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BBEAEHf..1E 

lt13BecTHO /11, 4TO ypaaueune "WpeAl-1Hrepa AIlR l-130TpOnHOro OC~l-1Il-' 
IlRTOpa /HO/ AonycKaeT pa3AeIleHl-1~ nep~MeHH~X B SOCbMl-1 opTorOHaIlb

H~X Cl-1CTeMaX KooPAII1HaT: AeKapTOBO~, nO~RpHO~ ~1I1~l-1HAPl-14eCK®~, 

C$epl-14eCKO~, 3IlIll-1nTII14eCKO~ ~l-1~l-1HAPl-14eCKO~, B~TRHYTO~ c$epOl-1~ 

AaIlbHO~, CnIl~CHYTO~ C$epOl-1AaIlbHO~, C$epO~OHl-14eCKOA 111 3IlIll-1nC0Il1

AanbHO~. nepB~e TPl-1 Tl-1na peWeHl-1~ l-13Y4eH~ AOCKOHaIlbHO ~ npl-1BO


ARTCR BO MHOrll1X pykoaonc r aax no KsaHTOBO~ MexaH~Ke /2.3/ B annari. . 
TII14eCKII1X ~II1Ill-1HAPIl14eCKII1X KooPAII1HaTaX 3aAa4a 06 HO peweHa B pa60

/ 4 Tax - 6(oc Taru, Hl,le peWeHII1R 'ell\e He pac c-ia r pa BaIll-1C b. llepe-rucneuuue 
~~we peWeHII1R Ba*H~ no HeCKOIlbKII1M npIl14l-1HaM. ~o-nepBWX, KamA~~ l-13 

6a3I11COS* COOTBeTcTByeT onpeAeIleHHOMY Ha60py COXpaHR~ll\II1XCR,Be
'Il114111H /7/; BO-BTOpbIX, 3HaHII1e 6a3l-1COB KOHKpeTl-13l-1pyeT CB?3b CKPblTO~ 
CII1MMe~PHII1 C pa3AeIleHII1eM nepeMeHH~x /8/; ~aKoHey, paCWl-1pR~TCR B03

MO~(HOCTl-1 peWeHII1R MHOrll1X npaKTl-14eCKII1X :JaAa4, B KOTOp'bIX HeB03My

Lj1eHHO~ 01CTeMO~/RBIlfleTCR HO, a B03MYll\eHlI1e' TaKOBO, 4TO nOIlHaR 3a

~a4a ~onYCKaeT pa3AeIleHII1~ nepeMeHHwx B OAHO~ 1113 YKa3aHH~X B~we 

BOCb~1I1 Cl-1CTeM ~OOPAl-1HaT. 

B ~aCTORll\eA.CTaTbe peweHa 3aAa4a 06 f..10 B ~WTRHYT~X 111 cnIl~C

HyTblX ccepoanans uux KOOPAl-1HaTax. CTaTbR noc r poeua c,IleAY~ll\l-1M 06

pa30!'1" B § 1 ABI0TCR HeKOTopble <DOPMYIlbl, OTHOCRll\lI1eCR K BblTRHYTblM 

111 cnnocuy ru-, c$ep0l-1AaIlbHbIM KOOPAII1HaTaM. B §2 CTpOl-1TCR Bb(TRHYTbI~ 

cctJepOl-1AaIlbHbl~ 6a3111c 1-10. COOHiOWeHII1R opTorOHaIlbHOCTII1· p ac c-ra r> 

pll1BalOTCR B §3. O~TRHYT~e 111 cnIl~cHYT~e cctJepOIl1,QaIlbHwe KOOPAII1HaT~ 

B npen ene R .. Q l-1 R.co l'R - pa3MepHbl~ napane r p , 'BXOARll\l-1f1 B ortp c 

geIleHlI1e BblT'RHYTbIX 111 cnIl~cHYTbIX cmepounane HblX KOOPAI.1HaT / nepexo

ART B cctJepll14eCKII1e 111 nOJlRpH~e ~II1IlIl1HAPIl14eCKlI1e /9/, 0 §4 111 §5 l-1CCJle

AYIClTCA '3Tl-1 nperrenu 111 nOKa3bIBaeTCR, 4TO BbITRHYITbl~ cctJepOl-1A<JIlbHbl~ 

6a3~C HO cOA~pmll1T B ce6e B Ka4eCTBe npeAe~09 C$epIl14eCKII1~ l-1 np
JlRPHW~ ~l-1J1I11HAPIl14~CKII1~ 6a3l-1C~. B §6 npll1BoARTcn pe3YIlbTaTW, Kaca~

ll\lI1eCR cnrucc ay r or o cmepouqaru.aor-o 6a3l-1Ca f..10. B §7 AaH RBHbli1 B\.1A 

KaK BWTRHYToro, TaK 111 cnIl~CHYToro cctJepOIl1AaIlbHOro 6a3111ca f..1Q AIlR 

uexo r opux MaIlblX 3Ha4eHII1Ci KBaHTOBblX 4l-1Ceil. ., 

r 

*rrOA 6a3HcpM HH~e nOHHMaeTCH pernelwe ypaBHeHHa WpeAHHrepa
 

MeTOAOM p a an e.ne mrn nepeMeHHblX B mo6oil H3 YKa3aHHbIX B TeKCTe
 

BOCbMH CHCTeM KooPAHHaT.
 

.-~-- 101:1'. ".,. ..., ..........
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§2. BbITllHYTblt1 C<!>EPO~lAAnbHblt1 5A31-1C ~10 

B BblTflHYTblX cceooanane uux KOOPAl-1HaTaX ~, 17 ,rb paanene-n-e
 
nepeueuuux
 

'Im .p
 
r/J {e ,17 ,.p ; R) = N (·R) X((; R ) Y (17 ; R ) _,e  /2.1/ 

J2TT 

npl-1BOAl-1T KypasHeHl-1flM 

d 2 dX 2 2 'm 2 2 2 2 2 ' "d;;lCe -1)-dt 1d b (--2"--c t (( -1)-4(R il x ;u . 12.2a/ 
<, . f -1 

d I 2 dY I ( 22m 2 2 2 2 2 1- (1-17 )--- + -b TJ ----+c TJ (TJ -1)+A(R) Y=O, /2.26/
d 17 d TJ 1-. TJ2 

2)S KOTOpWX npl-1HflTW 0603Ha4~Hl-1fl /A(R KOHCTaHTa pa3AeneHl-1fl/ 

2 2 4 
b2 = ~ a R C 2 _ a4 R a=(~(U{2 

h~--2-- - --16-' /2.2s/
h 

061>e.Al-1Hflfl /2. 2a/ l-1 /2.26/ B ypaaueune (-00 < x < 00) 

d I ( 2 dU I [ 2 m 2 2 2 2 2 2 1-.- 1-x )--r-r- + A(R )-------b x -c x (1--x) u=o, 12.3/

dx dx 1- x 2
 

Y4~Tb1Bafi l-1HSapl-1aHTHOCTb /2.3/ OTHOCl-1TenbHO l-1HBepCl-1l-1 x -. -x, Bbl-
Aenflfl ocofiue T04Kl-1 x=±1 \.1 x=O\l l-1 nons aya s npouenypoa l-1ccneAO
BaHl-1f1 CXOA~lMOCTl-1' PRAOB. npeAnomeHHoCi S p atio re / 10/,MO~HO norcaaar s , 

41'0 ~WTflHYTWCi c<!JepOl-1AanbHWCi 6a3l-1C 1-10 onpeAen~eTC~ <!>opMynaMl-1 

C 2 [m] 
(±) " --£17 2 2-- {±) , 

~nqm(b,C,R,TJ)= e, (1-17) f (b,c,R,TJ), /2.4a/nqm 

_5_ « 2_ 1) J;.i 
(±) 2 2 2 (±) 

Xnkm (b, c , R; () = e (t -1) f nkm( b , c , R; 0 . /2.46/ \ 

, 
'Bi KOTOpblX 

n-Iml 

(+) 2 
f (b,C,R;x)= }; a2S(c) x 2S 

12.5a/
nqm • s=O, 

n-lml-t 

2
 
f {-) (b c R '.x) = };
 a 2S+1(y)x!2S+ 1 • /2.56/nqrn ' , .1 

s > 0 

4 

K03<!J<!Jl-111l-1eHTbt as YAOBneTBopfilOT TpeX4neHHbiM peKyppeHTHblM COOTHO

WBHl-1f1M 

J
/2.6/as3S+2+8s3s +Y s3 s-2=O, 

as = - (s + 1)( s + 2) • /2.6a/ 

f3 = (s + [m] )( s + [m] + 1) + 2cS - A '(c) , /2.66/
s 

Y = 2c (n - [rn] - s + 2) , /2.6B/ 
s 

/2.6r/A'(c)=A(c)-c 

l-1 ycnoBl4flM 3_ 1= 3_z= 0 ,~ 30 = q l-1 k - ~enble 4l-1Cna, HyMe3 1'=1,a 
pYlO~l-1e c06CTBeHHbie 3Ha4eHl-1f1 KOHCTaHTbl pa3AeneHl-1f1 l-1 paaaue 4l-1Cny 

HyneCi <!JYHKlll-1Ci /2.4a/ l-1 /2.46/. KBaHToswe 4l-1Cna q l-1 k CBfl3aHW 
t t~ i nl-1HeCiHWM o6pa30M: I I 

,.... n-lml - q= .2 k . /L.7/ 

3AeCb n - uenoe 4l-1CnO / n = O. 1 .2 •••• r. onpenenmouiee .auepre rw

4eCKl-1Ci cnexrp (E=iJw(n+3/2.». 'uoKa3aT'enbcTBo CBfl3l-1 /2.7/ r axoao .
 

Pa3HOCTb n-Iml paSHa 4l-1Cny HyneCi nqnl-1HOMOB /2.5a/ l-1 /2.56/ Ha
 
OCl-1 (-oo,oo).q paSHO 4l-1Cny HyneCi r ex me nOnl-1HOMOB Ha OTpe3Ke (-1.11.
 
4Hcno Hyn~Ci B 06nacTflx (-00~-11l-1[l,ooJ~Al-1HaKOBo /onpeAeneHHafl
 

u :f"" 
Cl-1M'M'eTpl-1fl o t aocwrene ao l-1HBepCl-1l-1 x .... - x /, j,1 n03ToMy' ouo paBHO 

(n - Im] - q) 12 . 
/ Cofic r ae-u-ue 3Ha4'eHL<1fl KOHCTaHTbl paanene-u-s A (c) l-1 flSHblCi BHA 

"K03<!J<!Jl-111l-1eHTOS 3 s onpenenaerca l-13 Cl-1CTeMbl OAHOPOAHblX ypaBHeHl-1Ci 
/2.6/, YpaBHeHl-1fl Ha KOHCTaHTbl A(±J(c), COOTseTCTBYlOlI\l-1e peWeHl-1flM 

/2.4a/ l-1 /2.46/, l-1MeIOT Bl-1A 

\ 

Boao\. ,~ 

Y2 t3 a 

II 
2 2 

D I!)' = 0, 2N = n - [rn] , /2.Ral~ del{ 

tf
 
;.
 

Y2N B2N 'I 

~ , 
B 1u t 

ri-
Y Bsasst
 

= 0, 2N+ 1 = n - [ml ; /20,86/
' U 0 '" det 

I
f 

Y2N+1B2N +1 
5 

I 
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TaK~lM 06pa39M, B~ITflHYTI'I~ CQJepm1Aan'b,Hbt~ 6a3~'W 110 onpenenaer ca 
cDopMynaM~ l. 

(±), (±l (±) (±l e im¢ 
c/J (~,77,¢;c)=N (C)X k ('(;C)Y '(77;C)-~-. 12.91nqrn nqm n rn ' nqm J~ 

§3. COOT,HOWEHI1~ OPTOrOHAnbHOCTI1 

66cYA~M HeCKonbKO o6~~x pe3ynbTaToB, KaCa~~~XCR' ypaBHeH~fl 

12.31 ~ ero peweH~~. ' 

3.). YpagHeH~e 12.31 flBnfleTCR AOBonbHO 06~~M. flerKO y6eA~Tb~ 
CR, 4TO: 

al B npenene a ~.O /2. 31 nepexonnr B, ypaaueuue , nonyvaouieecn 
~~ ypaBHeH~fl renbMronb~a nyTeM pa3AeneH~R nepe~eH~~X B BWT~HYT~X 

ctpepounans HblX KOOPA'i-1HaT ax; 
61 B npenene R->O (x = 77'" case) /2.31 nepeXOA~T B ypaBHe

H&.1€ flelKaHApa; 
2rfl.1 B npenenax R -s 0 (x=~-.-) ~ R->.o (x=~-> 1+~:-)/2.31
R R
 

nepeXOA~T B Y8aBHeH~e flarre')Ja;
 

ypaBHeH~erl B nperiene R-+oo (X'=77->'!~-) 12.31 nepeXOA~T B 
,3pM~Ta. . R 

3' .'2. 3an'~weM ypaBHeH~e 12.31 Allfl paauux KBaHTOBblX 4~CeJ,l 

~ pa3n~4H~x 3Ha4eH~~ BXOAR~~X B Herona~aMeTpoB Inp~\~aHHoM n I 

{ d ( 2) d [ m2 2 2 2 2 ( 2 ) ] I ' ),-- 1- x .._- + A - --- - b x - c x 1-xU. ,( b, c, x = 0 , 
dx dx nqm 1_ X2 ' , nq rn ' 

\ 2 
1J!....(1_x2)_~__ [A , , __ll.!..'.. b,2_ c,2x2(1_x2 ) ] l u , ,(b',c',x)=O. 

dx dx nq rn , 1 _ X2 " nq rn 

'yMHOlKaFl nepaoe ~3 3T~X'ypaBHeH~~ I-Ja Uq'rn' (b',c',X)'" ar opoe - Ha 
U (b,c,x), B~4~TaR nonY4eHH~e pe3ynbTaT~ A~yr ~3 ,APyra. ~ ~HTerqrn
 
plofpYfl a npezienax (a,d),TaK~X, "lTO U~rn(b,c;d)=Uqm(b,c;a)=O,
 

nonY4 11M 

d ,
 
(,A -A ,,) r u (b,c;x)U, ,(b',c';x)dx=


nqrn n q m a n qrn n q rn, 
/3. II 

d 
( m2.-"1.~2_ (b2_b,2)x 2_ (c 2_c,2)x 2(1_x 2) 1U (b,c,x)U, ,(b',c',x)dx,r n qm r > nq rn' 

:j, 1_x 2 . 

113 "3 ,,1 I B 4a'CTHbIX. cnyuaax ~MeeM cnenyoun-e CO~-'-HOWeH~R oororo
'\ Ha·.nbHoCT~: 

'I 

, A, e 

" 

r", " 
(±l ' (±l 1 (±l .' (±)

~" r Xnqrn(b,c;x)X , (b.c.x j dx » r Y q (b,c;x)Y , (b.c.x j dx « 0,n q m n rn nq rn • 
~ .' -1 . 
t 

,- 00 (±l ." l±l • dx 1 (±) t±i dx 
r x (b,c;x)X ,(b,c;x) 2 r Yn-qrn (b,c;x) Ynqrn(b,c;x) 2 = 0 , 

nqrn n qm 1-x -1 1-x
1· 

I 

00 ' 1 

rx l ±lrJ b )Xlf) ',)2d r If)( )Ifl(' )2 d.c,x ( b ,c ,x x x = Y b.c,x Y b ,c,x x x = 0 , nq nqrn nqm . nqrn 
1 -1 

00 + • (f)
r x'" (b,c,x)X (b,c',x)x 2(1_x 2) dx=
 
1 nqrn nqrn 

·1 If) (f), 2 2
 
'", r Y (b.c.x ) Y (b.c ,x) x (1- x ) dx = 0 .
 nqrn nqrn


-1
 

3.3,. PZlCCM;lTplo1Bafl ,B ycnoaau 13.11 npeneriu c » c ", b,->b'lo1 m-sm ", 

nerKO AOKa3aTb TOlKAeCTBa: 

I±) 2 
1 IfL 22 2' 1 aAnqrn(b,c;R) 'If) • 2r [Y (b.c.x j ] x (1-x )dx = ~ ----------- r [Y (b,c;x)] dx , 

-1 nqm 2c \ ae -1 - nqm 

. ,f 1 I f) 2 1 
I±) .]2 2 1 aA (b, c ; R) [I fl .]2

f. [ Ynqrn(b,c,x) X dX=2b'---r-------- r Ynqrn(b,c,x) dx , 
-1 ab -1 

If) 2 
1 If) 2 dx 1 rlAnqrn(b,c,R) 1 If} 2 
r [y (b c X) 1 ---- = --- ---------- r I Y (b c x ) ] dx , n qm • '.. 2 nqm •• 

-1 1-x 2m am -1 

,..
 
''!. 

3TVo TOlKAecTBa rOBopfl~ 0 TOM, 4TO co6CTBeHH~e 3Ha4eH~fl KOHCTaHT
 
-o (+ l 2Anq rn(b, c, R) aanaorcn MOHO,TOHHO aoapac TalOll\~M~ C!JYHK~~flM~' napawer> 

pOB. b, c ~ m '. 3aMeT~M r aiose , 4TO, cornacuo OC~HnI1fl~HOHHO~ r eope 
- ' ' (+)

Me, C YBenH4eH~eM 4~Clla HYIle~ 'q C!JYHK~H(1 Yn~rn (b, c; 77) pacryr C06CT
l f l ,j BeHHbie 3Ha4eHHfl KOHcTaHTA (b,c,R2), r e . nqrn c 

l I±) 2 2I Anqrn(b-,c,R )<An,Q+1,rn(b,c,R). 

:, 
.; ,.,. ~ 

• §4. CC!JEP~4ECKH~ nPEAEfl 

~ccneAyeM nOBeAeHHe B~TflHYTOrO'CC!JepOHAaI1bHOrO6a3HCa HO 12.91,('AI 
B npenene R'-+ O. HCXOAHblM nyHKToM CI1YlKaT ypaBHeHHfl 12. 8al H rz,86/ , 
'onpenenaouu-e co6cTBeHHble 3Ha4eHHfl KOHC TaHTbI .pasneneuaa A (c) • 
npH R -> 0 MaTpHllbl B 12. 8al H 12.861 ynpouieorca , a caMH Y'CI10BHfl 

12.8al H /2.861 npHHHMalOT BHA 



----

~-- "'.
i 

,I 

(±) R->O " IA q (e)--. (ct+ Im1)(q+ [rn] + 1)",f (P.+ 1) 

YI 

{32s (K) -~.:.:~- (2s - f + [m] )(28 + f, + [m] + 1) =0 B2 s ,r-lmJ' /4.1/ '1
8 = 0, 1• ... ~- [m] (f-Iml)- 4eTHO2- • 

-, 

$2s+1 (R) R"'O (28 ~: 1 - f + [rn] ) (28 + 7+ f + Im] ) =0 {32S + 1, r:"'1 m] • /4.2/ 

8 = 0 1 n - [rn] --1 , , ... - _- (f -Iml) - He4eTHO...

2 • 

Ilpeneri R-> 0 B pexyppearaux COOTHOlUeHl-1RX /2.6/ orinanaer cne-
AYlOl1\eH. oco6eHHOCTblO: npa 28 = f -1m! l-1 28 = f -1m] - i cpeAH~i1 

K03l!>{jJ"'II~eHT {3s 06pal1\aeTCfl B HYllb YI B HeM HYlKHO Y4l-1ThIBaTb 4.neHbl 
nopRAKa R2. OAHaKO Y4eT T~Kl-1X 4neHOB aaTPYAHl-1TeneH - AeTepMl-1
HilHTbl B 0611\eM cny-rae aHam1Tl-14eCKl-1 He BbI4l-1CnHIOTCR. Rp06neMY MOlKHO 
060HTl-1, e cnu paC.KPY4l-1BaTb pexyppe-rruue COOTHOUl,eHl-1R C " ABYX CTO

" ,n- Im] n - 1m] - 1
pOH - 8 = 0 l-1 C 8 = ---, s = _------- ~ ,Qanee peayns r ar ClUl-1BaTb 

2 2 
n\Jl-1 2s = f - [rn] l-1 28:+ 1 = f - [m] • TaKaR npouenypa npl-1Bogl-1T I< Co
OTHOlUeHl-1RM: 

f -Iml 
a a' +{3 0 • 0<8<'--2-- 1•

2s 2s+2 28,f-lml a 2 s = 

f-Imj n-\ml 
{3 ~ I 1 a + y a = 0 • ---- + 1 < 8 <--- • /4.3/

28,L- m 2s' 2s 2s-2 2 - - 2 

0<8 f - [m] -1a a +{3 2s+1 I,L-lmn', a =0. - _< --2--;-- - 1 -. 28+1 28+3 28+1 

f - Im] - 1 n - [m] -1 
{3 n I I a .+ y a = 0 ---- - 1 < s < ------/.4.4/
, 2B+l,L- m 2s+1 2s+1. 2s-1 • 2 - - 2. 

II: 

l-1 ycnOBl-11O ~lUMBKl-1 

. dACe) (21l+3)[2f(f+1)--2m2 - H :~hm ---- = --------------------- • /4.5/
 
R -> 0 de (2f - 1) ( 2l' + 3)
 

./ 

PaCKpY4MBaA AByx4neH~Ne peKyppeHTHNe COOTHOWeHl-1R /4.3/ !
'l-1 /4.4/, Y1MeeM 

\1
8 

I I 

c- f-Iml) f+ Iml+1) 
A s( ;> 8 f -Iml 

a 2 s (0) = O<s<, -1, /4.6/ 
81 (1/2) 8 

f-lml-1 f+lml+2 
c- 2 ls( 2 )8 , -f-lml-1 

0< s <---,--1 /4.,7/a 2 s + 1( 0) ='---;;-(3/2); - ~ 2 ' 

n-f
(---)

a I (R->O a , ( 2 k k _ m]+ 2k e) • _~ [rn] 0) ----- c • /4.8/r -kl---
(f+3/2)k 

nplll4eM nOCneAHl-1H pe ayns r ar cnpe aennae npa nri60H .leTHOCTl-1 4Hcna 
f - Irn! . HYlKHO, 0J\.HaKo, l,1MeTb B SIIIAY, 4TO 

f-~ m] 

(-1) 2 (2f-l)!! 
e-jml - 4enlO, 

a f _ Iml (0) = -(f-l~l=l-)-!!(f+\ml=t)-!~-- " 

t-1ml-1 
-, (_1)--2- (2£-1)!1 

af_1 ml- (0) '" --------------- • f - [rn] - eHe4eTHO 
(f + [m] ) !! <t - Im] ) -l! 

/riocnenaue peayns r aru nonY4alOTCR ~a /4.61 H /4.J//. Y4eT nony
4eHHbiX CooTHolUeHHi1 YI <lJOPMYflbl t 111 

m+1m]
2 imc/> j 2f +-1 . 1ml 

~m (O.!P) = (-1) e ---.,--------- ( 8mB) • 
417 <r + Im1)! (f - Iml ) I 

f-lml 
f-lm1 f+lml+1 1 2(~1) 2 (f+ Iml-1)!l (f-jml-1)!! F (- -2-~" -2--- ; "2" •cos 0) 

flP1-1 f-lml4eTHoM
f-lml-l 
-2""-- . of-lm1 - 1 f + [m] + 13 2 

(-1) (f+ [ml ).'! (r.-Iml)!! F (- --2---- . --2--- ;2; cos (1) 

np~ f-lml He4er'HOM. 

nOKa3WBaeT, ~TO ecnH el1\e HMeTb B BIIIAY ycnoBMe HOpMl-1pOBKl-1 , 
(.11/1 {±) 12 dv = 1. /4.9/ 

nqm 

TO MOlKHO cnenar s BblBOA 0 TOM, 4TO npH R ->0 BblTRHYTblH coepoanans> 
Hbl~ 6a3l-1C VlO /2.9/ nepeXOAHT B c<lJepH4ect<H~ 6aal-1c 110: 

(±) • R->O I±j (±) R->0f/2
i/J ( t, •11 •<i> • e) -----+ 1/1 n (r , 0 •<i» • N (c) --- c • 

nqm nun nqm 

1. 

'. 

9 
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I • {	 -"'-'--. -e- \ 
it!>' 

",'	 1'1, 

5'.,2,. nonYt.ieHHble rpopxynu n03BonRlOT ner xo Y6eAIIITbCrl,~ 4TO B nne
§5. nPEAEn nOnHPHOrO UHnHHAPA Arne' 6011bWIIIX R cnpa BeAJlIII Bbl COOTHoweHIIIR 

PaCCMOTpillM reneps npenen R -."" • 
, 
5.1. B npeAelle R~""B'onpeAellillTellRx /2.8a/ ill /2.86/ MOlKHO cb

xpaHiIlTb TOllbKO -rneuu , nponopuuouans aue R2
, ill nonyvu r s 

, 

(32s (c) R"''''' 2c(28-03')= (325,n3 ' 03 - 4eTHO /5'.1;I 

R~"" 
(3 (c)---~2c(2s-03-1)=(32s+1 n3' 03 - Ke4eTHO, /5.2/2s+}	 • 

,	 , ) R~"" rne 03 HyMepyeT 3Ha4eHiIlR KOHCTaHTbl A (c : A'(c) ,2c03,
KaK ill B §4, peKyppeHTH~e COOTHoweHiIlR /2.6/ npill R~"" Heo6xo

AiIlMO pacKpy4i1lBaTb KaK "CHiIl3Y", TaK ill IcBepxy", a nOllY4alOU\iIlecR 
peayns r aru CWillTb' npill 28 ~ 03 ill 28 ~ 03 + 1. B iIlTore nOJlY4alOTcR 

.AByx411eHH~e peKyp~eHTH~e COOTHoweHiIlR 

n 
0<8<d-1	 /5.31a 2 s a 2s +2 + 8 2S ' ?3 a 2s = 0, - 2 ' 

, °3- 1 
a a +(3 a =0. 0<8<----1 /5.4/,

2s+1 2s+3 2s+1, "a 2s+1 - - 2 ' 

°3 o-Im\ 
(32 a2. \:Y2 a2 2~O, -2 +1<'8<---- /5.5/

s • n3	 s s s- . - - 2 ' 

°3- 1 o-lmj-l' 
(32 '1 a 2. i + Y 01 a 2 -1 = 0 , --2- + 1 < 8 < ----2---- (5.6/

ST ,D 3 s+ ...8+, S	 

ill ycnoBiIle CWiIlBKiIl 

R~"" , 2
A' (c) ---~ (203+ 1)(0-03+ U + m -1. 

H3 /5.3/-/5.6/ cneAyeT, 4TO 

°3
 
R~DO (- 2)5 . °3
 

a (c) ----> ----,.---__ CS 0<8<--1,- - 2as (1/2) 8! 
, s 1( °3

R"'DO (- 2 )s s n -1
 
a (c) , ------- c 0< 8<-3---1,

25+1 (3/2)5 8 t - - 2 

a 2 z2
 
(+), " R->DO - --2- °3 1 .
 

Y~qm(7/;c)---->e F(-2-.;1f;a2z2 ) ,
 

. •.1' a 2 z2
f'1

(-) R~DO --2- 2z °3- 1 3 22 
Y (1)' c) -----> e - F (- --' --' a Z )
• nqrn	 ' R 2' 2 ' , 

'{	 
~,cneAOBa+enbHo,4TO B~TRHyt~~ c¢epoHAanbH~R 6a3i1lc npIII R~"" nepe
~OAIIIT B nonRpH~~ llillnlllHAPlll4ecKIII~ 6a3i1lc HO. 

5.3. HcclleAoBaHllle npene.na R~ DO B ¢YHKlllllflX /2.46/ ocnOlKHReTCR 
TeM, ,4TO B 3TOM npenerie "xopoule~" nepeMeHHoi1 RBnReTCR He 

2 2 " 

t (~'tt+ --'!.-2 i. a f3bIPa}/(eHllle t 2 -1. nepenillweM, /2. 5a/ ill /2.56/
R

~ !:lIllAe 
'II' n-Iml 

'(+) e . (+) 2 
fnqm(~'C)= fnqm(t~l;C), ! hs(c) (t 2 

_1)5 /5.7/ 
s= 0 

,. 
n-lml-1 

'f~~~(t; c) ~ f~~~ (t ~ 1; c), --r- gs(c) (,,2_1)5	 /5.8/ 
, s=o	 

~~ 

C\;j'j..naR, 4TO h (c) = go (c) = 1 • O
it",. 

y ~3 /5.7/, ./5.8/ III ypaBH~HIIIR /2.2a l cneAYIOT peKyppeHTH~e COO~-

H'oweH~R 

hs+ 1 +(3shs+Yshs-1~0. h_ 1 = O , ho = l ,	 /5.9/a ll

a s g s+ 1 t(3sgs++YsgS-l=O, g_17'O, go = 1 ,	 /5.10). ' 
q,~ =d('8+1)(8+lml+1), 

\ 
.' 

fi~ == (2'8+ [m] ) (28+ Im\ + 1) + 2c (0-1 ml- 28) - A' (c) • ,	 ' 
~'~l 

S's = (28+lml + 1)(2s+lml +2) + 2c,(lt-lml~28)'- A'(c). 
~ 

'lr ,~	 
'r' =·2c (p-lml-.28+2) "y~ = 2c (0-lriJl-'2s+1); '.s 

~ n " 
3 i 'I nOcne	 3TiIlX np~ABapillTenbH~x npeo6p~30BaHiIl~ npeAenbH~R nepexoAi=!.~_2_I-~ 1:2) c 2 ° :- 4eTHQ, ~.I'0-·lml-:-°3 ) n 3 i ' a -: cc npOIll3BOA.... TCR T04HO TaK, KaK ',HO nenanocs B flP'eAbIAYll\el1t--2 - - ' I(l... + -.L )a.	 ()R->oo k nYHKTe.5.2. nYCTb n-Iml- 4eTHO. .Torna 111,3 /5.9/ cneAYIOT con .t 2 k C .'---- ----  22 . 13	 k !. ~ n	 • 'OTHoweHiIlR

3  •'\
(-1)--= r<..3/2) c 2 03 - He4eTHO. 

I( n: + 1)	 1,]' i 
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a8h8+1+t38
(l)

h8=O, °SS::;N-l, 15.111 

(1) n-Iml
t3 h +Y h 1=0,- N+l<s<--, 15.1218 8 8 8- - - 2 

n-[ml-n3 (1)
 
B KOTOpblX N = ----- , B = 4c (N- s ) •
 

2 8' 

PaCKpY4MBaR 15.111 H 15.12/, HMeeM 

8h (c) R ->00 (-N)8 c ) 8 C O::;S::;N.
(Iml~T)~sr . 

h (C) R .... cc (_1)8 (-n /2) n38+N ----> - 3 8-;;-r----- h N ' 1::;S::;2" 

I1pM He4eTHOM n-Im[ ,AeHCTBYR aHanorM4HO, np~~XOAMM K ABYX4neHHbiM 
peKyppeHTH~M COOTHoweHMRM: 

a g B(l)-o O<s<N-l.8 8+1+ 8 g8- ,
 

B tl ) + -0 N+l<s<~lml'-l

8 g 8 Y8 g S -1 - '. - - 2--' 

1013 KOTOpblX noriyuae r ca nOBeAeHMe BenM4HHbl ~8 npu R -> 00
 

R-''''' (-N)

g8 (c) --> 8 c" O::;S::;N.(I m] ~-1-)-- s!- ,
 

s
 
s n3-1

(l)
g (c) ~::~--> - (- . ) 1::; s < ~1..-1N+8 -------~- 8s ! --;- gN • - 2

H3'nonY4eHH~x ~opMyn cneAyeT paBeH~TBo 

f I±l ((. c)
 
. nqm' 2 2


h~ll -(±)---------- = F (- N; Iml + 1; a o ),
 
R->oo f nqm ( ( = l ; c )
 

noxaauaeouiee , 4TO B npenene R -> 00 BblTRHYTblH c~epoHAanbHblH 6a3Hc 

nepexonur B nonRpHbl~1 ~HJlMHAPH4ecKMH 6a3HC HO. 

! §6. Cnm:lCHYTbWt C¢EPOHX\AnbHbltl 6M~HC HO 

CpaBHeHHe cjJopMyn 11. laY M 11.161 noxaauaaer , 4TO cnrnocuyrue 
coepoanane aue KOopAJ-1Ha,Tbl nonY4alOTCR H3 BblTRHYTblX 3aMeHoH 

22 Rc .... -c.= aIi -e -iR. ( ..... i[. ,- p =---'4-- . 16,11 : 

.\ 

12 

r' 
I 

--. 

OTcioAacneAye;r, 4TO 11. Hi/ - 3TO r e xe BbjHIHYTbleC~epm1AanbHble 
KOoPAMH'aTbl,Ho B ofinacrnx Rr:;(O.-i~),(~(O.ioo). ~ nOTOMY 

cnJtIOCHYTblH c~epoMAanbHblH 6a3Mc HO, KOTOPblH Mbl o603Ha4MM 
,I,I±l U;,1/,¢;p) •. onpenenae r cn ~opMynoH nqm 

I.!:) . I±) I±). I±).r/l (e .1/ ,¢ •p) = N (p) Xnk m( ( • p) Y (1/ •p) • nqm n qm nqm

rAe
 

P 2 Irn]
 
I±) -2'(1/ -1) 2 -2 I±)
II Ynqm(1/;~)= e (1-1/) ( I/ ; P ),fnqm

16.21 
n-Iml
 

(+) ---2 - 

/ 1/; p ,) = 1 h8 (p) ( 1 - 1/2 ) 8
 fnqn s= 0 

'\
!_:.l~L=}__ 

(-) 2
 
fnqm( 1/.p) = 1/ 1 g s (p) (1 - 712 ) 8 •
 

s=,o
 

.a 8h s+ 1 + 8 s h s + y 8h8-1 = 0, h
O

= 1 • h_ 1=O. 
- " a 81?;8+1+ B8 g8 +Y8 g8-1=O, g-l= O. go = 1 • 

d 8 =-4(s+1)(s+lml+1), 

t3 8 = (2s+ [rn] +.1) (2s + [rn] ) + 4ps - 2p (n -lmD - A '(p) • ... 
t3 8 = (2s + Irn] + 1) ( 2s + Im]+ 2) + 4ps- 2p (n -I ml ) ~ A' (p) • 

Y8 =2p(n-lml+2-2s). Y8=2p(n-lml+1-2s). 

P (2 [m] 
I±) 2 2 2 I±)Xnkm( ( ; p) = e (t + 1) f ( ( ; P),nk m

n-Iml 

2r (+) t:"
nkm.(~; p) = l a 28(p) (lOs,
 

s= 0
 

!~:.L~l=}_ 
2r(-)


nkm((;P) =
 1 a (28+1 • 
s= 0 28+ 1(p) ~ 

l
 asa8+2+t38a8 +Y8 as-2=0, a_ 2 = a_ 1 = 6. ao= a 1 = 0 ,
 

a 8 = (s+1)(8+2). 8 s = (8 + ImI ) ( s + ImI+ 1) - 2ps - A ' (p) • 16.31 
: I 

I :V =='2p (n-lml+2-s), A' (p) = A (p) +p .s 

Co6CTBeHH~e 3Ha4eHMR KOHcTa~T~ pa3AeneHMR A(p) MoryT 6WTb HaH

AeH~ M3 12.8~1 M 12.86/. ecnM CAenaTb B H~X npeo6pa30BaHMe 
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"'" " -J' 1:
( -

.• ; 

-/6.1/. KBaHTOBble 4~cna q ~ k HyMepYIOT 4~CIlO H'yIle~ tlJyHK~V1~ /6.2/ 
~ /6. 3/ ~ caaa ausr Mem,QY co6p~ COOTHoweH~eM /2.71. 

HcnoIlb3YH pe3YIlbTaTbi §§4,5, MomHo nOKa3aTb, 4TO B npe,QeIle 
R ... 0 ~ R ... 00 cnIllOcHyTbl~' cljJepo~,QaIlbHbfH 6a3""c HO nepexon-rr B cce 

pVl4ecK~~ ~ nbIlRpHw~~~~IlVlH,Qp~4ecK~A. 1l 

§7., 4ACTHblE CnyltAH '". , 
, I 

npVlBe,QeM HBHW~ B~,Q BWTHHyToro ~ cnIllOcHyToro c¢epo~haIlbHor6 

6a3~COB HO, HOpMVlpOBaHHblX YCIlOBHeM /4.9/ ,QIlH !l = G,l ,2,3. 
I 
ill 
1 

-1/ BbITHHYTbl~ c¢eDo~,QaIlbHbIA 6a3~C HO: 

(+) - a 2 ',4 C 2 '2
t/J OqO = a .J2 (--;;;) exp 1- 2 «( + 1/ - 1 ) I . A' = 0 • 

(-) _rz: a 2 ',4 ICc 2 2 I .l/J = 2 a v C (--) exp - -2- (<, + 1/ -1) • A' = 2.+ 2c • 
lqO 'f7 

(+) - -a2 ',4 C 2 2 2 2 \l a± Ir/>., t/J =av2c(-) expl--(t+1/ -1)1[«( -1)(1-1/) --==- . A' = 2. 
lql 7T - 2 V217 

, ' (+) - a 2 '.4 A' 2 - ~ C 2 2t/J = a V 3 (--) 11 + 2 (-----) I exp \- -- (.; + 1/ -1) I x 
.,2qO 7T A'-6 '2 

, (1 A' 2) ( A' - 4c (:2 A' (A' - 6) = 4c (A' - 2) •x. - 2 1/ 1 + -4-' (<, - 1 )} • 

± lr/>
{ ) '2 ',4 2 2 ~ , et/J- ·=2ac(-t!,.-)·expl-~(E +1/L1)r[(E -1)(1-1/2)] (1/x----==-. 
2Ql. 7T 2 V2'77 

A ",= 6 + 2c • 

± 2ir/> 
(+) 2 \4 c 2 2 2 et/J = a C CE_ ) exp 1- - (I; + 7/2 - 1 ) I «( - 1 )( 1-7] ) ---=- . A'= 6. 
2q2 ,17 2 ..;27T 

(-) --a2 \4 .C2 2 - 2· A '-2-2c 2 -V.t/J =a\/10c(--) expf---(E HI -1)1.\1+--[------] I 'x 
, 3qO 17 2 3. A'-12-2c 

• ,x'(1/11- A'-:,-2C 1/2111+ A'-~-6C (e-1)\. 
\,I'r 

CA ' - 2) CA' - 12) = 4c (2A r : 15) - 12c 2 • 

(+), - a 2 ',4 A'-2 2 -\I, C 2/ 2' 'jt/J 1 = a V 50 C--) [ 1+ 4 (, )] exp 1- - Ct + 1/ 2 -01 [( ( - 1 )C 1-1/2)} • x I 
3 q 17 A'- 12 ,2 • f 

, ' , 2 4 ±ir/> IA -2 2 A - - C 2 e 
x I1----1/ 1\1+ C( -1)1-=-. , 

2 8 V217 

14 

H. 
~- 'J".¥.\.. po;, ~. A<", ... , ri'C 

" '0. Y ~ 

" ,.-'", 

-I(A'-2)Ct\'~'-"12)=4C(:':"4'): '~ 

H ~ a 2 \4 c'2, 2_ e ± 2i r/> " '..t/J =av2c C-) expl---C( +1/2-1)IC( -1)C1-1/2..)~---.:-. A ;=12+2c
:lq2 17 2' . v'2; .J 

"

.-'"--- \ + 3' r/>' I
(+) 'c3 a 2 \4 C 2 2 2 3/2 e " I . 

0, =av.--"-{---) expf--CI; +1/2-1)j{C( -1)C1-1/)] _-=
,j ca ,3 7T 2 V2 n
 

A' = 12 .
 

2/ ~nh~~HYTW~ c¢epO~AaIlbHwA 6a3HC HO: " ) 

(+), • '- a 2 l4. p' ~ 2 ' ,.'oOqO =,a \I 2 (;--;-) exp 1- '2 (.; -." + 1 ) I. A = 0 • 

(... ) " -- u 2 \4 p, 2 2 ' 
0=t/J 2avpC---) expl-- -." +1)\. A =2-2p.lqO 7T 2-• C( 

«r - a 2 \4 p 2 e ± i.r/> . 2 2 \I,
expl--C( -~2+1)I~--·rc( +1)C1+.,,)l • A '~2.0 1't=,av2PC--) 

q " 2 \/"2;, \ ;; v 

" (+) -- a 2 ',4 A" 2 - ~ P 2 2 
.1• • =nV3(--) 11+2C-----) \ expl--C(-." +1)\x
'l'2qO 17 ' A'-6 • 2 

l' A',- 4c 2' A ' 2 
xJ 1 - -'4-- C1-11 )][ 1+-~ t l . A' (A' - 6) = 4p (2 - A') • :. 

/ 

, + i r/>ht . a2 ~, p 2 '2' 2 Yo a-
02~1~2aPC--;-'r-exP(-2'C'; -." +1)1[('; +1)(1_.,,2)} {.,,--=_ A'=6-2p.
 

r V27T
 

, 2 '±2ir/>
 
(+). Ca )'Af c 2 2)1 I P'c c 2 2 1)1 e A' It:'
o 7 = ap,--- C1+<, )( 1-1/, . exp -;--- <, -." + ---- • = 6. 
2q2 77 ' 2 _r--2 

II. .. VI<. 17' 

,'(-)', --,a 2 ". A'-2-2p 2-\.-l P '22. 
..' 

/Ii '" a V lOp C--- ) I 1+2 [---------] \ exp 1- - ('( -." + 1) I x 
3 Q'p tr 'A'-12 + 2P 2 ' " '
 

"{
 

A'-2+2p 2" A'-2+6p 2 
x (." [1'+ ------- ( ] [1- -------- C1--." )}

• -6 '4 • 

~ 
- '" 

\A" - 2)(A "- '12) ='4p C15 - 2A') - 12p2 , 
~ 

(+) -- d 2 'A • A <: 2 2 - 'h P 2 2o = a V5p C~ ) [ 1 + 4 C:>.----)] exp I- -- (t - ." + 1) I x
• 3 Q 1 ,; 17 A' _ 12 2 

!.,ll. ~ 

• 2 \.-l A" +' r/>
.X'{C~ + 1) C1_.,,2)] [1.;;- --=_2...+4p__ ] [ 1+ -~~=..?_- t }~~_.=_ • 

8''', 2 - '2 • 
oIoit • V TT· 
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---

I
 
" !,CA' - 2) CA": 12) = 4p C4 - A') , 

l
I 

± 2i <h(-) "-- 2 lA P 2 ,2 2 e
 
I/J = a v'2p3 C~-) • exp 1- - Cof - 71 2 + 1) I Ct + 1 ) C1- 71 ~ --~_-_
 

3 q2 TT· 2	 V 2 TT ,I 
I 

( " ~ 
A' = 12 - 2p , I 

,(+) p3 a 2 lA P 2 2 2 2 3/2
'IJ =a Ji--(--)3 TT 2 . -71 +1)1{«(' +1)(1-71),1 xexp!---ce3 q3 

± 3i <h e 
x ------ A' = 12 , 

V2TT 

B 3aKn~YeHHe B~pamaeM HCKpeHHD~ 6naroAapHocTb C.H,BHHH~KOMY,
 
A.B.MaTseeHKo, n.H.nOHOMapesy, 'r.C.CaaKRHY H ~.A.CMOpO~HHCKOMY
 
3a none3Hwe oGcymAeHHR.
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,l ~\~ 

MapAoHH n.r., Ilor-ocau r.c., ~c'aKHH A.H:, P2-85-141 
Tep-AHToHHH n.M. 

~'I 

HallApHbl' pemenaa ypaanernra IIlpeAHHrepa AJIH H30TporrHoro" 
OCwmJIHTOpa'" /110/ B BblTHHYTblX H CIIJlIOCHYTbIX ClPepoHAaJlbHblX 
KOOPA11'HaTax. TIoKa3a;;o ,.':t.ITO" rronYt.IeHHble penrenas nepexonar rrp11' 
R~O 11' R-roa /R - p,a3MepHbld'rlapar-:'eTP, BXOAHlI\11'll B onp erterre-: 
HHe	 B\;1ITHHYTbIX H.. cn.nIOCHYTblX c¢!epoHgaJIbHbIX' KOOPA11'HaT/ CpOT
BeTCTBeHHO B cqi'epHt.IeCKHe H U;HJ1HHAPHt.I,~CKHe,6a311'CbI HO. L\a~ 

• ."	 if 6 110HBHblH BHA KaK AJIH BbITHHYTQro, TaK .'11' CIIJIlOcHY'I;0ro aaac a 
AJIH	 H11'3WHX KBaHToBbIx' c,oCTOHH11'll., 

Pa60T,a BbIIIqJIHeHa B 'J1a6opaTopHH TeOpeT11't.IeCKOll !p11'311'K11' 0115111 
,i.e 

l' 

Coo~meHHe 06beAHHeHHOro HHCTHTyTa R~epHWx Hccne~oBaHHR. Ay6Ha 1985 
it	 :,,:'" 'il '. 

'~, 

II" 
.I' 

"J,l' 

,~.'.	 ~., {~ .. 
TIepeBo~· T.ID.L\yM?pailc 

Ma'rdoyan L.G., Pc gos yan 'G:S:, S'i s s ak i an h~N., P2-85-141
 
i~r-Antortya~.V.Mp
 

" 
-SoLut i.oris of,the"Schro?ingere'tjuation fire found for an 

isotropic ,oscillatot (10) ~n I;?rolate and ob La t e spheroidal 
coordinates~ It rs'shown that'the obtain~d solutions turn 
into sphe,ric~l and C)'Frtdri:cal pases, of the i so t rcp i c oscilla-l:' 
tor at R~O' and R~oa '( 'R is the dimensional paramet'er ente .... 
ring into the i~finition of' prolate and oblate s pher o i'da I 
cooroinates). The expiicit form is given for both prolate 
and oblate basis of the isotropic oscillator for the lowest 
quantum 'states. 

The investigation has been performed at the Labo~a~ory
 

of Theoretical Physics, JINR.
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