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I. BBE.llEHI1E 

ITepBOHaqa~LHO npocTpaHCTBeHHO-BpeMeHHoe onHcaHHe Hrpa~o B pe~HTH

BHCTCKOM KBaHTOBO~ TeOpHH ITO~H He3Ha4HTe~LHY~ pO~:b. 0CHOBH~M pa604HM 

annaparoM 6u~o p-npe~cTaB~eHHe, a ~e~I>~ - no~yqeHHe rex H~H HH~X pac

npe~eneHHA DO HMnYBI>CaM.TOBhXO paOOTN TOMOHarH,lliBHHrepa H ~e~HMaHa H 

flOCBe~OBaBmee 3aTeM pa3BHTHe penHTHBHCTCKOR KBaHTOBOA TeOpHH flOBR 

(cM(I/)B 3Ha4HTeBI>HOA Mepe BOCCTaHOBHBH fl03HqHH,yTpaqeHHNe npocrpaH

CTBeHHO-BpeMeHHNM OflHCaHHeM,H npo~eMOHCTpHpOBaBH Kpacory,BNpa3HTeBb

HOCTb H 3KOHOMHOCTb 3TOrO DO~XO~a.TeM He MeHee,~o CHX nop OTCYTCTByer 

RCHOCTb C onpe~eneHHeM OnepaTOpa KOOp~HHaT~ B OTBH4He OT onepaTOpa 

HMnynLca. ITon~TKH onpe~e~HTL oneparop KOOp~HHaT~ npe~npHHHMa~TCH He

npep~BHO. 0HH KOHUeHTpHpOBaBHCb a) BOKpyr flOHCKa onepaTopa KOOp~HHaT~ 
/2-IS/ 

~BR O~HOKBaHTOBhlX COCTORHH~ (MHOrOKBaHTOBhl~ cnyqa~ 06CY*~aBCR 

He~aBHO B /I61, 6) KOHCTpyHpOBaHHR era 113 reHepaTOpOB rpynn~ llyaHKape 

Han0~06He UeHTpa THlKeCTJ.l /I?-l,9~) nOCTpOeHJ.IH era !.13 reHepaTOpOB KOH

qJOpMHOii rpynn~ ~Bff CJiyqaH MaCChi Hy/nZO! C UeB:&IO pery~Hpl13aUHH TeOpHH 

M.A.MapKO'Zl/BnepB~e BBen onepaTOp KOOp~HHaTbl, He KOMMyT~pyiO~ll~ C 

onepaTOpOM nO~H. 3THM CBO~CTBOM 06na~a~T H 06CylK~aeMbl8 HHlKe onepaTO

p~ (conocraBneHHe CM. ua cTp. IS ). 

CymeCTBeHHaH Tpy~HOCTb C Onpe~eneHHeM KOOp~HHaTbl COCTOHT B TOM, 

4TO He Cyll(eCTByeT Hil O~HOKBaHTOBh!X 1 HH MHOl'OKBaHTOBbiX COCTOHHH~, 

CTporo BOKaJIH30BaHHb!X B npOCTpaHCTBe, T.e. COCTOHHHW C WHKCllpOBaHHO~ 

KOOp~HHaTOii HBH COCpe~OT048HHb!X B.Hillb B qJHHHTHOii 06~aCTH npOCTpaHCTBa. 

O~HaKO, KaK flOKa3aJI .l{. JII.EBOXHHU8B/I0~ Cyii(8CTBY~T ~alKe O~HOKBaHTOB<Ie 
COCTOHHHH, BOKaBil30BaHHhle CKOBb yl'O,l\HO T04HO B TOM CMb!CBe, 4TO OHH 

HMelOT CKOBb yrO~IlO ManyiO ~HcnepCH~(~-x)~ Ho H 3TH COCTOHilllR o6na~a~T 

HeorpaHH48HHO npOCTHpaiOUIHMHCR 11 XBOCTaMH~ I!OHRTHO, 4TO npaBHJll>Hbl~ one

paTOp KOOp~HHaTbl He MOlKeT KOMMYTHpOBaTb C onepaTOpOM 4HC~a KBaHTOB. 

CJIOEHOCTb eme 11 B TOM, qTQ onepaTOp KOOp~HHaTbl ~pHHa~JI8EHT K 4HC

Jiy uecoxpaHHIOII\HXcH onepaTopoB. TaKHx BenHqHu B r'pH31'1Ke 6oJiblliHHCTBO, 
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HO KX CBO~CTBa B TeOpHH nona He BnOHH6 H3y'leH~ H npHB~'IaG22 • 2~ B 

n. 3 H8CTOH~8H pa60T~ ~Ha nonyqeHHa onepaTOpa K00p~HH8T~ ~HH CKanHp

HNX H CnHHOpHNX none~ M~ npHMeHaeM BapHaUHOHH~~ ITpKHUHn, npHtieM TSK 

~e, K8K OH npHMeHHHCH B/22/~Hff nonyt~eHKH ~pyrKX H8COxp8HH~mKXCff one

paTOpOB. nna H8KB8HTOB8HHOrO nona ~HpaKa COOTB8TCTBy~mee B~paXeHKe 

o6cy~~aHOCb C MOM6HTa B03HKKHOB8HHff T80pHK ~Hpa~3-5~ K, HanpHMep, 

K3 paCCMOTpeHHff B KHHr£24/aCH~ ero qepT~ K ~Xff KB8HTOB8HHOrO cnyqaa 

(OCUHnnHpy~mHe qneHN OTB8'18IDT po~eHK~ K YHK'IT0~8HH~ 3X8KTpOHHO-IT03H

TpOHH~X nap). BMeCTe C T8M 9 BTOpH'IHO KBaHTOB8HHaa TpaKTOBK8 3TOrO 

B~pa~eHKff 6~na ~aHa XHillb H8~8BHO/l6/. 

ITpe~cTaBnacTca ecTeCTBeHHHM Tpe6oBaTn co6n~~eHHe npHt~HHHOCTK Ha 

orrepaTOpHOM ypOBHe (TaK, OHa ITpKcyma ypaBH8HKHM ~BH~eHKff ~Xff onepaTO

pOB nona, XOTH AOBOnnHO rny60KO aanpaTaHa B 8MITXKTy~ax125,2?/IT03TOMY 

Ba~HO, 'IT06~ ITPK ~8HCTBKH onepaTopa KOOp~HHaTH H8 onepaTOp nona (T.e. 

npH 06pa30BaHKK HeO~HOBp8M8HHOrO KOMMyTaTopa 3TKX B8HH'IHH) nonyqanca 

npK'IKHHN~ peaynbTaT. B n. 3 nOKa3aH0 9 'ITO H8~~6HH~e ITpK ITOMO~ BapH

aUKOHHOrO llpKHUKITa onepaTOpN OTBetia~T 3TOMy Tpe60B8H~. ~ff BNnOnHe

HKff Tpe60BaHHH cymeCTB8HHO npKCyTCTBKe 'IX8HOB, po~~a~mKX K YHK'ITOXa~

mKX napy (aBTOp pa60T~I6/CKnOH8H OT6pOCKTn T8KKe 'IX6HH KaK H8WH3Htiec

KKe). HanK'IKe 3TKX tineHOB 03H8'188T TOnbKO, 'ITO C06CTB8HH~H B8KTOpaMH 

T8KKX orrepaTOpOB KOOp~HHaT~ 6y~T COCTOaHKa C HeOnpe~eHeHHNM 'IHCHOM 

KB8HTOB TKITa KOrepeHTHNX COCTOHHK~. 3TO npeACTaBnaeTCH 8CT8CTB8HHYM 

~na n~oro npaBKnnHoro orrepaTopa KOop~HHaTw. 

B n. 3 OTM8'16HN T8KXe HeKOTOpNe BCTp8TKBillK8CH HaM Tpy~HOCTH. 

PaccMoTpeHH~ B n.3 rrpe~nocnaH B rr.2 c HH~cTpaTHBHHMH uenHMH 

6onee 'lfaKBHN£\11 nO,ltXO~ K KOHCTpyHpOB8H~ onepaT.Opa KOOp~KH8TN. 3TOT 

orrepaTOp K00p~HH8TN KOMMYTKpyeT C OrrepaTOpOM 'IHCHa KB8HTOB, B npKMe

H8HKH K O~HOKB8HTOBNM COCTORHHRM COBIT8~86T C KOOp~KH8TO£i Hn~TOH8-

BKrHep'~ HO He OTB8'188T Tpe60B8HK~ npH'IHHHOCTH. 

B ilpKH0~6HHH paCCMOTp8HN H606XO~HMHe ~HR ITOHKM8HHH OCHOBHOrO 

TeKCTa 3BOH~UKH ROOp~KHaT K CBO£iCTBa WYHKUKH npeo6paaoBaHKH ~KpaKa 

~na CITKHOB 0, J K I B penaTKBHCTCKO~ KBaHTOBO~ M8X8HKKe. 
4 

2. OITEPATOP KOOP~KHAT~, KOMMYTMPYDlli~ C OITEPATOPOM qMCRA KBAHTOB 

PaccloloTpKK He£!TpannHoe cKSnapHoe none <g(!.) , no~tiKH®meeca CB06o~-

HOMY ypaBHeHKD llipe~KHrapa~oxa-KnettHa-rop~oHa (~Kr) 

(_o -~t) lj~) = 0 {I) 

H 06HtiHHiol nepeCT8HOBO'IH~ COOTHOill6HHHiol 

['f~)) .,(J<.I)l-= 0' [ <.g~), ')" !f(J<.1)1 :'S tx-t') ( t' =t). 
(2) 

06paTHM BHHMruiK6 Ha aHanorHH B 38nHCH OITepaTOpa 'IKCXa KB8HTOB B 

~ H X-npOCTp8HCTBaxX) 

N = )d1-~JfCr)= )A~x J-fV.) 
tiepea onepaTopbl q11cna KBaHTOB e aa.n;aHHbiMK 3Hal!eHHHMK p K x 

Jl'C:f) = a_•c-r)o-C.f) 
.JfG) = ~ 'fl+)c.<) .JiZ;) 'fc-\l<..) x., <.x,i.t) 

(Kor.l(a p l'I x npo6era~T Bee 3HaqenKa, onepaTopw Sf~) K eff(x) 

(3) 

(4.a) 

(4.6) 

COCTaB-

JHOOT ~Ba nOJIH!JIX Ha6opa ltoM14yTI1pyiOll\KX onepaTOpQB), B 38ITHCl'I nepeCTa

HO:BO'lHHX COOTP.Oill6Hl'I~ 

c ct.lr) , cx.(f') l = o ., t (l. <1), o.."'"(jt') Jo" s (f-f') (5.a) 

[~ lft-)(_y.')? & 1q(-)(y!)}=()' [~ li'(.-)(t.),~ l.f(.~\.')l =blit-";t') (t =t~{5.6) 

B aanHCK ITOilliKX Cl'ICTeM COCTOHHV.~) 

\ft"h···f .. >= ~tt4 C.f,)a.+c.~)···a.•<..f .. ~lo> (6.a) 
~"-\ 

\...,_ - > -t )C."~ x~.---~ .. t = ·w. ~~t+)(r.~~~~t+)(_l't)···~ .. ~(t)(,.,)\0) (l<.~ .......... x.,,=i)(6.6) 

- C06C!'lleHHNX ({lyHKJt!'i:i COOTSOTCTBeHHO IT011HWX Ha6opoB (4.a) II (4.6)(1111. 

X)IlpOHCX0~6HIIe ~"7IepaTopa trncna KB8HTOB H pa3nH'IHH8 ibopliN ero B 

TepMHHax i-npocTpaHCTBa o<Sc~anTCH B llpano&eHKH B K paOoT/2~/0npe~e
ne .. a JlOllOZUeU.IO- I ~p~TeJll>BO-llaCTOUU U.C'fel '9<.:;.}{._) ROJl.R ~(ll) 
Clle B !IpiUIO&eUI 1 K patJoJS{ 3,11;601> H H.. W = ~-6.-4-rtt'- ? A...,"\_"\. ' 
ll&'fllliCKiltl ~~~~,~;ea:cw npocSera.JI'f aaaqeHIIR 1,2,3, rpeqecKHe - 1,2,3,4, x._-it. 

xx}~BOMIJie 110.1110'!11 DPD8.lt8RO B llpuaean .l K pa60'J!~Z6{ 
5 



CTO (6.6), KOEHO TaKKe nO~LSOBaTLCH KOBapHaHTHO~ CHCTeKOI COCTOHHHA 

'"'1 x'1. ··· x..,) = ~ '!l~)(.>!. 1)'ft+)(_,(~.) ... ':i'C.+)(2<..,)\o) = ~: 'f("--)'f<!'t"···'f~ .. )~\o)\ (6 B) 
~11..\ ... ~! ') ~ • 

OnepaTop 4-Hun;~Lca BHpasaeTcH qepea ~(f) . cor~acHo 

PJ< = )J"'r l't< N(f). 
(7) 

HanpawHBaeTCH nonHTKa 06paSOBaTL no aHaHOrHH onepaTOp KOOp~HHaTKK) 

X/-t)= ~J~x x,.. J((x). 
(8) 

PaSHHqHHe wopMH aanHCH onepaTopa XM(t) 

x,.,(t):-t)a~x :~'f ~(ll ... 19)+~~~~ ... f)-*~~'"" ... lf}= (9.a) 

=. ( d~J( ( lwl 'fl~) ~ ... 'fl-)) + 1L!f+) lL(ll. 'fl-))-'1.._U)~)~fu (-~ ) \f.:;; ~ ~ ~ .. ~") '(1;)-v: ... 'f J=- (9.6) 

:::o. \~~){ >',.. ~-.'ft-+) 'ft-) _ 'f(.+))..,\f(.-)J:. (9.B) 

=\a~" Y.,.. ~lft+)(x) ~ 'ft-)(1<.) (9.r) 

COOTBeTCTByiDT paaHHqHHM ~opuau aanHCH onepaTopa N ,26/(ITpHHoze

HHe E). ~3 BHpa~eHHH (9.B) H~H (9.r) MOXHO aa~IDqHTL 0 qTo B npHMe

HeHHH K O~HOKBaHTOBHM COCTOHHHHM STa KOOp~HHaTa COBn~aeT C KOOp~H

HaTo~ HLIDTOHa-BHrHepa. 

llepeXO~H K pa3~HqHHM KOMMyTal.\BOHHHii COOTHOWeHHHW, npe-.zte BCero, 

OTMeTHK 

X)C 3TO~ TOqKH apeHHH CHe~eT npH~aBaTL npHUOI CMHCH TaKXe H 

onepaTopau N('P) = ~A~I'Jf(f) , 1-J(~,t) = ~A~xJr~)., 

Pl(')= \l'r r,.N'Ci) ~ XJQ.,t)= !I'• •• Jft.) .... HHTerpapo-

BaHHe BH!HHHeTCH no TeM HHH HHHM 06HaCTHM 'f> H til B P- H X
npoCTpaHCTBax. ECHH B3HT1> 6eCKOHeqHO MaJIHe OKpeCTHOCTH OKOJIO Ka~O~ 

TOqKH ~ HXH X-rrpOCTpaHCTBa, noHyqHK qeTHpe UOXHiliX Ha6opa onepaTOpOB 

N(;:), N(.x'j\) 1 Prl~) H X.,.<i,t), B38JieH .tf(~) ,Jff.:t.), ~rd'f(v) H "".,.,.f((x). 
6 

[N, ~ \fC.+\x.)] = + ~ l..f<.+)lx), [N,*)\=19t4~)-'f-'(><.)=~~l~)(IO) 

[X~lt)? {W ':f(.:;:)(?<-)J= + """ M ':fl+)(l<.) (II) 

H Tpexvepuym a~re6py 

r~e 

[X. ... ~),X."'l-t)}=O, [X. ... Lt~,P.,)=e..,.,I, [P ... ,PJ=-0 

[X.,..lt), 11: [P.,,l1 = [M,.,~ J1 =0 

[M ... ,., Xe.L~:)] = ~ ~,e.X..,l-~:) -'b~>tX.Jt~ 
[tv\,...., ,'Pt J = i ~ ... t 'P,. -'b ~t1? ... "), 

I=-i.N. 

(I2) 

(13) 

qeTHpeXMepHaH a~re6pa He 6y~eT CTO~L llpOCTO~, B Hee BO~YT HOBHe 

onepaTOpH, B qaCTHOCTH, onepaTOp CKOpOCTH )(~ , KaK HanpHMep, OHH 

nOHBJIFIIDTCH BO BTOpOM H3 COOTHOWeHH~ ( 3KBHBaJieHTHOM [x.r ,->'av 1 = ~ o,) 

[)c~./1:), X.vlt11=0, [ Xr~),PJ = &r~ 1-nv"kr~.'). 
(14) 

B TO BpewH KaK onepaToplll N., Jf(J) H P,.. KOW!AyTHpyiDT c rawHJII>TO-

HHaHOII 

[P. ,Nl=O ) [l'. ,Jf(f')1:D ? ['Po,J:>,..}=O (I5) 

H coxpaHHft>TCH, onepaTOpH Jff.:t.) H A,.,ltJ He KOio!MYTHpyiDT C raWHJIL-

TOHHaHOM 

d(?.) == -i"d,.Jff.:t.) = [P._ ,Jf~)1 (I6) 

i,.. ::c ,:'d..,X..., ==[P" .,X...,ii.)1= ~ \J1x (!..,'ft~)~t-)_ 'fl•1o,..4't-~ (I7) 

H He COXpaHHIDTCFI, qTO eCT6CTB6H~O ~JIH KOOp~HHaTH, a llOTOMy H ~JIHJf~). 
0TM6THW

0 
qTO onepaTOp CKOpOCTH )C~ y~e He 3aBHCHT OT BpeMeHH 

X.,.,=O, (IS) 

a noaTOMY aaKoH aBo~IOI.\HH X,..(t) JIHHeeH no BpeueHH (TeopeMa 8peH~PecTa) 

X,..l-t1=X,..lo)+X,..t, (I9) 

npHqey onepaTOp CKOpOCTH KOMWYTHpyeT C onepaTOpOii 4-HMnyXLCa 
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cx .... ~1==o. {20) 

B npH1!efieHIH! K O.l(HO- 11 .l(ByxKBaHTOBhiM COCTOHHHHM onepaTop X.,., ;!!aeT 

X,..o.'(f)\O'>"' ~ ... a.+Cf)lo), X..;a.+(f.)a.+q;Jio>={~: 1- ~;)a.Y,)~C(&)Io>.c2 r) 
o,l(CCb IT8pBaf! •JJOpMyJia eCTBCTBCHHaH, a BTOpaH HeT, TaR RaR ,l(OJilKHbl 

CKJia,l(h!BaT:OCfl HMITy.il:OCbi 0 a He CROpOCTll!. 

C ITOMO~b~ 3aROHOB 3BOJI~~i'll1 ITOJ!OlK11T8JlbHO- 1'1 OTpH~aTeJI:OHO-IlaCTOTHO~ 

qacTew onepaTopa ITOJIH (cMt25{ llpHJIOJKeHae E) 

~ <..+)(><) = :Li.. ~J!."' a~ 6. (+)(x-x') ~(+)(x') (22) 

MOJKHO Bbi1Jl1CJili!Tb pa3HOBpeMeHHh!8 ( t! f- t ) KOMMyTaTOph! 

[XJt•),~tyt+(,..)] = + :U.. ~J:!>,._, d'~,tf~\,,_,.,)x~~<g(+)<[<)o: (23.a) 

=(+lt,..+(t.-e) -i~"').JW t{1'{x): (23.6) 

= +\.!');" k~)(K,t',x)&•l•h·) ~:=t, K:)c1l,t',x11)~~;)~~x~A+(l-x?x~o~ 1\C+{x!-~~. 
(23.B) 

Bhlp8JI(BHI'IH (2 3. 6) !IOJiyti8Hbl C ITOMOU(.b!O \[JOpMyJI (IT. 29) llpl1JIOJK8Hl'lfl If 03Ha-, 

ll8IOT, llTO Ha .{[:) 'f(+\_,_) ,l(eMCTByeT 11 RBaHTOBO-MeXaHI'ItieCRI'I~ 11 O!Iepa'rop 

x.,( t') B x,..( t )-rrpe.l(cTaBJieHll!l1 (raM3eH6eproBcJ-:aH RapTHHa). OlleBH.l(Ho, 

X..,( t) 11 X,.,( t') CJTb !Ip8.l(CT8BI'IT8JI!I! !IOJI8BO-TeOp8Tl11l8 CRI1X -orrepa-<rOpOB 

X,,.{t) K X..,(t'). OrrepaTOphl x..,(t) 1'1 x,.,Ct') Mfl noJIO:iKKTeJI:oHNX qacTOT CBH-

3aHbl M8:1Ci\Y C060i1 3&KOHOM 
11

i'IH8p]4lH! 11 (n. 3) (aHaJIOPIF!HO ,l(J!H 0Tpl1IJ,8T8Jib

Hb!X). B B11pal1WHHHX (23.B) X..,(t') npe.l(cTaBJieH B •IJOp;Je .l(eMCTBYJOUli'IX Ha 

rl rl >ft3 ~ ... ()<.) HHTerpaJI:oHh!X orrepaTopoB c Hl\pa!IIK K ~ 

C06CTB8HHhl8 B8KTOpb! O!IepaTOpa X..,(t) CyTb COCTOHHKH (6.6). £\CJIK R 

Ol\l!O!{B3HTOBOMy C06CTB8Hl!OMy B8R:l'Opy X..,(t) 11pl1:<8Hl1Tb X"'(i'), ITOJ!Yill1M 

X,..(t')~~l+l(lt.~lo>= ii. )A;,_, 7l~~+)("-"')J'.~~':fl+\ .. ·)lo">= (24.a) 

·"{ x..,+ (t-t')-~"!J~ ~\:+~(x)\O):o (24.6) 

= ~!\ul('.:;(x,t',~t").JI;:)'\'(+)(")io'>. (24.B) 

if3 (24.a) BI1;Lil!O, llTO COCTOHHI1e .[f"..:, 'fl+){_x)IO:> C ROOPJI!I!HaTO!i X (eCJII1 ,l(OIIYC-

TI1MO TaROe TOJIKOBaH!fe) 8CTb cyrrepiT03KIJ,lfH COCT0f!Hl1H ~'5'(+)(x')IO) CO BC8-

Ml1 6e3 11CKJIJOileHl1H 3Hall8Hl1HMI1 X1
- MPHOBCHHOe paCITJlhlBaHI18 (.liJ!ff X..,{x:t•) 

Bh!BO,l( 6b1JI 6bl TeM lite) • 3TO !Ip0Tl1BOpeqi1T l1P111ll1HHOCTl1
0 

COPJI8CHO KOTOpOlt 
.... , 

.l(OJ!lltHhl 6h!JIK 6bl BHOCI'ITb BRJ!a,l( TOJI:OKO X , y.l(OBJ!eTBOpHIO~He yCJIOBlfJO 
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(x-X:')~~ (t.-t!)~. (25) 

llplfllli!Ha 0 pa3yMeeTCH 0 B TOM 0 llTO Mhl paCCM8TpHBae:J IlOJ!OhT8JibHO-IlaCTOT

H08 COCTOHHlf8 0 KOTOpoe He 8CTb 11 CI1rHaJI" K C CaMOPO HaiJaJia p33Mh1TO ITO 

BCeMy npocTpaHCTBY (cM~25~ ITpl1JIO:iKeHl1e E). Ho TOr,l(a OHO He .l(OJilltHO 

6biJIO 6hl 61!Tb C06CTB8HHbiM B8KTOpOM 1\a.ROPO-Jlll60 onepaTOpa K00p.l(I1H3T11. 

YKa3aHH8H TPY.liHOCTb c Ilp111lKHHOCTb!O 11MeeT M8CTO K !Ipi'l !Ip11MeneHI1K x ... &.~ 
(8 J R orrepaTopaM ~"> ~(+)("-) (t;PopMyJia (23)) 11 K orrepaTopy ITOJIR 'f(x.) ~enKKOM: 

[X.J•\ ~l~)1 = ll ~A\,., o~ W\~t-r-')~~ + 1:~lf(+)(lt.') -ll )a\• ()~A(-'~-x·)~~ + :.:14f'-(x•) 
= - ~A1>x.1 ltll\(<)~-x~~ 'f{!<.') + ~:;,1 ~ ~ "x.1 o~ ~(1\H•) f(x'~. (26) 

To JKe OTHOC>~TCf! 11 R ROMMyTaTopaM N (eM. \(Jopuyn11 (IO)) 11 K pa3HO-

BpeMeHHh!M KOMMyTaTOpaM llJIOTHOCTeM 3T11X onepaTOpOB C ITOJieM. B TO lite 

BpeMH ~JIH orrepaTOpOB l10Jlff ~~) npl11li1HHOCTb 0 CBOWCTB8HH8H BOJIHOBOlt 

T80pl1l1, H8COMH8HHO, lfM88T M8CTO (CM~ZS • 26/ 11 II. 3 HKlK8). IT03TOMy onepa

TOp ROOp~KHaTbl (8) Ilp8.l(CTaBJIH8TCH Heiip!1!8MJI8MhlM 0 XOTH, l10-BI1,l(KMOMy, 

OH npaBKJ!bHO BOCI!pOK3BO,l(liT MaTp.illlHhle 3Jl8MeHTbl KCTI1HHOrO onepaTOpa 

M8lK.liY 0,l(HORB8HT0Bbllo!K COCTOHHl1HMl1 1 B qacTHOCTH, cpe,l(Hee K00p~I1H8Tbl B 

TaROio! COCTOHHI'Ir.lo 

~H TOrO llT06hl KOMMyTaTOp (pa3HOBpeM8HHhllt) H8KOTOporo onepaTopa 

C OnepaTOpOM ITOJ!H ~~) OTBellaJI Tpe60BaHJ1JO rrpl1t!I1HHOCTK, He06XO~KMOX) 
R ~OCTaTOilHO, llT06bl 3TOT onepaTOp 06na,l(aJI JIOKaJ!bHO!i IlJIOTHOCTbD B 

X-!IpOCTpaHCTBe, T.e. l1JIOTHOCTblO, CO,ll8pllta~e!1 J!Klllb C8MO ITOJie l1 ero 

npOK3BO~Hble KOHellnoro nopff.l(Ka. TaR, onepaTop Pr r.tMeeT JIORaJI:oHh!e 

nJIOTHOCT>~ T,_t' (x). 0.l(HaRo Hl1 X..,( t) (8), Hlf N JIOKaJI:oHh!MK IIJIOTHOCTHMK 

He o6Jia.l(a!OT (cu. t;Popuynhl (9) 11 llpaJiollteHae E K pa6oTel261). He~ocTaT
Rlf X..,( t), no-Br.t.l(lfMOMy, o6ycJIOBJieH1! ero ROMMyTau,Ke!1 c N • 

}lJIH 38pff)teHHhlX CKaJIHpHOro lj'~) H CllKHOpHOrO It'(><) llOJiet\ (C!IKHhl 0 

H ~) 8H8J!OPJ11lHble onepaTOphl qli!CJ!a RB8HTOB H R00p.l(HH8Tbl OTJ!l11l8Jir.!Cb 

6w OT (3) 11 (8) TOJibRO BH.l(OM .\'((><.): 

N.,C_,..)==- hw 'i~~\"-)~~C.-""(><.) + m-s(+)6<)~'-f2-)(?<) (27) 

X}ybl IIOJiaraeM, llTO CaMH IlJIOTHO~TH KM8!0T ~H3aqeCKI1M CMb!CJI • 

9 



N•.i("') = 1\i~+)c..n~ 'fc-\x) + L? l·'\") '~ 'f~_,(x.1, 
t. 

(28) 

P)\8 'fc. ~us* l1 '+'c. :C. it> - 33pH,I\OBO-COFlpHlK8ltHhie ITOJIH. :JoJKHO T8!0K8 paa-

6iiTb 3TH BCJI!f'llillbl no 3H3KJ 33pH,n;a Ha JV:_ >~+ l1 .N"t_ ,.J\ft+ 11 06p330B3Tl> 

COOTB8TCTBJ!Oll\l18 onepaTOpbl (3) ~~ (8) (cr/.
26< flp11JIOJK8Hlf8 b), Bee 3TI1 

!WOp,zJ;ii!IaTbl B llpl'!MCHCH1114 K O,il;HOKB3HT0Bblid COCTOF!Hiif!M CBO,I\H'I'CH K K00p,Z\l1-

H3TC HblOTOHa-BHrHepa l1 06Jiu,l\3Kl'i: OTMC1:J8HHHMlf Bhllli8 H8,1J.OCT3TK3Ml:i, 

5, 0!1EPATOP KOCP,llVIHATbl, HE KO .. UYT!IIPYiO!Jl!/li·\ C Cf!EPATOPOM q;~CJIA KBAHTOB 

Unepa•rop KOO)j,:(I'!H3Tbl - HCC0Xp3HR!Di;\V!i/,CH onepaTop. llO!lblT38MCFl BB8CTI1 

r;ro K3lt PHHC paTOJl onepa1~1111 JMHOJ!\C!II1fl OnepaTopa IJOJIH, CfWJKCM, 'f{?<) 

!!3 Xf' , C aTOih L\8.'1:&10 Mhl !1p!f;,lel!l1:! B3fJ!f3li,I10HHbiJ1 !1pi1Hl.J.lfll TaK, K3K OH 

!1p11:.!8!1f!JIGH /
2Z/ ,l\JIH !IOJIY'lCHI1H 1~pyr11x HCCOXpaHH,OI!ji'IXCH OIT8p3TOpOB. 

Hn•meM c 3<1[HI'KCHHLIX noJieti. 

3aprl'lteHHOe CK3JIHp1IOC !IOJIC, i1TaK, 6y,l\CM lfCXO.l\lfTb ¥!3 Bapl!3!.J.IlHX) 

'b*~(x) = i£.\"xt'~(.x), 
!lOCKOJihKY JiarpaHJKilaH 

G 

L= ~~~x£lx)~ flx'J=---bt''Slfo~"'f-VVt~'-S'"'j' 
C) I 

(29) 

(50) 

11 ypaBH8HilH .l\BI1JKCHHH ,l\JIH IIO.l1H 'f(" ~ He llHBapuaHT!lbl O'fHOCli!T8JibHO 

T3KlfX npeo6pa30B3Hlfil, TO 11CKO~bl~ O!IepaTop, .l\CRCTBI'IT8JibHO, H8 6y,ll.eT 

COXpClHHTbCR, IlpH!ACHHH B3p113LJ.lfOHHblt.i !Ipi1Hl.J.I1!1, ITOJIJ'i38M 

b~L= fd',/~.L 'h"<f<x)+ ~'b~ 6 ~&.)+'I)= 
6' \·~(1<.'\ oo"~(l<) " ) 

= ~f'"{~(.~~(.t~l•)+ '~.~+(~~~~'\-J~~'f(~s·~0<)+ '~.c))= 
~ (J6 f _:ll_ 'h"''f(lc)+'l ~-\d.&,.,(~ ... ~l·, 'i>,.l\'l~'B·~"' ~("" 'l- be~'), (Jr) ~ "\:t>a,.,'fl.c) / ~· \:oo)\1 "' c) 

X)fiO,lJ.06HO TOMJ, K3K, H3!Ip111.!8p, ,l\JIH TIOJIY'lCIIIIH 0!18p3TOpa 4-llMITJJlbCa 

pI' ITpRMeHHIOTCH B3pll3l.J.Ill1 C.l\BVIP3 B X-!IpOCTpaiiCTBC 'b"~(><): i.t'or'f(w.).AHaJIOPH'l

HO B3pl13UH11 (29) C t.~: 0 CJTb 0!18p3LJ.illll C.IJ.BilP8 B p-npOCTp8HCTBe 

S"<f(f,t)=f-..,~\" ... ~(f,t.). 0 BapllaUHHX 'bite cM/2
7{ 
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P,lJ.8 Tp8TbH CTpOKa - peayJI:&T3T J'l8T3 yp3BH8Hl1t\ 8ii\Jiepa 11 llp!iM8H8HI'!H 

TeopeMhl raycca. PaaJiaraH G(6) =ii.t'Xt'(6~' TIOJiyqaeMX) B K348CTB8 

onepaTopa KOOp.l\11H8Thl 

Xrl6'J = ~Jfjl-.~>-~"G\ ~)..\"{(-)= "''"' ~~(><.), (52. a) 
<0 

X~n-,a.)=-~A4x S(I'L,/ll·v+ ct.) xt' I'L)..~).. (") 

X..r(-\:) =-t-~A~x )(.~ ~~("), 
npl1lleM 

X.,(_-~:) =ti 

(11.t't. ~ -1) (32. 6) 

(52, B) 

(53) 

1= )~>x~ 4(x)=-1e- 1 Q. (34) 

3,!\8Cb e j (x.) :c ioz.(?l-.'f"(l<.,'f()r;.1-'f"(I'.)?J,_'f(>:."- !IJIOTHOCTb TOKa, 3 li,.- Ol!Cpa-"- 'J 
TOp 33pH.l\3. fTO,l\06HO .l\PYPilM HecoxpaHR!OlljlfMCH onepaTopaM/ZZ,Z)<onepaTop 

Xt' ( 6) !Ipeo6pasyeTCH KflK 4-BCKTOpHb!il rpyHKI.J.lWH3JI llpOCTpaHCTBeHHO-II0){06-

HOM !IOBepXHOCTI'!XX) iS 11 HCO,ll.H03H3'IHO OITpC,l\CJ!H8TCH CB08W !IJIOTHOCT:b!O 

(OTHOCilTCJlbHOCTb) B OTJI!f'!V!C OT COXp3HHlO!l\llXCH 0!18p3TOpOB, Harrp11;1tep, 

4-11MITJJI:&ca Pr. B BLipaJKeHHil (52.r5) B KaqecTBe 6 Bbl6paaa TIPOI1e>Bo;rhHaa 

!IJIOCK3Fl npOCTp3HCTBCHHO-!IO.l\06HaH !IOB8pXHOCTb, KO'l'OpaH 33I].3CTCH 110p-

:d3Jlbl0 rlr 11 rrapaMeTpOM CL , TaK 'ITO ~lJHKLI,ilOHaJI CB8;1Cll li 4-IJe!(TOpHOI'\ 

<pyHm\1111 OT 4-BCKTOpa I'L.I" (~~=-1) 11 c;:aJIHpa CL (c:.l~ZB/y. B ()2. B) l!OBepx

HOCTb 15 B3HT3 B Blf.l\8 t: c.o~M.i, 'ITO 06bl1:JHO 6y/l;8T Fl01J.p33J',ICB3TbCH HI'IJKC • 

3aBilCI1MOCTb onepaTOpOB Xt' (t) OT BpCMC!lll !\8MOHCTp11pJCTCH CJI8,!\J!OI!ji'!

Mil ypaBHCHI1FlMi'l AB11JK8HI1H 

-o,._ ~>-.r-l><) = \l") (55) 

XJBLIBOI]. TipllrOJJ,CH 11 ,Z!.::n C!:.'['l<JR B33:1r.!O.!J,et\CTBI1H, 

XX)COIIOCT3BI1~ 38KOH~ nOp01!UOBCKI1X !Ipeo6pa30BHH~~ COXfJHHRn~eroCH 

(KoHcTaHTHoro) 1•-neKTO[J'l Pr, 4-Bei<TopHo;! QYHitl(VIII Ar(x) 11 4-Be'<Topao

ro ¢yHKUilOHana L~(6): 

P:: Lr .. P ... , A.\. c ... ·)= Lt._,t\J ... ), 
(rrocJie.l\H8'lY TI07\'li111HlOTCH 11 P~(<O), P~(6), 

II 

A
1

1'l~;') = Lr,)C.v(GJ 
K~(6) 11 K~(G) B 22,25 ), 



Xr(_t) =) A~x o._(:t' i 4 l"~'"' ~~;"' ir(x.) 

X.rc") = s~"'""' ~J.')( '"'·\~.Ji<-1. 
(36) 

(37) 

QqeBVI,l(HO, OHa ,1\JIH X.,.( t) He RBJ!HeTCH Jll1H8l1HOl! ( 11,1\pOllt8HJole 11 THITa 111p8,1\MH

repOBCKOro). OnepaTOpbl I l1 xr Y,l\OBJI8TBOpHIDT TpexMepHOll anre6pe (I2) H 

COOTHOW8Hl1HM (I4), 06Jia,l(aiOT JIOK3JI:&Hb1Mil TIJIOTHOCTH~lil Y1 CJie,l(yiOII(ilMII 0,!\HO-

Bp8MBHHbiMl1 KO!:!i,!JT3Ul1Hiv!Vl C ITOJieM H ero rrepBOM Tip0!13BOAHOJ/i TIO Bp8MBHJII 

[I,~("')}=· -i lf(l<) , [I , -., lf(l<) 1 ==- -t'c._ 'f0<.) , (38) 

(39) [ X..t<(.t), 'fl><)J =-)(" CSl><), [X ,..L~:), a,.~(x"ll = -xr'~Vf(x). 

KoM~lyTaTopb! 1.\Jifl onepaTopa CKopocTil cyn (cp. lipHJIOl!WHvre) 

["d"X.,.,lt),'f(x1}= 0, [o,:X..,..(t), a,~j(lc.')]=--l"ll..,'fl><~, ['d,Xt'(t),P ... 1=0. (40) 

CinepaTOpbl Xt' ( t) reuepHpyiOT ilCXOl\Hble B3pl-fal.\111!X) 

-e~'f<l-) = -i [X}-t),~(,..)] = t'C..r"r~V<.) (4-I.a) 

Sll< a., 'f(,..) = o4 'b*tf(-1-):: -ii..l[Xt(t\1-l'fC..:)}+[a..,X.rlt\lfc,..~)=o"~"x"~<1 (4I.6) 

06paTY!MCH K pa3HOBp8M8HHhlM KOMMyTaTOpC.M [X,..b-1), lf("'D· C TIOMOUU.IO 

33KOHa :3BOJIIOUHH 1.\Jlff OTiepaTopa TIOJIH 

'fl"-) =; ~a""-'~~Mx-x.')lf(x') -t\(,c.-x•)~ .. ~(,.~:::~J>x' ~(x-ll!)~ l9(><.') 
(42) 

HaXO,l\VIM 

[X,Jt.') ry 'fl'-)1 ::c -{ ~J "x' x~ ~0<.-x•~1~ tg(x') = 

I (._x) 
::e-X.., 'f(x):::: 

=-~r\• K ... (x,t-' ,x•})~ %'~ 
rl.le X~><) - KB3HTOEO-M8X3HJIIqecJU!l! 

(43.a) 

(43.6) 

0~'=t1 K.:-¥\~ x~ t\(x-x·~~~<..x} 
(43.B) 

orrepaTop x..,( t') B x..,( t)- npe;n;-

CTaBJieHVIK (x..,(t) H X..,(t') - Tipe,llCTaBHT8liH X,Jt) H X..,(t')) Jll COOTBeT

CTByeT "1.\pOlltall\eit' K00p,lll1H3Te Illpe,lli/IHrepa ,lllif! CJiyqaH CKaliHpHOPO ITOJIH 

(CM. !IpJIIliOllt8HHe). 

X)B pa6oT;t
22

f(cTp.46)0T!IeqeHO, qTQ ,llliH ITOJiyqeHHf! npaBHJI:&HbiX B3pH

aUIIIH )~~r~) H8l\OCT3TQqHQ rrpOCTbiX KOMMJT8UHl1 (~puynw (54) H (55)). 

0,llHaKO HX IIOlltHO TIOJiyqJIJT:&, 8CJIH yqecTL, KaK 3,lleCL B (41.6), KOM!IyTaTO-

f\ 't' ) 
pH c 'd,/v (x0 ) III o, P ... (x

0 
• 
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~opMyna (43.a) ~eMOHcTpwpyeT, qTo rrpw rrpwMeHeHuw orrepaTopa XM(t? 

K OITepaTOpy ITOJIH lf~) JCliOBHB rrpuqMHHOCTll! (25) BblfiOJIHf!B'l'Cf!. 3TO 

CBOt\CTBO HaM ITpe,l\CT3BliH6TCf! BaiKHbi';! B CBH3l1 C yrro:M!HJT!>IM BO i3BB.L\8Hill1 

ITpvi!IU11ITOM, 'ITO llpiFli1HHOCT:b ,1\0JD!tHa G06JIJO)~aT:bCf! Ha OITepaTOp!!OM ypOBHB • 

GymeCTBeHHyro pom, B BhliTOJIHBHll!lf ::lTOro Ilpl1HUY!l1a v.rparuT JIOKaJibHOCT:& 

ITJIOTHOCTel1 X"'(t) il rrpMcyTCTBIIe B X..,(t) qneHoB, IWTOpbre pOlK,l\aiOT l1 

yHJoJqTolltaiOT rrapbl 

X (_~\ = \ d-")( )( (~c-1;5 ce(-)+ 'fH)~ UJ(+')+,oL+)~w<-)_wc+)~o.g~t44) 
M - J j N ~c... ,, J c... ..,_ --, J c... d~' -:> a"'\ ;_y 

11 ,Zl;poJKal~3R 11 '!aCTL OTiepaTopa X:~"') 80Th !1p8.ll,CT3.Bl1T8Jl:O :3Tl1X H8li,HB.rOH3Jlb

HhiX qneHOB, Ul\HG.KO ll8Jl13R 0)1(I1.l(aTb CTporyiO ITpYI'H1HHOCTb ITpil npl1M8HP.Hl1Vl 

X..,_( t) K i)10KOBCKI1M EGKTOpaM lf3-3a HX UOJlOllU!T8libHOqaCTOTIIOCTI1. 

TalC K3K onepaTOp X,..( t) H8 KOMcJyT>lpyeT C orrepaTOpOM '!!1CJI3 KBaHTOB 

[X l~' •I\"' 2_ ( A"l'.. )( (~L-11 '1l-'- '-"'t+)""' ,ol+)\ (45) 
"' ·I, N J ) ..., \.: c. -, . )c.. "''> ""1 ') 

N ::c ) !..,,.. c~~+~~: ~l-) + ~·+)'S, '1~~, (46) 

TO y HllX ReT Od!l\!ILX C06CTB6l!Hb!X BeKTOpOB. G06CTB811Hb!Mil BCKTOpaMI! 

X • ..( t) 6yJ.\YT KaKI'!e-TO COGTOf!Hilf! C HGOITpe,ll,eJieHHb!M qlotCJIOM KBaHTOB TJIIIT3 

KOrepCH'iHb!X C.JCTOI1l!llt\. K l-1X l!aXOJll)l;8Hl'liO Mfl H3..l\~~·3MCf! BCpHJTbCH J3 ,li,aJI:&-

He llrne~~:. 

r~elK.l\Y coocTBeHHWll1 BeK·ropaMl1 N y X,_,(t) OTJIJIJqHh! aT nyna JIJIIillL 

MaTpilqHbiC 3Jlt:MeHTbi 

<"'"r' 1 X.,}~ d.) =- <•'- f· \ ~r':-- ,....., ( '9~+'~ • .,~-') _ ·{ ... 1 ~~ ~L~')IVL 1>) 

<.Mtf->\ x.J VI"'"'"'<., +-lrl \ .1~>'- )(.._. '-".~ .. , ~ 'fl<l 1 \'\d.-> 

Zl'\f:' IX._\.-.+'l.d-) ""·'<"I!' I \P)( x,., 'f~-)-s:csl-1 ("+1.~. 

(47) 

r,lle ~ - co6CTBeiJHOe 3HatreHvre N , a J.. VI f' - 1.\pyr~o~e KBaHTOBblt q~o~cna. 

,UHaroHaJibHHe no N MaTpllqHble aJie!leHTbt X.J!c) aaBJoJCHT OT BpeMei:UI JIHHeirtHo 

(TeopeMa 3p8H(f,eCTa), a 3JI8M8H1'b! C p0llt,ll8HH61J: J.IJUI yHl1'!TOllCCHl!811 ITap!i 

OTB8T CTB6 H Hhl 33 lleJIJo!HB llHO CT:b (JlpO 'K3H l18 ) • 
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3apHllteHHOe C!IIiHOpHOe IIOJie. AHaJIOrl'I'IHO Bapl'lai.(Hl'l BH,IIa 'b'\y=i.'t.l'll.l''fBe,I~yT 

K Bb!pal!teHHHM (32 )- (34) 1 HO Terrep:b C j ='Uti(z<.l~'lt"-}.l\JIH KOMMyTaTOpOB HaxO,ztlrUI 
" X 

[I 
7 

<f(?<)j =-i.'t'lx) (48) 

(49) [Xit) ,'t'(;..))"'- "'t< 't'C?<) 

cx,.,e.t'), 't'(f)]=i-\J\.r "i.~ 5ex-,.~~~lf("'}= (50. a) 

(50.6) 

G:'=t,:K..,=- ~A;"', S~--1-~"""'~~CJ..·-r-~, (50. B) 

::- ll.!.,(x)~(.><)= 

= _ ~J:t>,_HJ(,,~,tr,o;.r~\'f(l<.•) 

r.z~e x~~ - .z~pol!tamaH KOOP.IIHHaTa illpe,I~HHrepa (eM. ITpHJIOl!teHHe). 3TOT one

paTop KOOp,IIl1H8TU X~(t) TOl!te Y.IIOBJieTBOpHeT aJire6pe (I2) l1 COOTHOilleHH

HM (I4), ilO.I~p06HOMY 06Cyl!t,I~eHHID OrrepaTopa K00p,IIl1H8TU ~JIR CIIHHa ~ l1 

anre6pe ,IIJIR Hero IIOCBH~eHU pa6oTufi
6 / • 0,IIH8KO TaM He 38TparHBaJICH 

Hl'l CIIOC06 ero IIOJiy'leHHH !13 BapHai.(HOHHOrO IIPHHL(l'III8 1 Hl'l KOMMyTaTOpN 

(48)-(50), HH npo6neMa npH'IHHHOCTH 1 .IIJIH o6ecne'!eHHH KOTOpo~ cymecT

BeHHbi '!JleHbl 1 p0)1(,118JO~He l1 YHH'ITOJI(aJO~He 3JleKTpOHHO-II03!1TpOHHb!e napbl, 

ABTOp pa6oTfi
6

/ C'IHTaeT l1X HeWH3H'IeCKl'IMH l1 CKJIOHeH OT6pOCHT:b, 

He~Tpan:bHoe CKanHpHoe none. B 3TOM cJiyqae BapHai.(HK 6epeM B BH,IIe 

'\).,. ~(zo:.) ::: t.t' XI" 'f(~) (5I) 

l1 B8pl18L(l'IOHHhl~ npl'IHL(l'III ,I18CT HaM 

Xr-l6)= f A6>-£~,..l"'l =-i.~!~,. "r$,(:<.) 0=>-r="rj-:>, Jt=lfil<-)~~c_~ (52) 
6 

X 4 (t)::: t I(t:}, Ilt)=~J>x. '-f<.!<H~~\1<-). (53) 

CHOBa Bb!IIOJIHHeTCH aJire6pa (12) l1 COOTHOilleHKH (14), HO Tenep:b He 

TOJI:bKO XM(t), HO H I(t) aaBKCKT oT BpeMeHK 

X)B BN60pe IIJIOTHOCT;~ l'!MeeTCH npOl13B0~22~ B paMKax KOTOporo B Ka'le

CTBe ;f.,._!'(f) MOli\HO B3HT:D ~"I'= "l"~+c{ ""~ 1 r.z~e d.. - npOK3BOJI:DHOe 'IIICJIO .,llo-

6aBOK .He BHOCHT BKJ!a,ll B X..,, HO H3MeHHeT X"'. Bb160p J..=.-{ npHBO,ltHT K X" =0 

Ha IIOBepXHOCTl'l t = C..o><.~t , T .e. K .KOOp,liHHaTe 1 YAOBJieTBOpHIDme~ YCJIOBHID 

tt!'Xt'=Q (Tor.z~a onepaTOp I IIOHBHTCH Jlllill:D B COOTHOill8HHK [K,.,lt),P.,1=~,...,llt)). 
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f 

' 

f 

' 

~,._;:e>.t'-= 'f0r'f-1"r£., ~~=-l.£. {g<..")=-i.ov<f~.,'f-'tlf~) (54) 

i,.,Lt)= \a>x "'"' o~,(.,o,_'f) =-1 ~J:!>x "- ... t.(i<.) cs5.a) 

X,..l-t) =-l:...\i>" r-,..o"f(:<.) t (55.6) 

I (t) = i ~!'x/J~('"'lt}"lf) = -'li. ).!'"-£_(!<.) l(t)-lt_~)=-1'-\/K .,L~). (56) 

O,ztHOBpeMeHHHe KOMMyTaTOpbl C IIOJieM Tenepb aanHCNBaJOTCH 

[X.~(j;), ~(x) 1= i "'r~(x), [X ,.(t), o,!f(><)) =- i. xt-"Q~~(~\ (57) 

[Ht),~l><)]=-~<.!<) 1 CI(t), o~~cx)]=o.,~(x) (58) 

LX .. J~),~c_..)}--h .. \~( .. ), [X..,(t),d,.~(x~=-l(o .. ->< .. :t)\fcx), LK..,(t;,P .. l,-h~ ...... ~"'.,tf{x.) (59) 
. . . /2I/ 

flepBU~ H3 Hl'IX CXO~eH C KOMMyTaTOpOM IIOJIH l1 KOOp,IIHHaTbl y M.A.iAapKOBa 

[Xr, lf(l'.) 1 = ~ 'tr lf(x.) · (60) 

0TJIH'Il18 B TOM, 'ITO y li4.A.fllapKOBa Xr=XrF "tl' , a 3.I~ec:r:. 'ti'::X,.FXt'.· 

OnepaTOpbl Xr(t:) reHepHpyiDT, KaK H B (4I), HCXO.IIH~e BapHaUHHx). 

BapHai.(HH c E4 =0 MOllHO eme eAHHoo6paaHo aarrHcaT:b KaK 

b10 ~().) "" i.~ ... [t(t) [X...,(t) 1'fLx)]1 = it.,.,.[X.Jt )[Ilt\ '5'l><)]}= ~ ... x ... '-5'0-) (6I) 

b"'4,~l"') =- i(.,..[l(t)[X .. (t), a4~~N11 = ~t. ... [X..Jt)Lllt) ;.)"~(1.~1 :o ~ ... x..,a~ ~lx). (62 ) 

C !IOMOIIU>ID 38KOHa SBOJIIOUIIH (42) HJIH ero pacqneHeHHbiX clJOp!J 

ik(.<.)-[Ilt'),l5'l><iJ)= ;_ ~.1'!(' c~t,.lx-l'-~l5'l><'), t~ll<)+[l(t'),~{_l(w:-i.~4~x.' b.(lHt')o~~l"') (63) 

IIOJiy'!aeM pa3HOBpeMeHHble KOMMyTaTOpbl B pa3JIH'IHUX lj}OpMaX 

[I(t•),<fl><)1 =-'- \<~!."-' o~(l\lr--"')lflx'~ [llt•)[l(t•), 'f("')l1= ~C!<) (64) 

[X..,l~),~~~=-~d"x.' x:.:((b.(_)(-"~'i'~D = (65.a) 

: i..~~ ... ) ~(t-) = (65.6) 

:1. ~J\• K...(x,tl,x.•~1~ ~lx.•) ~:=t, K,:-~J\: x~~ll\(1<.-x~b,~-x•~ (65.B) 

CX.,..(tt),Cilt\~(Km= )x\• ,.~A.t .... -x·)~ '5'('-')= C66.a) 

=-ix!,.C~)~(x):o (66.6) 

= -i_ ~4;,"" I(J,t',x~~· lf~~ ~>t 
1 
K.,=-~;,,..c ,...'.,A.&-x~A.(x'-l!.~ (66.B) 

--::x,..,.)y_o_llt_H_O_T_a_K)f(-e-rOBOpHT.b 11 o BapHai.(HHx, reHepHpye:~biX onepaTopou I~), 

b"_,(J.) :.t. [Ht),'fL?<)\= -t:.~Q<), 

S" l<~ 'f()o.) = o"'b"~l"-~ = t..([Ilt),\~(1.)1 +[a"Ht),~(>c.)1) =-E.\ 'fV<). 
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[X.,.(t'), -t(~l~)-[I~·),~~)])l =-jJ~,_. X~ ~!b.(x-~·) tfQc')= 

= -{!"' + (t-t') -'-t~ )A-')(.1 "d~.:\(,..-,..,)'f(x') 
[:X...Jt•), i{~l>-) + [l(t\~C!<)])] =-~,h' X',.. /i~-x') d~ tf{.x') == 

= ~ ... +(t-t')-i~o" + ~)~J.1"' ~{.1<.-:v;.')o~~<..x'). 

(67 .a) 

(67 .6) 

(68 .a) 

(68.6) 

a 3Ypa•eHWHX (67.6) W (68,6) ~po•aHMe llpMCYTCTByeT TOJlhKO B UOCJJC~ 

HC!.I - OllO IlpC,l\CTaBJJCHO 'lJJCHOM a.., /w'L , <l>OpMyna \65.a) CBM~CTCJlhCTBY-

CT, 'iTO 11 aToT onepaTop X,.(t) ;zr,et1CTByeT Ha <g(><-) npM'lii!HHbiM o6pa3oM. 

B:.leCTC C TCI1. 3TOT OTiepaTOp ROOp,l\liiHaTbl ,l(JJH HCMTpan:&HOrO CKanrrpHOPO 

llOJlil OOJiae'(aC'l' HClWTOpblMl1 CTpaHHhlMl1 CBOi/1CTBaMl1, Bo-nepBbiX, RaR B~HO 

I/!3 

X,.,lt~ =-- -~- ~~"" ~..., -o, ~(., 'f(+) +:t ~(+) 'fc-) +- '-\(-) lfc~ = 

= -t \~~)( t"""' t>, ('\'(+)'\'(+)+'{(-\f(-i)+l~lf(+)'-5'(-~ , (69) 

y HCI'll I1JIOXaiT .l\v!aPCHaJ!bHaR 110 'li1CJiy KBaHTOB 'l&CTh X,ll;l1ar: OHa HC 3a

BlllCl1T oT Bpc:teHw v. KO'.lMyTwpyeT c P..._ , T.e. [Pr ,x!_11
ar]=O. Eb!JIO .6bl 

eCTCCTBCHHO, 'lT06bl t(l/laPOHaJlhHOi'\ qaCTblO ITO Rp3HHet\ MCpC B Ilf-'VIMCHCHl1lii 

K O,Il;HORB3HTOBblM COCTOHili.HN CJIY~lti!Jl OI!epaTOp (8), BO-BTOphiX, XOT!l OITC

pa'lOp X ,,(t) <1'0Pi~3.TlbHO 3pi~IIJTOB, !l<J, R3l\ CJie,ll,yeT H3 rrepBOrO 112 !WMMyTa

TOpOB (58), Bl'O C06C'J:BCHHbl8 3f!3lleHl'!H MOryT 6bl'l'b TOJII>KO KOMEJleRCHb!Mlii 

llLl'! !JHl'!;,[bl'l~) 
iJO~~OOHb18 OITC]l3TO]lbl MOlKHO IlOJIYl.lh1'l.. i1 ,ll,Jlfl 33p!llKCHHEX TIOJI8l1, CCJJH 

;;cxo;r,l'!Tb >13 BapMai~M\1 Tlma (51), T.e. 6ea i. • TaR, ~JIR aapf!lKeHHOro 

C'<aJIR\}HOl'O !IOJHl !W.illJ111 6bl 

X...,lt~ ~- i \&':-.'1-]>,('f~tf). (70) 

6 :3aKJli01-IeH;le FlBTO]l C8]ll.\8'lHO 6JiarO,l\3]lrT ;J.J,,;,;api\OB3 3a 06Cyii\,IJ;8Hl1!l, 

x;l1oc;w,!l.Hi1:.l 3arJe'iaHvieM aBTOp o6H3aH B.I'ap'li!HCRO . .:y. 
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IIPIDIOIEHME 

I. ~H ITOHCHCHlll!l ~OpMyJI (23.6),(43.6) H T,IT, HaqHeM C ITpliiMepoB 

3BOXD~l1H OllepaTO]lOB B KBaHTOBO~ MeXaHl1Ke B ra~3eH6eprOBCKO~ RapTHHe, 

I) HepeJIHTHBHCTCKa!l 6eccnHHOBaH qacTM~a (narpaHlltHaH Llt~ = i t(t), 
_,y_ 

rawMJI:OTOHll!aH H = ~ '): 
~ -li-lt~ -iHt ~ -.: :.. ~ h' :.:. ) ·· 
)f..(t) =e. Xlo)e. = l<.LO)+ ti;\ ·, X lt)=X(o'=o~ ; -,<.(t =oX.,(o)=O 

<(_x \x.'") = __ ,., __ lT 1 :1. t-::_t, r x =(x,t)\ (II.I) 
[ 

> · .!:!1. Cii' x')'l 

~~~J e ~ '). 

2) O,n;HoMepHhlia oc~HJIJIHTop(Ltt)=T(x\t)-w~ x\1, H = P~ + mw~x.'llt)) 
· l) -\ \{~ ) -iHt <x"wt "'o' • '\ • ) , , 

l'.. ~ =e.. X(o e. = c..\«lt X(o)+-cv-~ , ><.lt1= ~.Jt l<.lo -W>..«cJt Xl01 

i(.(_t),-dx(t)j <._xt\x't.~ = ~ rnw """'" ["-.~w ((x~+x.''l)~wt- i.:-.01 (l1.2) 1,., .,_..,_wt. • il·,.,•"<~t ~ ~)J 

3) PeJIHTl1Bl'!CTCKafl 6eccrrl1HOBa!l qacTt~~a c nonolltl1TeJI:&HO~ sHepr~o~e~ 

(L (t) =WI ~1- )(''f(t) , H :. ~p ... +wil.. ~ W): 
. lt ~) w l t t') _, • • b' .. •• 

X'lt):e~w - x(l!)e.._, - =xtt')+lt-t')-t,·, i'(t)=xl'-'l=-:i<,i'tt1~>ltt')=0) 

.(XIl\.'>== ,L.()~o._l-)(_l(.-)(.'). G=-l.}•,t)). (I1.3) 

4) CnHH o, 2-KoMnoaeHTH~H ~opMaJIK3M ~nH ypaBHeHHH ~Kr *): 

[ 
'§'l~1\ (0 1\ t 

't'(><) = 'b,~(.c~J, r;'\e If\!<.)- cBo6o.n;Hoe cH:anHpHoe none, 1-\ =- w'l.. 0j,w=~V~ 
• 

1 o o\ · ·· 1 O\ 't(o~"'-if(1 o), x\t~=O, 'R(o): iL r (0 _1), 

-<,xJ... \x.' J.!> ::o -1. fr, -H) ,b.(x-x')::::. -1 {o~ 1
) b._(x-"'') (<J:~-t.+m't)(IT.4) 

\.: " "-~.! \.w'- o, J..L.' • 

5) Cnl'!H ~. ~=0 , .n;ByXKOMITOHCHTH~~ ~opManl13M (ypaBHCHl1e Be~H), 
H = 5 f , "n. - uaTpHUhl ITayJm, ~lo)=6, ~2(t) '"'~ , 'it(o)=li..(V -6(6'f)) 

<"'J..\x'<~.'> =- -t.(9cH\..t b.(_x-x'') == -~(o,. -ti6,.o,06.0'--l(). (II. 5) 

~)06paTH» BHHMaHHe Ha TO, 'iTO 3,IJ;8Cb H, X,.H x~- HeapMliiTOBhl waT]lHUhl. 

~aHH~H WOPManl13M OTJI~qaeTCH OT 6oJiee 06hl'lHOrO , KOr~a raMl1RbTOHl1aH 

,_. ( ~""''C><)\ 
6epyT B ,n;~o~aroHan:oHo~ ~opwe, a 't' = ~t-<ley..))' I1peo6p9:~oBaHHe OT o~Horo ,._ (1-w) (11\, (wO\ 
K ~pyrouy nerKo ocymecTBHT:&, Hanpltllep, H =t 1 w-1 1-\"w <..())=\o -~}· 
O~HaKO B 06hl'lHOU wopwanHSUe npliiqliiHHOCTb nepeCTaeT 6b!Tb HBHO~ 

-- (?J' [:!.<-1(,<.-x') 0 ' <.."'6..\x'J.'> = 2-i.. " 0 o~f:!.l+1(y...-'J.!)}. 
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6) GmlH ~, m~ 0 , 4-KOMllOH8HTHbil1 lj)opMaJU!BM (ypaBH8Hlll8 .l(lllpaita) 

H ='(,l~'?f +WI)=-~""'\'" +W~'6"' 

.;__,\o):o 1'b"'b.._:S,,_'<, t"C.t):o~ 
1 

>:,.lc)=1(_s,.~<-t'~<--'6,..0 (n.6) 

<.,xJ..\,•~·~ = -'- 0~- H\~ 1\(x-x') = -1 (,?(x-x'~1~\.:.~.• /s~~=l~ ... \.-~fl~Y 
7) Cmmbl 0 !I! I, ypaBHCHl/!8 !lsl}t<fl!4Ha-KeMMepa (HllllKe raMlllJI:bTOHMaH H 

OCT8JlbHbl8 orrepaTOpbl, Bl{Jli048H !WOpl(lllHaTy, 68pyTCH B WOPMC, llplllMCHlllMOH 

TOJibKO K H838BlllC!I!Mb!M KOMI10H8HT3M f!lf(/<) llOJlfl ,ll3<lJ!flilHa-KeMMepa lf'l"-) )~) 
H == h ~~ l~f)1_+~~ 

~" =; [H,"-.,1"" ~t.,H = ~ h{J>.._(ff)+lff\~0, ~\tl =0 rrplll s=O 

..(xJ- \x'd-'>= - ~ l~~ J_, -1-l) ~ (')(.-11..1) (n. 7) 
J.O: 

(AJIH BCeX KOMI101!8HT BM8CTe, 38Bli!Cli!Mb!X lll H838Bli!Cli!Mb!X, li!M8Jllll 6b! 

(1- ~ ~ .. 1 ... \~,'(xl"\x'J.')==(?lx-,._•')~.,J...J.' rAe S(x) ""- f>t)L(~J''vO.;+~)Mx)) 
"'' . (D.B) 

0aKOH 3BOJiiOL\IUl orrepa·ropa X,._ lt: J B CJiy'laHX 4 )-7) MOlKHO 38fii/ICaTb 

CA!I!HbiM o6paBOMxx) 

X)ilplllM8Hli!T8JlbHO It Cilli!Hy 0 3TOT TIOAXO~ 3KBli!B8JI8HT81! llO~XO~y 4). 

xx)BbiBO~ B oCHOBHOM orrl'!pa8TCH Ha cooTHOilleHHe H!l =" w'l. f'~ , r,lle 

~ 
MHOlKli!T8Jlb \\ OTJil/!48!1 OT 8~!/lHl'IL\hl TO!I:&KO B CJIJ'488 7), HO !I! TOr;n;a 

j_H ~- H'l.- 9.. 2. " ~- (..H.. "'l. -o 1" ::L. J:Ll 1\ =Hh -:\-1 • ~3 , =o.L,)f>, cne;n;y8T or.,_\.wJ- lll 'trlnl' ... w_S, a 

oTc;o;n;a c yl.i8TOM Toro, 'iTO X"'lo)=1[\-\,x.,to)1=·~r .. H, Haxo;n;~m 

1-1 2-.l:L=.i.[H :LH_J=-' [H :£_Hl-:o_1 [H ~ '")l= _ _i_;_ lo) 'Op., kl i ' ' op~ W ~<-'> , l> r~ I J :l_~ ' "X _j !t.;J "' 

l. J::L = i\..,lc) _ ~ __ ~ \-{~.,(c) _ ~ ;.:,.., lD) H 
opn. w u) wo, - :t ... }• - ~, 

a Ta~e ITOJI83Hb!8 COOTHOill8HHR (cp./4/ ~ /29/) 

tir....lo),H1-=-F.,lti,H\='l~,..l"~, -\_;:.,~,"'),\-\l=o 1 ... t"'~~<\t),H\=0, ... 
:;."'lt)=~~i<..y,l~1-4p .. ~~, ·,;:n..lt)=ii.Hx ... \.t), ... x.~\c.\t)=~i-1xlk-i\-~:), ... 

Ha OCHOBaH~~ OKOH'la•reJI:bHOrO peByJibTaTa K H~M MOlltHO ,1\0ClaB!I!T:b 

t"'.,l"'),H\ = {_x ,(o) 1 1-(~ -\o i.~~ r .... t-
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x 't., 2. d-\t ~ -'""' t. 11-tt r. -iHt} ,. ... r\", : e.. X..,(o)f~ e : l<.,(o)~~ +e. Lx,.(o),IL ;:. 

)C. (, ) ... i. \ \{_~ . c -<1-\t t. \ I-tt () ~ " '!. ' . • t) "~ = .,,o r-. +e. ,_~ <L = x,to)6., + ~ {- c..r..(•;:>t}~' _, ""'-~ ~ = 
\'" I ·~~ 

-., r .. , '- r .. K i Kt . -a H _ - ... ,,v;'\ +t -- + e. ~ ... wt.....-:- --r w'- •r .. w 

:x..,(o)f'~ +t r:~ e.~Ht S..::~.<wtl~ ~ .. lo)- ~'.,.H):: 
:lt.. , 0,,.t.+tt'"l-\ +i_(_9-.LHt _ _;\..\:i.f.i_):. t'\_~H': .. ~·'r" w:L k \_e.. I) 4)\._W .,.~._o, <V" ,} 

-• , 0,,y_ + ... r"H + H~.,(t) _ 1-{;:..,(o) =x (c'fl,'L+t_tJ!.- x,(t) +~= 
-""'''r• "- wL ~w'- '-lL;:}· "'''" w"- Ltw~ 4w'-

=X..,(D)"-t.+t \' ... \-\ _ ei~t ~.,(o) e-aH. + ~= 
n. wL -'owt. 4.w:i!. 

: X..,(O)r,~ +tV"~ _ ( e.UI·H. _-{\ )(.,(o) :.)I. (o\E.'lf.t~ _ :;.__,(o' (.C'4\-I~i'.-
r U) \..: lf {w'L " '''" <0 ~wt. ~ L_.F 

="' lo'e~.'- +t I' .. H + x..,l<>) ( (-~ w.t\- ;(.,(o) ~-... Wt = 
" 'lr~ wt. 4w"- '-.: ') %w1> 

= x., (o )\"~ +x ... (o)t + )(.r~2li- ~~t') + x;~2 ( i~t -S..'>. ut) (11.9) 

x.,(.t~ z 12..;1:-tt ><. lo)e._;!-{t= x (o)+ \i;dt:) _ 1-\x.,(o) = tnK + Hii.,t~2-
" " L;,w'L :U.S ---:;:,r '!i..w'i. -

_ p.J( + ;:,.,(o) .\.;c. ~...)t _ ~~ 'l.Wt 
- wt. iw " 4w"- · 

(n.IO) 

Pa3JIII'lHble Bb!palKeHIIH ,llJIH "'"lt) 11 X,,(tl OTJI!Il'laiDTCH rpopr.wV. ;:mrrli!Cll 

lllpC,li.I!HrepOBCKOrO ;n;pOlKaHlllH. 

PaccMOTpeH!Ile Bblpal!leaui1 6-t\ !I! 7-i'l CTpO!t (n. 9) HaBO.l\li!T HR. '!.biCJII> 

H' H · I{ .. \ rrepeHeCT~ OCL\IIJI1!llpy10U\li!C BCJI!Il'li!Hbl ~-·(\) = ~ -\. Hx~lo) c._, t ~JIH - ~"(:, 
""-<;:> :1-A.w -.w• 

B JICBYIO 'l8CTio ~ 06pa30B8T:b OllepaTOpb! ltOOp;ll;l!HaThl, JI!I!HCtll!O MCHH!Oilll'IC CH 

CO Bp8MCHCM !I! C XOpOIIll'IM OTiepaTopo~.! CKOpOCTlll (B OTJI!Il'lll8 OT napa;n;oK

caJibHOrO B (il.4 )-(D. 7)). 3TO Jll'!Wb 'laCTHbl8 CJiy'lall 061~8PO BblpalKCH!I!H 

~ .. (t)=t\+X..,lt)t\++f\_x.~lt)t\ .. +J.~~' 1\±=1:(1± ~) 
rp;e d.. - i1p01!3BOJibHOe 'llfCJIO • X., (t) KOMMYTlllpyiOT CO 3HaKOM l.!aCTOTbl, 

['X,.l-t:),~1=o, Ho He KOMMY™PYIOT APYP c ,llpyroM, [X'.,lt:),X..,lt)14-o. 

B rrpli!MeHeHlllf K c~tanHpHOMY rroniO 
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;- r 'f 1 == r ~ .. +<l~)'f 1 
kl"~'f ~ .. +~-1)'.:~}~"'f ' \ . \ \ ~,+ J.~-(><,-<)0~~"-)lf~")= ~ !"x' { c~~{_r--,..•)G~ +J..~,:}~~·)-t.Q<.-,;')~~~Q.-1)~ )~~~~~-

ilpH c£ =~ STO - KOOp,l{HHaTa H:&lOTOHa-BHrHepa, KOTOpaa Bbl)teJieHa TeM, liTO 

B rrpaMeHeHJ'IH K -lW~(+)C<)=.J(:)t(t+~~(l:.)cBO)\HTCH K yMHOlKeHIDO Ha X..._(cw. 

BblpaJKeHHe (9. r), cr/.2< cTp. 69). 

2. cPyHRUI'Il/1 rrpeo6pa30JlaHIIIH, ROTOpble Mbl llOIIYTHO llpHBO,lliiiJIH Bbi!Ue, 

Bbl'IHCJIHJOT CH flO lpOpMyJie 

ii-Ht:-t') 2... 
<._x.l...\"-1.1..'> == e.. S (X'-x')h 

(IT.IIJ 
11 B CJJy'laHX 4 )-'/) C y'leTOM tlJOpMyJI w· =W2. f'~ H 

A (x-x') ~- s...i.l'\ ~ lt.--c) 'S<J"-x') , -\ 'J~A_(x-x') =: ~w{\-.-t)'W~') (w=J-A.+ ... ~ 
(II. !2) CBO.l\HTCH K 

<"'-"-\ ~'.l' > =- - \ (t.; ~ .. -1-f) & 0<-x'). (II. !3) 
Bee OHH Y.liOBJJeTBOpHIOT ypaBHeHHIO llipe.liHHrepa 

<...r--tc't+H').,. r-- (li.l!'\x.'.l.'). =0. (II.I4) 

KaR o6bl'IHO, STI'I rpyURl.\l'll'l npeo6pa3onauHa II03BOJIHIOT nepe~TH 113 x.._ (t')

npe.l\CTaBneHIIIH B X.._ (t )-rrpe)\CTaBJieH[I[e (TOlJHee 6b!JJO 6bl CKU3aT:&, 1'13 

(x,...(t'), J..(t'))- B (x.._(t), c:L(t ))-npe,llCTUBJI8Hl'le) 

<"-.J.I:o \J:!.x1 Z"-cl...lx1J-')<.x'J.'I. (II.IS) 

~CflOJI:030BUBlli88CH HUMH B TeRCTe rrpeo6pa30BUHHe MHOlKHTeJIH X~ (orrepa

TOp X,._(t1) B C06CTB8HHOM rrpe.l\CTaBJI8H1111) B onepaTOp X~(x) (TOT JKe Orrepa

TOp B x.._(t)-rrpe.llcTaBJieHl1!1) B $QpMaJIH3Me AHpaKa o6~HCHHeTca TaR 

(xcL\"'-'cL1 )x~ :: ("'-J..IX,.(t')\x'J.!) =(xcLl e-\ 1-1 (H~ "-,.(t.)eiH(t-t1)1 x'ol')= 

G -~1-l(-l-~) iH(t-t')) (II. !6) 
"' e x.,e J.i!' (xf>I"-1J.!) =o < ")(xcL\x'J!>, 

r.11e BCe onepaTOphl, Bb!HeCel!Hble BJieBO , 3Hfll'!CaHbl B X,._( t )-npe.l\CTaBJieHHII 

( r~~-i a,._ H T •.II• ) • l{TO KaCa8TCH .l\8.Jil>Heiitmero BbllJIICJI8HHH onepaTOpa 

,(~1 -iH(t-t•) -tHlt-~) t. (II I?) 
')(.,. "'e.. )(." e h ' • 

TO Mhl Mo~eM npocTo cocJiaTbCH aa roTOBble wopMyJibl (Il.I)-(Il.3) 11 (Il.9), 
r.11e HyJltHO JIH!U:O 3aMeHifT:O t Ha - (--l- t'). 
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TaK, B cnyqae 3) (cn~aH I) H 2) CTOJib Ke oqeBl'!.l\Hhle) 

<.!(I~'> x'... = (:.,- (t-·l') -~"~("-lx.') l'<.J""J-A+"'~ )_ (H.I8) 

B CJiyqaax 4)-7) 8H8JIOrH'IHO HaXO,lllfM COOTHOWeHifH 

( ~~ . . ~ 
\"-"~- 0--.,-"n ":;.: + 7~!.. \iu"- ;t.:J~~ -u .. , J<.d\xiJ.')>=:O, (H.I9) 
r)le 

{

/0 0) 'll\1 o_ll..._ 

-ol'l.- s., 
15,_, 

- ~P>., (!, ..... ~:o~ +f-'~""~") 

,l\JIH 4) 

.1\JIH 5) 

.1\JIH 6) 

)!Jlff 7) . 

(;!.20) 

3H8'10E n 03HaqaeT, 4TO M8Tfm[\a JMH0)!{38TCH CrrpaBa, !!8llpVl!.lep, 

Hsn. <._"-.l\);_'J.') = (i-1 5,./.._ <_xj>\"-1J.'>'>"' t !-\ 6~ ..:- 1 t{(H')) b(iG;t)-:::-J Kt. ~~_If\ fl()(.-x.ll 
\' '- •"-J.! . \: n\::<, tJ~I.' ), 

TOr)la KaK (Il.2!) 

(IH f;) )
11 

/ '\ 1 ''> (I 1 ) . ~- ;1-!{_t-t•) ~ c- t::" -•) _ ,.._ ,x.._ ""' = n6 ~ x.J.I~' ... >= c 1-{G o '-"-)<. ~ 
" ~~· --.. t• " J.&.' 

"-{ (>, -H)H -~L ~h·) ~ ( 11,-' Hl< '\, ,' Kl<-<~"/·'f \•'"'>. (IT.22 J 

OrrepaTOpb! lf.._ , u_:' , ~.;': 1'1 l~i): CJTb IIp8)lCTaBfi!T8JIH COOTBeTCT-

B8HHO onepaTopoB X.,(t) , x.,H') , .!i~~ Ill 1--lX..._~t') • 
l..J"- w 

KaK BM.l\HO lf3 (ll.22), ITOCJie)lHHiit 'IJieH B (JI. !9) npe.l\CTaBJIHeT mpe)\l'IH-

repOBCKOe APOKaHI/Ie, B cyMMe .1\Ba nocJie.llHMe 'IJieHa B (li.I9) o6paayiDT 

KOMMyTaTop 

( i. H_ [v . , "'~ 'HlH .. 'J]\ <t; (__ic~ x'') ~ (_::t_ [ H, u,.f b. (x "-') 
wl. "' · J }J..L' ''-02 .lj'-.l.' · 

(II.23) 
0TM8TIII11, IJTv :! JpMyJihi, aHiiJ!OT'WlilbiC flO CMblCJiy rilOpMyJiaM (fl. !8) H 

(II.I9), 1\JJH ·DYHH~!itl M~-x') l'i 1\ /':... 0<--..:..') llllleJOT BH.l\ 

~I i ' -J C)L •IJ ~ ) x..,-1'" --~J<-.,-x,;)~ +-"- A(x.-"--' :oO 
'-~t. wt- (ll.24) 

~ I 1. ') J t~, . , 
X..,-?'.,- 0'-•,-"-"· ~ o. f\(x x' 1 =-0, 

w~ ., . (Il.25) 
/ 

!Iplf'!CM liOCJie.ztHHl1 'IJieH B li8JJBOJi l'i3 HV.X TOJKe rrpe.ztcTaBJineT rupe,lli!HrepoB-

CKOe .llPOKaHf/18 • 21 



3, 0TM8THM BB~H~H MOM8HT: B03MO~HOCT» 3aM8HHT» B ITpHMeHeHHH 

K illYHKU>iH npeo6pa30BBH>Ifl MHOl!:HTeJil> < (onepaTOp X"(t_') B CBOeM C06CT

BeHHOM npe,l\CTBBJleHHH) onepaTOpOM X~ c~) (TOT lle onepaTOp B X" (-t )-npe;n;

CTBBJleH>tH) eCT» CJI8,l\CTB>Ie nopeHU-HHBapHBHTHOCTH (B HepeJIHTHBHCTCKOM 

cny11ae ranwneeBCKOH HHBapHaHTHOCTH). TaK, nopeHU->tHBapHaHTHOCT» 

r_!JyHKUHH ~l-J H ~(+) 03HB'l86T 

(C"'r-x.~)o"-(xv-)(~y)r) ~l+\x-x.') =0, (!1,26) 

H, B 'l8CTHOCTH, 

l(x.-x~)o,.- (x.~-J(..~)o.,) .. ~,_t+·\x-x1) =0. (II.27) 

0TCID,l\a C ITOMOmbiD ypaBHeHH~ (illpe,l\HHrepa) 

(+) ) - C:~) ) D~ t:, (x-x' = + w ~ (x.-x' (II. 28) 

nony-qaeMx) 
! , ')_(c.,\ ~. "-+....,( ) • v.,.-x.,. + lt-t -z:;-,fc4u. x-x.' =0. (II;29) 

COOTHOlll6H>te (II,29) ,l\Jlfl ()
4 
~H TOlK,l\6CTB6HHO COOTHOllleHHID (II. 18), 

,llnH ~ (:x-)(•) H llJYHKUHH npeo6pasoBaHHH .(_)(.l\x'J.'> .. B cnyllaax 4)-

7) H3 nopeHU-HHBapHaHTHOCTH JlhiTe!taiDT COOTHOllleHHfl 

(0-.. -1'.~)\- (x,.-x~)o~.J~(x-x')=(), 
(II.30) 

~'1{.,-~~~o,.- (x~-x~)"d" + ~ u.,_ + ~ \J~.()(J..\x'J.'') = (). (!1. 31) 

,llJIH CJiyllaH 6) COOTH0lll6HHe (!1,31) nerKO nepeiTHCaT:b B 3Ha!tOMOH llJOpMe 

(cx .. -)(~Y~ .. -(_'!(.,_-",'Y~"" + i G\1. 4 - ~ G~"0su, ~-x') =0. (fl. 32) 

XJ0TM6THM, liTO 3TOT BNBO,l\ HaXO,l\HTCH B TeCHOM COOTBeTCTBHH C B~B0-

,1\0M aaKOHa ,l\BHlK6HHH ITO HH6pUHH B KJiaCCHli6CKO~ MeXaHHKe TOJlbKO H3 

3BKOHOB COXpaHeHHH 4-MOM6HTa H 4-HMITyJI:&Ca 6e3 o6pameHHH K ypaBHeHH

fiM ;nBHJKeHHH • .Ue~cTBHTen:&Ho, Ha M ... ,.-M
1
M= l)( .. -x~)~,_-(x,-,..~)r .. =O 

Bb!TeKaeT, ~To x ... (\.") =J(..,.lt')+(t-t') ~ ( M..,.,=t-.\~~ ecTD cne;ncTBHe ). 

8TOT B~BO,l\ BepeH H B KBBHTOBO~ MeXaHHKe ;l(JIH onepaTOpOBo 
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0TM8THM, liTO COOTHOlll8HHfl (ll,3!) MOllHO llOJlYllKT:b K3 (!1.30), eCJIK 

;ZJ;OMHOlltKT:b nocne;nHee cneBa Ha -i(f>;a_,- H) • .Uanee, cooTHomeH>!H (TI. !9) 

K (TI.24) ilOJiy'laiDTCfl H3 (!1.3!) K (ll.30) nyTeM ;n;e~CTBHH Ha ITOCJie;ZJ;HHe 

OnepaTOpOM 0~/w~ , a (!1.25) MOllHO llOJiy'lKT:b JIH60 ,l\HWwepeHUHPOBBHH

e!l (!1.24), JIK60 Henocpe;ZJ;CTB8HHO K3 (i!l.50):C) 

4. IIo;n;~epKHeM, liTO K np>tllHHHOtl WYHKUHH npeo6paaoBaHHH Be,n;eT WAeH

HO "HeecTeCTBeHHhliil" ";n;po~am>tiil" onepaTop Koop;n;HHaT~ x hl(t), o6na,l\aiDmHiil 

napa,li;OKCaJIDHh!M onepaTOpOM CKOpOCT>I x...,(-t.) ( it= 3ct.!) H He OTB8'l8IDII\Kiil 

TeopeMe SpeHwecTa/3- 5 •24/. B o6KJia,l\Kax MeJK.llY nono~HTen:&HO-llacTOTHbiMH 
COCTOHHHHMK OH CBO,l\KTCfl K 118CT8CTB8HHOMY 11 OllepaTOpy KOOp)'(HHaT~ 

( ~-+ x.zl,POJK. (t) ~+ = ~ X~;n;po~. (t.) f\+ ) , KOTOp~tl KMeeT npaBHJlDHbiH orre-

paTOp CKOpOCTK X~,l\pOlK.= ~ H JIKH8MHO 38BKCKT OTt , T.e. He 

11,llp0lltHT 11 K OTBellaeT TeopeMe 3peH!flecra, HO paCXO,!I;HTCH C Tpe60BaHHeM 

npHliHHHOCTH: npHBO,l\HT K HenpHliKHHO~ ~YHKUHH npeo6pa30B8HHH (HanpHMep, 

;n;nH cKanHpHoro noJIH cu. wopMyn~ (!1.3) H (TI.I8) H o6cy~;n;eHHe B ilpHJio

llteHHH E K pa6oTe/25/). 

5. COOTHOllleHHe (II.I8) ,l\JlH HepenaTHBHCTCKOro cny'laH (w~~, Haill cny

li8M I)) wcnoJI:&30Banoc:& KaK ypaBHeHwe ,l\JIH Haxo~;n;eHHfl llJYHKUH>t npeo6pa-

30BaHHH eme B KHHre ranaeH6epra150/. !1o;n;o6Hble coOTHOUJeHHH JierHo sanH

c~BaiOTCH C UO!AOII\DID !llOpMaJIH3Ma ,llHpaKa/ 3!/ ( KaK B n. 2 H8CTOHII\8rO llpH

JIOlleHHH) K illKpOKO npHMCHfiJIWC:b illBHHrepor./32/ C TOll ~e UeJI:&ID K B 

CB060,l\HOM CJ!yllae K B CJiyllae B3aHMO,!I;8MCTBHH. He;n;aBHO K 3TOMy BOnpocy 

C OpHrHHBJlbHOM TOliKH 3p6HKH llO,l\OlllJlK !1,A,i~aJIKHH H H,;l,,daH:&K0/ 33/. 

XJ0TM8TKM 1 liTO COOTHOW8HKH (TI.24) H (TI.25) BepH~ K ,l\Jlfl 6,l+) H tJ.l~ 
npHlleM ;n;nH A(+) HX MOJKHO yrrpOCTHT:& c rroMOm:&ID (TI.28), qTo npeBpa

THT (!1.25) B (!1.29). C ITOMOm:&ID WOPMYJI J,Ml<)::w~&i){x) H 1,i~\x)=wl\(x) 
MOllHO 6b!JIO 6~ 8H8JIOrHliHO yrrpOCTHT:b K COOTHOlll8HHfl (il.24) H (TI.25);ZJ;J!fl 

A K tJ.l~) • 0,1\HBKO ilOJiy'lHJIKC:b 6bl COOTHOWeHHfl, rrepenyT~BBIOII\He f1 H ff). 

23 



TIH:repaTypa 

l. H.H.EoroJIXJClOB ,,JJ,.B.illHpKCB. BBe,l\eHHe B TeOpHD KBaHTOBaHHbiX ITOJieit, 

rUTTJI, UocKBa, 1957. 
2. C.liiBeelep. BBe.n;eEI!e B peJIJtTHBHCTCKJD KBaHTOBYD TeopHD rroJia, IDI, 

lJOCKBa, 1963. 

J. G.Breit, Proc.!lat.J.oad • .Amer. 14, 553,1928; 17,70,1931. 

+• E.SchrOtlinger. Sitzu~~jsberichte der Preussischen Alcaclemie der 

Wissen.sohaften, phys • ..;:,Jath,K1asse, 1930, 418; 1931, 63. 

:J, B.A.<f>oK. Zs.f.Phys. 55, 127, 1929; 68, 527, 1931. 

"'· T.D.riev1trm, E.P.Wigner, Rev.J.!od.Phys. 21, 400, 1949, 

7. L.L.FalC.y, s,;,,r/outhtiysen, Phys,Rev. 7S, 29, 1950, 

3. S.~~ni. Proer.Theor.PhYs• (Japan) 6, 267, 1951. 

9. A.S.Wi(';htman, S.Sohv1eber, Phys.Rev. 98, 812, 1955, 

10 • .D..l1.EJIOXl'!HUeB. CooelmeHHll mum ()lyelaa)' P-1091, 1962; 

P-2631, 1966. 

ll.A.S.YI_:_ehtman. Rev.l.iod,Phys, 34, 845, 1962, 

12. M.ll.lliHpOKOB. Annalen der Physik 7, 60, 1962; 

CooCimeHHR oiDm ()lyeiHa) E--'252' 1963' P-1934' 1965' E-2475, 
1965. 

13.R.Fon{i, E,G,Rowe, Ann.Phys. ('"ev1 Yvr} .. ) 46, 559, 19GG, 

14. J.E.Johnson .• Phys.Rev. 181, 1755, l9GS. 

15.E.Papp, Int.J.TheoT.Pl1YS• 9, lol, l~l74, 

I6. Bernice Durand, J .i<!ath.Phys, 14, 92.1, 1973; pr6print of 

University of Wisconsin, 1974. 

I?.l!,Born, L.Infe1d, Proc.Roy.Soc. A.1'50, 11,869, 141, 1935. 

I8.H.H.L.Pryce. Proc.Roy.Soc. Al50, !1.869, 166, 1935; 

Proc.Roy.Soc. A195, N.1040, 62, 1948. 

19. D.M.m.poKoB. ~. 21, 748, 1951; 23, 78, 1952. 

20.S.Lagu, R.Laue. Nuovo C1m. 201., 217, 1974. 

24 

21. M.A.MapROB. K8T~ 10, 1311, 1940. 

M.A.MapROB. rHrrepOHH H K-Me30HH, r~YA. MOCKBa, 1958. 

22. ~.B.IToRy6apHHOB, TM~ I, 34, 1969; Coo6meHHH O~R~ P2-4362, 

~6Ha, 1969. 

23. ~.B.IToRy6apHHOB. Coo6meHHH O~R~ P2-7532, ~6Ha, 1973. 

24. ~YH ~e EpoftnH. MarHHTHH~ aneRTpOH (TeopHa ~HpaKa, OHT~, ~HTBY, 

XapbROB, 1936. 

25. H.B.ITo~y6apHHOB. Coo6meHKH O~RH P2-7896, ~6Ha, 1974. 

26. M.B.ITony6apHHOB. Coo6meHKH OMRW P2-8362, ~6Ha, 1974. 

27. B.ITayJIH. PenaTHBHCTCRaa TeOpHa aneMeHTapH~X qacTHU, ~. 

MOCRBa, 1947. 

28. F.L.Feinberg. Phye.Rev. 7D, 540, 197J. 

29. R.F.Guertin, E.Guth, PhYs.Rev. 7D, 1057, 197Jo 

30. B.re~3eH6epr. ~H3HqeCKKe rrpHHUHITH KB8HTOBO~ TeOpHK, rTTW, 

~eHHHrpa~-MOCRBa, 1932, CTp. 54. 

31. fi.A.Iol • .l{HpaR. ITpHHUHIThl KB8HTOBO~ MeX8HKKH 1 rvl<l>:d~, idOCKBa, 1960. 

32. C6opHHK CTaTe~ "HOBeltmee p83BHTHe RB8HTOBO!t 3JI8KTpO~KHa.IUIKH11 
1 

~. MOCRBa, 1954. 

33. W.A.Manx~m, B.H.MaHbKO TM!P 6, 7I, 197!; J.Math.Ph.YSo 14, 576, 

1973. 

PyKOTIKCb ITOCTJITKJia B K3~aTeRbCKH* OT~eJI 

IO HOa6pa 1974 ro~a 

25 


