ OTHOCMTenbHO Ka 
n~6pOB04 Hbi X SO(4) - npeo6pa30BaH~ ';; /21 / ~ /44 / . ECIlM, oAHaKO, 
M~ 3aXOT ~M np~Aa T b nenTOHaM M KBapKaM pa3nM4H~e Macc~ 3il C4eT 
~KaBCKoro B3aM MOAe~CTBMR cnMHopHoro Ma~opaHoBcKo ro ~ CKa nRpHoro 
KBaTepnon e~, TO HaM C caMoro Ha4ana npMAeTCR oTAen~Tb n e nT o HHYIO 
KOMnoHeHTY nonR t/J (x) OT KBuPKOBO~ ~ TeM CaMW'\ Hapyw~Tb SO(4) 
Kan~6poB04Ho-~HBap~aHTHYIO Teop~~ AO Teo p~~, Kan~GpoBo4Ho- M H Bap~

aHTHo~ OTHOC~TenbHO n~Wb SO(3) -npe06pa30BuH~~ aBT OMop$ M3M OB 

/23 /. M~ Mo*eM 3TO cgenaTb, Han~caB IlarpaHmMaH IOKaBC Kor o B3 a~MO
Ae ':;;cT B~R B B~Ae 

5': 10 K ~ -i g f t/J f (x) (i 13) t/J e(x) [cp (x) ... ¢ Q (x) ] /2. /50 / 

B <!J~3~4ecKo':;; Kan~6poBKe np~ pa3nomeH~~ /49/ TaKoe B3 a ~MoAe':;;
C TB~e np~BOA~T K Ao6aBKe AnR Macc~ nenT OHa Ben~4~H~ 

. vArn f ~ gf v,' .j2 0· (ge/g )m /J2'-, /5 1/ 

nOCKonbKY L'.rne «< rn" ,TO ,Qon*tiO 6bITb ge <-.::< g , MomHO COCTa 
B~Tb TaK*e non~m"He':;;Hble no t/J (x) B3aI'lMOAe~C TBI'IR, ~HBapVl a HTHble 

OTHOC~TenbHO npeo6pa30BaH~~ /23/, HO He /2 l / , Hanpll1Mep, MOMHO 
COCTaBI'ITb B3a~MOAe~CTBMe, BKnI04a~~ee CKanRpHylO Tp~n~He~ HY~ KO M
6~Ha41'1~ 

! t/J (x), t/J (y), t/J (z) I '" (-1-/4) [ I t/J (x) • t/J (y) I t/J (z) + 
/52/ 

r t/J Q( z) l t/J(x) ,t/J(y) IQ] ~- if; (x) .J(y ) x;r, (z), 

TaK~e B3a~MOAe~cTB~R TaKMe np~BeAYT K pa3Aene H~~ nenT( ) HHO~ ~ 

KBa pKoBo':;; KOMnO HeHT n o nR t/J(~ 

3AKnl04EHI-1E 

1-13 npOBeAeHHoro ~ccneAO Ba H~R T eop~~ KsaHTOBaHHblX l1oIl e i1, OCHO

BaHHblX Ha KBaTepH~O H ax , MOlKHO CA enaT b CJ1eAY ~)I!lMC BblBOAbl . 
PaCCMaTpMBaR KBa pK- ne nT OHHoe MaGopaHoBCKo e KBa Tepnone CKopee 

KaK MOAynb, 4eM MHorOKOMnOHeHT HY D Ben~4~ HY. YAa e TCR c<!JopMyn~ po

BaTb Kan~6pOB0 4H~e KBaTepH~OHHble np e o6p a30Ba HM R, oT Be 4a~4~ e 

SO(4) - rpynne ~HBa p~ aHTHOCT~ narpaHMl'laHa M SO(~ ) - rpynne 
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aBTOMop$~3MOB KBaTepH~OHO B, ~ BBeCT~ COOTBeTCTBY~He nOpeH4-BeK
TopHble Kan~6pOA 0 4Hble KSaTepnOnR. OAHO H3 HI-iX, OTBe4alO/;jee rpynne 
aBTOMOp$ H3 MOB, MO>t<HO ~HTepnpeT~pOBaTb KaK "nCe BA04BeTOBOe" rmO
OHHoe none Il-i 3 Tpex rnlOoHoB /, TorAa KaK APyroe - KaK nenTOKBap
KOBoe none. n pH S KnlO4 eHHH MexaHH3Ma X~rrca C nOMO~blO BBeAeH~R 

nop e H4-CKanRp Horo KBaTep nonR nenT OK Bap KO Boe none np~06peTaeT 
KOHe4 HY lO Macc y. TorAa xaK r nlOOHHoe none OCTaeTCR 6e3MaCCOB~M. 
n p~ 3TOM ~cnonb3yeTcR $H 3~4eC Ka R Kan~5 pOBKa, KorAa y nopeH4-CKa
n RpHoro KBaT epnonR OC Tae TCR OTnH 4HO~ OT HynR n~Wb CKanRpHaR KOM
nO HeHTa, npv106peTa tOlll aR np~ cnOH TaH HOM HapyweH~~ KOHe4HYlO Maccy. 
3a C4eT IOKaBC Koro B3a~MOAe~CTB~R nenTOHHO~ 4acT~ Ma~opaHOBCKoro 
nonR co CKanRpHO~ 4 ac TblO XH rrC OBC Koro cKanRpHoro nonR nenTO H 
TaK>t<e np~06p~TaeT KOHe 4HY lO Mac c y. Ta K~M 06pa30M, Teop~R Kan~6po

B04HbiX KBaTepnone~ Mo>t<eT cny>t<H Tb He l(QTopo~ ynpo~eHHO~ MOAenblO 
nenTOH-KBapKOBO~ c~MMeT p~~ n p~ ~ HTe p npe ra4~~ nceBA04BeTOBo~ C~M-

Me Tp~~ SO (3) Ka K rpynllbl aB T oMop<PH3 ~10 B, oc TalO~e~CR Hen p~ KOCHO-
BeHHo~. OHa MO)t(eT npeACTa Bn RTb I-iH TC pCC KaK nOArOTOB~TenbH~~ 3Tan 
np~ nepexOAe K Teop~~ none ~. OC ItOB al~ l~ bIX Ha OKTOH~OHax·1.2 · ~n~ 
nOCToKTOH~oH ax 7 • B KOTOpO~ y)t(~ ~MC~T C n B03MO)t(HOCTb ~opMyn~
POB K~ KaK 4BeT oBotii SU(3)c - K ,)n ~l)p(j B04110 i1 c~MMeTp~~, TaK ~ Ka
n~6pOB04HO~ c~MMeTp~~ 3neK TpocnilGbix B 3 ,) ~MOA e iic T B~tIi. 

AonOnHEHI1E. AnrEGPA KBA TEPIHlOH OD 

npO~3BonbH~~ KBaTepH~OH HaA non~M B~~cc rBe HH~X 4~cen ~MeeT 

B~A 

q q ( e ICYMMa no 0, 1, 1 ,3/, 1fJ.. 1I 

rAe q( - Be~eCTB e HHbI6 4~ c na. 

KBaTepH~oHHble eAIIIHIII4bl 106b14 H<lA L!A~ HIIl~ a C' u ~ T P~ MH~t~bIX eA~
H~4bl e i ' = 1, 2 ,31 onpCAenfllOT CR np a Sl1n .J Ml1 y t~Ho)'{e H~R: 

2 
eo ,- 1 , eo e i ~ e j eo = e j • In. 21 

e . 6 . -0 . . t 
1 J I.) (ijk e k IJl.3 1 

r~e (ijk - aHTVlC~MMeTp~4Hbl~ T el~ 30p neB~ - 4~BIIITa I (123 = 11. 
YA06HO npeACTaBnRTb cKanRpHYIO ~ seKT opHYIO KOMnOHeHTbl KBaTep

H~OHa B B~Ae c Ton64a 

q 1/J..41

[ ;°1 
npaB~no yMHO>t<eH~R TaK~X c Ton640B, co rna CHO 1/J..2-3/, ~MeeT B~A 

12 

q (1 )]rq (2) 1rq(l ) q (2 ) - q(1) q'(2) 1o 0 0 0r 
q(l)q (2) 1fJ..51l q (l) L-q(2) 'l q61) <i~2)+q(l)q~) f q(l) X q(2) 1 

CaM~ KBaTepH~OHH~e eA~H~4~ np~ 3TOM np~HMMaIOT B~A 

eeo 
I IIJ..61"[:], [~J 

rAe ~I - T po~K a OPTOHOpM~poBaHH~x penepH~x seKTopo B 

-> ... e . 
I 

e . 0 .. 6 i x e j (ijk ek 
1fJ..71 

J IJ 

Onepa4~R conpR>t<eH~R I~HBonI04~R/, 060 3Ha4aeMaR ~HAeKcOM Q , ~3Me
HReT 3HaK MH~M~X eA~H~4: 

e Q = e e Q = - · 6 i ~ l,2,3. 1fJ..SI 
o 0 i i 

COOTBeT CTBeHHO conpR>t<eHH~~ KBaTepH~OH 

qo)
q 

Q 
~ 

r 
11\.91 ... . 

-q 

Cn e A KsaTepH~OHa paseH ero CKanRpHoii 4aCT~: 

1 Q ) I IJ.. 101Sp q = - (q + q = q .
2 0 

HopMa KBaTepH~oHa 
Q ~ 'h ~ 

Ilq !I= ( q q)' =(qqQ)' (q2+ q . q )' IA. 11 I 
o 

CKanRpHoe npo~3BeAeH~e ABYX KBaTepH~OHOB 

(q(l),q(2 » = (q( l) q (2)Q + q(2)q ( 1)Q) = q (1)q(2) + q (1) . q(2) IA. 1V 
o 0 

npe06pa30BaH~e 

Q'
q'=aqb. q =bQqQaQ 1fJ..131 

OCTaBnReT CKanRpHoe npo~3BeAeH~ e HHBa p~ a HTH~M, ecnH KBaTepH~OHbl 

a ~ b - eA~H~4H~e: 

a a Q= b b Q= 1 . I A. 14 I 

13 



-----

C nOMO~b~ In.51 npeoGpa30BaH~e I n . 131 npeACTilBnReTCR KilK npeo6
pa30BaH~e KOMnOHeHT KBaTepH~OHil 

:s:~~
:s:: :s:: np~HHMaeTCR non n~CKa Ha npenpHHTW H C006~eHH" 06.e~~HeHHoro HHCi ~T~aq~ l r (:lobo -a .b) qo - (ao b +boa -a xb ). Ii l 
:I:: :I: RAepH~X HccneAosaH~H . 

Q) cOr ~ \ \ ... ......... .. ... ... 	 YC Td HOBneHa c neAyowa~ C10~MOCTb noanHCKH Ha 12 MeC AueB Ha ~ 3aaH~A OH~~

1fJ.. lSII q J = I (aob - boa" a x b)qo +(a ob o ,. a .b) q . 	 ::r a:I 8Kn~~a R nepec~ny. ~ , nQ 01ne~bH~M TeMaTH4eCK~M KaTeropHA~ 

~ O
L L ... ~ ...... -. ... ... ... J 	 c::; t:1 

-(a . q}b -(b.q )a -t( a b o-ao b)x q 	 o Q) HHnf KC TEMATHK A Ue ..a noAnMCK.. 

t::: r:::; Ha r o "Q 

g 
 1 . 3KcnePHMeH1anbHaR ~H3HKa 8~COKMX 3M eprHH 1a p. 80 Kon.

OJ 

np~ ycnoB~~ 2. TeOpeT ML.4eCK aR $~ 3MKa BWC.OKio1X 3HCDrt·".; 17 P . 80 Kon .:s::;:<2 ... 2 2 ... 2 /fl. 16 1
ao+a = b + b ~ 1. :Q X 3. 3 KcneD~MeHTanbHaA HeHTpOHH a R ~~3MHd 4 p . 80 Kon .
o = j5 ~. Tp.ODe TH~eCKaA ~H3HKa H~3 KMX 3HeorH~ 8 P. SO Kon .
fl e rKO y6eA~TbCR 8 TOM, YTO npeoGpa30BaH~e In. l SI 06pa3yeT co6o~ :I: :I: ro o..rpynny SO(4) opTorOHanbHblx nOBopOTOB 8 yeTblpe XMepHOM npOCT- 5. Ma1eMaTHKa 	 p . DU Ko n.c:l Q) 
paHCTBe I q o ' q I. 	 01:4: 6. ~AepNaA cneK1pOCKQnH~ H panHO.HMHA Il . 110 Kon. 

npeo6pa30BaH~R In. 131 cOAep*~ T nOAr py nny npeoGpa30BaH~A 	 o tt:
Q) 

7. ~3~ Ka TA*enwx MOH OB 	 2 I). 8S "on. 
q ' 0 aq a Q qQ ' a qQaQ aaQ 1. In. 17 I 	 o.. ~ 


Q) E-t 
 8 . Kp",oreH~ Ka 	 2 11 . !l~ 0<0 '' 
E-t~ 

npeo6p<330BaH~R I n . 17 I COXp a It R~T He TonbKO CKanRpHoe npO~3BeAeHvl e 	 ::t: E-t 9. YCKop"'fe n~ p _ 80 Kon . 
~ :s::In.12 / , HO ~ n pa B~no YMIIOlt< l,;I-tvHl 1fJ..5/, T.e. RBnR~TCR aBToMopC!l~3 ro 	 E-t 10 . Aa TOM;l,. .... 3JUHA OOP4'JbOlt<H ::U(CnepHM(!Hl a Il bHWXMaM~. nOnOlt<~B b o- a o ~ \) ' - <1' B In.15/, nerKO B~AeTb, YTO 	 ('t') 0 AaHHWX 	 7 p. 80 ""n . 

3T~ npeoGpa308aH~R 3 aT pa r~OD~T TonbKO BeKTOpHY~ yaCTb KBaTepH~ ::t: 
OHa ~ o6pa3y~T C0GO~ r py nn y SO ~ ) . Ecn~ napaMeTp~ npeo6pa30Ba ::l' :s:: 11 . BW 4~1 crn'n el1bH" '-' ~;I T e ...cl H1 Ka H l ~KHHKa 6 D. bG Kon . 

H~R In.171 npeACTaB~lb B BHn~ 	 :s:: 12. X....... R 	 1 D. 70 Kon .
c::; o 

a cos8, a ~ sin e ri p:! 1 , In.131 c... 


o 	 13. Tex HHKa ~H3H~eCKoro 3Kcnep~MeH r~ 8 D. 80 Kon .:s:: 0 
::t: 

1~. Hc c neAoea HHR TBe pA~X Ten ~ .~~ KOCl e~ 

TO npeo6pa30BaH~e In. 171 C U0A~T CR K nOBopOTY BeKTOp~ ~ Ha yron :I:S:: :I: 

Aa e pHWMH MeTOnaM~ 1 p. 70 ><on .
:s:: (])28 BOKpyr oc~ ~ . 3aMe T ~ M, 4TO Kan~6pOBOYH~e npeo6pa30BaH~R ::l' :I: 15. 3KcnePHMeHTanbHa~ ¢H 3 HKa AAeOHWX peaKU~HB e KTopH~X none~ 1261 CB OAHTC R K TaKOMY nOBOPOTY ~ K Ao6aBKe 	 ro :s:: npH 	 HH3KHX 3HeprH~ X P. 50 Ko n .('t') 1:4:(1/1 c/J / g BAonb oc~ p' :s:: Q) 16. llo3"1Me TPHA .., Q)H3Ht<a 3alUHTbI 	 P. 90 ><on .:I: pC

ro\O 17 . TeoP HR KOH~ eHCHpoBaHHoro COCTOAHHR 6 p . 80 Kon .


mnEPATYPA c...	 O 
0.. 18 . HCn0l1b30Ba HHe pe3ynbT a To e H Me TO~OB 

o 	 ~:s: $YHAaMeHTanbHbI )( $H 3 H4e CKHX ..1cCIlf"A OeaHHH P . 35 Kon .1. 	 Gunaydin M. Gursey F. Ph ys .Re v ., 1974, D9, p.3387. 
e CMe"'HblX 06nac T ~ X HayKH 1"1 r e J(N HKH. 

Gunaydin M. Piron C., Rueg g H. Comm.Math.Phy s. , 1978, 61, Qa
p.69. 	 19 . 6~o¢~3HKa 1 D. 20 KDn .:s: ~ 
Finkelstein D. et al. J.Math .Phys., 1963, 4, p.788. 	 ::t: ::.::: 

ro 	 :s: nO,on HCKB MOM(eT 6b1Tb OOJopM..n e Ha C n()6oro Me CJ'H~ a .,.et<yuu~ ro rP/hiI,.
3. 	
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