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1. BBEIlEH~E 

Xopowo ~3BecTHo, 4TO 3aAa4a KBaHTOBaHIo1R HeJllo1HeHHblx C~CTeM 

B OKpeCTHOCT~ HeTp~B~anbHoro KnaCCIo14eCKoro p eweHIo1R ypaBHeH~~ 

AB~*eHHR CTanKHBaeTCR C npo6neMo~ HyneB~x MOA. cBR3aHHo~ c nORB

nel1HeM ¢lOPMall bHO paCXOA.R!UHXCR Bblpa*eHIo1~ ",n~ HeoAHo3Hal.lHocTe~ 

npH nOCTpoe HIo1", nepTyp6a~Io1oHHoro /KBa3HKnaCCHl.leCKOrol pa3no*e
HHR I I I 

3aMeTHM, 4TO KopeHb np06neM~ HyneB~x MOA 3aKn~4aeTC.R B HanH

~H~ BblpOlKAeHIo1.R B CIo1CTeMe, 06ycnoBneHHoro TOc;, Io1nl-1 HHOc;, clo1MMeTplo1el1 

3aAa ...",. nopo*Aa~e~ rpynny HenpepblBHblX n pe06pa30BaHHH I HanpHMep. 

rpynny TpaHCIl.R~Io1H '" 1l0peH~eB~x Bpa~eHIo1H B KBaHToBo~ TeopIo1H conlo1
TOHoe/. ~MeHHo 3TO 06cToRTellb cT Bo npI-1BOA~T K nORBlleHIo1~ c06cTB e H

HblX ¢lYHK~H~ C Hy.neBo~ 4a cToToH B ypaBHeHHRx. onpeAell.RIOU.II-1X c neKTp 

Man~x Baplo1a~Io1H nonR HIlH APyro~ nepeMeHHoH paCCMaTpI-1BaeMO~ 3aAa

4101 e OKpeCTHOCTIo1 3aAaHHoro KIlaCCH4eCKoro peWeHH.R, Hapywa~lUero 

HeKOTOpy~ HenpepblBHY~ CIo1MMeTplo11O CIo1C TeMbL TaK *e. KaK rOI1A
CTOYHOBCKHe B036Y*AeH~R B Teop~H CO cnOHTaHHO HapyweHHoH CIo1M

MeTpHeH. 3T H peweHHR HYlleBOH MOA~ MorYT CTaTb npH4HHOH HH~pa

KpaCHOH HeCTa6HIlbHOCTH 101 ofiycno BHTb HenpHMeHHMOCTb CTaHAapTHOH 

Teoplo1", B03MYlUeHIo1~ . \o1 c no11b30Ba HHe KOllneKTHBHblX KOOPAI-1HaT, a TaK

)!(e n OAXO.QRUlHH Bbl60p rpaHH4HblX /10111101 aCWotnTOTIo14ecKIo1X /21 I ycno BI-1H 

101111-1 8b1AeneHHe ¢)OpMa llbHO 6eCKOHe4Horo rpynnOBoro 061>eMa / 31 B 

paMKax MeToAa KOHTIo1HyallbHoro HHTerplo1pOBaHH.R n03BonR~T 1-136aBIo1TbC.R 

OT TPYAHOCTeH , CB.R3aHHblX C Han~4l-1eM HyneBblx MOA. CYmecTBeHHY~ 

pOl1b 3,Qecb ",rpaeT RBl1eH"'e COKpaUleHIo1R BKnaAOB HyneB~x MOA B cY MMe 
4neHOB 3a.QaHHoro n eT ne80ro /KBa3101Kl1aCCIo14eCKoro/ n p lo1611H*eHHR. 

KaK 6b1no enepBble nOKa3aHo ¢laAAeeBblM H KopenHHblM / 21 Ha npH

Mepe ABYMepHO~ MOAenl-1 HenHHeHHoro CKanRpHoro nonR, B O,QHoneT

neBOM H .QB yxneTneBOM nplo16nH)t(eHIo1.R X c~HrynRpHocTH, C8R3aHHbie C pe

weHIo1RMH HyneB~x MOA , COKpa~a~TC.R. nOKa3aTe11bCTBO 6b11l0 0606lUeHO 

3aTeM Ha cnY4aH npOH3B0l1bH~X nopRAKOB neTlle Boro pa31l0*eHIo1R, Ha 

OCHOBe aHanH3a onepaTopHblX TO*AeCTB, B03HHKalOlUHX KaK Cl1eACTBIo1e 
T04HOH TpaHCIlR~1010HHO~ CHMMeTp~1-1 3aAa1.lH / 4/ . B 3T~X AOKa3aTenb

CTBax CYlUeCTBeHH~M 06pa30M Hcn011b30BanaCb KBaApaTHI.lHaR HeHHTe

rplo1pyeMocTb peweHIo1~ HyneeO~ MOA~ /COOTBeTcTBy~~~e ~YHK~I-1H npH

Halllle*a T HenpepblBHOMY cneKTpy onepaTopa, onlo1cblBaeoUlerO Manble 

BapHa~I-1H n OIlR B OKpeCTHOCT~ KnaCC~4eCKoro o AH oconHTOHHor o pe
weHHR/ 12,4-6/. OTMeTHM., "-ITO B BblCWHX nopR.QKax TeepHH B03Myw,eHHi:1 

Bonpoc 0 cOKpa~eHIo1101 BKIlaAOB HyneeOH MOA~ ycno~HReTCR nORBneHHeM.. 
paCXO.QHMocTei1 Io1H¢lpaKpaCHoro nma / 1/ . 

~ 06heAHHeHH~A HHCTHTYT AAepH~X HCCneAOBaHH~ llylSHa, 1984. 
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B TO *e BpeM~ B pRAe 3aAa4, T aK~X, KaK, Hanp~Mep , HaxO*AeH~e 

KBa3~KnaCC~4eCKOrO pa3nO*eH~R B OAHOHepHOM IKBa HToBoMexaH~4ec~ 
KOMI c ny4ae, rAe np~ HeKoToP~X rpaHH4H~x yCnoB ~Rx HyneB~e MOA~ 

RBnR~TCR KBaApaTH4 Ho-HHTerpHpyeM~MH c06cTBeHH~MH ~YHK4HR~H ypao
HeH~R B aapHa~~Rx, OTMe4eHH~e B~we onepaTopH~e TO*AecToa. so06
~e rO BopR, HecnpaBeAnHS~ , 4TO CTaSHT nOA sonpoc B~BOA 0 COKpa
~e HHH BKnaAos HyneB~x HOA/S/' 

B HacToR~e~ 3aMeTKe CTaBHTCR 3aAa4a 0606~eHHR npeAno*eHH~x 
a / 4/ onepaTopH~x TO*AeCTa Ha cnY4a~ KBaApaTH4Ho-HHTerpHpyeM~x 

InoKanH3yeM~xl HyneB~x MOA · 
nnR KOHKpeTHocTH 6YAeT paccMoTpeHa oAHoMepHaR KBaHToaOMexaH~ 

4eCKaR CHCTeHa. 6YAeT npoAeMoHcTp~poBaHo HecoKpa~eHHe HyneB~x 
MOA AnR Ha50pa AHa rpaMM B Ka*AoM nopRAKe KBa3HKnaccH4ecKoro pa3
no*eHHR, cooTBeTcTBy~ero c TaHAapTHoH TeopHH B03M~eHHH . n po 
BeAeHH~H aHan~3 eCTeCTBeHH~M 06pa30M npHBoAHT K He06xoAHMOCTH 
BeeAeHHR HOB~X BepwHH H cOOTBeTcTB~HX HM AHarpaMM, OTBe4a~HX 
MOAH~H~HpoBaHHoH TeopHH B03M~eHHH, B KOTOPOH cOKpa~eHHe BKnaAoB 
HyneB~x MOA RBnReTCR T04H~M ~ Ka*AoM nopRAKe n eTneeor o KBa 3HKna c
CH4eCKoro pa3flo*eHHR. 3aMeTHM, 4TO cooTBeTcTBy~aR MOAH~HKa~HR 
TeopHH B03M~eHH H BnonHe cOBnaAaeT C TOH, KOTopan B03HHKaeT 
B paMKax MeToAa KO HT HHAanbHoro HHTe rpHpoBaHHR npH Hcnonb30ea HHH 
TpDKa ~aAAeeBa-nonosa 9/ . 

TaKHH 06pa30M , 06CY*AaeM~e B HaCTOR~eH 3aMeTKe onepaTopHH e 
TO*AeC TBa n03BonR~T ~opManH30BaTb AOKa3aTenbCTBo 0 COKpa~eH~H 

HyneB~x MOA B npo~3Bonb H~X nopRAKax neTneBoro pa3no*eHHR. 

2. OCHOBH~E On EPATOPH~E TO*aE CT BA 

PaCCMoTpHM npOcTe~wy~ KBaHTOBOMexaHH4eCKY~ CHcTeMY, OOHC~

BaeMY~ MHTerpanOM Ae~cTBHR 

- 1 
S[q(t)] ~ f dt(-,j2 - V(q)). _ 2 /1/ 

Ao nyc KalOUtHM HeTpHBHanbHY~ 3KCTpeManb Q = Q e(t). T. e . 

/JS .. av 
- [qc (t)] ~ -<I --(qc) = O. /2/
8q c aq 

KBaHToB~e nonpaS KH K 3aAaHHOMY KnaCCH4eCKOMY peWeHH() Qc(t) 

06~4Ho H~YTCR B BHAe p~Aa Teop~H B03M~eHH~t onpeAenAeMo~ A~ar
paMMHoH TeXHHKO~ B TepMHHax B epW~H 

d D 


VD (t) - (-) V(q) I / 3/ 

dq qzqc(t} 

1.1 nponaraT opa 

2 
G s H- 1 . H ~ _d_ + V " ('Ie (t )). / ~ / 

d: 2 

OAHaKo, KaK xopowo ~3BecTHo, ~oPManbHoe on peAe ne HH e npon~
raTopa 141 CTanKHBaeT C~ C npo6ne MoH HyneB~x MOA, B c ~ny Toro, 
"ITO ypasHeHHe B B ap~a~~~x 
Hq, ~Aq, /5/ 

06naAaeT c06CTeeHHblM~ ~YHK'-'HRMH C Hyne SbJM c o6CT BeHHblM 3Hal.leHHeM . 
OA HH M 1013 TaKHx pewe HH~ Hyne s oH MOAbI . Ol.leB HA HO t Rsnne TCR ~YHK ~ HR 
"'(t) _ q (t). TaK Ka K 

c 

. d 8S
Hq . = - - [ - (q )1 ~ O. /6/ 

c dt oq C 

KaK y~e YKa3~BanOC b B pa6oTe/2/, An~ HeHyneBo~ a CI.1 MnT OTH4e CKoH 
CKOPOCTH Y=- limqc(t ) • t ·, ±_ xopOWO onpeAeneHHaR pe30nbBeHl a 
ypa s HeH I.1 R 151 Mo*eT 6b1Tb. TeM He MeHee. nOCTpoe Ha, BBHAY Taro, 
4TO $ YHK,-,HR rp ".c,e He RBnReTCR KBaAPaTH4 Ho-HHTe rp ..... pyeMoH H COOT 
e e TcTB yeT He CBR3aHHOMY. a BHpTya nbHOMY COCTORHH~ wpe AHHr epOB CKO
r o o nepaT opa - H . 

B 3 TOH CTa Tbe MbI 6YAe M paCCMaTp~8a T b. OAHaKO, Hal.16onee CH H
rYJlRpH bI ~ cnY4aH Hyn e Bo i'l aCMMnTOT~4eCKOa'l CKOPOCT"', T.e . c nYl.la a'l 
KfiaCCI.14eCKOH 3 KCTpeMan~ C HyneBo~ nonHOH 3HeprHeH 

1 . 2 ( 0C = 2' qc + V q,.) = . /7/ 

~nR Knacca nOTe HUl.1anoB . YAoBneTsop~~~H X Tpe6oBaHH~ 1 qi - T04 KH 
3Kc TpeMYMa nOTeHUl.1 anal 

+ 
q 1/2
(_ dq IV(q~ <~. / 8/ 

'1 

4,. .::=. !/s(t) eCTb nOKa nH 3yeMa R, KsaA paT ..... 4 HO-HHTerpHpyeMa R co6CTs eH

H~R ~YHK'-'HR onepaTopa H. OTBe4aomaR CBR 3a HHO MY COC TORHH~ C Hy

neBOH 3HeprHei'l . 


3aMeTHM, 4TO BTOPOH nHHeHHO He3aS ..... C..... MoH co6CTseHHOH ~YHK'-'HeH 
one pa To pa H C HyneBblM cofiCTBeHHblM 3Hal.leHHeM RBnRe TCA 

a qc 

Bem<14~Ha ¢ -= aE lE.:::o· COOTBeTCTBYlOlqaR Ks aAPaTH4HO-He ..... HTerpHpye -


MOMy B..... pTyanbHOMY COCTO~HHIO, 4T O BHAHO H3 3Ha l.leHHA BpOHC K ~1aHa 


ofio l.1x peweHHH 


1 • a 1 ·2 
[ .p. 4>1 ~"''P - "'4> = aE ('2 qc + V(qc ))1 F;~ O . 1. / 9/ 

2 3 
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TaKl.1M 0 6 pa30M, nl<1Wb IllYHKL\Hj:I I./J .. QC(t) RBn Fl eTC.A !lOnaCHO~ 1I HYJ1eBO~ 
MOAO~ . OTCOAa c neAyeT XOPOWO l.1 3 B eC TH~~ B~BOA 0 TOM: 4TO ¢YHK~~FI 
rpl.1Ha 3a,Qa4l.1 Home T 6~ Tb nOCTpoe Ha nHWb 8 nOAn pOC TpaH CTse r~nb-

6epTOBa npOCTpaHCTsa , opTorOHanbHOM K 8e KTOPY 1/1 0 (t) = Qc(t)/I! Qc ll . 
T. e . 

He(I, I ') = S(I - I ') - .pO( t ) .pO(I ' ) . /10/ 

04eBl.1A HO np~ 3TOM , 4TO nrooe pa CWl-tpe Hl.1e ¢lYHKtJ,l.1l.1 rpl-1 Ha G(t.t ') 
Ha nOn Hoe r ~.nb6epTOBO npOC TpaHCTBO HeOAH03 Ha 4HO: .n~6aR nOACTa
HOBKa 8l-1Aa 

G(I, I 1 ~ G(t., I') + c .po (I) </10 (t' ), /11/ 

rAe c - np0l.13BOnbHaR KO HcTa HTa , YAosneTBopReT TOMY *e ypaBHeHH~ 
/10/ l.1 n pl-1BOAI<1T K AonycT~Mo~ IllYHK~l.1H rpHHa. 

~ c c .neAoBaHl-1 e BnH.AHl.1.A 3TO~ HeoAHo3Ha 4 HocTH Ha 4.neH~ n e T neB o r o 
nepTy p5au,l-tOHHOr O pa3no*eH~R B OKpeCTHOCTl.1 3aAaHHoro KJ1aCC H4e c 
Koro peWeH l.1R ~ COCTa BnReT n peAMeT 60nbWHHC TBa pa60T no npo6ne Me 
Hyn eBoH MOA~ . 

CneAYR /4/. M~ 6 YAeM l-1CXOAl.1Tb l.13 onepaTopHO~ $opMynl.1pOBKl.1 
KBa 3HKnaCCl.14e CKo ro pa3 nO)t( eHL.1R, B OCHOBe KOTOPO~ ne)l(l1T o nepa" I-1R 
o ne pa TopHor o IlycpeAH eH H.A l1 

. S2 
F " (exp-!.. [ dl dl ' e (1 I ' ) ) F[Xli /12/

2 ' ax (I) aX(I ') x=o 

npH4e M ¢YHKL\ l-10 Han Ftxl o n pe Ae nR eT CR pa3 ,no*eHl.1eM I<1HTerpana AeHCT
BHR Cl.1CTeM~ I I I 8 OKpeCT HOCT H 3aAaHHoro Kn aCC I-14eCKOro peWe Hl-1R 
q. M 

F [Xl " exp(ir[xll , /1 3a / 

- I n /1 35/- I1X] " S[q. +Xl- S[Q .] -& [X, qc] - - "~3 (n !) [V. (I)X (I)dl, 

rAe 

&[X, q ] = - ..!... (X(I) HX(I)dt . / 14/
c 2 

BnHR Hl-1e Heo,QHo3 Ha4Hoc TH B Bbl60 pe 4>Y HKU,l.1~ rpHHa G(t. t ') npH HaX O)l( 
AeH l.1l.1 KBaHT 0 8~ X aMnnHTYA, on peAeneHH~X c peAHHMI<1 THnaMI-1 / 12/, 
TeCHO CBR3aHO C 3aBl.1 Cl.1MOCTblO ::nHX cpe,QHY1X OT 8em14HHbi COCTa8IlRIO
llIei:1 4l YHKu,l.10Ha.nbHo~ nepeMeHHoV! X (t) BAOIlb "onacHoro" Hanpa8.ne HHR 
I./J 0 (t) e ¢lYHKl.\HOHanbHoM npOCTpaHCTse . 

4 

Ae HcTeHT e nbHo ,He TPYAHO nOKa3aTb,4TO B pe 3y nbTaT e nOACTaHOB Kl.1 
/ 11 / cpeAH ee npOH380flbHoro ~YHKu,l.10Hana F[X] npeT e pne sae T 
c,neAylO~ee H3Me He HHe: 

jA 2 
+~ 

F'[x] ~ [ ~e ~ . F[X + 1. </10 ] 

- v'-4mc 
/ 15/ 

~ 
-I D ~2"'.""--

L (2" . nil (ic) T F [xl. 
0 = I 

rAe 

T= f<Po (tl a/a X(t)dt. / 16/ 

eC Tb onepaTop HH41l.1 HJ.1T e 3J.1ManbHOro CMe u&eHl.1R eAonb l'ona c Ho r o ll Ha
npaBIle HJ.1 R, T .e . X-->X+ AIj1 0. 

C APyrcl:1 CTOPOHbt I H~HHHT e3 HMa,nb Hoe CMellleHH e /) X OI. lj1 o H Ba pl.o1a ~l-1n 
napaMe Tpa a , $HKCl.1PYOI.l.Ie r o 8~6op Kna CC l.14e C KO~ COCTaB,nA~e~ KsaH-
ToeoH nepeMeHHO~ q(t) = Qc(t-a) + X (t). seAy T K 3KSl-1BaIl e HTHOMY 
H3MeHeHHIQ e e nl.14l.1HbI Q(t) . 6naroAapFl :no'" B3al.1MOCSR3l.1 c ne AYIOOtt-1 e 
OCHoeH~e TO*AeCTSa HM e lQT MeCTO: 

1'e,r[x] = I'l e,r[xl ; /17a / 
• 

1·2 e,r[X] = (U; _T)eir[xl H LA. /175/ 

3AeCb 

i& a - ,& a i [ d V.I. x 2 /18/I}s ", e Be ""' a +2" t3 'f'O ; 

. ] iii> , a/ -1&. I>
T =[U., T = e ·[.pO oX(I) dt .e =f<Po( ax + iHX) dt = 

/19/ 
. a 2 

= N o / ax dl + i [VJ .,lox dl , 

n ~"'4er H 3AeCb l.1 Aane~ Bbt6Hpae TCFI AfiFl YA06c TBa HOPMHpOB Ka 
IIqc II 1 , T a K 4 TO Q. = -b •o 

04 e eHAHo, 4 TO onepa TOPbl T H T KOMMYTHPY~T Me*AY c06oH , T .K. 

[1', TJ=i [VJ .pi:d, = a /20/ 

AIlFl caMoconpA*eHH~X onepaTopo B H. 
5 
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nOc.neAYIO~ lo1e 4IleHbi CIo1 CTe Mbl TO)l(AeCTB /17/ MorYT 6blTb nOIlY4e Hbi CMOTpeHHR . AI-1 <l!$epeHLI,HpYR no napa MeTP Y o~e ~aCTH yp~eHeHHR /10/, 
no Io1HAY K~Io1Io1, Ha OC HOBe COOTHoweHH~ onpeAen~IOL1.Ie ro $YHKLI,HIO rpl-1HB 3aAB4H, T.e . 

1" • T,-I . T,J ~ n . T"- I - (n - l)T. T,-2 121 1 HO + HG - -¢o ",,0 - ""0 ;Po /271 
• '1' , 

H YMHO)l(a~ c neea Ha G, HaXOAI-1M 
np H AeH cTBIo1H cneaa Ha ¢YHKLI.~OHan exp(ilJ. 3T H, a TaK)I(e APyr He ., ., .I
nonY4eHH~e Ha HX OC HOBe onepaTopH~e To~eCTB a Hr pa~T Ba)l(HylO /2810+ GHO . ",,0(",,00) - (0</'0) </'0 - (0",,0)",,0
pOl1b n pH aHa nH3e np06neM~ COKpa~eH Io1~ BKnaAOB HyneB~x ""lOA B KBa 
3HKnaCCIo14eCKoe /neTne Boe/ pa3110)l(e HHe B OKpeCTHOC TH aaAaH Horo flee aR H npa e aR 4a CTH 3Toro COOTHOWeHH.R He H3Me H.RIQTCR npH nOA

KIlaCC H4eCKor o peweHIo1~ ypaBHeHHH 3aAa4H . CT a HOB Kax / 11 /. 3TO n03B011 ReT ynpocT~Tb npaBY~ 4aCTb COOTHowe 


PaeeMoTpHM npe )l(Ae Beero HaH60nee o6~He Tpe6oBaHH~, KOTOP~M HH" /281, Bbl6Hpa" <1lYHK4HIO rpHHa 0 = OJ.' r Ae (GJ. ",,0) ~ (",,0 OJ.) • 0, 

YAoB l1eTBop~eT BBeAeH Hbli'1 B~we onepaTopH blH ofMBon y epeAHeHIo1 R / 12/ , 
 TaK 4T O 

on peAe.n~~HH KBa3~KnaCCH4eCKoe pa3J1o*eHHe. 


Bbl4101cnHM n pOH3BOAHYlO OT c peAHer o np0lo13Bonb Horo ¢Y HKLI, HOHana 1291
G+ GHG . -""0 (;PoOJ. ) - (OJ. ;po) ",,0 
no n apaM eT PY a, onpeAe.n~IO~eHY Bbl60p Knacelo14eCKoro pe weH HR 3a
Aa~lo1 , 06naAa~eH TpaHc n~ Ll. HOHH~M e~pO)l(AeHHeM. B pe3Yl1bTa Te, Io1cn o nb3y.R $OpMyn~ /22 -291 , HaXOAIo1M 


HHee M, 0 4eBHAHO, 

T,J.F - 'f~F : a,. F _ O, /3 01 

- - . ,filF 
a. F z a.F + ]- 'f dldl ' G(I, I' ) 10X(!) liK(t ') , 1221 r Ae 

,0, 
~. i f dt dt ' ",,0(1) OJ. (I, I ') 10 X(1 ') - fdt "" oX(t), /3 11 

rAe TO~KOl:1 0603HrJ4 e Ha 4aCTHa~ npoH3BoAHa~ no napaMeT py a. Hcnonb
3y~ <boPMyny npH 4eM [~, T] = fif'o(l) ""o( t)d t . O. 


nOA4epKHeM , 4TO COOTHoweHHe /30/. npHpaBHHsa~ee Ae~CTBHe 

- - I 2
T,J,F. a. F+'2 f dt V3""OX (t) F 1231 nOA 3HaKOM cpe AHero o n epa To pa f>. npOlll3BeAeHI-11O o nepaTopOB T l\ .: 6.T, 

cnpaBeAn~BO An.R npOH3BonbHoro ~YHKLI,HOHana F[xL cpeAHee OT KOTO 
101 3aMe4aR, 4TO poro cy~ecTByeT H He 3a BHCHT OT napaMeTpa &. MO)l( HO npOBepHT b 

TaK*e, 4T O AnR npOH3eonbHoro ~YHK LI,HOHa na FIx] B~nonH~e TCR paBeH 

X2(1) F . 10 (t, t)F - CTBO 

12 1< 17 , 0 
0 F 

O(t " , t), TF. No (0 X + IHX) F dt • 0, /3 11 
- f dt ' dt • OCt, t ') oX (t ' ) oX(t " ) 

r Ae T =- It' •• Tl o n pe AeneHo $ oPMy noH / 19/ . .llel:1c TBHTenbHo, Hcnonb
nplo1xoAHM K COOTHOWe HH IQ 3 yR TO*AeCT BO 

- - ofD,F.a. F+ n F ~ f dt dl ,[a + aHO] ....l!_"" 1251 X(t)F . i fG(t , t ' ) 10 X(I , )dt ' /321 

rAe eenH4HHa 1-1 onpeAe neHHe / 10 / pe30IlbeeHT~ o nepaT o pa H. n o ny~aeMI 

- 1/2 l ' 1 

n. a. (deIH) • - '2 SP(I ,/[i) . - 2' f dl V3 ",,0G(1, t), 1261 
-,- , of ' 
TF • f ""0 (I) [1 - HO] ax dt = f ""0 ""0 dt ' TF' = 0 /331 

a TaK)I(e 0a ' F B CH.n y TpaHCJ1~ Ll.1-19HHol:1 I-1HB'apl-1aHTHOCTIo1 3aAa4H 06pa
L1.IaeTC~ S Hy nb . BblPB)I(e HH e (C + GHG), nO.RBn~lOllIeec~ nOA HHTerpanOM 

T.K. f;Po"'odl. O,
B npaso H 4aCTI-1 COO THoweHHR /25/, 3acnY)l(HBaeT CneLl,lo1anbHor o pac

76 



- --- -

3. onEPATOPH~E TOmAECT BA H nETflEBOE PA~flOWEHHE 

H&.1)1(e Mbl paCCMOTpYlM Bonpoe 0 BKJ1aAe HyJle SblX MOA B 4J1eHbI KBa 

3HKflacCH4ecKoro n e TJle eor O pa3JlO~eH\.<1A B QKpeC THoC TH 3aA3HHoro 
Kn3CCHl..leCKOro peWeHII1A , HcnOJlb3Y R BBe,qeHHble Bblwe onepaTopHble T O)l( 

AecT Ba . 
OeTne eoe pa31l0)f(e HlI1e 3Mnm1T YAbl nepeXOAa IIBaKYYM- BaKYYMIl a n 

peAeJlHM CJleAyo~HM 06P330M: 

F [Xl ~ exp _i_r[gxl = ~ g'Ln(X). 134/ 
~ g2 0=0 

He3a BYlCYlMOCTb 4JleHOB n e TJle Bor o p33JlO)l(eHYlR 13 4/ OT npOH3B ona 

B Bbl60 p e ¢lYHK414j;'j rp1-1Ha 3aAal.4l-1 / 11/ I a cne AOeaTeJlbHO, TOI.IHOe co 
Kpa~eH&.1e BKnaAoB Hy nee oH MOA~ Tpe6yeT B COOTseTCTBHH C $OPMYIlO~ 
/15/ 06pa~eH&.1~ 8 HYJlb cO BOKy nHoc TYI e eIlH4&.1H 

S(n. k) _ Tk L•. k = 2,4,. .. , 30 . 135/ 

~ T o6~ ~3 Y 4~ T b s onpoe 0 8KnaAe HyneB~x MOA B K03$~~~~eHT~ ner
neaoro pa3flO}l(CH14R, Boc nollb 3y eMc R BBe AeHHblMl-'I Bblwe oneparOp HblMJ.1 
TO}l(AeC TsaMH. npH 3 TOM Heo6xOAHMO Y4 eC Tb, 4TO AflR napaMerpa n e T
neeoro pa3110HCe HIo1,R g =I 1 cneAyer CAenaTb 3aMe HY 

1 
T~-T , t.~g t.. 1,18 ~ 0 • . 136/ 

g 

TaKlo1M 06pa30M, nplo1xOAlIIM K CHCreMe TO)l(AeCTS: 

TLn = 0. L n = .1TL n_ I'" 6/)8 L n_2 : 1370/_ 1 

1376122 ' 2T Ln : 1'J2Ie L n_ 1 : D. Ln_ 2 - TL n_l : 't'. Ln_2 ; 

1'k L. :T'-IJ'.L _1 : J'.Tk- lLn_ I - (k-I ) TTk- 2L._1 ~ n 1379/ 
:t.Tk- 1J' L 2~ NlT k- IL 2-(k-2)t.TTk-2L 2 = 

~-r..,::.'-,-n-_ a n- Q

2=t.D. i"-ILn_2+(k - 2) Il if-o 112 Tk- L n- 2' 
rAe HcnOll b30B a HO 

. . . . 2 
[t. , TJ : - Iv-o(I ) ¢>O(I) dt ~ - 1I¢0 II . 138/ 

nOBTopHo e Hc nOllb30BaHHe 3TH X, a TaK*e nOlly4eHH~x pa He e COOTHO
we HH~ npHBOAHT K HOB~M TO~AeCTBaMJ HanpHMep: 

-2--- . 
T L. : AI/l, L ~ t.·I/l . L . _3 - t.L n_2 ~ n_2 

n-2 139a/ 
: - 1 (k + I) lJ.k il L _ 

n 2_k 
k~O 

8 

2 2 2 . 2
T L. ~ II. L n-2 = t.D. L._3 + lIv-oll . L n_2 ~ 

• . 22 D~~ t. L n_4 - t.t.D . L ._4 + 31 1v-o II t.L .-3 + 


.. • 2 

+ t. L._3 + II V-oII L . -2 ~ .. . = 


.-2 . - 3 

~ (k+l) (k+2) .. k~ 1I~0 112 t.k L + ~ (k+O (k+2) Illl L _ _k + 
k~O 2 n- 2-k k""O 2 n 1

n-4 
(k+O (k+2) (k+3) t.; t.k L _ ~ T. A. ,+ ~ ---2 n kk=O 

rAe 

• 2Ii = [fl •. t.l = f~OX(I) dt ; [6, T I = I Iv-oll 

/40 /
LL[fl., 61 : {if,'oX(I) dt. 

3T).1 TO)l(Ae CTSa n 0 3BOllAIOT Bblpa3 HTb eenl1 4 J.1 HbI 0(0 , k) ", Ti.: Ln ~ onpeAe

J1s:teMble BKJ1aAOM Hy JleBbiX MOA, 4 e p e a CY MMY n e r fle SblX Al1arpa MM C Y4 e

TOM AOn OnH HTeJl b HblX Be pWHH, COOTB e TCTBY~l-'IX BH e WHHM HCT Q4 HHKaM 

. av .. a2 v
V-o = - aq (Qc)' V-o - aqz(Qc)' V-O ~ LA· /4 1/ 

AHanOrJ.14H blM 06paaOM MO}l(HO BhlBeCTlo1 APy rylO CHcreMY TO)l(AeCTB, 
Bblpa )f(alO~HX eeJlH4HHbI 8(0. k) 4epe a cpeAHl-'Ie 3Ha4eHHR CTeneHeii one 

paTapa l:'>., Aea:1 c T8YIO~ Io1X Ha e AIo1HIo1,-,Y. T. e. 4e pe 3 I} ~ ~ f.J: Lo, ,a.ns:! 
Ha x O*AeHHR KOTOP~X ~MeeTCR xopowo paapa6oTa HHas:! npo,-,eAypa 
/CM. np~no*e HHe/ , C 3TO~ ,-, enb~ paccMoTpHM nocneAo 8aTen bHoc Tb 
paBeHcTB 

Tk L n = Tk-2 fl~ L .-2 = fl. T k-2 fl. L 0-2 ~ 

: fl~T'-2Ln_2 - (k-2) ITk- 3L n_2 : 
:'< 2a / 

= ~! T k
-

Z L._2 + (k-2) YI . Tk-2 L n- 2 ; 

T kLn ~ J':Tk-4L _4 + 2YI (3k-IO)j')~Tk-4L._. +n
/ 426/ 

+ (k-4) l Y~ (3k-5) - Y2 1 T
k
-

4 
L._4 /.1 T.A. 
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• • 

II 

3AeCb ~Cnonb30BaHO 

1 
(-) Yf TF', k = 2 f; 

Tlk) F' = { / 43/ 
0, k=2f+ I, 

rAe 

T lk ) = fl'J ,II'J ." ,,11'J . TILl ~ f dt ",10k) (_6_ + iHX) ; 
8 8 . ax 

/44/k P;3 
,I, l k) =(~) k ", ' Yk = 1 1 ",~k) 11 2

,
"'0 aa , 0' 

n OKa3 aTenb CTBO COOTHoweHHH / 43-~4 / Q4e SHAHO H o nHpaeTCR Ha (fJO PMY
n~ 1 101 H 13 2/ . no 3TO~ ~e npH~HHe cnpa s e Afl HBO paB e HCTB O: 

a, k : 21; 
lUI - r / "5/

It., T - H YI'{ k • 21 _ I , 

~ c nonb3Y~ TO~AeCTB a / 42 / , Ha~aeM 

2 2 .
T L2 = fl. =YI' / 460/ 

4 2 2T4L 4 = fl . + 4YI ,fl. - I OYI - Y2 ; 
/"66/ 

or6 L6 = \J.? t 20YI , fl! + (70y? - 6Y2) J:l; . 
= 280y~ - 56 YI Y2 + Y, "T.A, /46./ 

nOA4e pKHeM, 4TO COOTHoweH HR /~61 HenocpeAcTBeHH O CBHAe Tenb 
CT BY~ T 0 ~aKT e He c oxpaHeHHR BKnaAOB Hyne SYX MOA B neT neBoe pa3
no*eHHe , on peAe neHHoe onepa ~HeH ycpeAHeHHA 112/, npH ycnoBHH 
nOKa n H3 yeMoc TH $ YHKUHH H yneBO~ MOAY. 

TaKHM 06pa30M, n pH HanH4HH KBaApaTH4HO-HHTe r pHPyeMYX HyneB~x 
MOA onepa~ /.o1 A "YCpeAHeHHR" / 12/ OKa3b1BaeTCR 3aBHcRllIeH OT npOH3BO
na B By60pe $ YHK UHH r p HH a H He n pHBOAHT K ~H3H4eCKH np/.o1eMneMOMY 
KB a3HKnaccH4ecKOMY neTfleBOMY pa3flo*eH HO aMnnHTY A n epexOAOB . 
BBeAeHHeM AononHHTenbH bl x aepwHH MO*HO A06HTbcR T04Horo cOKpa~e 
HHR BKflaAOB HyneSYX MOA B Ka*AO'" nopRAKe neTIleBoro pa3flOlKeHHR . 

ne~ C TBHTenbHO . BBOAR nOACT aHOBKY AflR 4neHoa ne TIlesoro pa3no
*eHI-1 R BIo1Aa 

L n ~ (L ° - L'>Ln_ 1). t. = J¢'OX dt, /47/ 

nplo1AeM K TO~HOMY COKpa~eHH~ BKna Ao a HyneBo~ MOA~, TaK KaK 

Tk (Ln - t.Ln_ 1 ) . T kL. - fl. Tk- I Ln_1 3 0 , 1" 8/ 
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nOACTa HOBKa /471 COOTe e TcTsyeT nepeonpeAeneH~~ onepa4~~ 

"ycpeAHeHHA", Io1 cnoIlb3yeMoH nplo1 nOC TpoeHHH neTneeoro pa300)KeHHA, 
a HMeHHO: 

F ~ <F > '" (1 - gt.)F'. l: gO (L - L'>L n_ I), /49/3 

8 A ~ naO o 

HeTPYAHO npoaepHTb B HaH60nee 06~eH ~OpMe, 4TO 

<Tk+IF' > = Tkfl F' - t.Tk+l F' ~ (fl - t.T)Tk F' - kTrk IF = 

/50/ 
= a. (Tk F) - (a. Tk) F' 0 ,3 

OTMel HM, HaKOHe 4, ~TO o506~eHHe KSa3HKllaCCH4eCKoro neTlleeOro 
pa31l 0>KeHHR /49/, COOTBeTc T By~~ee BBeAeHH~ AOnOllHHT ellbH~X a e pW HH 
B3aHMo AeHc TBHR, nonHocrb~ COBnaAaeT B paCCMOTpeHHOM 3AeCb C11Y
4ae c TeM, 4TO nonY4aeTCR n p H HcnOflb30eaHHH T p~Ka $aAAeesa -nono 
sa HllH MeTOAa KOllJ1eKTHBH~X KOOPAHHar 6oron06oea/ IO- J2! . 

" , 3AKJ104EHHE 

B~we HaMH 6~no Aa HO Kop peKTHo e o606~eHHe onepaTopH~X TO*AeC TB , 
BBeAeHH~X B pa60Te n pH HCCfle AOBa HHH np06neM~ Hyne B~x MOA B a aAa
4e KBaHTOBaHH A He n HH eHHYX CHC TeM, Ha cflY4a~ KBaAPa TH4HO-HHTe 
rpHpyeM~x /floKanH3yeM~x/ ~YHK~H~ HynesoH MOA~. naHHye TO*AeC TBa , 
OTpa*aQ~He caoHcTBa TpaHcnR~HoHHOH HHBa p HaHT HOC TH 3aAa4H, n03 
BonR~ T $opManH 30BaTb npo~ eAYpy AOKa 3aTenbCTBa Te OpeMY 0 COKpa~e

HHH BKna AOB HyneBo H MOAY B Ka*AOM nopRAKe COOT BeTC T B Y~~HM o6pa 
30M onpeAen e HHoro KB a3HKnaCC H4eC Kor o neTneBoro pa 3no*eHHR. 

Pa3BHTYH HaMH Me TOA onepaTopH~X TO*AeCTB Mo*eT OKa 3a Tb CA no
n e 3H YM TaK*e n pH pa CCMOTpeH HH H APy r HX oc06eHHOC TeH nOBeAe HH R 
Hen HHeHHYX AHHaMH4eCKHX CHCT e M, 06naAa~HX He npepYBHYMH r pyn naMH 
CHMMeTpHH. 

B 3aKn~4eH~e aB TOpy aypa*a~T HCKpeHH~~ 6narOAa pHOCTb H. H. 50 
ronQ60ay H A. H. TaBxen I-1A3e 3a HHTepec K pa60Te H none3H~e 06cy~

Ae HH R, r.A. 4 e 4 enaWBHflH, npHHR BweMY Y4acTHe B Ha4an bHOM 3Tane 
3THX HccneAOaaH\o1H, a Ta K*e H. B.KpaCHHK OBY, B.A.He~epRKOBY \01 

K . r . 4eT~pKHHY 3a nnOAOTBopH~e AHCKYCCHH . 

nPHflOlEHHE 

HH~e n pHDCACM npOCT Y~ npo~eAYpy AnR BY4HCn eHHA cpeAHH x OT 
CTeneHeH oncpaTo pn 0 •. 

HcnoIlb3YA TO*ACC TOO 

n 
a"b = :!: c (")bl~)nn-~ / n , 1/

k=ll k 
11 



cnpaeeAflHBoe Am~ mo6b1x ABYX onepaTopOB a ).1 b, rAe 

b (k) " la. la .... la. bJ...ll, In. 21 
'----v---' v 

k pa 3 
a Ck (0)' = 01 / k! (0 - k)! - 6&.1HOM&.1anbHble K03<tXt>IIIUllleHTbI t a TaK)f(e TO, 

4TO Ae~CTB..., e onepaTopa T H8 eAHHHUY Aaer Hynb, nony4HM COOTHO~ 
we HHe 

~" l>Tl'ln - 1 ~ ~~' c.{n-l) s r , - Ib n- I-< . 	 In.31 
8 a 11:=1" a 

3aMe4 a~ Aa nee , 4TO B C"'flY ¢ oPMyn /43/ H /451 

k _ 21; 
l>T(k) " { (-»r 1'>" In.41 

H yr. k ~ 2r- l . 

HaxOAHM peKy ppeHTHoe COOTHoweH He 
n/ 2 

I'ln 	 " _~ y (-), c . (n)l'ln-2P In . 51 
• Y= I Y zf • 

OTKYAa cneAyeT 

I'l! ~ Y, ; 	 I'l: "6YII'l; - Y2" 6Y12_ Y2 ; 
I n.61 

~~ 	= 15» ~: -15yz f:J~ + Y1 :: 30 YI . (3y ,2 - Y2) + Y:l H LA· 
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3naTeB C. H. , MaTBeeB B.A. 	 P2-84- 530 
OnepaTop Hble TOlKAeCTBa B 3 ap.a l le 0 COKpam;e HlfH HyneBblX NOA 

Ha npHMepe oAHo Me p HoH KBaHTOBOMeXa HHtleCKoti MOAenH p a3BHT Me
TOA onepaTopHblX TO)KAeCTB, n03BonRIO~ lllopManH30BaTb nOKa3aTenb
CTBO TOYHOrO COKpa~eHHR BKnaAa Hyn eBhlx MOA B nJ060M n o pHAKe 
C OOTBeTCTBylO~HM 06P 330M onpeAeneHHoro KBa3HKnacc~eCKoro neT
neB o r o pa3nOltCem-1R. n pOBeA<?:HHbJH aHanH3 eCTe CTBeHHblM 0 5 pa30M 
n p HBOAHT 	 K Heo6xOAHMOCTH BBeneHHH HOB~ BepmH H H COOTBeTcTBym
max HM AHarpaMM , OTBe4a~mHX MOAH~H~pOBaHHOH TeopHH B03My~e
I-Uiii. 

P a 60Ta Bblf!OnHeHa B na60 p a TopHH TeOpeTHl.Je CKOH cPH3HKH OIDlH. 

Co oO.eHHe 	 06be AHHeHHOrO HHcTHTYTa RAepHYX HccneAoBaHKA . Dy6Ha 1984 

ilepes oA O. C. BHHOrpaAOBOH 
r-------~~----------------~ 

Zl atev S . I. , Ma tveev V. A. 1'2-8/1-530 
Ope rato r Ident i t ie s in t he Prob l em about Zero Mode 
Cancella t i on 

On t he base o f the example of onc-dimcns i ona J (tua n l Un! Illl' c lta 
nic al sys tem a method of Oper.:lLOr idenl i LiC':J i s dOVl,'l opc-<! 
which a l l ows one to formot i ze 11 I>roof of nn ('x .'l rL cnnC'cll nr i o n 
of zero mode contribUl: i ons III .'lily orcl. 'r or II r~ r(:'llwr loop 
expa nsion . As II reB u t l (:'If I ll{' IWl f,) rm"11 Illln l yn i s IH'W v('rLi('('s 
and co r respond ing d i fl)',1'l1l11H fir,' i nvnlv('(\ wh i ch l'or r('spond Lo 
.:l mo d i r i pcl ppr ' nrhlll i nll I Ih'l\1v . 

The i nveNt ign l itlll hiltl ht'I'1l Pl' llol0h'd nl 1111' L,lbornlory 

of Theon'lien l I'hYHit II, JINH, 


COlDlllunicalioll .)1 Llu ' IUItIl /" . , lIut .' IHI NUl Il'{l l R('s('~lrC'h, Dub na 19Bt. 


