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B pa60TaX / 1 - 3 / 6~na nOC Ta BneHa ~ peWe Ha np0 6 n eMa penAT ~B~3a 
4~ ~ ypa BHeH~~ Hb~TOHa 

~ ~2 -. -t ....
d x l I 2 -X l 

2 ~ X - X 2 
d X 2 _ 0 1 ....m --- = 0 ------ I II1 2 4 ~ 2 m 2 - Ii - xe Idt 11:2 - xli dt 1 

AnA AS YX T04e4HbiX Ten C nOCTORH HO~ no MOAyn lO C "tnO~ B3aIo1MOAe~CT
B~A . 

B i l l c$opMyn~poBa Ha KpaeBaA s aAa4a AnA MIo1 H~ManbHO~ ABYMep
HO~ nOBepxHOCT~, ne~a~e~ B npocTpaHcT Be HHo - BpeMe HHOM Mlol pe o6~e
ro BIo1 Aa. ~OKa3aHO, 4TO KpaeBaA 3aAa4a 3 KS Io1 saneHTHa ypaBHeH~AM 

1/ , Konb CKOPO reOMeTplo1A M~pa 3aAaeTCA no Kne ~HY rpynnoH ra
r,~neA. PeweH~e npo6 neMbi penAT~B~3a4~101 ypaBHeH~~ /1 I csenOC b 
K paccMoTpeHlo11O KpaeBo~ 3aAa4~ AnA M~H~ManbHO~ ABYMepHO~ nOBepx
HOCT ~ , ne~a~e~ B npocTpaHCTs e HHO-Bpe MeHHOM M~ pe nyaHKape-M~H
KOBCKoro. 

/ 21 B pa60Te penAT~B~cTcKaA 3aAa4a ABYX Ten npeACTasn eHa Ka K 
3aAa4a 0 M~pOBO~ nOBepXHOCT~, orpaH~4eHHO~ ABYMA aC~MnTOT~4e

CK~M~ n~H~AM~ nOCTOAHHO~ KP~B~3H~. 3T~ n~H~~ CYTb M~pOB~e Tpa
eKTOp~~ paCCMaTp~ BaeM~X Ten. M~ H~ManbHaA nOBepXHOCTb 3aAaeTCA 
$opMynaM~ MOH~a, 03Ha4a~~~M~, 4TO ~30TponHaR ceTb nOBepXHOCTIo1 
ABnAeTCA ceTblO nepeHoca. Y Ka3aH~ ~HTerpan~ As~~eH~R - BeK
TOP pa ~ 6~BeKTOp Ma{3. 

B / 3 / nepeHOC4~K~ B3a~MOAe~CTB~A Ha3BaH~ M~H~MOHaM~. Mlo1pOB~e 
TpaeKTOp~~ M~H~MOHOB COCTaBnA~T ~30TponHYIO ceTb M~H~ManbHO~ 
,1OBepXHOCT~ - nOBepXHOCT~ B3a~MOAe~CTB~A ABYX Ten. nOKa3aHO, 
4TO B cnY4ae np~TA~eH~A, KorAa 0 > 0, BeKTOp pU HanpaBneH B "6y
Ay~ee" . B TaKOM cnY4ae ypaBHeH~e 

a U u{3
I: (P,P)- P (P, X) = M P{3 12/ 

/ 4 / 
KaK ~ B , onpeAenAeT co6CTBeHHYlO OCb BpeMeH~ C~CTeM~ . Bce $Op
My nbl np~cnoco6neHbI K aapaHee Bbl6paHHOH ~Hep4~anbHO~ CIo1CTeMe OT
C4eTa ~ OC06eHHO K TOH, OCb BpeMeH~ KOTOpO~ COBnaAaeT C C06CT
BeHHO~ OCblO BpeMeHH. 

B HaCTOA~e~ pa60Te 6YAeM C4~TaTb, 4TO 0 > 0 101 4TO co6CTSeHHaR 
OCb BpeMeH~ ne*~T Ha nO Be px HOCT~ B3a~MOAe~CTB ~A . AnR 3TOrO c ny
4a R 3AeCb 6YAeT BBeAeHa C~CTeMa A~$$epeH4~anbHblX ypa BH e HIo1H 
C OTKnOHA"~Io1MCA aprYMeIHOM, B KOTOPYI'l BXOA~T ypaBHeHlo1e, 3aMe
HAIO~ee B penAT~B~CTCKOM CnY4 a e ypaBHeH~e 

2 ~ ~ 

d K K --- ",-0-- 131 
dt 

2 IKI 
TeCHO CBR 3aHHoe C ypaBHeHIo1AM~ Ill. 

1
fit 



1. af.~AR KPAEBAR 3AAA4A 

MMH~Man bHY~ noaepX HOCTb 3aAaeM a a~Ae 

-., ..... c ..... T/ ...... YJ 
x=X(l7 . t )= 2[ A (t+ c )+ BC t- c )]' /4/ 

rAe C - CKOPOCTb cae Ta , t - apeMR, n - napa MeTp Ha noaepxHOCT~, 
MeHR~~~HCR a npeAena x 

( 1(t)::::I1:sf2 (t) • /5/ 

~ Ha $YHK~~M 

-> d -' d -) 
a (t) = --- A (tl. b ( t) = -- B (t)

dt dt 

Hano~eH~ ycnoBMR 

-"2 -·"2
a(t)=1, b(t)=1. /6/ 

KOOPAMHaTbI paCCMaTpMBaeMblX Ten B MOMeHT apeMeHM t paBHbl 

.... ---'I> C ~ .... 
x I (t) = x (fI ( t). t ) = "2 [A (u I ( t )) + B (v I (t))] , 

/7/ 
..... -., c ..... ---Jo 

x2 (t) = x (~2 (t), t) = 2" [ A (u2 (t) + B (v2 (t »)] , 

rAe 

UI(t)~ t+ ~ tl (t). VI(t)=t-~ ~I(t), 
/8/ 

u2 ( t ) = t + ~ e2 ( t) • v2 (t)= t-{- 1;2(t). 

Ecn~ KooPAMHaTHaR VI c06CTBeHHaR OC~ s peMeHM napannenbHbI , TO 
1 3 / Kpaeable ycnoB MR 3anMCbl8a~TcR B BMAe . 

G -> - ,1\ (t) = 2- [ A ( Il l (t» - B (v I (t»)] , 

/ 9 P2 (t ) '" -~ [ i3 ( v2 (t)) -. A(u ( t») ] • 
2 

-> -> 

rAe P I (t) ~ P 2(t) - I1Mnynbcbl paCCMa Tp llfaaeMblX Te fl a MOMe HT speMe
HM t. nOcneAH~e BbI4McnR~TCR 4epe3 MaCChi 11 CKO pOCH l Ten no $O P
Myna M 

2 

p=pO£ pO= m /10/
dt 

\1'1-_1_( d; )2 
c2 dt 

penRTMaMCTCKO~ MexaH~KM MaTepManbHO~ T04KM. 
113 npeAblAy~ero cneAye T, 4TO 

GP~ ( t) = E I + -;2 t I (t) , P~ (t) = E2 - ~2 f2 (t) • 11/ 

rAe EI 11 E2 - nOCTORHHwe MHTerpMpOaaH I1R. Aanbwe 6YAeM c4~TaTb. 
4TO co6cTBeHHaR OC b apeMeH~1 cOBnaAaeT C t<ooPAMHaTHo~. 3TO 31;a
I~MT, 4TO /3/ : 

'2 (I) 
-> -> -> G 
N = P~ (t) X I(t) + P~ (t) x 2( t) + ~ ( X(1/,t) d l1=O. /12/ 

c , (I) 
I 

CoxpaHRm~~eCR aenV14MHbI, xapaKTepM3Y~~Me BHyTpeHHee COCTORH Me 
paccM~TpMBaeMo~ cMcTeMbI, CYTb 3HeprMR 

E = EI ~ E2 = p~(t) + P~(t) + -.2... l';2(t) - ( I(tll /13/c 2 

~ MOMeHT 
-+ 

M = rx I (t) PI (t) 1 + f x 2 (t) P2 (t l1 + 

1;2(1) /14/ 
-> 

+ -
G 

( [ x (TJ. t). a -> 

X(TJ.t)]dTJ·

2 at
C tl(t) 

Tat< Kat< 

a -+ 
a-tX(TJ.tl=J!.. !.. (A(t +.!L) - S(t - .!L)],

2 /15/c ar, 2 C C 

TO MHTerpMpOBaHMeM no 4aCTRM HeTPYAHO npMaeCTM MOMeHT K cne

AYlOlI\eMY BMAY: 

I;2 (t)-> 
r ->. TJ -+ TJ -+ TfM= G r I A (t ... .!L)-B(t--). a(t+ - )-b(t--)]dTJ' /16/

4 c c c cI; (t) 

I 


2. 4ACTHAR KPAEBAR 3AAA4A 

npeAnonO~MM Tenepb, 4TO co6cTBeHHaR OCb BpeMeHH ne~MT Ha 
nOBepXHOC TH /4/. 3TO 3Ha4MT, 4TO co6CTBeHHaR OCb 3aAaeTCR 3a
BMCMMOCTblO TJ = TJ (t) . TaKoi1, 4TO BblnOnHR eTCR ycnOB\o1e 

-> Tf(t) -+ TJ(t)

A (t + --) '" - B (t - -- ).
c c 
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,Q I1C1$epeH LJ, I1PYR :no ycnoBl1e no t" nonY4aeM 
... 1](t) 1 d ... I](t) 1 d 
aC t -+ - -) [1 + - - 1] (t)l = - be t - - H1 I] (t) 1 . d tc e dt 	 c c 

B03 BOAR B KBaApaT 06e 4aCTH nonY 4eHHoro paBeHC Tsa, B cl1ny yc 
.noBl1i1 /6 / HaXOAI1M 

1 d 2 1 d 2 
[1 + - ' - 1] (l )l = [1- -- - 1] (t)] . 

C 	 dt C d l 

T.e. ~1] (I) = 0, a 3Ha411T, 1] (t) = cons t. nOCKonbKY B 3aAaHHo~ 
dt 

I1HepLJ,l1anbHO~ CI1CTeMe OTC4eTa napaMeTp I] onpeAenReTcR C T0 4
HOCTblO AO aAAl1n'BHO~ nOCTORHHO~, TO MO>t<HO C4I1TaTb, 4TO TI(t) = 0, 
a cneAos aTenbHO, 

A(t) = - 13 (t) . /17l 

M~ AOKa3anl1, 4TO B paCCMaTpl1BaeMOM cnY4ae MI1HI1ManbHaR no

BepXHOCTb s aAaeTCR S BI1Ae 


~~ c .... -+ 
X=X(1), t)=-2 [B(t-.!/..) - B(t+!L)], 	 /18/

c c 

rAe ¢YHKLJ,I1R ~~) no-npe>t<HeMY YAosneTBopReT ycnOBI1~ 
"'2b (t) = 1. /19/ 

AnR TaKo~ nOBepXHOCTI1 nOTpe6yeM, 4T05bl BblnOnHRnOCb OAHO 101 3 

KpaeB~X ycnoBI1A /9/, CKa>t<eM, BTopoe: 


... G'" ... 
pet) = - [B(v(r» + B(u(t»], /20/

2 

rAe HOMep 4aCTI1LJ,bl onycKaeM 11 no-npe)t(H eMY nonb3yeMcR ¢opMyna MI1 
/10/. npl1 3TOM 

;(t) = ~ [B(V(t» -B(U(t»] , /21/2 

a a p rYMeH'TbI u , v paBHRIOTCR 

u(t)= t + t(t) v(t)=t- t(t) 
c c 	 /22/ 

K TaKoH 4acTHoA KpaeBoH 3aAa4e MbI nplo1XOAI1M B cnY4ae m
1 
= ~ , 

m2 =m.,QeAcT BHTenbHo, B 3ToMcnY4ae co5 cTBeHHa R OCb BpeMeHI1 
COBnaAaeT C MI1POBOA TpaeKTOpl1eA ne pBoro Tena, a napaMeTp 1] 
MeHReTCR B npeAenax 

o ~ 	1] ~ t(t), /23/ 

4 

np l14eM ~ I(t) =· 0, t 2(t) = t(t) , ~I(t) = ~ (O, t)= 0, ;2 (t) = ~( t) ,
P2 (t) = p (t) . 

nOA05 HbiM 05pa30M pewaeTCR CJlY4a A ml = m, m 2= oo, KorAa co6CTBeH
Ha R OCb Bpe Me HI1 COBnaAaeT C MI1 POBOA TpaeKTOpl1e A BTo po ro Tena. 
B 3TI1X cnY4a RX na paMeTp 1] MeHR eTCR B npeAenax 

- t(t) $ t/ ~ 0 , /2 4/ 

npl14eM tl(t) = -e(t) , t 2(t) = 0, ~ I(t) =-x(t) , ~2(t)= i ( o , t)= 0, Pl(l) = -P(t). 
K Ta Ko A >t<e 3aAa 4e npl1XOAI1M 11 B cnY4ae m = m = m

2
. ,QeAC TB I1l 


TenbHo, ecnl1 ABe npeAblAY~l1e nOBepX HOCTI1 COeAI1HI1 Tb B 0AH Y, 3a

CTaBnRR napaMeTp 1] MeHRTbCR B npeAenax 

- e(t) ~ 1] ~ ~ (t) , 	 /25/ 

11 ecnl1 BMeCTe C paBeHCT BaM I1 /17/ nono)t( I1 Tb 

~2(t) = X (t)=-~I(t), P2(t) = P(t)=-PI(t) , t: (t) = f(t) = -t (t) , / 26/
"2 . 1 

TO Bce ycnoBI1R 05~eA KP.aeBoA 3aAa411, KOTopble 1-t 3no)t(eHbi B pas
Aene 1, 6YAYT YAoBneTBopeHbl, Konb CKOPO YAOBneTBopRT CR Bce YC
nOBI1R 4acTHoA KpaeBoA 3aAa41-t. 

HaKOHeLJ" K 4acTHoA KpaeBo~ 3aAa4e Aeno CBOAI1TCR 11 np l1 npo
113BonbHbiX Maccax m l' m 2' ecnl1 Tena ABI1 )t(YTCR no npRMoA nl150 
no OKPy>t<HOCTRM. 

3. 	 BWBO,Q YPABHEHH~ 


C OTKnOHRVmHMC~ APrYMEHTOM 


HTaK, 4aC THaR KpaeBaR 3aAa4a COAep>t<I1TCR B ¢opMynax /18/, 
/19/, /20/, /21/, /10/, /22/, /23/. H3 3TI1X ¢opMyn cneAyeT, 
4TO coxpaHR~TCR 3Heprl1R 

o G
E""p (t)+-· - · f(t) 	 /27/

2c 
11 MOMeHT 

... ........ G t (t) .... a ... 
M =[x(t),p(t)]+- r [x (1], t), - x (1] , t) d1]

2c	 ato 	 /28/ 
G ,(;(t) ... ... ... 1] ... 1] 


=- r [B(t-!L)+B(t+!L), b(t--)+b(t+-)]d1].

4 c c c c o 


no aHanOrl111 C /12/ paCCMOTpl1M ¢YHKLJ,111O 


.... 0.... G t (t) ... 

K(t) = p (t) X(t)+ - ' I x (1], t)d1]. /29/
2c 0 
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-----

HeTPYAHO nOAC4V1TaTb ee npOVl3BOAHYIO: 

d.... --> G <' (t) a .... 
-K(t) = p(t) + ""'"2 " ( -X(T/,t)dl], 

dt c ° dt 

/30/ 


a TaK KaK 

a 1 a " .+ 
X(I],t) = -_ -[B(t- !L)+B(t ... !L)l. 31/c 2 at 2 al] c e" 

TO . 
.... d.... .... 
K (t ) = - K(t) = GB(t). /32/

dt 

1-13 /32/ VI /19/ nOJlY4aeM 

2 .... 


1-
d 

K(t) \ = G. 
 /33/. d t 2 

a Vl3 /32/, /18/, /20/ VI /21/ . . 
.... c .... .... 

x (I], t) = - I K(t - !L ) - K (t + !L)I , 


e /34/2G C 

. 
;(t) = 1.. [K(V(t» + K(U(t»l. /35/

2 . 
x(t) = ~ [K (v (t» - K(u (t» 1 . /36/2G 

AaJlee, HeTPYAHO BVlAeTb, 4TO QJYHKlIVlR /34/ paBHReTCR 

.... c 2 .:..... I] .... I]
x(l], t) = - --- .....!L. [K(t - - ) + K(t + _ )1" /37/2G al] e e 

nOACTaBnRR 3TO B~pa~eHVle B /29/, nonY4aeM 

0.... 1.... .... 

P (t) x(t) = - [ K (v(t» + K(u (t» 1. 
 /38/

2 

1-13 /36/ VI /38/ cneAyeT AVlQJQJepeHlIVlanbHoe ypaBHeHVle C OTKnO HRIO
lI\VlMCR aprYMeHTOM AnR QJYHKijVlI1 K(t) : 

- . 
epo(t) [K( V(t» _ K(u(t» 1 = .2. [K(V(t» + K(u(t»l /39/2 2 

OCTaeTCR nOAcTa BVlTb CIJAa OAHO Vl3 cneAYl'lll\Vlx Tpex Bblpa~eHVI~ An R 
tIlYHKijVlVl pOet) . 

6 

4. TP I-1 BbIPA)IIE HI-1R ANI tIlY HKUI-1 Vl pttt) 

nep Boe B~pa*eH Vle AnR $ YHKij Vl Vl pO~) AaeT 3aKOH cox paHeHVlR 3Hep
nH1 / 27/. BTopoe no n Y4aeM , nOACTaBnRR B $OPMYJlY 

° I 2 P2P = \ m + 
2c

QJYHKij l1 10 /35 / : 

° ( 2 l ~. ~ 2 
P (t) = \ III + -- l K (v(t)) + K ( u (t»1 /40/ 

4 c 2 

K TpeTbeMY npI1XOAVlM, nOACTaBJlRR B QJOPMYJlY.. 
pOpoll __1- (~ )2 \ = m 2 

c 2 d t 

QJYHKijVlIO /36/ VI nOJlb3YRCb YCJlOBl1eM /33/: 

~ -+ - . ° ° . . G + K (u(t)K(v(t»
p (t) p (t) u (t) v (t) ---------------- = In . /41/ 

2G 2 

YpaBHeHl1e /39/ HaAO paCCMaTpVlBaTb BMeCTe C YCJlOBVleM / 33/ ° 
VI co BceMVI TpeMR YKa3aHH~MVI 3AeCb B~pa*eHI1RMVI AJlR QJYH Kij Vl Vl P ~). 
Ta KVlM o6pa30M, nOJlY4aeM CI1 CTeMY ypaBHeHVI~ AJlR onpeAe JleHVlR QJYHK
1IV1~ K(t ) VI ("(t) . Ecn Vl 06bl4HO B AI1$QJepeHijVlaJlbHbIX y paBHeHVlR X C OT
KnOHRIO~VlMCR aprYMeHTOM OTKJlOHeHl1e 3aAaeTCR 3apaHee / 5 ! , TO B Ha
weM CJlY4ae OHO HapRAY C APyrl1MI1 RBJlReTCR VlCKOMO~ BeJlVl4V1HO~. 

5. HEPEnRTI-1BI-1C T CKI-1~ nPEAEn 

B HepeJlR THBI1CTCKOM npeAEne c .... ~ o6a B~pa*eHVlR /40/ 11 /41/ 
CBOAR TCR K 

pO(t)=m , /42/ 

a y paBHeHVle /39/ nepeXOAI1T B 06~KHOBeHHoe A~QJQJepeH4V1anbHoe 
y p aBHe HVle 

.. 
- m t; (t ) K(I) = GK(t ) . / 43 / 

Ta K KaK YCJlOBl1e /33/ cox paHReTcR, TO , COrJlaCHO /43 /, 
.... 

ll1 « t) = IK (t ) l · /44/ 

nOACTa BnR R / 44/ B /4 3/ , npl1XOA I1 M K y pa BHeH Vl IO Hb~TOHa / 3/. 3TO 
11 eCTeCTse HHO, nO CKOJl bKY. COrJlaC HO /2 9/ VI /42/ , B He penRTVlBVlCT

7 



CKOM npe,Qene 
-+ -+ 

K (t) = m x (t ) . 


/45/ 

4TO KacaeTC~ B~pa~eH~~ /27/, TO ~ B Hepen~T ~B~CTCKOM npe,Qe ne 
OHO npe,QCTaBn~eT 3aKOH COXpaHeH~~ 3Hepr~~, a ~MeHHO: 

m 	 (d~ ) 2 + 0 ' -+ 1 _	 . I X e . 
2 d t ' 46/ 

r,Qe 

e ~ lim c 2 (E - m) . 
c -> 00 /47/ 

OTMeT MM , 4TO B Hepen~T~B~cTCKOM cnY4ae C05cT BeHHa~ OCb BpeMeH~
Bcer,Qa ne~~T Ha M~H~ManbHo~ nOBepxHocT~. 

8 3aKn~4eH~e 3aMeT~M, 4TO npe,QcTaBneH ~e 0 B3a~Mo,Qe~cTB~~ 
3neMeHTapH~x 4aCT~4 nYTeM 05MeHa HOC~Ten~M~ 4-BeKTopa 3Hepr~~
~Mnynbca pa3B~BanoCb paHee K.n . CTaH~KoB~4eM /6 / . 
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P2- 85- 183 ,. 
OCb nOBepXIIOC TIl Bs aIlMOAeRc'l'IHUI 

n penRTHBHCTcKort sn~H4e nuyx Te.n: C nOCTORHHOIl no Mo,nvmo 
ClInOH BSBIIMo.oeilCTBlfR paCC'MOTpell CJIY'll1i1 , f(O r Aa C 06CTBellH:lH 

oel> a peHeUIt .'le:.IJIT H B nonepXHOC T H B:3 nHHo~eHc TBlffl . nonY'l e llB 

CHc 'teMLl ;lllllxPepetJUlIaIlhif!>D:. YPRBHeHIfA C OTl<J10HRI/)~MCR ilprYHe}lTO~1 

B K'OTOPOlr HC KOMOf! l'IeJ1l'4HlIllf\ Hap RAY C npYrHMU H Bl1 f1 e T C H H c al'1O 

OTK1l0HeUHe apI' YHeHTa. 

Pa60Ta nblnOnliell.:.l 11 Jla (5opaTopHH flAI:!PHbIX npo(5neM OHflH. 

npenpHHT Oet.eaHHeHHoro HHCTHT)'Ta JI,IleplDlX HCCne,ll,OB8IIHA. JIyGHa 1985 

ITepeBoA T . ~.nYM(5paAc 

Shavokhina N.S. P2-85-183 
Relativistic System of Two Bodies 
with Proper Time Axis on the Interaction Surface 

In the relativistic problem of two bodies with a modulo 
constant interaction force the case is considered, when the 
proper time axis lies on the interaction surface. A system 
of differential equations with a deviating argument is 
derived, in wh ich the searched quantity also is the very 
deviation of the argument. 

The investiga tion has been performed a t the Laboratory 
of Nuclear Problems, JINR. 

Pr.print of the Joint In.titute for Nuclear a.••arch. Dubna 1985 


