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1. BBEAEH~E 

YpaSHeHHR 3BO~4~~ Hrpa~T Ba~Hy~ panb npH aHsnH3e KaK HHKn~
3HSHbiX / 1,2 1 ,TaK H 3KCKJ1103~BHblX / 3/ }l(eCTKI1X npolleccoB. OHH onHCbI

ealOT 3aaHCHMOCTb IPYHK4HYs pacnp'eAeneHHR napTQHOB r(X,1l 2 ) It! nap
TOHHb/X BOFlHOBb/X ¢YHK4HH ~(X'1l2) aT peHopMHpOB04Horo napaMeTpa 11 . 
Xopowo H38eCTHo, 4TO AnA nocneAoeaTenbHoro y~eTa paAHallHOHHblX 
nonpaeOK He06xOAHMO 3HaTb RApa ypasHeHHH 3BO~4HH no KpaHHeH 
Mepe B Asyxne TneeOM npH6J1HWeHHH. AnR HHK~3HBHblX npOlleCCDB BBYX
neTne Bbie pac4eTbi 6~H BbinOFlHeHbI HeCkOnbKQ neT TOMY Ha3aA / 4•5 . 

Bbl4HcneHHe RAep 3BOflClIHH AnR 3KCK~3HBHblX np04eC COB RSFlReTCR 
3Ha4HTenbHO 60nee CnO}l(HOH aaAa4eH, H nepsble pe 3ynbTaTb/ - ABYX
neTneeoe RApa 380flOlIHH AnR BonHOBOH ¢YHKlIHH nHOHa - 6b1flH nony
4eHbI coeceM HeAasHO / 6-8 / , nepsble ABa paC4eTa / 6/ H /7/ SbinOIlHeHbI 
a caeTonOA06HOH aKCHaIlbHOH KanH6pOBKe C ~cnonb30BaHHeM TeXHHKH. 
aHanorH4HOH pa3BHTOH a / 5/ AnR HHKn~3~BHblX npo~eCCOB. H3BeCTHO, 
OAHaKO, 4TO cBeTonoA06HaR KaIlH6pOBKa aeCbMa cHHrynRpHa, B 4acT, I HOC TH, B HeH nORBnRIOTCR "nHWHHe" ynbTpa~~oneT08b1e pacxOAHMOCTH, 
KOTopble YCTpaHRIOTcR ~aKTj.14eCKH "PYKaMH" /nOAP06HoCTH CM.B / 5/ /. 

I. ! KpOMe Toro, Kat< nOA4epKHBanOCb B / 7/ , B npol.4ecce pae4eTOB 3BOJ1lQ
l.4HOHHOro RApa AflR BOIlHOBOH $YHK~HH nHOHa BCKPbll1HCb HOBbie oco
6eHHoCTH 3TOH KanH6pOBKH, He npORBHBWHe ce6R npH paC4eTe RAep 
AflR HHKn~3HBHblX npo~eCCOB. Bee 3TO CTaBHT 3aAa4Y pa3pa6oTKH 60
nee perynRPHoro MeTOAa paC4eTa RAep 3BonlO~HH AflR 3KCKfl103HBHblX 
npOlleCCOB , 

B HacToR~eH pa60Te AaeTCR onHcaHHe HOB oro MeTOAa, n03BOflRIO
~ero npOBOAHTb Bbl4HcneHHR RAep 380n~IlHH B KOBapHaHTHbiX KanH6poe
Kax /HanpHMep, B $eHHMaHOBCKOH/ aeCbMa 3KOHOMH4HblM 06pa30M , Me
TOA npHMeHHM K Bbl4HcneHHIO nlO6w~AH~rpaMM'NBK~4a~Hx COCTaSHbie 
onepaTopbl C npOH3BOAHblMH THna \V (x) r (."0" ) \V (x). Ha ero OCHOBe 
HaMH nonY4eHO RAPO 3S01l1011HH AI1R sonHoBoH ~YHKlV1H nHOHa lJJ(x. y) 
H BocnpoH3seAeHo RAPO 3S01l104HH P(z) AIlTapenllH-napH3H AnR npo
4eCCOB rHP-nenToHoB S AByxneTnes OH npH6IlHMCeHHH / 4,5/ , Haw p e 
3ynbTaT AIlR V(x,y) COBnan c peaynbTaTOM pa6oTbi/7/ , 4TO nOATBep)I(
AaeT OTCYTcTBHe CHCTeMaTH4eCKHX owH60K, 06ycnoaIleHHwx caM~M 
$aKTOM Hcnonb30aaHHR cBeTonoA06HoH aKcHanbHoH KanH6poBKH. 

H3nO)l(eH~e nocTpoeHo cneAY~~M 06pa30M . B paaAene 2 np~BO
ARTCR OCHOBHwe nOnO)l(eHHR, HCn0J1b3yeMwe npH aHanH3e 3Bon~4HH 
BOIlHOBOH ~YHKllHH nHOHa. Pa3Aen~ 3 H 4 nOCBfl~eHW 06~eMY onHcaH~~ 
MeTOAa . B paaAenax 5 H 6 YCTaHaSflHBaeTCR 06~aR ~opMa pe3ynbTaTa 
AJ1R HeKOTopblX KIlaCCOB t¥"~'~r~aMM, cnpaeeAJ1HBa!, \ np~ nlO60M 4101CIle .... ; ,I _. .
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neT enb. B pa3Aene 7 B Ka4eCTBe n pOC TO~ ~nnDCTpa~HH pa 3BHT~X Me

TOADB B~4HcnRCTCR OAHoneTneB~e HA pa 3BonC~HH Vo (x.y ) Al1H 3KCKnD

3HBH~X H Po(z) - AnR HHKnC3HBH~X npo~eCCOB COOTseTCTseHHo.B pa3

Ael1e 8 o6cY*AaeTCR CBR3b Me)f(J:lY RApa MH V -nma H P -THna . HaKO

He~, B pa3Aene 9 3HanH3HPyeTcR CTpYKTypa AByxneTnesoro RApa 3BO

~~HH . B 3aKnc4eHHH C$OpMynHpoBaH~ OCHOBH~e B~BOA~. Pe3ynbTaT~ 

paC4eTOB AnR OTAenbH~X AHarpaMM B~HeceH~ B npHno~eHHe A. B npH

no~eHHRX 6 H B AaH~ OCHOBH~e ¢opMyn~ AByxneTneBoro HHTerpHpOBa

HHR. B n pHnO)l(eHHH r - <!>opMynbl nepeXOAa OT RAep Vex, y) K RApaM P(z) , 

2 . BOJ1HOBA~ <!>YHKlt~~ n~OHA ~ EE 3B0J1IOU~~ 

BonHOBYIO 4>YHK ~HIO nHOHa <t>(x.,:L 2) MO)t{HO onpe.qenHTb Cfll'JlylOUt ~IM 06
pa30M / 9/ , 

I i N -... N 
a ",2) f <I>(x,~2) xNdx _ <Oldy, n(nll) ulI' , /2. 1/ 

N 2(Pn) N • I .o 

r Ae 0v - HeKoTop~H cB eTonoA06HblH BCKTOP (II 'f. fJ). of WI 1I1 ·\U-ID.lICllJ4HH 

BblAeneHHe CHMMeTpH4Holit 6eccneAosOH 4;:U HI H.tJUI'; ' "II1I1' III1J - llItuapHaHT -

Horo 1l0KaIlbHoro onepaTopa dy y 0 ••. 1) II (. l(n.III II,IUoIHII 41-1CnaMH 
5 It "I I' N 


"+-Me30Ha; DJ,i = aJ,i -igA :A - KOOilpH.l!IlIl. IH 111""'1111'11",1 11 . Ae~C TBYtO 
il 
utaR Ha none U -KBapKa; IP "> - OA HOllI11l111II W I tu I PI IIHU' (.. HMnynb coM P, 
a Jl -napaMeTp peHOpMj,1pOBKj,1 AIHl CO(. I (lil liloI r 11111 P .I IIIIlOU. ~ - KOH 

CTdHTa CBR311t. n epeMeHHaR JC. HMCl: T ( M'~ I II JIIII'" 111 IIlJlllllbHoro wmyIlbca 

nj,10Ha, n p HXOARuter OCR B CIltCT('MC Ut't 'HIl If " '"111" ,,,""YJII.. ca Ha KBapK U.
2 ., 

3aBI-1C j,1 MOCTb MOMeHTOB :IN(Jl ) 01 /' fllllll 1.111 111 II" YlhIOHe Hj,1eM pe-

HopMrpynn~ 19/ 

N 
~2 - d-a ( 2) - }; Z' ' /2.2/K _ O NK'K (,I"),<4< 2 N" 

rAe ZNK. - MaTpH~a aHOMallblt~X p,I.IMI'PIIIJI 1"11 

$opMyna /2.2/ OTpa)tlaeT T OT tII,'KI, ' Itl' f'"IIIIU\IIIIoII' JnCMeHT~ one

paTopOB, COOTBeTCTSYIClIJ4He 06KJ1JAK.JM t I'" tlll ... 'UI ItMIIYllbCClMH, Han p "'

Mep <Ol o (Nl IP>, npH nepeHopMHpOlIHI ' ,H,"UilIUl llf"I" ~ MtllP"' 4 H~MH 311e

MeHTaMH onepaTonOB, RBI2R~lo1xcn nuntll.tH'I 111"111 IUI'HI IUM6-1 tJ N-K O(Kl
lo n e paTopoB (iysO(o D") u I ,O(n,('J-lI11 HII I 11101"" )111' 111111 /1.1/ H /2 . 2/, 

MO>teHO nOnY4HTb yp~BHeHIltR 3BOnlOUl--11-1 Hnll IltI/lIII""1I1 II)VIIIClI"'''' nHOHa / 3/ 

I 
~ 2_d_<I> (x, ~ 2) f Vex, y; ~) ~'(y, I' 2) <ly . / 2 . 3/ 

<4< 2 o 
RAPO 3 B011IO LlYl j,1 vex, y ; g) CBR3aHO C MJlPl111W1 'I. N .. I: c Itl ' IIOUie llHCM 

1 . N ~ Kf V(X,y,g)x dx - - ZNK(g)y /2.4/ 
o K=O 

2 


50nee npOCT~MH 06DeKTaMH c B~4 Io1cnIo1 TenbHO~ T04KH 3 peHYlR RSfl RIOT

CR RApa n j,1na Tosa-AIlTapenIlH- n apH3H / l ,2 / ,onj,1C~Ba~He 3 BonC4HIO 

~YHKLlH~ f(x,,:L2), CBR3aHH~X c MaTpH4H~MH 3neMeHTa MH , COOTBeTCTByc

~I-1MH pacceRHHIO BnepeA. ~YHK4I-1R t(x.Jl 2 ) onpeAenReTCR COOTHowe

Hlo1eM, aHallorH4H~M /2 . 1/: 

.N2 I 1 - A
M N (~ ) • f f( x, ~ 2) xNdx % <PI ,I, ( OV N 

2(Po) N+l 0 °v ) o/J I P > • /2. 5/
T o 

YpaBHeHHe peHopMrpynn~ AlIR MN HMee T BHA 

~2 
<4<

d 
2 MN (" 2) - yN(g) MN(" 2), /2.6/ 

a 3BonlO41-10HHoe ypaBHeHHe, s~TeKa~ee H3 /2.5/ H /2.6/, MO*HO 

3anHcaTb KaK 

I
? d 2 

~ ---f(x, ~ ) = f P(...':) fey, ~ 2)~ /2.7/
<4<2 x Y Y 

r A e RAPO P(z) CBR3aHO c Y COOT HOWeHl-1eM 
N 

I N 
f P(z) z dz - YN • /2.8/ 
o 

Hcnonb3YR TOT <!>aKT, 4TO Z NN- Y N.' H <!>opMynbl /2.4/ H !2. 8/, nony
4HM "peAYK~HoHHYIO $opMynyl l / 7 . 8 / 

-0+ ioo
P(z) _ _1_ dN z-N-\l.(~) N I / Vex, y) xNdxl /2.9/f

2:ri NI dy y,,(J o All 
-(1- i 00 

CBR3b1Ba~y~ ABa THna RAep. CHMBon OM /An/ B /2.9/ 0603Ha4 eHa n po
4eAypa aHanHT~4eC Ko ro npOAon~e H~R B KOMnneKCHYIO N-nIlOCKOC T b. 

¢opMyna /2.9/ AaeT B03MO*HOCT b npos epKH pe3ynbTaToB paC4eTa AnR 

RAep V(x. y). KOTopble ropa3AO T PYA Hee B~4j,1CllHT b, 4 eM P(z). 3Ta 

$OpMyna 6YAeT Hc n on b30BaHa HaMI-1 B pa3Aene 8. AnR nOA06HoH n po

BepKH He06xoAIo1MO OAHoepeMeHHO B~4HcnRTb V(x,Y) 1-1 P(z). Ha w )l(e 

MeTOA c~opMynHpoBaH TaK, 4TO OH npHMeHHM K pac4eTY 060Hx RAep. 

3. PA3J10*EH~E no HHor04ACT~4H~H <!>YHKU~~H 

KaK B~HO 1.13 /2.4/, 3Ha HHe V(x.y; g) B npYlH~Hne 3KBHBalle HT HO 

3HaHHIO MaTpH~~ aHOManbH~X pa3MepHo c T eH ZNK(~ ' CTa HAapTH~H MeTOA 

B~4YlCneHI-1R aHOMan b H~X pa3MepHoc T e~ COCTa BH~X o n epaTopOB OC HOBaH 

Ha pa3110~eHHH Sellj,14 HH (o" DV) Nno ~opMY11e 6HHoMa T a K, 4 T06~ 3aSH

CHMOCTb onepaTop Ho~ BepWI-1H~ OT KBapKOB~X H r~OHH~X n o n eH CTana 

RBHOIit: 
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N-I 
- v N - - ( N ) ~ C m+ 1d- - A" (m) (N-I- m)

dyS n("v D ) u = dyS nu + .. N ys n u + •..• 13 . 1/ 
m= O 

(k) . v It ... v a 
r Ae ¢ = (ova ) ¢; A = n Av),.g . 

~anbHeHwH~ pac 4e r npoBoAH TC~ 06~4H~M o6 pa 30M . AnR ~HKnD3~ B H~X 

npo~eCCOB Aer anbHoe on~ca HHe B~4HcneHHH AaHo , HanpHMep , B pa6o
Te / lO ~ 0606~eHHe Ha 3Kc KnD3HBH~~ cnY4aH Aa eTcR He3Ha4HTenb Ho~ 
MOAH~HKa4HeH leM . pafiOTy/II/,e KOTOPOH nOAP06Ho 06cy~aeTcR 
oAHoneTnes oH pac4er/. 

OAHaKo BoccraHOBlleHHe Vex, y ; g) 1013 /.<13BeCT Horo Z NK (g) RBllReT
CR CllO*HOH np06neMoH. 

~13 I-1M e lOlqe r OC A onbiTa pa C4eToe RAep AIlR VlHKll103HBHblX n po~eCC OB 

H3seC T HO , 4 TO n pRMoe Bbl4Hcn eHHe RApa P(z) npCAcraSl1ReT 3 Ha 4 101

rel1bHQ 6 0 n ee npaCTYIO 3aAa4Y, Ll e M Bbl4HCIlCHHC iJHOMiJl1blibiX pa3Me p -

HQCTeH YN' A OAHoneTlleBbie paC4eTbi Se.JlHLlVlII ZNk. loot V(x,y) C 8 101 

.qeTeJ1bC T SYIOT 0 TOM, '-4TO AnR 3KCKIl103",OllbiX npo,-,cccOO 3TO cnpaaeAIl"' 

BO B ~e 60nbweH Mepe. HCXOAR Io1a 3Toro, (1Y/lCM ill)HACpM(l.1BaTbCR 

CTpaTe r lo1'" npRMoro BbI'-4"'ClleHHR RApa V (x. y; I~) . M"'"YR paC'-4eT MaT

PJ.1Ltbi Z NK' AnA 3Toro conOC T iWVlM M,lTPI.tl-tilUMY HU 'MCIITY Ka>t\Aoro one

paTopa, BXO~r~ero B pa3Ilo)t(CHHC I J. 1I. ""IIUI n~lut T&.1 4 HYIO BOIlHoa ylO 

<l>YHK~"1O ¢, / 2 , 

I N 	 L I, I)(' IN L , - ... - r. f IP> = 
2(Pn) N+ I <Olay~;; '-1) fk , ) "I - I ... A I 

I ',_, A , N _ L . L • 	 " I 1. 1 
( z I-I .(,-1) .... . • ,), ./ • / , ¢ / _1 ( z, •.• . • zo)[ dz) /+ 1' 

• I n o 
/3.2/ 

3aB&.1CR~YIO, Bo06~c rooopn , () I K,IIIUfl l ·IIHHClI IJ /3.2/ BBeAeHbI 0603Ha, 
YeH"R [ dz)I+1 	. 8(1- i\ ',) "1." ... 01,/. I" I IIa60p rpynnoBbix VlH-

AeKCOB . B Aal1bHeHwc"" r pyIHIIIUI.UI IHlJI"!H '01 Y 0/1, GYAeH onYCKaTb. Bce 

11HnYIlbCbI Ha A\1arpilMMdX. COl) T fit" 1., IIIYUIIII,II( H,I I 1-n14HOMY 3J1eMeHTY 

B lleBOH 4aCTVI /3.21, npCArllll1.11 IlllICU lI':I1I\'IO,I1MI1 0 COC T aBHYIO Bep

WHHy /cM.pHc.la/ . b-lllyItK'tUII 1I111z1 II IIPlllll1l1 40CH, /3 . 2/ Bblpa

M(aeT 3aKOH coxpaHCHHR HMnyJn" II, IIplt II ItH 1 II 11 COOTBeTCTBY-Z, 
lOT Io1MnYIlbcaM Ha KsapKOObi X - IU 1 , I,lh'"oI" '/. OTHQCRTCRJH'1IIIII11(, 

K rlllOOHHblM 11I-1HIo1RM. BbinOflllC IIII O lrHltclllu"~lIl)lll ytllOOIo1R 0 < Z·, < 1
I 	 - 

J.1 	 I zi = 1 AIlA MHor04ilCTlo1 l IlU" X IJ)YIlt<IIIUl tit , ,(t, .... ,zo) 6b1JlO AOKa-
i-O 

3aHO B pa50Te 1121 . 
B VlHKJlI03101BHOM c11y4ae YAOOttO nl)~"'"'b cIH"" ~1 t KU,lPKOBbiX VlMnYllb

COB B BepW"'He BblXOAA~Io1M, TorAD IlI)I.>'Mt'''' Y ht!IYIIKllI1101 lo13MeHIo1 TC~ 
Ha Xo + x 1 + .. . - 1 F /plo1c.16/. n"JlI.I ''''I Il,UC ' C' P ,H.tMOq)t'III-'1C 6YACM 

n pOBOA Ioo1 T b A n R RApa V -noma. ncpCXOJ\ K IHIKIIIClIi'"IItJMY C nY4010 ocy

~eCTBJ1ReTCR He3Ha'-4I4TellbHOH MOAlo1Ill~1Kt114"'(-'~1 l1(.1IUIIIII"K Il)C)I-JMYll. n OACTO

4 

p 	 P HC , I , C Tp y xTypa MHOrO\laCTJilUlblX 

BonHOBhlX ~YHK~HH: a / 3KcKn~3HuKhlH 

CJIytlaM , ko+". t- kp = P . 6 / HIIK1IJO

3 HBJibu1 ~aH k 0+ ... + k f- )= k f • 

p 

al 61 

B J.1 B 13 . 2/ B / 3 . 1/ lo1 BocnQllb 30aaB Wlo1 C b 12 . 1/ , ¢ (x) MO)t(HO n p e AC T a

BVl Tb B B Io1Ae CyMM~ n o ~YHK~lo1RM ~It . B3RTbiM C BeCaMI4 , KOTop~e AaIOT 

CR <l>opMyno~ / 3 .1 /: 

~ 1 ~ 


OI>(x) = ,:, (p._ I(x lzO •. . .• z.) ¢._ I(z' ... . . Z' "l!dZ).+I • • : OP.(X)IiI4>•• 


o /3 .3/ 
3Ha4KOM S 6YA e M o603Ha4aT b J.1 HTe r p aIlb HYIO C Be p TK Y . Becosble ¢>YHK 

Il Io1H Pit (xl lz 110:. I ) RBIlAIO TC R 06paT HblMH Me llnHHOSC K \1M Io1 06p aaaM\1 OT 

n Ofl lo1H OMOS Pit CNllz llt +1)' n OJ1Yll a!OU.tVl XC R npVl CYMM Vl posaH VI '" B 13. .1 1 
c Ten eHe~ z " 3 13 . 2/ . <l>Y HK~"" p .(Nll zl . +1 ) KOH~eHT p"pyIOT B ce6e 
BCIO N - aa B VlC HMOCT b VI "'H¢>opMaLt lo111J 0 C TPYK Type 3$¢>eK TVlBH0t1 k 
rn~oHHOH Be pWVlH~ B COC T aS HOM on e p a Tope. nOCT p OHM T a KYIO n p OlleAY 

PY Bblll"'Clle HVlR Pk(N) . np l-1 KOT OOOH OH I-1 n OIly lla ll",c b 6 b! B BI-1 A e 11"' 
He H HoH KOM6 V1 Ha ,-, lo1 '" CT en e He~ H N (z) • '-4 TO CAella e T ", x MellIlVlHOBCKoe 

06pa~eH",e Tp l-1B l-1a nbHblM . 

n o on p eAeneH t.1 IO . 

-0+ ioo I 
-{N+I)- I I dN - II I N II I p. 	(x llz 1.+1 ) ~ r x p.(NI z . +1) 2ai .p, (N Z .+1)- ( x p,(x z '+ I)dx. 

-Q- ioo o 13.1</ 
A Il R nepBoro cna r aeMoro B /3.3/ "n" /3 . 1/ Po (N) c z ~ YI TorAa, 

KaK clleAyeT "313.4/. 

po(x l z ) = 8(zo - x) . 	 13 . 5/o

~IlR BToporo CIlaraeMoro B /3.31 C y4eToM 3aKOHa coxpaHeH~R: 

_ N-I cm+I.N-I-m m ('1+ zo)N-{zO)N (1: )N_(z )N 
PI (NllzI 2) ~ ),'1 :. N 0 z l "" '\ ~ A 2 0

I z I 8 ) Z2- Zo 

3Aec b BBeAeHO 0603Ha4eHlo1e Z = L - z. 	 /3. 6a/ 

K pe3YflbTa T Y AJlR PI (NllzI 
2

) MQ)t(HO np"'AT\1 &.1 APyrJ.1M nYTeM, VlC-

XOAR 1013 Blo1Aa COCTaBHOro OnepaTOpa B l1eBO~ 4aCT'" /3 , 1/ '" BblAell~R 
B HeM onepaTOp C OAHIo1M rJlIOOHH~M nOlleM . TorAa, 
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. N _ N - I .... ... m ,. (N-I - m) 
P I (N)Q¢ I _l--< Old Ys n ~ (na) ( AI U ) IP >. /3 .65/

2(Pn) N+I m =0 

Bocnonb30a aeWHCb ~opMynoH AIlR npOH 3BOAHO~ a T npOH38 eAe HHR H npeA
CT a eneHHeM /3 .2/ J n0I1Y4 J.1M Bblpa)l(eHHe AIlR PI (N) 


- N N 

_ N -I m N-I-m (z2) - (~ ) 
P I (N) ~ A8 I k (z I + Zo ) Z 0 ~ Aa /3 . 6B/ 

m=O I z 2 - Z 0 

MOMeHTbI no x OT cneAY~J.1x cna r aeMbi X B /3 .3/ nonY4a~TC R Ha pa~ J.1
aaHHeM B npaeoH 4aCTH /3 . 66/ CT a HAa pTHbiX 6no Ko B J.13 rn~OHHoro n o 

JlR H HeKOToporo 4101cna npOH3BOAHbl X . Tat< . AIlR ji2(N) tal ch 2 VlMe eM 


- iN -.... N- 2 -Ie,.. N :.!- k III '" (N-2-k-n\l 
P 2(N)Q¢ 2 ~ ---<O l d Y5 nSI 2.111 ~ (II .J ) II ., ~ (,,,)) II , " lip> . 

2(Pn) N+l k 0 .. 111 () 

3AeCb Sl2, 11 - one p a T o p C&.1MMCT P "'1 ~) , 1 111 11 1 nu HHll CKCdM J.1 2 , QT HOC R
~J.1MC R K rn~OHHblM n OIlRM. 

A e)1CTsYR a Ha n o n ., 4HblM ol}p J30M, t Y 1I1 ' TU M I)C!)Yllb Ta Ta /3. 6a / no 
nY4HM cneAYIOl4YIO 4en o 4 KY p,lI)t.' II( I It 1l 11i1 / 1 2(N ) ' 

N-2 
p,(N) = SI2. 11 2: A. (1,,11. , 11'2 )1 " , (N . I - k) 

~ Ie: .. O 2 v 

~ Z)N N N N 13.7a/ SI2, II (A . A I 0 I I I Z 2 (, " , I , ) (," I ' , ' Z2) - (z 0) 1 ) 
2 n l .--  7.,' 'I. 'J. 1. I!z,-;-;:;T-- --- . 

npOBOAfI CIIIMMC T P~1J,lIl l1lO iU"P,UIU -III II I II • ,( fXJK d X III Y 4l.1TblBaR 3aKOH 

COXpaHe Hl.1R /T . e . t mtMd H h -IIt VI IK ll lll1l II l i .?/ MHTer pl.1pOBaHHeM no 

Z I / n pHXOA I-1M K O KO IP h l l" l1 l) lh"., y 111.11 10 ' '" ' ' 111110 HIm p2 (N) 

I N N
P2(N) = - IA" A", I (I ,I ( ~. , I t.1I ) I 

Z2 (Z3 - Z 2 " '~ I 

_. N N /3. 75 / ('e ,) (Zo ) 
N N I

+ 1.. 21. 8I[ (ZO) - (ZJ - z :l1 I ,I A " . I . ~ I ) - - I 
c . .. (,. ~ - Zo ) 

OTMeTIo1M Sa)l(HblH Ann 1\. IJII. I U · llttll l ll tl l ,IK t 1' 1 (0 ) II , ') 2 (0) .. Ii2(1) _ O. 
T ene pb, AnR nonYl.4 c ll~lJl Ill(xl l1. 1~ I I )' " , IH I i tl f 'HVlY CT 1i1 3 o npeAene

HIo1f1 /3.4/ J.1 ¢lopMyn~ /3 ,1)1. II fIl l , II I)""" I H I " UI"P,I Hll' II Io1A Tlo1na CH) 
B Pk(Nl lz 1.+ 1 ) 3JM\! III" " lid h ( x 11 )11( 11 ) . 

n e p exoA K a ecy ii l (N) W UI tll Yl lltl l lUI 11,11 I1IH'/lI ' I1(11111111 nal-JTOHOB 

f Cx, JJ. 2) oCY1.I.IeC T BJl fl CT t ll a,IMI'IIOIl 1. ~ I I • lIi ~ t l' '1 10 (IlCA yC T 1-13 3a 

KOHa COXp aHeH\.1 R HMnyl1b (' .\ . 

. npo~eAypa n OIlYI.4CHHn O~P.)WW II IIII / j tlii / II / i . /1 IIC f KO OOoOOta e TCfl. 

H3 CTPYKTYPbI COC T a Blio r o 0 11(' 1),'1' 0 1). 1 1 !lI l lY I 1' ''ltY' ' 1 Pl'KYPpC HTHaR 

1!I0pMYIla , CBA 3"BalOU\aA pk I I (N 111. 1, I ~) "" . (Nil •• ) , I I) ' 
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N- I-k f-
Pk + I (N ll zlk + 2 ) - SiCk + 1 )(1, 2, .. ..k) I k (z +.. . Z, I) A P •. (N - t - l l lzl •. \) 

l =o 0 ~+ 8"+ 1 ..+II. 

13.8/ 
/npOHCXO*AeHH e 1!I0PMYIl" / 3 .8/ IlerKO npOCIleAHTb H3 B"BOAa /3 . 6B/ 
H 13 . 7 a/ / . 3Ae c b SI(k + 1)(1 •.• .• k ) 1_ - onepaTop CHMMeTpH3a~HH nepe 
MeHH~X C HHA e KC OM k+ l co B ceMH n e p eMeHHblMH C Io1HAe KcaMH B cKo6

Kax . Be c P k+l Ta K~e HMeeT B~A IlH He HHo H KOM6HHa~H l.1 c TeneHeH N. 
n OKa >Ke M 3TO . )lIlR p,, (N) paB HbI HyJ110 n epsble k 3Ha4e HIo1 H: piCD) >:: ... ... 
=p. (k- l) = O /CM. 3aMe4aHHe nOCIle l!I0pMyn" / 3 . 75//. 3TO CBO"CTBO 
n p a KT H4eCK H Ol.4e SHAHO, TaK Ka K p ~ CN) BblAeJ1ReT B COCTaBHQM one 

p a To p e 3¢l¢le KTHBHY~ BepWHHY c k r~OHHblMH nanRM"', a B COC TaSHOM 

onepa Top e c n HHa k e CT b nHWb k - l r~OHHblX none H. CneAoea

Te Ilb HO , CYMMH p oeaHHe B 13 .8/ MmKHO npOAOJl>tUHb A O N- l . TorAa, 

eCIlH Pk (N - l - f) HMeeT BHA 

_ M (Hj)N- I -f 

P, (N - 1 - tJ = k P. (A) 
.. i=l 1 B j 

r A e P i (X) - npoH3BeAeHHe A -MaTpH ~, H-i 101 B i - HeKoTo p ble KOMfiH

Ha ~H \o1 n epeMeHHblX Z . H n epe MeHHaR N Bx oAHT n lo1 Wb KaK nOKa 3aTe n b 

CTeneHJ.1 , TO n ocne CYMMlo1poeaHHR B /3 .8/ Pk. + l(N ltz l"+21 TaK)f(e n p"' -

HHMaeT BJ.1A 

_ M ( N N 
pk+ I(N l lz l + ) = s l (k+ l) (l , .. . k )1 k A P (A) zo+··· +z.) - (HI )

k 2 i~1 8(.+11 j B i ( Zo+ ..·+ z .-H i ) 

4. 3BOnlOl1H OHHblE ~APA B KOBAPHAHTHbiX KAnH6PO BKAX 

MHor04aC TH4H"e I!IYHK ~H " ¢ 1 (Zt' '' ' ' z ) , BB eAeHH"e B /J.. 2/, AO
nYC KalOT n p ocTy lO n a prOHHYIO H HTehnpeTa ~~1O / 12, 13/ . 3TH (J)YHKl.{HH MQ)f(HO 

pa CCMa T pHBa Tb KaK aMnn HTYAbi Be pORTHOCTH Ha HTH Ha4anb HblH a A POH 

B COC T ORHIo1H , KorAa f+ 1 n apTOHOB /2 K BapKa III f-1 rnlOoHoB / n e 

peHOCRT AOIlH to . ...• Zt n p OAOI1bHOrO HMn ynb ca a APOHa P. T aK , 

~l Cz O' zl ' z2) onHCblsa eT nOAnpOllec c C A BYMR K s a p KaMH C "'Mnyll b c a -

MH Zo P H Z 2P H r fllOO HQM C HMnYllb COM z I P. Pa3IlO)l( e HHe 


/3 . 3/ An~ ¢( x) 03 Ha4aeT , 4 TO B KnaA~ OT pa 3 IlH4HblX n OAnp04eC COB 


CBR3a HbI Me>t<AY C0 6 0 H Ta K , 4 TO C!>YHK 4V1H ~o .... ,tP e B XOART J1HWb 


B on peAeIleHH~X KaIlH6poB04 Ho- H HBapHa HTH~x KOM6 HHa 4 HRx , H 3 onpe 


A e IleHHR /3 .2/ c neAyeT npeAC T a BJ1eHHe AIlR ¢f / 121 B BHAe ~eHHMa


HOBCKoro HHT e r paIla no HMnYIlb c a M 

gt- I 4 4 (4) I- I k. D 

¢1-1 (zl' ... . '0) - - (d k ' " d kf S ( ko+ ... + kp-p)in S(z i - - ' -)I x 
2(pn)f- 1 o ,=0 Pn 

x T(kO· ..·,k f ; Pl. /4. 1/ 
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rpa~~4eCK~H 06pa3 KOTOpOrO A3H Ha p~c . l . np~ 3TOM , 3$~eKT~BHO~ 

a epWI-IHe COCTaBHOrO Onepa TOpa ConOC TaBJUteTC.A npoH3Be,qeHJ.1 e B
~YHK~HH, 3aKn~4eHHoe B /~ .1/ B CK06KJ.1 . 

npH nepeHopMHpOBKe ~YHK~HH ~ f CMeWHBa~TCR ,qpyr C APyroM no

CpeACTBOM HeKOTopOH MaTpH~bI V :
f j 

2 d 1OCI 

~ dj. 2¢I <l z l l + I):j:O JVIi (l z l l+ll {ylj+ , )¢j ({yl j + I)[ dY]j +l a /4 .2/ 

~ 

= l: vI' (l z i / I) iii ¢. 
j"" O } + J 

nOACTaBnRR /3 . 3/ B / 2 .3/ H Hcnonb 3YR B neOOH 40CTH $OpMyny /4 .2/ , 
np~A eM K COOTHOWeHI-1~ 

~ 

l: PfEil Vf.Eil¢. l: 
~ 

VIiIPklil¢ •. , ,j:o ' J J k=O 

n p HpaBHHBaR B KOTOPOM CTPYKTYPbl npl1 "'.' 110Jlyll~1M CBR3 b Me>KAY RA
paMH H V:Vtj ,
~ I 
l: f p, (xll zl , IlV,. (Izl, Illyl , )ld7.1 I VeX. ,. ) p (zliy l . . ,ldz . 

' =:0 0 + Jill II II I JT'I 

/4 . 3/ 

B03bMeM T enepb j ..,. 0 B IbOPMYJll' /'1 j/ H IICH 11I)lIb 3YCMCR Te M, 4 TO 

Po ( z. y) = li(y - z) . B pe3ynbT.l1t' IIIIIIVIIIIM OKUlllI, lf c n b Hoe Bblpa)f(eHHe 
AnR vex. y1 

, 
V(x , y ) : l 

~ 

fp . (xl lzI. J)Vjo(l/ l , lvlloI,1 /4. 4/
j=O o J JI I I ' I' 

CBo,qRutee Bbl4 HcneHHe V(x , Y} K p . 1I 111 ' 1 V HIIOI r) 'IoI ( TH 4HblX RA ep V jO ' 

flApa Vjo (lz li +lIY} RBllRIOH. A. 110 t Yilt. ,\IIt)MoI l1 b llblM"" pa 3 Mep HOCTR 

MH (A.p.) A llR ~ j • n03TOMY npmWHyp.1 IW'IIH 111 ' 111111 V jO Bn 011He aHa110 

r H4Ha Bbl4 HClleH~1O A.p.• nOAPohlHI 11I1I1I.lIIIHlHy n 4. IO .1 4/ . 0TCblnaH 

3a nOAp06HOCTRMI-1 K ~ l-In1pY('MbIM 1) I)fl ( I I dH, • ' P'HJ\'ACM 3AeC b llHWb OKOH

4aTellbHblH pe ~en T. B cxeMC M\.o1II1IM,H't,III,OC iIlJ!IIII,III~1l1 T'XoQ¢lTa , OCHO-

BaHHOH Ha p a 3MepHOH perYIlJ~pH:tIHII"', V r ;' cl '1. ' r Ae Z .o 
III ".:2. 1(I J 

" KOHCTa HTblCi nepeHopMHpOBKH A11n tl)YIIKtlllll J' j ' Y'HlTbiOalOw,l-I_e BK llaA 


8 nepeHopM~pOBKY <Pj OT 4lYHKllI-l11 cbu(Y,Y)' ('YIIKI,,1'! cbO (Y' y ) o nH 


CblBaeT COCTORH""e nl-lOHa IP "" K')K C. YIH'PIIUJHIIIU') (Oi.. 'OnHI-I~ Iy, P> 

ABy X KBa pKOB C HMnyn bcaMH P I yP 11 JI.) y l ' tOlllUr 1'l.. TI.)CHHO . T orAa, 


KaK 3TO c lle A y e T ~3 npeAc TaBnCHH(1 /11:1/, UI(l I.11\ n Zjtl 6 YAYT Aa


Ba Tb Al-1arpaMMbI Gil T ""na YKa3aHHblx ItJ rH.-It.. ).1 C /lH YMn UXOARut l-lMH 


KBapKOBbiMI-I n OllRM I-l . 
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PHc . 2 . AHarpaHMW, Aa~e 
BKnaA B Z.o: a/ 3KCK~9HB
HbIH cnyqaA. 6/ HliKJD09HBHbdf 

CJlY"aJi. 

pyp yp 

aJ 5) 
HcnonbSYR AnR ZjO 06w4Hoe npeACTaBneHHe 4epe3 peaynbTaT 

KR' -onepa4HH / 14/,nony4~M 

_ (B AByxnemeBOM) 2KI R'(C. ).
V :_g2~Z g2~{KI R'CO. )I

jO af!! jO ag - npH6nH*eHHH /4.5/ 

3AeCb K 1 - npoeK4HR Ha 11( -4neH pa3110)l(eHI-IR I N = 4 -2( -pa3Mep

HOCTb npocTpaHcTBa, R' - HenonHaR R -onepa~I-IR BPHZ. B HHKJ'IO 

31-1BHOM cny4ae cooTBeTcTByow.ee MHor04aCTi-lltHOe RAPO P ·O (iz I. I ) 
H3BneKaeTCR no TOMY *e pe~enTY /4.5/ 1013 AHarpaMM HaJpHc.~6. 

$opMyn~ /3.8/, /4.4/ H /4.5/ H 06pa3Y~T oCHOBy MeTOAa npRMO
ro BbI""ClleHI-IR RAep 3BOllD4HH. OTMBTHM, 4TO ero rnaBHOH 4epToH RB

nReTCR paSAeneHl-le onepa~HH MenllHHOBCKoro 06paw,eHHR ~ B~4Hcne
HHR A.p. 3a C4eT pa3J10)l(eH~R /3.3/ 3TI-1 onepa~HH npoBOARTCR HaA 

pasnl-l4HblMH 06DeKTaMH: MenllHHOBCKOMY 06paw,eHHIO nOAsepralOTCR Beca 

p . (N). a A.p, 1013BlleKalOTCR ~3 ~j B B101Ae RAep Vjo ' OKoH4aTenbHblH 

ofBeT /4 . 4/ npeACTasnReT c060H I-IHTerpanbHYIO csepTKY peaynbTaToB 

3T""X onepa~101H. B Ka*AOM ~HKCHpOBaHHOM nopflAKe Teop~H B03MYuteH""H 

AOCTaT04HO 3HaTb lll-1Wb HeCKOllbKO nepB~X RAep / Ka)f(AaR rn~OHHaR 
nl-lHHR 1013 3¢$eKT&.18HOH BepWHHbI A05aBllReT CTeneHb g2 /: Voo ~ VIO 
B OAHoneTlleBoM np",,611I-1)1(eHI-II-I, V ' , - B AByxneTneeOMoo VlO V20 
1-1 T.A. 


AnR B~4""ClleHI-I~ RApa P -T""na He06xoAV1Ma M~H101MaJ1bHaA MOAH4lHKa

~~R BXOARW,V1X B HHTerpan /3.~/ 4lYHK4HH, cBOARutaRCR K I-ICnOnbao


BaHHIO IIHHKJlI03 .... sHoro.. seca P j /CM. aaMe4aH101e nocne 4l0PMYJlbl 


/3.76/ / " RApa P jO <lzl· + 1l . . 

PaCCMOTpl-lM nOAP06H~e Ba)l(H~H AJ1R AanbHeHwero CllY4aH A~arpaMM 


C OAHorn~OHH~M 3¢¢eKTI-IBH~M BepTeKCOM. B COOTseTCTBHH C /4.~/ 

I 


BKnaA TaKHX AHarpaMM paBeH / PI(xllzI 2)V IO (zo' zl' z2 'y)[dZ]2' 

HCnonb3YR 4lopMynbl /3.6a/ H /3.5/ ~ npOSOAR HHTerpHposaHHe, no

ny4""M AnR SKllaAa B RAPO pet) Bblpa)l(eHHe 

I 8(t> z)P IO (z, t) + 8(z > t)PIO(t,z) 
P (z) z i dt • /4.6a/ 

o z- t 
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AnA BKnaAa B AAPO V(x, y) 

8(z>x) VIO (x, ~y) + 8(k> .) VIO (z, ; \y ) 
v (x,y) = dz /4.66/{----------------~.

o x-z 

/M~ BC~AY HcKn~4HnH nepeMeHHY~ ZItS cHny 3aKOHa CQXpaHeHHR/ . Ec
JlH K AaHHO~ AHarpaMMe cy~ecTByeT aepKanbHO-CHMMeTpH4HaR /a . c . / , 
TO ee Y4eT npH80AHT K YA80eHH~ B~pa~eHHR /4.6a/, a /4.66/ nepe-
XOA"T np" 3TOM B Bblpa",eH"e V ~ V (x, y) = V(x,y) + V(x, y). To 

to t 
eCTb, HCXOAHafl AHarpaMMa nepeXOA&.1T B C8010 3.C. AHar paMMY nplo1 

npeo5pa30aaHHH napaMerpOB y .... y, x ... X. 3TO reOMeTpl.14eCKOe 
CBO~CTBO n erKO YCMOTpeTb, npOBOAR nOAXOARI4YIO 3aMeHY nepeMeHHblX 

B HHTerpane, COOTseTCTSYlOl4eMY 3.e. AHarpaMMe. OTMeTHM, 4 TO 
<lle.:1HMaHOBCKl1e HHTerpanbi AnA V jonpOCTbI B Bbl4\.1C.'leHHH 13a C4eT 

6 -IPYHK ~ H~ , 8XO.QR14J.1X B V jO / H TeM np0l4e,4eM 60Jlb We rnlOOHHblX 

JlHHHH y 3¢4leKTHBHoro sepreKca. OAHaKo IlnnaTo~11 3a nOAofiHoe ynpo
uteHHe .RBIlReTCA 1 nocIleAy~ee HHTerpl-1pOBaHHe no rdz] j + 1 . 

5. nPHHHTHBHblE AHArPAHflb1 

PaCCMOTpHM KIlacc AHaroaMM, y KOTOp~X OTCYTCTsyeT ycnomHeHHe 
OAHO~ 1013 KBapKoB~X IlHHHH, BXO~~~HX B 3~~CKTHBH~~ s epTeKC / pHc .3 / 

yp yp '1P yp 
al 61 s l 

PHc.3. npHMHTHBHble AHarpaMMbJ: a/ o6w.an CTpYKTypa AHar
p3MM C 0AliOrnKlQIIHblM 3q,q,eKTHBHbIM BepTeKcoM; 6/ KsapK

rruoOHHbJfI finOK t(k o' yP -ko,yP)jB/ o6w.aR CTpYKTypa AHarpaMM 
c AByxrnwoHllli~ 3~eKTHBHhlM sepTeKCOM. 

ICM . npHIlo~eHHe A, AHarpaMM~ 3, 101, K, Il,M - C OAHOH rn~oHHo~ IlH
HHeH 1013 BepWHH~ H p,C - C ASYMR IlHHHRMH/. TaKHe AHarpaMM~ Ha30
BeM npHMI-1 THBHblMH. Mbi npHMeHHM 3,QeCb Onl-1 CaHHbU" B n peAbI,qy~V1X paa
Aenax MeTO,q B~4HcneHH~ 101 nOIlY4HM pnA 06~HX ¢OPMYIl AnR ,QHarpaMM 
3Toro KIlacca, cn paBeAIlHBblX B n~60M nopRA Ke Te opHH B03My~eHHH. 

B HHKfl~aHBHOM CIlY4ae, Kor ,qa KBap KOB~M IlHH HRM COOTseTcTsyeT 
BXO,QAUlHH \.1 BblXOAAUlHH HMnYIlbC p. ¢>YHKl.\I-1 f1 PIO (zo' z2 ) /CM. pHC. 3a/ • 

10 

B COOTBe TCTBHH C /4 .1/ H /4.5/, n pH HHMaeT BHA 
a A ~n 

P (zO'Z2) =S(1-z2)'I F I (Z2) =Sn-z2)AP f S(zo---) x
IO Pn 

a d 
N

kO /5 .1/ 
x 'I t(ko,P-ko,P).--. 

(2")N 

3AeCb 1-1 B c IleAYlC1t14eM cIly4ae t(ko. P - ko ,P) COOTsercTByeT HHTerpHpo
BaHHRM B aaWTpHxoBaHHOM Ha p~c . 3a,6 6IloKe; TB sblpa*aer ero 
r pynnoByKl CTPYKTYPY; 4epe3 AP o603Ha4HM C.OBOKynHocTb onepal.\\o<1~, 

npeAn"CblBaeMbiX <!>opMynoH /4.5/. Le. AP: i-L2K R'. nOAc TaBnAA ag I 
/ 5.1/ B 14.6a/ H Y4HT~BaA BKIlaA 3.C. AHarpaMM~, nony~HM 

I
TaA.FI (z) -8(1-0). f 'IaAaFi(x)dxI =-21 'I"A.FI (z) I . /5.2/P(z) = - 2 

1 1- z 0 1-. 1-z + 

Onepal.\HA [ ... } + onpeAeJ1f1erCR CBOHM Ae~CTBYleM Ha npo6HYlO ¢lYHKl.\\o1~ 
4> (x) : 

I I 

f dx[ f(x) 1+ 4>(x) = f dx f(x) [ 4>(x) - 4>(1)1 • 

o 0 

B 3KCKJlI03HBHOM cny4ae V10 ( zo' Z 2 \Y) 3aBHCHT OT napaMer pa y, 

A I k n dNk 
VIC ('11' Z2\Y) = S (z 2- y) AP f 8(zo- ...Q... ) 'I" t(k o' yP - ko'YP) -+ . /5.3/ 

o Po (2") 

npoBOAR npeo6pa30saHHe nOAo6HR c o BceMH HMnYIlbcaMH HHTerpHpoea

HI-1)1 k j ... yk , nOIly4HM AJ1f1 VlO npeAcTaBIleHHe , aHanOr&-t4Hoe /5 . 1/,


j 
a-I a zo . 

V ( zO,z2\y ) =S(z2 - Y)(y) 'I F I (-), /5.4/
lO y 

3AeCb a - YCIlOSHafi CTeneHb pOCTa AHa rpaMM~. npH npeo6pa30eaHHflx 
nOAo6HfI B Ka*AOM HMnynbcHoM HHTerpaIle e /5.3/ nORBIlReTCR ¢laKTOp 
y-2c. BoaHHKalOllllo1~ H3-aa He4enoMepHocTIo1 "npocTpaHcTBa". O,qHaKo 
B cxeMe MHHHManbHblX S~4HTaHH~ 3TH ~aKTOp~ He AaAYT BKllaAa B pe
3ynbTaT AP onepa41011o1 I IS / , 1It n03TOMY a paSHO csoeMY KaHOHH4eCKOMY 

3Ha4eHIo1Y.) 1. 

nOACTaSIlRfI /5.4/ B /4.66/ H Y4HT~BaR sKnaA 3.C . AHarpaMMbI, 


nony""M <!>opMyny AnA V(x, y) 

T aAa FI ("') T aAa FI (W) 

V(x, y) =_1 ---8(1- "') [--J + ---8(1 -.;;) [ ---I I 


y 1- w+ y 1- ;;;+ 

= + 18(y> x) .l. P (..!. ) + X ~ it, y -, )il; /5 . 5/ 
G y Y 

3AeCb w = x/y 101 C;; = x/Y. 
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nepeHAe M Te nepb K AHa rpaMM a M C A8Y~R r~OHH~MH IlI1HI1AMH 113 3~

~eKTH8HOrO S e p TeKCa / CM .pHC.3s/. B COOT Be TC TSHH C 06~HM npaSHJ10 M 

/ 4 .5/ non y 4HM AnR P 20 


Bb 

P20 (zo' z 2' z 3 ) - 8 ([ - z 3)T F 2 (zo' z 2) ~ 

N N
• kO n k2n Bb d kOd k2 

e 8(1 - Z 3)AP ( 8 (zo - - )8( z 2- - )T I (ko , P-kO-k2, k2' P) ._-.-.. 
Pn Pn (2") 

/ 5. 6/ " 
P 20 An R 3.C . AHarpaMMbI Aae TCR 3aMeHOH Z3 -+ Z.l B /5.6/ • .£la n ee , HC 

n OJ1b 3 YR Z 3 ... Z3 MOAH¢! VlK a u, HIO ¢lopMynbl /3.76/ Anfl P2 11 n OACTa eIlRR 

ee H / 5 . 6/ B / 4 . 4/, n pHAeM K Bblpal+CeHHIO AnR P(z): 

1 1 dx lib b
P( z) = 1-::- 'f. -x (ABA b T F

2
(Z, X) + A,A bT • F2 (z, Z - X» I + 

z 0 

J ab _ b. /5 . 7/ 
1.1. 'j:.E! (AbA T F2(Z - x,Z) -AbA.T F 2(z -x,x» I + 
z 0 X 8 


Y4eT 3 . C . Al1arpaMM bI npHSOAHT K y,qBOCliHIO pcaynbTaTa AI1A P(z). n e 

p eXOA K RAPY V-THna paCCMaTpH8~eTc n COOC PWCHrlO aHano r H4 HO n p e 

AblAY~CMY . He n poeOAR r p OM03AKHX. HO TpHOVlal1b Hbl X BblKl1aAOK ,s~nH

we M KOHe4'Hbl i1 pe3Yllb Ta T . BKllaA J.\,JHIIO~ AH[U- p aMMbI H ee 3 . C;. AHar 

paMMbI paBeH / c p . C /5.5// V(x,y) 1 '210(y . x) lIy .P(x/ y) + x ~x, y ~Y1 . 
Ha caMOM Ae n e RCHO, 4TO ¢lOpMynll CIlR3V1 /5 .':.>/ 6 YAe T c npaseAllH Ba 

He TOIlbl(O 0 paCCMOTpeHHblX cnY4aAX . 110 11 AI1R nplo1'''Io1 T HBHblX AHa r 

paMM c nlO6 baM 4101C110M r 11100HHblX J11.11U"1I1 VI:) :J<lXPCKTHBHoro eep TeK c a . OHa 

o6YCJ10en e Ha IlI1Wb e03Mo)t(Hoe TblO n('PL'tto(. L1 ' b K03!l>¢ 1.1 11 V1eH T p a CTRlti eH VlR 

BHe WHero HMnY11bca P B Z -,JprYMcIt TbI ncpWH ..' ..lblX 0 - ¢)YHKl,tHH, 4 TO 

BHAHO 1013 OOPMYllb1 /5.4/ . A aT(I U03MOMI IOt. T b clle Aye T 1013 C006pa)l(eHVlV 

pn3MepHoc H 1 H caOHCTB AP -oncp.1 11 m1 11 11(.' 3i10 Vl CIo1T OT C T p y KTypbI 

BepTeKca. 

IInllr.lC OBa .R H )!(e CTpyKTypoJ $OpMyn /~.2/. / 5 . 5/ 101 / 5 . 7/ lI eIlVlKOM 

06ycn oBlle Ha CBOHCTBOM 3¢l<t>eKTHBllOro OCp" CKCa 15k (0) = . •• .., Pk(k - 1) 0: 0 
/CM. 06cY)t(AeHHe nOClle ilJOPMYl1b1 /3 .8// 11 It(' CBR 3 3 Ha C THnOM AHa r 

paMMbI . C n OMoutblO ¢)OPMY11 /5.2/ VI /!J. 7/ Il,lMH 6b1 11H BocnpOH 3BeAe HbI 

B HHKIlKl3HBH OM cIly4ae pe3Y11bTaTbi paGon .. 4 / , BKl1aA B V 0 1' npHMH 

THB HblX A ByxneT11eBblX AHarpaMM onpCACJlHJlCH 3,JTCH no $opMyn e /5.5/. 

6 . 0 6 06mEHHO- TPEYrOnbH~E aHArpAHH~ 

C~ec TByeT e~e OAHH Kllacc AHarpaMM, AI1R KOTOPblX BKl1aA B RA

p o vex. y ) n Ol1HOCTblO l3 b1pa)t(aeTCR 4epe3 BKIl.)A 0 P(z) TO'::')Ke AYt3r

paMMbI. 3 TO - "T p e y rol1bHIo1 1< j.o1l l Ha pVlC . 4 a, 6. B, Y KOTOPblX YC llo)t(H~eTe;:l 

1110160 oAHa 101 3 BHyT peHHYt X KBapKOB~X IlHHVlH, 1110160 r nOOHHaR n epeMbl4

Ka . B ABy x n eTl1eOOM np Yt6 11H)t(eHHH K 3TOMY Kl1accy OTHOCRTe~ A Har

12 

+3 ( + 3.C 

yp 9p yp yp yp yp 
a / 15 / a/ 

( gjI'J_ KllkV )..L 1r( K'l)~~ - ~ ik1 p p 

r/ IJ./ 


PHc .4 

paHMbI 6, 9 ,r / e M . nplo1110meHHe A/ , BKllaAbI KOTOPblX a V MO)t(HO BbI 

4HCllA Tb ABYMR cymec TB eHHO Hcaa S YtCHMblMIo1 c nocofia MH /npflMblH n yTe M 

H 4ep e 3 P(z) / 101 T e M caMbiM KOH TPOl1HpOBaTb npaBHllbHOCT b paC4eTOB 

A 11R Ka*AO~ 101 3 T a KH X AHarpnMM . PoCCMOTPHM A VlarpaMMb/ TYina B VI r 

Ha pYtc.4 . PaCXOAR~H HCR nOAfinOK TaKHX AHar paMM - n0l1RpH3a4HOHHbI~ 
onepaTOp . Er o T eH30pHa ~ C TpYKTypa nOKa 3 aHa Ha pHc.4A. 

B :l THX Ofi0 3 Hil4e HVl RX ¢)e~HMaHOBCKHH HH Te r pan . C OOTBe T C TBYIO~HH AHa r

paMMe p Hc . 4B,paB e H 

.... ...... ... ... v 

y~(yP + k) n (yP -k) yv (g~V _ ~)"(k2)1i(Y _ X_~)dNk . / 6 . 1/ P(k.c.) 
( 22 k2 Pn(yP _ k ) 2 (yP + k) k 

BbiAe nlo1M CKam~pHY() ctlYHKlIHIO npH n B / 6 .1/, B3RB npoeK ~HIO Ha P/4(Pn). 
n p OBOAR 3aTeM y n pooteHHA B 4lo1c n lo1Tel1e , nony4HM AnR V(x.y) npeACTas 

.neHHe, RBHO Io1HsapH cJ HTHoe OTHOCHTe11b HO 3aMeHbI x ... x. y ... f . 
_ 8(y- x - EL) 

V(x,y) ~ APIP(k.c.) [ U - .) 2x! Pn " (k 2)dNk + x ~ if,y ~y_ 
(yP _ k) 2 k 2 

_ ( "(k 
2 

) 8(y _ X _ ~) d Nk 11 
/6 . 2/(k 2) 2 Pn 

3 ACC b 101 HH)t(e P (K . C .) - npOH 3 s eAeHHe KOHCTaHT C8R3101 , rpynn oBbix 

VI cxeM H~X ¢)aKTop OB . T pe T ~~ 4 11eH B B~ pa)t(eHHH /6 .2/ Mo * eT 6 b1 Tb npo

nop~HOHa l1eH 11ltt Wb 8 ( y - x) • 
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A N ,,(k ' kn 
APIP(k,c.) Jd k~ 8 (y - x- -)I = 8 (y - x) . c, 

(k ) Pn 

r Ae c - KQH CTaHTa. 

AHanorH4H~e ynp~eH~R B cnY48e RApa P -nma 
BOART K B~pa~eH~~ 

ku8(z - - ) 
... - PII 2 N

P(z) = APlp(k,c.) (1-,)[2x ( "(k)d k + 
. k ~k _ P) 2 

ko 

8(. - Pil) "(k2)dNk 1 _ 
+2x( p)2]2

[(k 

~3 cpaBHeH~R /6.2/ , /6.3/, 
OTBeTOB AnR V H 


PaccMoTpHM Tenepb 


Ibm 3 Toro 3aMenU04, 
xOJV'IlllaACR BHeWHRR 

KI R'G = K} (G I@RG 2) 

/3AeC b R - nonHaA 
2 

P CBR38HbI 

P(k.c.) (o(z - ~)
Pn 

/6.4/ B"AHO, 4TO 
COOTHQWeHHeM r86 

COOTHoweH~e AnR OCT8aWHXCR 

"(k 2) 
dNk J. 

(k2 ) 2 

O-06pa3H~e 4aC T" 
/cM .nplo1I1o)t(eHHe r /. 
4aCTeH /6.2/ H /6.~/ . 

/ 6.3 / 

ICM . pHC. 4r / npH 

/6.4/ 

I1ReT fT (k ). BbiAemo1M B RfT(k 2) K8KOill- IlYl60 KOHTp4JleH -;T(k'2) 

H nOAcTasHM ere B HccneAyeMbie 4aCTH Bblpa*CHHH /6.2~H /6.4/ . 
18 AallbHei1l!JeM 6Yo.eM AnR KpaTKOCTH onYCKaTb 3HaKIo1 AP -onepa14'"111 
" 06~"e AI1R 060"x B~pa*eH"" /6.2/ " /6.~/ $aKTop~/ . TorAa COOT
Be TcT8y~~~~ BKnaA 8 V np~MeT B~A 

x !!!..) n ! Yo(y - - p x. x
V._2x[ n dk+ _ ~ 

oJ (yP _ k) 2 (k 2) I +fo Y ,y 

. 	 f'(, (n + t)) x (I <Ci)0' a(l-x/ y -a) d Ix . x I 
= -1 2- (I -i 


ro + '0) y 0 (D)do+ il y , -Yj 

3 HaMeHaTenb D = r(x. y) P 2 nfOnOP41-10HaJ1eH P 2 /~nl-1 ~ H¢lpaKpaCHO
perynRplo13HPYIOU.\eH Macce m • eCJ1101 P 2 & 0 /. Pe3YJ1b TaT we KR'G 
onepa4~H, Aa~eH BKnaA B KOHcTaHTy peHopMHpOBK~ ZC' e CTb nOJ1~ 
HOM no BHeWHHM HMn yn bcaM /H no MacCuM , eCJ1H OH~ HMelOTCR a Teo 
pH III / / 14, 16/ , AnA J10rap""$M""4 eCK~X AHarpaMM 3TOT nOJ1I11HOM npOCTO KOH
CT3HTa, 101 3aBHCHMOCTb OT p2/ ", 2 Boo6~e OTCYTCTByeT. CneAoea;

2 2 	 )'"'""\ D+1hTeI1bHO, CTeneHH In ( f(x. y ) P / 11 ) . HAY~lIIe 1013 pa31l0)f(eHH~ (D • 
C OKpa~aIOTCR npH Y4 e Te Bcex KOHTp4IleHOB, III 3HaMe Ha Te1lb BnOJ1 He 
H01KHO 3aMeHHTb eAHHIo14eH. YYHT blSaR 3TO, nony4HM AI1A Vnj 

X 1+ II( . 1'(,(n+1))) + x - V . _ O(y> x) 2 ( - ) 	 ~x .y-+y , 
1I J Y (-1 ntH n) 	 /6.5/ 

14 

4TO Y AHarpaMM C BHA8 C I SG2• rAe - paca 1 
neTlin, 02 - paCXOARutHHCR BHYTpeHHIo1H nOArpacP, 

A 2 a 
~,cl1eAoBaTel1bHO, AP(G) - g ag Kl (G I ~G2)2 

onepa~HR BPHZ/. B Ha~eM cnY4ae 02 npeACTae-
Aoj 112 DC 

AHano rH4Ho e pa CCMOTpCHHe Al1A B~pa~eHHA /6.~/ AaeT 

P 	. _ on > z)22:(1 + n, )(z )" (-i n,(o + tl ) . 16.6/ 
" I ro + m) 

~13 cpaBHeH"R /6 . 5/ " /6.6/ cl1eAyeT 
4acTeH, '-lTO V H P CBp.3aHbt Me >KAY 

x/ y ( ) ix ~xlV(x, Y) = O(y > x) (dz~ + _ 
o 1- z y ~ y 

eCI1" P(z) e p( z) + c8 (1- z). 

C Y4eTOM BKl1aAa 8 -06pa3H~x 
C060H COOTHoweH~eM 

+ c.o(y- x) /6 . 7/ 

COOTHoweH~e /6.7/ Mo~eT 6btTb nonY'-leHO "" ""H~M nYTeM. Pa c cym

AeHHA, aHanor H4Hbte npe Awe CTBYIOu'\HM $opMyne /6.5/, n03B0J1~~T YCTa

HOBIo1Tb Xapa l(Tep 3aBlo1Clo1MOCTlo1 V(x. Y) OT aprYMe HTOB 


x ~ xlV(x. Y ) = O( y > x) .1> v (.1» + _ + co(y - x) • 
y y y ~ y/

HCflO1lb30BaB 3aTeM pe AYK4HOHHYIO ~opMyny / 8 .3 / HJlIo1 ra /CM . pa3Ae J1 
8/, np"'Ae M K Bblpa)f(e Hlo1fO AJ1A P(z) 4epea v : 

P(z) = z(zv(z» ' + c80-z) = p(z) + c8(1-z).
x 

Pa3pewa~ noc ne~Hee paB e HCTBO OTHOCHTe J1bHO v. BHOBb nOJ1Y'-l HM co
OTHoweHHe /6.7/. An~ A~arpaMM c co6cTBeHHo-3HepreTH~ ecKHMH aCTaa
KaMH B KBapKoB~H nponaraTOp pHc . ~ a, 6 TaKme cy~ecTBye T COOTHoweHHe 
Me><,qy "X BKnaAaM" B V(x, Y) " P(z) 

1 1 } - 1 xV(x, y) ~ _ 0 (y > x) [ - P(x) + - P(x) - - P (-)] + x _ x, y .~ y • /6.8/

2 '! y Y y 


B~nonHA~eec ~ BO Bcex nopn~l(ax pa3nome HHfl no g . Era SWBOA aHa
nor~4eH B~BOAY ~OPMYI1~ /6 .7 / . 

HHTepeCHO OTMeTHTb , 4TO $opMyn~ CBn3H / 6.7/, /6.8/ OKa3~eaIOTC~ 
cnpaBeAJlIo1B~MIo1 AJ1R o606~eHHa- T peyronbH~x A~arpaMM H B TeopH H ~ 3 
B npOC TpaHCTBe -epeM e HIo1 6 H3MepeHIo1H / 17/. 3TOT ~aKT YKa3~BaeT Ha 

· TO, '-lTO OHH OTpa*a~T To nonorH4 e CKHe CBO~CTBa 06o~eH Ho- Tpey ronb

HbiX AHa r paMM. 

7 . nPllMEP: MPA AI1TAPEJlJl~- nAP~13~ ~ 6POIlCKoro-JlEnAJI(A 

B 3TOM pa 3Ae n e B Ka~eCTBe Io1nJ1~CTpa4I11H MeTO?a 6YA YT B~~~cneH~ 
p.Apa AJ1 TapeJ1 J1I-1 -napH3H / 2/ H 6pa AcKor o -Jle na)f(a / 3 B OAHOneTJ1eBOM 

npH6J1H)f(e HHH / CM : PIo1 C . 5/ . 


KaK 3TO cneAyeT H3 /5.1/ III /5.2/, BKnaA npHM~Tlo1eHoH AHarpaM
Mbi Ha plo1c ..l6 nOJ1HOCTblO onpeAeJ1ReTCR ~YHI(4HeH F1(z). a T Il"" .\.a . 
Onepa~HA AP B OAHoneTne BOM npH6nlo1~eHH~ CBOAIo1TCA I( BbiAeneHIo1~ 

K03$¢lH~lo1eHTa nplo1 nOJ1fOce 1/ (. HaKoHe14, 4T06b1 1-13 AHarpaMMbI BepWI1H
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YP 

1 
2 . 

yp 

af 	 of Bf 

PHc.5. ,llHarpaMMbI, Aa~e BKnaA B OAHOneTJIeOOe RAPO V
THna. 

H...oro nma BblAem'IT b CKaIlA pHy lO ¢>YHKII J.11O ....F ] n p'" C n J.1 HOpHO~ CTPYKT y p e 
n. AOCTaT0 4 HO B3R T b ee npOe Kll l.11O Ha P / i.epn) 

Tr(~kn-f-) 
_dN __k a s 

FI (z) 2 1 ( 6(z -~ ) 4 (Pn ) 

K I (-ig ) (Pn) (2" ) N - - -;;;- 2z I(z)
Pn k 2(p _ k) 2 

N 	 /7 . 11 
ko d kI(z) 	 a : L .KI ( 6 (z - Pn) k2 (k_p)2 

s (4") 

AnR BbI~\.1CneHI.1R \.1HT e rpana no k BOC n01lb3yeMcR a -npe AcTaen eHl.1eM 

--"--- = - i 
~ 

(da . ••plia .(k 2 + iel l 

k2 + if 0 J J J 


j 


AnR nponaraTopoB B 17. ' /. I\Hanon14Hoe npeAc TaSlleHHe aanl.1WeM 
\.1 AnR BepWJ.1HHO~ O-~YHK4\.1J.1 

kn 1""6( x - -) f da explia(x - ;~lI.
Po 2" -or;> 

BO~HI.1KalO~J.1e B pe3ynbTaTe \.1HTerpanbl no k I.1MelOT raYCCOB aHA \.1 fie
pyTCR CTaHAapTH~M oUpa30M . Obl4 11 C llRR 3aT eM I.1HTerpa m •• n o a "".\ = 
= a ,+ a 2 III BbiAenRR K03¢utH1I1HeHT n pH l /f. QKOH4aT e n b HQ n o ny4101M 

l(z) = OCz) 8(1 - z ) . AnR Bcex nocneAYlOlltHX Bbl4\.1 C n e Ha.-IH B OAHOne TlleBOM 
n p&.16m1)1(eH I-1I-1 AOC TaT0 4HO 3 Ha Tb eAI-1HC T BeHHbI~ I-1HTerpa n l(z) . 06~l-1e 

£!)OPMYJ1b1 AIlR ABy x n eTIle BbiX HHTerpanOB C BepWI-1HHblM H ~ -¢lYHK'-' HRMI-1 
npeACT aBneHbI B npHJ10)l{eHI-1 ~1 6 ICM. TaK)I(e pa60 TY / 17/ I. ~1 c n Onb3YR 
15 .2/ , /5.51 ~ 15.71 , nonY4~M 

I 
3AeCb IF (x, y )1+ - F(x, y) - 6 (y - x) ( F(t, x) dt , BKnaA A~arpaM"~ p~c . Sa 
a P(z) AaeTCfI Bblpa>KeHHeM 0 

"'~ p_)Tr(i' knky~ 4(Pn) 
dNk

Pa(z) = -ig C,K1 (6 (z - -) 	 /7 .312 kn 	
(2;;)N .Pn (k2)2 (k _p)2 

a. _ 
Y np~afl 4 HCJ1HTeJ1b III I-1Cn 0 J1b3YR / 7. 1/ , nOllY4HM Pa ( z) = -Cr2z t(z) . 

4. 
¢lOPMYllbi CBfl31-1 AllR 0605~eHHo-TpeyroIlbH~x Al-1 a rpaMM 16.71 H 16 .81 
c npaBeAlll.1 BbI 101 B OAHon e TlleBOM n pVlfim1 >Ke HH H. HC n Ollb3YR n lO6ylO 1-13 HI-1 X 

Afl R Al-1a rpaMM bI p Hc.5a , n OllY4HM AnR V(X.Y ) 

Va(X,y ) ~ ~ C~21 0(y >x ) ~ + O(X> y) € I . 
4" ' y Y 

AflR nOlly4e HVl R nOI1H blX flAe p HY )t( ttO e~e Y4eCTb AHarpaMMY Ha pHc.5a , 
Aa~~y~ ~ - o6pa3HblH BKllaA . OKOH4a T eJ1b HbI~ OTaeT I-1M eeT BHA 

a s a 8 4z _ a. 1+z2 
_ .p (z) ~- ·C 1(--) + 2z - 05(1- z)I =-c 2(- - ) .F4fT 0 4" Fl_:z. + 	 41T 1_ z+ 

a s a s X 1 --I - _. VO( x, y) ~ - C 210(y > x)-(\ + --) + . ~ x, y ~ y + . r41'1' 41'1' Y y- x 

KaK BHAHo , n OflHble ablpa >+< eH HR AI1 R P H V HMelOT IInmOcoB Y101 I !l>O PMY , 
4TO Ha caMOM Ae lle CJleAyeT \.13 3aKOHa coxpaHeHIo1R TOKa B KHpallb HOM 
npe AeJ1e H Ao n>+<HO Bblno nHflTbCfI B flKlfio M npI-1Um,)/(eH HH. 60flbWItI H": T80 
pe3yflbTa ToB An A AByxne Tnes bi x AH a rpaMM, Aa~~Hx BKnaA B V . BOC
CTaHaSlll-1BanOCb 1-13 I-1HKnlO3 1-18Horo CllY4aR no !l>opMYI1a M /5 .5/ , /6. 7/, 
16.8/. OAHaKo OC TaeTCR e~e 6 Al-1arpaMM IT .e . CTOllb KO )lie , LKOllb KO 
acero Al-1 arpaMM B cBeTon o AofiHoH Kafll-16 poBKe/, KOTopble Bbl4 1-1C llRIOT CR 
11I-1Wb npFlMbiM cnoco60M. 4aC Tb 3 TI-1 X AHarpa MM a,A,e ,>K Inpl-1 11 0)l(eH~e AI 
Bbl4HCflRfll-1Cb Ha 38M C I-1cnOflb3 0 a aH I-1eM npo rpaMM bI a HaJ1j.1T~4eCKHX BbI 
41-1Clle HI-1 ~ SCHOONSCHIP / 18 / . n epBblM war OM B paC4 eTax AnA Bcex AHar 

paMM GbiflO np l-1SeAeHH e K c~allRpHOH ¢ opMe ICM. ¢ OPMYllbi 17 .1 / 
1-1 17.311 YMHO}l(e HH eM Ha P/ 4(Pn) 1-1 B3R THe M wnypa . npH 3TOM B 4HC 

11I-1Te lle HeoG xOAI-1MO YAe p>+<I-1BaTb 4neHbI -it . Aa~l-1e BKJ1aA B n e p SblH 
nOll~C. 3 aTeM , B03HI-1 Ka~~e B 4l-1Cll~ T elle CKa n RpHble npoH 3BeAeHI-1R 
Bblpa }l(aKl TCR 4epe3 CTPYKTYPbI 3 HaMeHaTenfi 1-1 4 aCTI-14HQ COKpa~a~T C R 

C Hj.1M~ . TaK~M 06pa30M, a~pa*eHl-1e, cooTBeTcTBy~~ce AaHHo~ A~ar

paMMe,npeACTaBllfieT CR B BHAe llHHeHHO~ KOM6I-1Ha,-,H H AByxneTfleB bi X 
HHTe r pa n OB HeKoTopo~ CKanRp~OH TeOpl-1l-1. Y4 j.1TblSaR PRA caoHC TS Cj.1MJ Me Tp HI1 Ta KI-1X I-1HTerpalloB K npe06pa30aBHI-1RM napaMeTpOB X, Y IHa 

P (z) =~C. [~l 	 /7.7al
6 417 F l- z+ 	 n p!.1Mep . x ... i, y ... y /, nonY4!.1M, 4TO Bce B03HHKalOUtHe B pa3I10}l(e

HH I-1 HHTer panbi MO>+<HO nonY4!.1Tb 1013 40 tia3lt1cHblx, npHBeAeHHblX a npH
a. J1Q)!(eHI-1H B. E~e ABe Al-1ar paMMbI 0 1-1 n Bbl4HCllRIlHC b HenocpeAC TBeHHOV (x, y) = 4;- Cy 210(y> x ) _x +O(x> y) X 1+ ; /7.261

6	 no ~opMynaM Iq.6al, IQ.66/.y(y - x) 
16 

17 

http:nonY4!.1M
http:BO~HI.1KalO~J.1e
http:BbI~\.1CneHI.1R
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B. 	 CB~3b HE~AY AOYH~ T~nAM~ ~AEP. 


KOHTPOflb PE3YflbTATOB 


.RsHbie Bbl4 \.1C n e Hj,.1R, K a K n pa SI-1.no , Be e >:<e AOB OllbHO rpOM03AK II1 . Ie"". 
pe 3yflbTa Tbi An~ AHa rpaMM o ,n B npHnOMeHHH AI . 3Aec b 6YAy T pac 
cMOTpeH~ npo s e pKH , n03BonA~~He yfieAHTbC A B npasHflbHOCT I-1 KOHe 4

Ho r o pe3ynbTaTa. npe*Ae ac ero OTMeTHM, 4TO Haw pe 3ynbTaT AnA 
CYMMbI Bcex AHarpa MM npHnOMeHHA A COBnaAae T C pe 3ynbTa TQM, nony
4eHHblM D pa60 Tax / 6, 7/ . l'nJ1IOCOSa A" ¢lopMa OTB eTa y pnAa A lllarpa MM 

1'1 C HMMeTplo1 ,A OTHOCJ.1Tenb HQ 3 e p K aJ1b Horo o r pa)t(eHYoR x -+ x. y -+ y BbI

n OJ1HAIO TCA aBTOMan14eC KIo1 AIlfl T e x At.1 a rpaMM, BK naA KOTOPblX 8 0C 

npOH3BOAHTCA n o ~OPMynaM / 5. 5/ . /6. 7/ . /6.8/. 3TH CBO~C TBa . OA
HaKo, npll1BOAAT K c OAe p~a T e.nbHO~ n pos e pKe AJ1R A~arpaMM a, A, e ,* , 
Ha npoMemyT04Hblx 3Tanax C4eTa KOTOPblX CVlMMeT pl.11O x .• X , Y .. Y 
TPYAHO KOHTpOJ1V1pOaaT b , 101 AflR Alt!a rpaMM a , n, y KOTOPblX Ilnn lOCOBa AH 

¢opMa OTBeTa He Bblpa*eHa ABHO. OAHa H3 OC HO BHblX npOBepOK a CHO
BaHa Ha ¢ o pMYfle / 2.9/ , no KOTOPO~ Vl 3 .RApa vex, y) MO)t(HQ Bbl4 l.1C 
Il...,T b RAPO Pt z) . noene AHe e MO~HO Ha~TH He 3aBVle lo1MblM e noc060M / OHH 
TaK)f(e Bbl4V1CJ1AIlHCb APyrVlMVI 8B TopaMVI / 4, 10 / / It! cpa BHHT b pe 3Yl1 bTa
Ttll , nony4eHHble ASYMfI nYTflMVI. Pe,QYKI.4V10HI :a R $OpMyna / 2. 9/ Vl c no nb
30 Ba IlaCb HaMVI He TOflbKO AIlA nOJ1HblX OTsero s , HO /.1 AnA nOA VlarpaMM
Ha r o cpasHe HVl R / KpoMe AVl a rpaMMbI n / . npH 3TOM BO MHor ~x cnY4a Rx 
YAaeTC.R Vl36e )t(aTb npoaeAeH...,A Bce~ coeo KynHoc TH ¢ \.1 rypVlpy~/.1X 

B / 2. 9/ onepa~H". nYCTb . HanpHMep. V HMeeT B~A v ~ t [ 8 Cy > x) ~f(1l.)] . 
rAe e 0603Ha4aeT onepa~HIO I + Cx ~ ;:.y -.0.a fCz) - HeKo To paA ~YHK] 
U...,R. npCACT~ BJ1AR N-H MOMe HT no x ~YHKLl.VI ~ v(x,y) B 8""Ae 

1I N Y N 1 r vCx, y) x dx = ~ r fClL) x dx + - r cc ~) xNdx 
o 	 Y o Y yyY 

HeTpYAHO YCTaHo BHT b , \.IT O nepS bl H 4neH S npaBO~ 4 aCTH noeneA He~ 
¢OpMynbl He AaeT BK.naAa S K03$¢)VI ~\o1eHT np ~ y N, a BKIla A 8Topo r o 

N I N
COAep*HT 4fleH - y (f(z) z dZ,OTKYAa c n e Aye T, 4TO BKflaAY 

o 
e[O(Y> x )l.. C(~)J B VCx,v) COOTBeTc TByeT BKnaA - fCz)B PCz). Coy y . 
s epweHHO aHa110rH4HblM 06pa30M MO)t(HO nOJ1Y4H Tb peAYK~HOHH~e 4>OPMY 
n bC AflR n pHMVlTH BHblX AHarpaMM 

VCx. y ) ~ -1.e [ 8(y > x)-1.pc..!.)] ~ PCz) 	 /B. 1 / 
2 y y 

H 0606~eHHo-Tpey ronbHblx A~arpaMM /~opMynbl /6.7/. /6.B//:c c06c T
BeHHO-3HepreT \o1 4 eC K VlM~ BCTaSKaMVI B KsapKOBble llV1HHVI- • 

c. c o 6cTs eHHo- 3 HepreTI-1 4ect<Io1MH BCTa SKaMi-1 B rnlOOH HYIO "nepe MtJ.II.lKyl1_ 

VCx. y ) ~ ,e [ 8 Cy > x) cC...!)] ~ i f 'Cz) 	 /B.3/ 
y 

3TO COOT HoweHHe H rB npHBOAAT K peAYK~H H /6 .7/ B PCz) , B cnY4aRX 
Gone e CIlO)f(HOH 3aB \.1CVlMOCTVI V(x,y) OT aprYMeHTOB He 06XOA\.1MO npOBO
A\.1 Tb Me J1n/.1HOBCKoe 06pa~eH\.1e B /2. 9/, Vlcnon b3YR, B 4aC THocr Vl, 
PAA ~opMyn, nony4eHHblx B / 20 ~ Ta6J1V1~a ¢)QpMyn n epexOAa V ... P , AO
eTa TO~ HaA AflA npoaepK\.1 60 nb W\.1HCTBa A\.1a rpaMM, a TaK)f(e CTPYKTYP 
nonHoro OTBe r a /eM . pa3Aen 9/ npeAcraBIleHa 8 npVlnO)t(e HVlVI r .OTMe
TVIM 3AeCb, 4TO ¢opMyn a /2.9/ npHMeHVlMa , e Tpora r OBODA , IlVlWb 
K nonH OMY AA PY V. Pa3nOlKeHVle / 2.4 / AnA pe3ynbTaTa Vi KalKAOH 
AVla r paMM~ a o TAenb Hoc TVI , a TeM Donee AnA 4aCTVI TaKoro pe3ynbTa Ta, 
Mo~eT cOAep*a Tb B npaBOH 4aC TH 4neHbI T ~na l / y k, ~ a TaKVlX cnY4aAX 
He nb3 R nOl1araT b y = O B /2.9/. KOHe4Ho, a o6u4ea71 CYMMe ace TaK\.1e 
4neH~ eOKpa~a~TCA. n03TOMY PflA COOTHoweHVlH B npHno~eHHVI r nony4eH 
npOC TO BblAene HVleM K034>4H·1L1.HeHTa npH y N a /2. 4/ . Bce PeJlY~HpOBaH
Hble P~ (z) C08nan\o1 C Pj (z), KOTopble 6b1J1~ HeaaBVlCVlMO Bbl4V1cneHbI 
Ka K HaMVI, TaK H aBTopaMH pa6oTbi / 4/ . n pOBeAeM Tenepb B Ka 4eeTBe 
OAH Ol1 1013 npOBepOK pe3yn b TaHI nepeXOA OT ¢YHKLl""~ VN \01 CYMMbI 
¢YH K ~ HH Vc VI Vr • KOTo pble ¢VlrypHpY~T n pH r pynnoBbix CTpYKTypax 
..t- N fCr , t CrCA H Ci COOTBe TcTBeHHO B non HOM OTBeTe AIlR V 
ICM . $ OpMyny /9. 1//, K Io1 X HHKfl~3\o1BHblM aHafloraM B P. 

nOAcTaBnAA B = ( [ OCy > x)(_lg F - ~ ~ - ~ ln C;)F)l~oPMynblVN 

/8.3/ H rl.2 , nonY4~M 

2 	 - 6 / B.4/V	 ~ P N : --(2z + Po Cz)C- +ln z » N 3 3 
AHaJ10 r~\.I Ho . All'" 

'fl OCy> x) [ (~ _ ..!.,2)F + ~...! + lnC~)(.E.. + 2-) FVc 	 + Vr 9 3 3 y y62y

x x - 2 x x ]lnC-)ln(1--)(F-F) + In (-) CF+-=) 
y y y 2y 

VlenOllb3YA ¢ o pMyn bl r l,2,6, nony 4V1M 

67 13 2 -V	 + V -· Pc;+ P = P C ln Z + In Cz) - 3- 2 1nz ln z) +c r r O 9 + 6 
/ 8 . 5/ 

25- 1 3 1 2 C+ 	_ Z + In z C- - - z) - - In Cz) 1 + z)
3 2 2 2 

1 	 - x,- lnx Cl+ lnx - 2 lnx) -=: 
2 	 Y 

" 2 

Bblpa><eHHR /B. 4/. /B. 5/ cornaCYIOTCA C pe3yn b T aTaM" pa60 T / 4.5.20/ . 
VCx.y ) = ..L 'e[ -1.pCx) -8Cx>y ) -1.P( X)] ~PCz). 	 /8.2/

2 y y Y 	 B /8.5/ CYMHa V + Vc B3RTa AnA Taro, 4T06b1 Io1CKll~4HTb ~YHKL&VlIOr 
GCx.y) /CM. 9 . 5/ . C OA ep><a~ylO "HecTaHAapTHl.le" 8 -~YHK~~~ 8(y> x) 
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\.-1 8(x > Y) / 17/ , npHCYTCTBHe nOAo61"~x BKn a AOB npHSOA H T K nOl=l BlleHHIO 

B ZNN 411e HOB, npOn OP'4HOHaIlbHblX (_)N, Allfl KOTOpblX He CYuteCT ayeT 

Menn\ll HOBCKOro o6paw.eHHl=I, H n03TOMY 'G(x. y) lPopMal1bHQ He n OAna AaeT 

nOA peAYK ~"OHHYO $ o pMyny /2.9/. 
n Ofl BIleHH e (-) N MO)KHO nOHRTb HenocpeACTB e HHO 1013 /2 . 4/, ecm1 

CAel1aTb TaM HaAne~a~ylO 3aMeHy n e p eMeHHblX . n YCT b flAPY V o TBe

4ae T ~a Tp"~a ZNK/V4 Z N(( B COOTBe!C T B~ H C /2 .4//. vex, y) = 
= ·,eo(y> x) V(X, y) ZNK • Qn peAenHM v(x , y) = v (x ,y ). TorAa, ecnH4 

CnpaBeAl1HBO CQO TseT CT Sv, e 

'eo(y > x ) vex , y) 4 ZNK ' /8.6/ 

TO cnpaSeAIlYlBO H pa3110)ICe Hl4e n o y Al1f1 V(x, y) 

N _ _1 
r e[O(y> x)v(x, y )lx Ndx L ZNK (y) , 


((=0
o 

N 

"ZNN=(-) ZNN' 
C A Pyr oH CT OPOHbl , n OR8neUYle ,,, HOMU1Te.nR (- ) N a A .p, CBR3a HO 

C reM , 4 TO BKnaAbI ,QHa r p aMM n, ~ /¢lOPM Yl PY~HX "HecTa~apTHble" 
() - ¢lY HK'4H t.1 B V / B P(z) OTl1H4HbI OT HYl1A KaK npl1 n 0 110 )l(H Tel1 b HblX , 

TaK H npH OTpH14aTel1bHblX z . Bo a Top OM nopRAKe no a TOl1 bKO A Ylar 

paMMbl n H ~ o511aAalO T TaKHM C80~c rSOM, 4 TO , KdK n OKa 3b1Sa eT 3Ha 

11\.13 B a - n peAC Til81le HH\.1 / 12/ CBR 33HO C I1 X Henl1a HdpHOC TblO. ¢>H3 H4 e, 
CKIo1 KBapK C OTpHLl3 r enb HbiM "'Mn YIlbCOM MO~HO TpaK TQea Tb KaK aHTIo1

KS3 PK , n03 TQMy IIQT pl"U~a Tel1bHO- 4aCTOTHYIOII 4aC T b P (Z) BKIla Ad 

P(z) =Pqq (z) O(z > 0 ) + P qq<l z i)O (z< O) ec~ec T BeHHO 
qq

HHTepnpe THpOBaTb 
KaK B e p ORT HOC Tb HaXO>KAe HHR aH T\.1K Sa pKa 4 B KBa pK e q Tor O )l(e 

THna. Ta l(l.1M o5paaoM , BKn aAbI c o IlcTaHAa pT HblHHl1 0 -¢lY HK'4HRM H pe 

AY ltHPYIO Tc n K ~APY Plq (Z) . a c "HecraHAa pTHblMHII - K RAPY P - ( z ) . 

H3 COOTHoweH"'R /8.6 c n e AyeT , 4TO peAy K LtH~ OT V(x, y) K P _ 
'1'1 

(z) 
~ _ q 9 

3aA aeTCR peAYKlI.\.10HHblM iI1 ¢> o p MYJlaMH AIlR RAPa t [fJ (y> x) v(x.y) 1. COA e p 

~a~ero craHAapT Hbie O- ¢lYHK'4 HH . 

9 . CTPYKTYPA ~JlPA 3BOllOlIHH 

CYMMH PYR BKnaAbI Bcex AHa rpaMM npHllo*eHHA A , nOIlY4 \.1M nOIlHbI~ 

pe3 YIlb TaT 

as as 2 N f 1 2 ]Vex, y ) ~ -[Vo (x, y)J + (-) [ -CFVN (x ,y) + 2" C F'C~ VG(x,y) +Cf'VF(x ,y) +' 
4" + 4" 2 /9.1/ 

Vo(x,y) = cF ,eO( y > x) F(x,y). /9.2/ • 

x 
~ (x,y) 'e 8 (y> x)[ _ Ig F - ; ~ F In(~)] , /9 . 3/y 3 y 
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vG(X , y) _,e I0(Y> X )(~7 F + 1~ ~ + 1; Fln( ~)+2F lnYln X-)+G(x,Y) I , 
/9,1,f 

F+ ~ - (~F -~)ln(.!..) - (F -F) In (..!)ln(I- .!..) + VF(x, y ) = e IO(y>x)[ - ~ y 2 2y- y Y y 

/9.5/ 
.I. 2x - - x + (F + _) In (_ ) - 2F loy ln x ] - -'-1ox (1 + In< - 2 ln x ) - G(x , y) I • 

2Y y 2y 
rAe F ~ F(x, y) = .!..n + _1_), F _ F (x, y>, a $YHK~HR G(x, y) AaeTcR 

y y-x 
a blpa)l( e HHeM 

2
G(x, y) = O(x > y )[ 2(F - F) Li (i- ~ ) - 2F lnx Iny + (F- Fi In y J + 

2

I 2F · Li (y) [ 0(0 y> -O(y > x)] - 2F · Li 2 (x)[O(x > y) - O(x > y)] .
2

, 
L i 2 (x) = - r ~ In (1 - t) - $YHK~HR CneHca . r Ae 

o t 

AJlR nocneAY~\.1x npH110~eHH~ He06xOA"'MO 3HaTb TaK~e ~BHbI~ BHA 

peWe H\.1 ~ ypaaHeHHA 3sonOLlHH /2. 3/. H3Bec T Ho, 4T O a Ht.13WeM npH61l"' 

*eHHH 3T a 3aAa4a CBOA HTCR K HaXO*AeH"'~ co6 CT s eHHblX ¢lYHKLlH~ ~Apa 
vex, y ; gl, KOTOfblMH . Ka K OKa3aIlOCb , RBIlRIOTCR nOn\.1HOMbi r ereH6aY3

pa xx C 12 (X- iJ 3.9 / , OAHon eTIlesoe RAPO 3BOIlk1L1"'H \b l eM. 9.2/ CTa
n 

HOB HTCR C\.1MMe T pH4HO~ ¢lYHKLll.1eH CBOHX aprYMe HT OS nOCIle YMHo*eH"' R 

Ha yy : V9 (x. y ) yy "" V o(Y' x ) xx. 3TO C BO~CTBO \.1 onpeAemteT ¢lYH KlIHH 

4>n = X:x. C~ 2 (x-i) Ka K C06CT BCHHblC ¢>Y HK LI\.1\.1 Vo(x. y ). T.e. peWeH\.1e 

1 

ypaB HeHHR ec Tb r dy V (x, y) ¢ (y) - A ¢ (x).
o 0 n n n _ 

Ha A ayx neTIleaOM YPOSHe I OAHaKo, KOM51.1Ha li HA y y V (x, y) COAep)t(HT 

4 IleHbI , HapywalOt.l\\.1e x • y C\.1MMe T pHIO . B Vc H V N /cM . /B . 3/ . /9.4// 
TdK I.1M\.1 ~neHaMltI ABIlRIOTcn ~l F In(x/ y)/.1 - tF In(x/y) COOTaeTCTBeHHO. 

B CYMMe, C y~eToM rpynnoBbix ¢a K To pOB 3TH 4JleHbI npOnOPll.\.10HaIlbHbI 

n epBOMY Ko34Xt>t.114l.1eHTY (30 B {3-¢lYHK'4\.1H reIlIl - t1aHHa-nOY: 

.a , 2 11 2 ( x ,: xCFlT,;'") l:r CA - :r N1 ) . (Oly> x) F I n(y)) = - C F {3o:: (O(y> x) F In(y)) ' 

21nOAoGH~~ pe3YIlbTa T Ha caMOM AeIle 6~Il npeAcKa3aH / / AO TorO,KaK 

6 b1Jl \'1 B~nOI1HeHbI paC\.leTbi / 6.a / . npeAcKa3aHHe OC HOeaHQ Ha TeCHO~ 
CBJ=t 3 H MC*AY c06CTBeHHblMH ¢yHK'4HAMt.1 nApa V (x. y), T .e . MyIlbTHnIl\.ll 

KaTHBHo-nepeHopMHpyeMblMH onepaTopaMH "" KOH$OpMHblMH onepaTopa

M\.1 / 9 / . nOCKOIlbKY KOH¢lopMHaR HHadPHaHTHocTb HapywaeTcR npoLle.qypo~ 
n epeHopMHpOBKH /KoHcTaHTbI CBR3Ht HanpHMep/, HeT H\.IIKaKHX OCHoea 

H\.1H Q)I(\.1Aa Tb, 4TO RBnR~",eCR KOH~OPMHO- \.1HBapHaHTHblMH AnR cs060A 

HblX nOlle~ onepaTopbl oKa)t(yTcR MYJlb T HnI1HKaTHBHo- n epeHOpMH p yeMblM'" 

Ha A ByxneTIleBoM YPOBHe / 17 / , BblRC H\.1 M \.1CT 04 HHKH B03HI-1KHOBeHHR f3 
¢ YHKlI. YI \.1 B nOilHOM OTeeTe . B ¢ Y HK LI"'IO F In (~) = ..! In (...!. ) + y y y 
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+ ~ y 2X In(;) B /9.3/ H /9.4/ , a TaK)I(e B 41leH -tF1n(;) B Vr 

BHOC~T BKnaA~ ABa pa3nH4H~X Knacca AHarpaMM. K03¢$~4HeHT ~o npH 

CTPYKType e8(y > x); InC ~) ~opMHpyeTcR AHarpaMMaMH 6, B, r, A, e. 

Y4eT 3THX AHarpaMM npHBOAHT ~aKTH4ecKH K nepeHopMHpoBKe aapRAa 
B aepwHHax oAHoneTneBo~ AHarpaMM~ pHc.5a . npH4eM, AHarpaMM~ a,r 
BHOCRT BKJ1aA, nponop4V1oHaIlb HbI~ A.p. YG rnlOOHHOI1 I H1HHH; AHarpaMMbI 

A,e BHQCRT BKIlaA B nepeHopMHpOBKY eepWHHblj AHarpaMMa 6 nepeHOp
MHpyeT BblXOAR~Y~ 1013 eepWHHbI KBapKOBY~ IlHHHIO. COOTseTCTseHHo, 

AHarpaMMbI 3, H, K, 11, M ~OPMHPYIOT Ko~$H4HeHT ~o npH CTpYKType 

leO(y> x).!... _l_lnC..!...), 4TO MO)t(HQ HenocpeACTseHHO YCMOTpeTb H 1013 06~IO'IX
Y y-x y 

~OPMYIl•/5.5/ H /5.7/ AIlR np~MHT~BH~X A~arpaMM . 3 TOT Kllacc AHar
paMM ocy~ecTBIlReT nepeHopMHpOBKY 3apRAa B BepWHHe oAHoneTIleBo~ 

AHarpaMM~ pHc.56 . OAHaKo B non HOM OTBeTe B yyVr(x, y) HHeIDTCR 
BKnaAbI /HanpHMep, nponOP4HOHanbHble ln2(x/y) /, HapywaKJtl4He x ~ y 
CHMMeTp~ID 60nee HeTpHBHanbHblM 06paaoM. nanbHe~we~ npo6neMO~ 
RBnReTCR SbiRCHeHHe npHpOAbi 3THX BKnaAoB H HX BnHRHHe Ha peweHHe 
ypaBHeHHR 3Bon~4HH. 

10. 3AKIlI'JYEHHE 

B HacToR~e~ pa60Te onHcaH HOBblH MeTOA pac ~ eTa RAep 3Bon~4 HH 

V(x, y) ~ P(z) B KXA B ~e"HMaHOBCKO" Ka1lH6poBKe . AllR HeKOTOp~X 
KnaCCOB AHarpaMM YCTaHOBileHa 06~aR (J)opMa oTBeTa, npH 3TOM 11 3KC -
KnlOaHBHoe" RAPO V(l,y) nonHOCTbt:) Bblpa)l(aeTCR ~epe3 IIHHKmo3HBHoe il 
P(z) , . 

npeAnO)l(eH cnoc06 npOBepKH RApa nocpeACTBOM peAYK4HoHHO~ (J)op
MYIl~, CBOA"lIIei;; V(x, y) K P( z). 

B Ka4eCTBe npHnO)l(eHHR MeTOAa HaMH BbI~HCJ1eH AsyxneTneBoH BKnaA 
s V(x, y) / H B P(z) /. OTMeT~M, 4TO All" :noro Tpe6yeTcR c06CTBeH
HO Bbl4HcnRTb Bcera nHWb 6 AHarpaMM, T.e. CTonbKO )l(e, CKon bKO 
8 aKCHanbHO~ KanH6poBKe. PeaynbTaTbi AnR OCTanbHbiX AVlarpaMM MO*
HO BocnpOH3BeCTH no o6111HM ¢opMynaM, 3HaR P(z) . B nony4eHHoM BbI
pa)KeHHH npoaHanH3HpOBaHbI CTpYKTYPbI, Hapywa!OU.lHe x .... Y CHMMeTpHIQ 
KOM6L-1Ha4HIo1 yYV(x, y) , 4TO CBRaaHO c Ba}l(HO~ 3aAa4e~ Ha 6YAy~ee 
naCTpoeHHeM peweHHR ypaBHeHHR 3B0J1~4HH B AByxneTneBOM npH6~H
)XeHIoH1. 

M~ 6J1arOAapH~ $ . -M.nVlTTecy 3a MHor04HcneHHble cTHMynVlpylO~He 
06cy~eHVlR VI coaeTbi . OAVlH Vl3 Hac IA.P.I npVl3Ha TeneH C.6pOAC KOMY, 
H.Kp3HrVl H B .n06peay aa none3Hble AHCKyccVlVI . 
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nPHIlOI'( EHHE A 

B 3TOM npVlno~eHVlH AaHa CBOA Ka pe3ynb Ta To B AilR BKn aAOB OTAenb 
HblX AJ.1arpa MM B Vex, y) /,1 3 . C . II 0 3Ha4ae T: IlaepKa J1b HO- CHMMeTpJ.14HaR II 

AHar paMMa/. 

& ",-. 
a 

et~I"~)I) l2~ t \ el{i') + J~ t...l.( i) + ~ t~X~j + IJg f"}j - :J ~ .e.,a..~d -+ ::~ 

A 
~<'J.I> 

.:;C. i~ l" fhi) - elJ>'J.s (1 - '\,)(2+ fk(i-t.))} .. ;::; 

2 c', <'A .
8 M-2!erY>4'1'" ('!J .. ~ i.(f.) + X_X ) ... ~' n y_. ) .. :._9 

M 
~c',:- Tl' 

1 

2 {el~>XJ1':I ( 3~ .. ~ to (~;») .. :;:~ ) - Jto-x) 

A
4t,[d,--f)8(J>'J[Jo~+ ( ~+S~)fh.i' '' ~ ln'l;J+ 6'(".&,+

a .3 { 2,(~-J;,) l", f.!+ ~.(."+.fy(~ - J,,) lh'y +X(f,, - .l;rJlk · lYJ + 

A 

(l}'- -Y.;) '&(1- f;;) ] .. ::::% 


2 <'r f,..@(y><J[- 6 ~+ (4~~-2~ ).e.x .. ~:I. e.'!.i") + :¥.;, i .x toCi .. 
e 
+3c 2x(~+ ~)e.Y+ 2(~ -~).f.(1-~l " ( &--}7)t.·(j-~)_;!;_f.~1 .. x_:I' 

Y"l/ J y_y 

~ A
4C,(C, - ~j·U>2~ e•• ~~t"> ,,-&(Y>.<) ( ' ~'+ ";3:1' ~ ~ e.; + ~g f..t<) 

.. 2 \g i.x eh, -:..~g fh~) + eCY.x) (1 ~2x .. 2~- t _ 2~ lh'(~) _ 4~ 4(~)j +x_x,,-9 
4 ~: .

3 
x_lf }f\ 3C \ /) (y> ,{(F(','J)- ~,, ) (1 .. (,, (1- t,,»)] + 
~-9 + 

~ 
4 eI, T,·AJC j6lN)[(r(.,y)-~ )( ~O t ~ lI.(f,,))J " ;;:;1 

- 4If,i!A 

< A3C rS(N)[ (rlx, , )_ f,,)( ~ .. !f.f.. { ~,,))] .. x-x}
':1-9 ... 

dT\ .. 4 If, (<', - f l' 

!( \3( \ 6lN )[ (rc' ,yH,)(-" +3 4 (lS.). 1..'( ~.l- ~k (HJ) - ~ l'lI-~~"=;i 


~ 
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B 3TOM n p ~nO*eHHH npHseAeM OC HOBH~e ¢opMyn~ An A HMnynb c Ho roIr\. 	c ~ <!,c. . 
HHTer pHpoea HHR c 0 -41YHK ~HRMH 101 3 3$¢JeKTIo1BHoro a e pTe Kca, AOCTa TQ4P ,\3 j ~'1[(n',Y)-~)(-34 t.(~.H f..'('-M)-~~ (.'(l-~l]" :;:~} Hble AllR Bbl4101cneHHR (PjO )-AAe p B AsyxneTI1eSOM npIi161lH)f(eHHH . 3THVJo 
$O PMYllbi MO)f(HO nonY4HT b. nepex oAR B HMnynb c Hbi x HHTer pa n ax K a 

npeACrae neHHn. 4T06b1 npeAOTspaTHT b nORsneHHe KOHCTa HTbI 3~nepa " 	 ~ r!~.
1\"3. ~. Il;, (-Ii - 2.1...- ~ A t..r • xU. -i I..'m-u.!m)- 9lN9~(-' (j-~)_ rt: H In (41r) B npOMeM<YT04H blX BbiKnaAKaX , 6 YAeM AOMHO)l(a T b pa3MepHO

perynR pH30SaHH ble HHTer pa Ilbi / Ha 4 HHa R C / 62// Ha cxeMHbI~ $ aKTOpM -2~ r..(+,.)_~ (H,)MH.)+ ~I..'(~)- (J-~)I..'(1-~)-HHi).!a-t))1 M(<l ~ (4")-< 1'(1- d / t;lS - cxeMa /19 / / , He Bbln"CblBaR er o RBHO, H"lKe 
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O (X I) ~(Yj + Y2 > x I)' J( ) - ~(XI ) O(Yj> XI) ' J(-) + - 2, Y2 

YI+ Y2 YI 

xI x I / ~2/
+O(-x l ) /1(x I>YI +y2 )· J ( ) - /1(-x l ) /1(x l >y

l
) .J(- ) I . 

Yj+Y 2 YI 

3AeCb aeeAeHbf 0603Ha4e HI-1 .R Xl"" x - b; Yl = d - b; Y2 = C - d > 0 ; 

J(v) ~ _.!.. In v + ..lIn v; sty) ~ ..1 . 1 - v _ 2 1 - v + 1 + v .In v. 

f 2 (v v v 


/J(x _.!!!..) ~ 
N 10 ) _ (4")4 rr Pn P n d f d 

N 
1<s V(b le, d lPil(k - bP )2 (k -l) 2 ( f _ e p )2 (f _ dP) 2 ( 2" ) 2N 

/53/
1 b xl Xl X l 

~ -10(x I) ~(YI+Y2 > xl)[- J( )+ -8( )1
2, Y2 YI +Y2 Y2 Y j + Y2 


b Xl x 1 X l b Xl 
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~hlKlliiJlOn c.n. , PaA/OWKHl1 A.B. P2-84- 534 
HIlP" ")UonYJtVUJ B Kx,o : AByxneTnesoH paC1.IeT 

ji 11)t.:lltlMOl IIOBCKOfl KanH6poBKe 

npe,tJ,J10)f(eH HOBbifl MeTO,Q, BbNHcneHHR RAep 3BOJUOLUil1 AIlR He

,'I II II'lleTIIOrO ce K To p a B J(XJl. MeT o ,Q, npHMeHHM K 31<CKJI103HBHbIM Ii He

,,-p-,OPbIM HHKJII03HD HbIM npou,ecc 8M . Ha era OCHoae B cPeAHMaHOBCKoli 

".lnl-fGpoBK e Bb14HcnReTCR RAPO 3DOIlIOLJ;HH AIm BOJIHOBOA q,YHKLU1H 

OIlOll a V B AByxneTneoOM npJ-ft5JlHJt:: e HHH. 3THM JlCe MeTo,c;oM BocnpoHs
lIeHcllo R.D.pa MTapeJIJIH-napH3H P. ,llnR HeKoTopbJX KnaCCOB AH.arpaMM 

YC TauOBneHa ooutaR IPOpMa oTB e Ta, c npaBeAJlHBaH B mo50M n o p flAKe 

110 TeopHH B0 3MyIlleHHll . YCTBHonne HbI p eAYKUHoHHble q,opMyn bl n ep e 

xOAa OT V K p , AHanH3HpyeTcR CTpYKTypa RApa 3BonlO~HH , npOBo

Jl,HTC fI c p aBHellH:e C pesynbTaT3MM ,o,p yrl1x aBTopOB. 

Pa 5 0Ta BbJnOJ1HeH3 B na60paTopHH TeOpeTR'leCK OH. 4lH9HKH OHRH. 

Ope npi lHT 0 6be,nKHeHHoro lfHCTHTYTB RnepHhlX Hc cne.n0I38HKH. ,UyOHa 1984 

fIcp e e OA aB TopOB 

Hikhailov S.V., Radyu shkin A.V . 	 P2-84-534 
Evolu t ion Kernels in QeD: Two -Loo p Calculation 
in 	Feynman Gauge 

A new me thod of calcul at ing the nonsinglet evolution 
kernels in QeD i s described. This method is applicable to ex
clus ive and some inclusive ("space- like") processes , As an 
appl i ca t ion of the method the two-loop contribution to the 
pion wave f unction evolution kernel V is calculated in the 
Feynman gauge. In t he same way we reproduce a lso the two-loop 
kernel P of the non-s inglet Lipatov- Al tare l li-Parisi evolut io 
cquntion . "~or some classes of diagrams we established gene r al 
PI'"olH'r l iN. lhnl hold i n a ll orders o f perturbation t heor y. The 
",",'(1111"1 illn" IClrn1ul;l~ ilre found thal enab l e on e to calcul a t e 
I 1' '' ''r:flll'l I I cUll tl,i' j't)rrNl pondinn V ke r ne l . He discuss 

,.1 111"' IllI! ",nIHI!",.i ttl t lll ' l ut(.· 0 1 t1l1' 2- 1oop cvo l tt t ion kerne l s 
;:tlld llltlll'"' I" '" 1111 ' 'I'""I I H wi lh thnH4,.' ohlili!1 t..~d hy oth~r authors . 

1111 1 1,.,vl!nl il~11I !IIII hl1l 111'1'11 p4'r1nrnu'd III lh (~ Lnboratory

of lhl'l,lI 1'1 Ic ', ,1 P ,Vrj j I' ll. ,I I NM, 


Pn' plltll III 1111' JI1II1I lu"lilll'" lUI NIli' 11'111 R'·II ,'lIrch. Dubn8 1981 • 





